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INFINITE HORIZON OPTIMAL CONTROL PROBLEMS FOR A
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Abstract. Infinite horizon open loop optimal control problems for semilinear parabolic equations
are investigated. The controls are subject to a cost functional which promotes sparsity in time. The
focus is put on deriving first order optimality conditions. This is achieved without relying on a well-
defined control-to-state mapping in a neighborhood of minimizers. The technique of proof is based
on the approximation of the original problem by a family of finite horizon problems. The optimality
conditions allow deduction of sparsity properties of the optimal controls in time.

Key words. semilinear parabolic equations, optimal control, infinite horizon, sparse controls

MSC codes. 35K58, 49J20, 49J52, 49K20

DOI. 10.1137/21M1464816

1. Introduction. In this paper we continue our investigations of infinite hori-
zon optimal control problems with sparsity promoting cost functionals, which we
commenced in [7]. While in the earlier work the nonlinearities appearing in the state
equation were restricted to be polynomials we now allow general nonlinearities satis-
fying appropriate properties at the origin and asymptotically. Moreover, differently
from [7], constraints on the controls are imposed.

While finite horizon open loop optimal control problems with partial differen-
tial equations as constraints have received a tremendous amount of attention over
the last fifty years, extremely little attention was paid to infinite horizon problems;
see, however, [10, Chapter III.6] and [4] for an analysis of bilinear optimal control
problems. This is different for problems involving the control of ordinary differential
equations. The analysis of infinite horizon optimal control problems may have started
with Halkin's work [9]. The motivation for investigating infinite horizon problems re-
lates to stabilization problems as well as to problems arising in the economic and
biological sciences, where placing a finite bound on the time horizon introduces an
artificial ambiguity. Some examples in economy, biology, and engineering motivating
this study and many aspects of extensive earlier work were described in [5]. More
recent contributions can be found, for instance, in [1] and [3]. In passing, let us recall
that the infinite horizon problem is well investigated for closed loop control, leading
to the Riccati synthesis for the linear-quadratic regulator problem and the stationary
Hamilton--Jacobi--Bellman equation otherwise.

In the present work we formulate an optimal tracking problem as an infinite
horizon optimal control problem. The control cost is chosen in such a manner that
it enhances sparsity in time. As a consequence the control will shut down to zero
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INFINITE HORIZON OPTIMAL CONTROL PROBLEMS 2071

rather than be small, as it would be the case for a quadratic cost, for instance. A first
difficulty that needs to be addressed is the existence of feasible controls. This relates
to the stabilizability problem. While this is not in the focus of the present work we
establish certain sufficient conditions where stabilizability holds. The central difficulty
then is to provide first order optimality conditions. They are easily conjectured but
challenging to verify. Here we follow the technique of formulating a family of finite
horizon problems and analyze the asymptotic behavior as the horizon tends to infinity.

We now introduce the optimal control problem which will be analyzed in the
present work:

(P) min
u\in \scrU ad

J(u) =
1

2

\int \infty 

0

\int 
\Omega 

(yu  - yd)
2 dxdt+ \kappa 

\int \infty 

0

\Bigl( \int 
\omega 

u2 dx
\Bigr) 1/2

dt,

where \kappa > 0, yd \in L2(\Omega \times (0,\infty )), and

\scrU ad = \{ u \in L\infty (0,\infty ;L2(\omega )) : u(t) \in \scrK for a.a. t \in (0,\infty )\} .

Above \scrK denotes a closed, convex, and bounded set in L2(\Omega ), and yu is the solution
of the following parabolic equation:

(1.1)

\Biggl\{ 
\partial y

\partial t
 - \Delta y + ay + f(x, t, y) = g + u\chi \omega in Q = \Omega \times (0,\infty ),

\partial ny = 0 on \Sigma = \Gamma \times (0,\infty ), y(0) = y0 in \Omega .

Here \Omega is a bounded domain in \BbbR n, 1 \leq n \leq 3, with a Lipschitz boundary \Gamma , \omega is a
measurable subset of \Omega with positive Lebesgue measure, \chi \omega denotes the characteristic
function of \omega , a \in L\infty (\Omega ), 0 \leq a \not \equiv 0, g \in L2(Q)\cap L\infty (0,\infty ;L2(\Omega )), and y0 \in L\infty (\Omega ).
The conditions on the nonlinear term f(x, t, y) will be given below. For every u \in \scrU ad,
the symbol u\chi \omega is defined as follows:

(u\chi \omega )(x, t) =

\biggl\{ 
u(x, t) if (x, t) \in Q\omega = \omega \times (0,\infty ),

0 otherwise.

Possible choices for \scrK include

\scrK = B\gamma = \{ v \in L2(\omega ) : \| v\| L2(\omega ) \leq \gamma \} , 0 < \gamma <\infty ,(1.2)

\scrK = \{ v \in L2(\omega ) : \alpha \leq v(x) \leq \beta for a.a. x \in \omega \} , \alpha < 0 < \beta .(1.3)

In this paper, all the results remain valid if we replace the operator  - \Delta and the
normal derivative \partial n by a more general elliptic operatorAy =  - 

\sum n
i,j=1 \partial xj

[aij(x)\partial xi
y]

and its associated normal derivative \partial nA
with the coefficients aij \in L\infty (\Omega ) satisfying

the usual ellipticity condition.
The contents of the paper are structured as follows. Section 2 contains an analysis

of the state equation and existence of a solution for (P). The auxiliary finite horizon
problems and their optimality systems are presented in section 3. Section 4 contains
the convergence analysis of the finite horizon problems. An optimality system for the
original problem can then be deduced in section 5. Its interpretation allows us to
derive the sparsity in time of the optimal controls.

It is worth pointing out that these conditions are obtained without relying on a
well-defined control-to-state mapping in an open neighborhood of optimal controls.
In the presence of the high generality that we allow for our nonlinearity f , at present
we do not know whether such a neighborhood exists.
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2072 EDUARDO CASAS AND KARL KUNISCH

2. Well-posedness of the state equation and problem (P). We define
the notion of a solution for (1.1). First, let us fix some notation. We denote by
L2
loc(0,\infty ;H1(\Omega )) the space of functions y belonging to L2(0, T ;H1(\Omega )) for 0 < T <

\infty . Analogously we define Lp
loc(0,\infty ;L2(\Omega )) for 1 \leq p \leq \infty .

Definition 2.1. We call y a solution to (1.1) if y \in L2
loc(0,\infty ;H1(\Omega )), and for

every T > 0 the restriction of y to QT = \Omega \times (0, T ) belongs to W (0, T )\cap L\infty (QT ) and
satisfies the following equation in the variational sense:

(2.1)

\Biggl\{ 
\partial y

\partial t
 - \Delta y + ay + f(x, t, y) = g + u\chi \omega in QT ,

\partial ny = 0 on \Sigma T , y(0) = y0 in \Omega .

Here W (0, T ) denotes the space of functions y \in L2(0, T ;H1(\Omega )) such that \partial y
\partial t \in 

L2(0, T ;H1(\Omega )\ast ).
In order to prove the existence and uniqueness of a solution to (1.1) we make the

following assumptions: f : Q\times \BbbR  - \rightarrow \BbbR is a Carath\'eodory function of class C1 with
respect to the last variable satisfying

f(x, t, 0) = 0,(2.2) \left\{       
\exists Mf > 0, \exists \delta > 0, and a C1 function \^f : \BbbR  - \rightarrow \BbbR such that \forall | y| \geq Mf ,

\delta | \^f(y)| \leq | f(x, t, y)| \leq | \^f(y)| , sign \^f(y) = sign f(x, t, y) = sign y, \^f \prime (y) \geq 0,
\partial f

\partial y
(x, t, y) \geq 0,

(2.3)

\forall M > 0 \exists CM such that

\bigm| \bigm| \bigm| \bigm| \partial f\partial y (x, t, y)
\bigm| \bigm| \bigm| \bigm| \leq CM \forall | y| \leq M(2.4)

for almost every (x, t) \in Q.
Let us give some examples that fulfilled the assumptions (2.2)--(2.4). We start

with a polynomial function of y with coefficients depending on (x, t):

f(x, t, y) =

2m+1\sum 
k=1

ak(x, t)y
k with ak \in L\infty (Q) \forall k \geq 1 and a2m+1(x, t) \geq \delta 0 > 0 in Q.

Setting K = max1\leq k\leq 2m+1 \| ak\| L\infty (Q), Mf = max\{ 1, 4mK
\delta 0

\} , \delta = \delta 0
2(2m+1)K , and

\^f(y) = (2m+ 1)Ky2m+1, it is easy to check that (2.3) holds.
Next, given \eta \in L\infty (Q) such that \eta (x, t) \geq \delta 0 > 0 for a.a. (x, t) \in Q, we consider

the following two examples:

f(x, t, y) = \eta (x, t)(ey  - 1) and f(x, t, y) = \eta (x, t)(y3 + 103 sin(y)).

For the first case (2.3) holds withMf = 0, \delta = \delta 0
\| \eta \| L\infty (Q)

, and \^f(y) = \| \eta \| L\infty (Q)(e
y - 1).

For the second case we take Mf = 10
\sqrt{} 

10
3 , \delta = \delta 0

4\| \eta \| L\infty (Q)
, and \^f(y) = 2\| \eta \| L\infty (Q)y

3.

Remark 2.2. (1) Assumptions (2.2) and (2.3) can be replaced by the following:\left\{       
\exists Mf > 0, \exists \delta > 0, and a C1 function \^f : \BbbR  - \rightarrow \BbbR such that \forall | y| \geq Mf ,

\delta | \^f(y)| \leq | f(x, t, y) - f(x, t, 0)| \leq | \^f(y)| , \^f \prime (y) \geq 0,

sign \^f(y) = sign y, y[f(x, t, y) - f(x, t, 0)] \geq 0,
\partial f

\partial y
(x, t, y) \geq 0
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INFINITE HORIZON OPTIMAL CONTROL PROBLEMS 2073

for almost every (x, t) \in Q. Indeed, under these hypotheses we can replace f(x, t, y)
by f(x, t, y)  - f(x, t, 0) and g(x, t) by g(x, t)  - f(x, t, 0) so that the new f satisfies
(2.2)--(2.4) and the new g belongs to L2(Q).

(2) Let us observe that (2.2)--(2.4) imply that

(2.5)
\partial f

\partial y
(x, t, y) \geq  - CMf

for a.a. (x, t) \in Q and \forall y \in \BbbR .

(3) If y \in L\infty (QT ), then (2.2) and (2.4) imply that f(\cdot , \cdot , y) \in L\infty (QT ) as well.

Remark 2.3. From the assumption 0 \leq a \not \equiv 0 we infer the existence of a constant
Ca depending on a such that

(2.6)
\Bigl( \int 

\Omega 

[| \nabla y| 2 + ay2] dx
\Bigr) 1/2

\geq Ca\| y\| H1(\Omega ) \forall y \in H1(\Omega ).

For homogeneous Dirichlet boundary condition, the assumption a \not \equiv 0 is not required.

Theorem 2.4. Under the previous assumptions on f , (1.1) has a unique solution
y for every u \in L2(Q\omega )\cap L\infty (0,\infty ;L2(\omega )). Moreover, if y \in L2(Q) then the following
properties hold:

\exists Cf such that \| f(\cdot , \cdot , y)\| L2(Q) \leq Cf

\Bigl( 
\| u\| L2(Q\omega ) + \| g\| L2(Q) + \| y\| L2(Q)

\Bigr) 
,(2.7)

y \in L2(0,\infty ;H1(\Omega )) \cap C([0,\infty ), L2(\Omega )) and
\partial y

\partial t
\in L2(0,\infty , H1(\Omega )\ast ),(2.8)

lim
t\rightarrow \infty 

\| y(t)\| L2(\Omega ) = 0.(2.9)

Proof. Due to u \in L\infty (0,\infty ;L2(\omega )) and g \in L\infty (0,\infty ;L2(\Omega )), under the assump-
tions on f and inequality (2.5), the proof of existence and uniqueness of a solution
y \in W (0, T )\cap L\infty (QT ) for (2.1) for every T > 0 is standard; see, for instance, [8]. This
proves the first statement of the theorem. The rest of the proof, under the assumption
y \in L2(Q), is divided into three steps.

Step 1. f(\cdot , \cdot , y) \in L2(Q). Given M = max\{ Mf , \| y0\| L\infty (\Omega )\} , we define the
following sets:

QM = \{ (x, t) \in Q : | y(x, t)| > M\} , QM
T = QT \cap QM ,(2.10)

\Omega M
t = \{ x \in \Omega : (x, t) \in QM\} for t \in (0,\infty ).(2.11)

Using (2.2), (2.4), and the mean value theorem we have for \theta (x, t) \in (0, 1)

(2.12)

\int 
Q\setminus QM

| f(x, t, y)| 2 dxdt =
\int 
Q\setminus QM

\bigm| \bigm| \bigm| \partial f
\partial y

(x, t, \theta y)
\bigm| \bigm| \bigm| 2y2 dxdt \leq C2

M\| y\| 2L2(Q).

It remains to prove that
\int 
QM

T
| f(x, t, y)| 2 dxdt is uniformly bounded with respect to

T . For this purpose we consider the decomposition QM
T = QM,+

T \cup QM, - 
T , where

QM,+
T = \{ (x, t) \in QM

T : y(x, t) > M\} and QM, - 
T = \{ (x, t) \in QM

T : y(x, t) <  - M\} .

We will prove that
\int 
QM,+

T
| f(x, t, y)| 2 dxdt \leq C for some constant C independent of

T > 0. Similar arguments can be applied to prove the uniform boundedness on the
sets QM, - 

T . We define the function fM : \BbbR  - \rightarrow \BbbR by fM (s) = \^f(max\{ s,M\} ) - \^f(M).
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2074 EDUARDO CASAS AND KARL KUNISCH

Then fM is locally Lipschitz, and fM (s) = 0 for s \leq M . Furthermore, from (2.3) we
get that fM (s) \geq 0 for s \geq M and f \prime M (s) \geq 0 for almost all s \in \BbbR .

We also introduce the C1 function FM : \BbbR  - \rightarrow \BbbR given by FM (s) =
\int s

 - \infty fM (t) dt.
Then, we have that FM (s) = 0 for every s \leq M . In particular, due to the choice of
M we have that FM (y0(x)) = 0 for almost all x \in \Omega . Since fM (s) \geq 0 for all s \in \BbbR ,
we also have that FM (s) \geq 0 for every s \in \BbbR .

Due to the embedding W (0, T ) \subset C([0, T ];L2(\Omega )), we find that limt\rightarrow 0 y(t) = y0
in L2(\Omega ). Hence, we can take a sequence of points \{ tk\} \infty k=1 \subset (0, T ) converging to 0
such that y(x, tk) \rightarrow y0(x) for almost all x \in \Omega . We set z(x, t) = fM (y(x, t)). Since
y \in L\infty (QT ) \cap H1(\Omega \times (tk, T )) for every k (see, for instance, [11, Corollary III.2.4])
and fM is locally Lipschitz, we deduce that z \in L\infty (QT ) \cap H1(\Omega \times (tk, T )) as well.
Testing (2.1) with z and integrating in \Omega \times (tk, T ) we infer\int T

tk

\int 
\Omega 

\partial y

\partial t
z dxdt+

\int T

tk

\int 
\Omega 

[\nabla y\nabla z + ayz] dxdt

+

\int T

tk

\int 
\Omega 

f(x, t, y)z dxdt =

\int T

tk

\int 
\Omega 

(g + \chi \omega u)z dx dt.(2.13)

We study the first two terms of the above identity. From the definition of FM we get\int T

tk

\int 
\Omega 

\partial y

\partial t
z dxdt =

\int T

tk

d

dt

\int 
\Omega 

FM (y) dx dt =

\int 
\Omega 

FM (y(T )) dx - 
\int 
\Omega 

FM (y(tk)) dx.

Taking limits in this equality when k \rightarrow \infty and using that FM (y0) = 0 we infer

(2.14) lim
k\rightarrow \infty 

\int T

tk

\int 
\Omega 

\partial y

\partial t
z dxdt =

\int 
\Omega 

FM (y(T )) dx \geq 0.

To deal with the second term we observe that z(x, t) = 0 if x \not \in \Omega M,+
t = \{ x \in \Omega :

(x, t) \in QM,+
T \} . Using that y(x, t) \geq M and z(x, t) \geq 0 in \Omega M,+

t we infer with (2.3)

lim
k\rightarrow \infty 

\int T

tk

\int 
\Omega 

[\nabla y\nabla z + ayz] dx dt =

\int T

0

\int 
\Omega 

[\nabla y\nabla z + ayz] dxdt

=

\int T

0

\int 
\Omega M,+

t

[ \^f \prime (y)| \nabla y| 2 + ayz] dxdt \geq 0.(2.15)

Passing to the limit in (2.13) as k \rightarrow \infty , we deduce with (2.14), (2.15), and (2.3)

\delta 

\int T

0

\int 
\Omega M,+

t

\^f(y)[ \^f(y) - \^f(M)] dxdt = \delta 

\int T

0

\int 
\Omega 

\^f(y)z dxdt \leq 
\int T

0

\int 
\Omega 

f(x, t, y)z dxdt

\leq 
\int T

0

\int 
\Omega 

(g + \chi \omega u)z dx dt =

\int T

0

\int 
\Omega M,+

t

(g + \chi \omega u)z dxdt.

(2.16)

Observe that

(2.17) | QM | \leq 1

M2

\int 
QM

y2 dxdt \leq 1

M2
\| y\| 2L2(Q).

Let us set \Omega M,+
t = At \cup Bt with

At = \{ x \in \Omega M,+
t : \^f(y(x, t)) < 2 \^f(M)\} and Bt = \{ x \in \Omega M,+

t : \^f(y(x, t)) \geq 2 \^f(M)\} .
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If x \in Bt, then  - \^f(M) \geq  - 1
2
\^f(y(x, t)), and, consequently, \^f(y(x, t))  - \^f(M) \geq 

1
2
\^f(y(x, t)) holds. This yields

(2.18)
1

2

\int T

0

\int 
Bt

\^f(y)2 dxdt \leq 
\int T

0

\int 
Bt

\^f(y)[ \^f(y) - \^f(M)] dxdt.

Using (2.18) and then (2.16) and the fact that \^f(y)[ \^f(y) - \^f(M)] \geq 0 in At we infer

\delta 

2

\int T

0

\int 
Bt

\^f(y)2 dx dt \leq \delta 

\int T

0

\int 
Bt

\^f(y)[ \^f(y) - \^f(M)] dxdt

= \delta 

\int T

0

\int 
\Omega M,+

t

\^f(y)[ \^f(y) - \^f(M)] dxdt - \delta 

\int T

0

\int 
At

\^f(y)[ \^f(y) - \^f(M)] dxdt

\leq 
\int T

0

\int 
\Omega M,+

t

(g + \chi \omega u)z dx dt \leq 
\int T

0

\int 
At

(g + \chi \omega u)z dxdt+

\int T

0

\int 
Bt

(g + \chi \omega u)z dxdt

\leq \| g + \chi \omega u\| L2(Q)

\left[  \Biggl( \int T

0

\int 
At

z2 dxdt

\Biggr) 1/2

+

\Biggl( \int T

0

\int 
Bt

z2 dxdt

\Biggr) 1/2
\right]  

\leq \^f(M)
\sqrt{} 
| QM | \| g + \chi \omega u\| L2(Q) +

1

\delta 
\| g + \chi \omega u\| 2L2(Q) +

\delta 

4

\int T

0

\int 
Bt

z2 dx dt

\leq 
\biggl( 
1

2
+

1

\delta 

\biggr) 
\| g + \chi \omega u\| 2L2(Q) +

\^f(M)2

2M2
\| y\| 2L2(Q) +

\delta 

4

\int T

0

\int 
Bt

\^f(y)2 dxdt.

From here we obtain\int T

0

\int 
Bt

\^f(y)2 dx dt \leq 
\biggl( 
2

\delta 
+

4

\delta 2

\biggr) 
\| g + \chi \omega u\| 2L2(Q) +

2 \^f(M)2

\delta M2
\| y\| 2L2(Q).

In At, with (2.17) we deduce the estimate\int T

0

\int 
At

\^f(y)2 dxdt \leq 4 \^f(M)2| QM | \leq 4 \^f(M)2

M2
\| y\| 2L2(Q).

These two estimates and the analogous ones in QM, - 
T along with (2.3) and (2.12) lead

to

(2.19) \| f(\cdot , \cdot , y)\| L2(Q) \leq \| \^f(y)\| L2(Q) \leq Cf

\Bigl( 
\| u\| L2(Q\omega ) + \| g\| L2(Q) + \| y\| L2(Q)

\Bigr) 
.

Step 2. Proof of (2.8). For every t > 0 we have with (2.1)

1

2
\| y(t)\| 2L2(\Omega ) + C2

a

\int t

0

\| y\| 2H1(\Omega ) dt \leq 
1

2
\| y(t)\| 2L2(\Omega ) +

\int t

0

\int 
\Omega 

[| \nabla y| 2 + ay2] dxds

=

\int t

0

\int 
\Omega 

[g + \chi \omega u - f(x, t, y)]y dxds+
1

2
\| y0\| 2L2(\Omega )

\leq \| g + \chi \omega u - f(\cdot , \cdot , y)\| L2(Q)

\Bigl( \int t

0

\| y\| 2H1(\Omega ) ds
\Bigr) 1/2

+
1

2
\| y0\| 2L2(\Omega )

\leq 1

2C2
a

\| g + \chi \omega u - f(\cdot , \cdot , y)\| 2L2(Q) +
C2

a

2

\int t

0

\| y\| 2H1(\Omega ) ds+
1

2
\| y0\| 2L2(\Omega ),
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2076 EDUARDO CASAS AND KARL KUNISCH

which implies

\| y(t)\| 2L2(\Omega ) + C2
a

\int t

0

\| y\| 2H1(\Omega ) dt \leq 
1

C2
a

\| g + \chi \omega u - f(\cdot , \cdot , y)\| 2L2(Q) + \| y0\| 2L2(\Omega ).

Using that y \in W (0, T ) \subset C([0, T ];L2(\Omega )) for every T < \infty along with the above
inequality we infer that y \in L2(0,\infty ;H1(\Omega )) \cap C([0,\infty );L2(\Omega )). Finally, we have

\partial y

\partial t
= g + \chi \omega u - f(\cdot , \cdot , y) + \Delta y  - ay \in L2(0,\infty ;H1(\Omega )\ast ).

Step 3. Proof of (2.9). The fact that y \in L2(Q) implies the existence of a
monotone increasing sequence of positive numbers \{ tk\} \infty k=1 converging to \infty such that
\| y(tk)\| L2(\Omega ) \rightarrow 0 as k \rightarrow \infty . Given T > 0 and taking tk > T we get

\| y(T )\| 2L2(\Omega ) = \| y(tk)\| 2L2(\Omega )  - 2

\int tk

T

\int 
\Omega 

\langle \partial y
\partial t

(t), y(t)\rangle dt

\leq \| y(tk)\| 2L2(\Omega ) + 2\| y\| L2(T,\infty ;H1(\Omega ))\| 
\partial y

\partial t
\| L2(0,\infty ;H1(\Omega )\ast ),

where \langle \cdot , \cdot \rangle denotes the duality between H1(\Omega )\ast and H1(\Omega ). Taking the limit when
k \rightarrow \infty we get

\| y(T )\| 2L2(\Omega ) \leq 2\| y\| L2(T,\infty ;L2(\Omega ))\| 
\partial y

\partial t
\| L2(0,\infty ;H1(\Omega )\ast ).

Passing to the limit when T \rightarrow \infty , (2.9) follows.

Now, we analyze the existence of a solution for (P). First, we observe that
Theorem 2.4 guarantees that J : L\infty (0,\infty ;L2(\omega ))\cap L2(Q\omega )  - \rightarrow [0,\infty ] is well defined.
We introduce the following functions:

(2.20)

\biggl\{ 
j : L1(0,\infty ;L2(\omega ))  - \rightarrow \BbbR and jT : L1(0, T ;L2(\omega ))  - \rightarrow \BbbR by
j(u) = \| u\| L1(0,\infty ;L2(\omega )) and jT (u) = \| u\| L1(0,T ;L2(\omega )).

Theorem 2.5. If there exists a control \^u \in \scrU ad \cap L1(0,\infty ;L2(\omega )) such that its
associated state \^y \in L2(Q), then (P) has at least one solution \=u.

Proof. Let \{ uk\} \infty k=1 \subset \scrU ad be a minimizing sequence for (P) with associated states
\{ yk\} \infty k=1. Then, for k big enough we have that J(uk) \leq J(\^u), unless \^u is already a
solution of (P). As a consequence of this inequality and the control constraint we
get that \{ uk\} \infty k=1 and \{ yk\} \infty k=1 are bounded in L\infty (0,\infty ;L2(\Omega )) \cap L1(0,\infty ;L2(\omega ))
and L2(Q), respectively. As L\infty (0,\infty ;L2(\Omega )) \cap L1(0,\infty ;L2(\omega )) \subset L2(Q\omega ), we take

subsequences, denoted in the same form, such that uk \rightharpoonup \=u in L2(Q\omega ), uk
\ast 
\rightharpoonup \=u in

L\infty (0,\infty ;L2(\omega )), and yk \rightharpoonup \=y in L2(Q). Since \{ yk| QT
\} \infty k=1 is bounded in W (0, T ) \cap 

L\infty (QT ) for every T > 0, we can pass to the limit in (2.1) satisfied by (uk, yk) to
deduce that (\=u, \=y) satisfies (2.1) for all T . Hence, \=y is the state associated to \=u.

Since uk \rightharpoonup \=u in L2(Q\omega ) and \scrU ad \cap L2(Q\omega ) is convex and closed in L2(Q\omega ), we
infer that \=u \in \scrU ad. Moreover, the restrictions of the functionals jT to L2(QT ) are
convex and continuous, and thus jT (\=u) \leq lim infk\rightarrow \infty jT (uk). Therefore, we obtain

1

2
\| \=y  - yd\| 2L2(QT ) + \kappa jT (\=u) \leq lim inf

k\rightarrow \infty 

\Bigl\{ 1
2
\| yk  - yd\| 2L2(QT ) + \kappa jT (uk)

\Bigr\} 
\leq lim inf

k\rightarrow \infty 
J(uk) = inf (P),
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INFINITE HORIZON OPTIMAL CONTROL PROBLEMS 2077

and, consequently,

J(\=u) = sup
T>0

\Bigl\{ 1
2
\| \=y  - yd\| 2L2(QT ) + \kappa jT (\=u)

\Bigr\} 
\leq inf (P).

Therefore, \=u is a solution of (P).

We end this section by describing special situations in which the existence of
an admissible control as demanded in Theorem 2.5 is guaranteed. At first we give
a sufficient condition on f such that for all sufficiently small y0 the zero-control is
admissible. The embedding constant from H1(\Omega ) into L4(\Omega ) will be denoted by C4.

Proposition 2.6. Assume that f satisfies (2.2)--(2.4) as well as

\exists mf \in (0,Mf ) such that
\partial f

\partial y
(x, t, y) \geq 0 if | y| < mf .

Then, for each y0 with \| y0\| L2(\Omega ) < Kf =
mfC

4
a

(CMf
C4)2

there exists \lambda > 0 such that the

solution y to (2.2) with u = 0 satisfies

\| y\| L2(Q) \leq 
1\surd 
\lambda 

\Bigl( 
\| y0\| L2(\Omega ) + \| g\| L2(Q)

\Bigr) 
.

Proof. To verify this result we can follow the proof of [7, Theorem 2.5]. For
this purpose we use that our conditions on f imply that y(x, t)f(x, t, y(x, t)) \geq 0
for almost every (x, t) \in Q satisfying | y(x, t)| < mf or | y(x, t)| > Mf . We set
K0 = 1

2 (\| y0\| L2(\Omega ) +Kf ) < Kf . Following the above-mentioned proof we obtain

1

2

d

dt
\| y(t)\| 2L2(\Omega ) + \lambda \| y(t)\| 2L2(\Omega ) \leq (g(t), y(t))L2(\Omega ),

where \lambda = 1
2

\bigl( 
C2

a  - 
C2

Mf
C2

4K0

mfC2
a

\bigr) 
> 0. From here we deduce that

d

dt
\| y(t)\| 2L2(\Omega ) + \lambda \| y(t)\| 2L2(\Omega ) \leq 

1

\lambda 
\| g(t)\| 2L2(\Omega ).

Multiplying by exp(\lambda s) and integrating on (0, t) we find

e\lambda t\| y(t)\| 2L2(\Omega ) \leq \| y(0)\| 2L2(\Omega ) +
1

\lambda 

\int t

0

e\lambda s\| g(s)\| 2L2(\Omega )ds.

Multiplying by exp( - \lambda t) and integrating on (0,\infty ) we obtain the desired estimate

\| y\| L2(Q) \leq 
1\surd 
\lambda 

\Bigl[ 
\| y0\| L2(\Omega ) +

\Bigl( \int \infty 

0

\| g(t)\| 2L2(\Omega )dt
\Bigr) 1/2\Bigr] 

.

For the following result we assume that f is independent of (x, t) and that f \prime (0) >
0. Then there exists \rho + \in (0,\infty ] such that f has no change of sign in (0, \rho +), and
analogously there exists \rho  - \in [ - \infty , 0) with no sign change in (\rho  - , 0).

Proposition 2.7. Assume that f satisfies (2.2)--(2.4) as well as f \prime (0) > 0 and
that g = 0. Then for each \rho  - \leq y0 \leq \rho + the solution y for u = 0 belongs to L2(Q)
and \| y(t)\| L2(\Omega ) \leq e - Cat\| y0\| L2(\Omega ) for all t \geq 0.
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2078 EDUARDO CASAS AND KARL KUNISCH

This can be verified by adapting the proof of [7, Theorem 2.6]. A special case
of f is given by the Schl\"ogl model, where f(x, t, y) = y(y  - \xi 1)(y  - \xi 2) with \xi i \in \BbbR ,
i \in \{ 1, 2\} . It was investigated in [2] with finite dimensional controls of the form

u(t) =
\sum M

i=1 ui(t)\chi \omega M
i
, where \omega M

i \subset \Omega , and
\sum M

i=1 | \omega M
i | = r| \Omega | for some fixed r \in (0, 1)

independent ofM . From these results it follows as a special case that for g = 0, yd = 0,
\Omega a hypercube, and for each \lambda > 0 there exist M , \gamma > 0, and \{ \omega i\} Mi=1 such that the
controlled system decays exponentially with rate  - \lambda and that the controls, which are
constructed in feedback form, are admissible. This holds globally for all y0 \in H1(\Omega ).

3. Auxiliary finite horizon problems. We denote by \=u a solution of (P) with
associated state \=y. In order to establish an optimality system satisfied by (\=u, \=y) we
introduce some auxiliary finite horizon control problems. For every T > 0 we consider
the problem

(PT ) min
u\in \scrU ad,T

JT (u) = FT (u) + \kappa jT (u),

where FT (u) =
1

2
\| yT,u  - yd\| 2L2(QT ) +

1

2
\| yT,u  - \=y\| 2L2(QT ), jT (u) = \| u\| L1(0,T ;L2(\omega )),

\scrU ad,T = \{ u \in L\infty (0, T ;L2(\omega )) : u(t) \in \scrK for a.a. t \in (0, T )\} ,

and yT,u is the solution of (2.1) corresponding to u. In the following theorem \partial jT
denotes the convex subdifferential of the function jT and QT,\omega = \omega \times (0, T ).

Theorem 3.1. Problem (PT ) has at least one solution uT with associated state
yT . Furthermore, there exist \varphi T \in W (0, T ), \lambda T \in \partial jT (uT ) \subset L\infty (0, T ;L2(\omega )), and
\mu T \in L\infty (0, T ;L2(\omega )) such that\left\{    - \partial \varphi T

\partial t
 - \Delta \varphi T + a\varphi T +

\partial f

\partial y
(x, t, yT )\varphi T = 2yT  - yd  - \=y in QT ,

\partial n\varphi T = 0 on \Sigma T , \varphi T (T ) = 0 in \Omega ,
(3.1)

\int T

0

\int 
\omega 

\mu T (u - uT ) dxdt \leq 0 \forall u \in \scrU ad,T ,(3.2)

\varphi T | QT,\omega 
+ \kappa \lambda T + \mu T = 0.(3.3)

Proof. The proof for existence of a solution uT is the same as in Theorem 2.5. Let
us derive the optimality conditions. It is well known that FT : L\infty (0, T ;L2(\omega ))  - \rightarrow \BbbR 
is of class C1, and its derivative at uT is given by

F \prime 
T (uT )v =

\int 
QT,\omega 

\varphi T,uv dx dt,

where \varphi T,u \in W (0, T ) is the solution of (3.1). Since \varphi T \in W (0, T ) \subset C([0, T ];L2(\Omega ))
the linear form F \prime 

T (uT ) : L
\infty (0, T ;L2(\omega ))  - \rightarrow \BbbR can be extended to a continuous form

F \prime 
T (uT ) : L

1(0, T ;L2(\omega ))  - \rightarrow \BbbR . Now, using the optimality of uT and the convexity
of jT we derive for every u \in \scrU ad,T and every \rho \in (0, 1) small enough

FT (uT + \rho (u - uT )) - FT (uT )

\rho 
+ \kappa [jT (u) - jT (uT )]

\geq JT (uT + \rho (u - uT )) - JT (uT )

\rho 
\geq 0.
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Then, passing to the limit when \rho \rightarrow 0 we infer\int 
QT,\omega 

\varphi T (u - uT ) dx dt+ \kappa [jT (u) - jT (uT )] \geq 0 \forall u \in \scrU ad,T .

If we denote by I\scrU ad,T
: L1(0, T ;L2(\omega ))  - \rightarrow [0,\infty ] the indicator function taking the

value 0 if u \in \scrU ad,T and \infty otherwise, then the above inequality implies that uT is a
solution for the optimization problem

min
u\in L1(0,T ;L2(\omega ))

\int 
QT,\omega 

\varphi Tudx dt+ \kappa jT (u) + I\scrU ad,T
(u).

From the subdifferential calculus we deduce that

0 \in \varphi T | QT,\omega 
+ \kappa \partial jT (uT ) + \partial I\scrU ad,T

(uT ).

Hence, there exist \lambda T \in \partial jT (uT ) and \mu T \in \partial I\scrU ad,T
(uT ) such that (3.3) holds. Further,

\mu T \in \partial I\scrU ad,T
(uT ) is equivalent to (3.2), which completes the proof.

Let us observe that \lambda T \in \partial jT (uT ) implies that

(3.4)

\left\{     
\| \lambda T (t)\| L2(\omega ) \leq 1 for a.a. t \in (0, T ),

\lambda T (x, t) =
uT (x, t)

\| uT (t)\| L2(\omega )
for a.a. (x, t) \in QT,\omega if \| uT (t)\| L2(\omega ) \not = 0;

see, for instance, [6, Proposition 3.8].
Regarding \mu T we consider separately the two cases specified in (1.2) and (1.3).

Lemma 3.2. If \scrK is chosen as in (1.2), then \mu T has the following properties:\int 
\omega 

\mu T (t)(v  - uT (t)) dx \leq 0 \forall v \in B\gamma ;(3.5)

if \| uT (t)\| L2(\omega ) < \gamma , then \| \mu T (t)\| L2(\omega ) = 0;(3.6)

if \| \mu T (t)\| L2(\omega ) \not = 0, then uT (x, t) = \gamma 
\mu T (x, t)

\| \mu T (t)\| L2(\omega )
(3.7)

for almost all t \in (0, T ).

Proof. For the proof of (3.5) the reader is referred to the first statement of [8,
Corollary 3.1]. To prove (3.6) and (3.7) we proceed as follows:

\| \mu T (t)\| L2(\omega ) =
1

\gamma 
sup
v\in B\gamma 

\int 
\omega 

\mu T (t)v dx

\leq 1

\gamma 

\int 
\omega 

\mu T (t)uT (t) dx \leq 1

\gamma 
\| \mu T (t)\| L2(\omega )\| uT (t)\| L2(\omega ).

If \| uT (t)\| L2(\omega ) < \gamma , the above inequality is only possible if \| \mu T (t)\| L2(\omega ) = 0, which
proves (3.6). Otherwise we get the equality\int 

\omega 

\mu T (t)uT (t) dx = \| \mu T (t)\| L2(\omega )\| uT (t)\| L2(\omega ).

This is only possible if there exists a number g(t) \geq 0 such that uT (x, t) = g(t)\mu T (x, t)
for almost all x \in \omega . But, we have

\gamma = \| uT (t)\| L2(\omega ) = g(t)\| \mu T (t)\| L2(\omega );

therefore g(t) = \gamma 
\| \mu T (t)\| L2(\omega )

, which implies (3.7).
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2080 EDUARDO CASAS AND KARL KUNISCH

Lemma 3.3. If \scrK is chosen as in (1.3), then \mu T satisfies

(3.8) \mu T (x, t)

\left\{   \leq 0 if uT (x, t) = \alpha ,
= 0 if \alpha < uT (x, t) < \beta ,
\geq 0 if uT (x, t) = \beta 

for almost all (x, t) \in \omega \times (0, T ).

This a well-known property following from the fact that \mu \in \partial I\scrU ad,T
(uT ).

4. Convergence of the auxiliary problems. In this section, uT denotes a
solution of (PT ) for T > 0. Associated with uT we have the corresponding state yT
and elements \varphi T \in W (0, T ), \lambda T \in \partial jT (uT ), and \mu T \in L\infty (0, T ;L2(\omega )) satisfying the
optimality conditions (3.1)--(3.3). We extend all these elements by 0 for t > T and
denote these extensions by (\=uT , \=yT , \=\varphi T , \=\lambda T , \=\mu T ). The analysis of the convergence of
(\=uT , \=yT ), \=\varphi T , and (\=\lambda T , \=\mu T ) is split into three subsections.

4.1. Convergence of the controls and associated states. We have a first
convergence result.

Theorem 4.1. The following convergence properties hold:

\=yT \rightarrow \=y in L2(Q),(4.1)

\=uT
\ast 
\rightharpoonup \=u in L\infty (0,\infty ;L2(\omega )) \cap L2(Q\omega ),(4.2)

\| \=uT \| L1(0,\infty ;L2(\omega )) \rightarrow \| \=u\| L1(0,\infty ;L2(\omega )).(4.3)

Proof. Using the optimality of \=uT we get

1

2
\| \=yT  - yd\| 2L2(Q) +

1

2
\| \=yT  - \=y\| 2L2(Q) + \kappa j(\=uT )

= JT (\=uT ) +
1

2
\| yd\| 2L2(T,\infty ;L2(\Omega )) +

1

2
\| \=y\| 2L2(T,\infty ;L2(\Omega ))

\leq JT (\=u) +
1

2
\| yd\| 2L2(T,\infty ;L2(\Omega )) +

1

2
\| \=y\| 2L2(T,\infty ;L2(\Omega ))

\leq J(\=u) +
1

2
\| yd\| 2L2(Q) +

1

2
\| \=y\| 2L2(Q).(4.4)

This implies the boundedness of \{ \=yT \} T>0 and \{ \=uT \} T>0 in L
2(Q) and L1(0,\infty ;L2(\omega )),

respectively. Additionally, since \=uT \in \scrU ad for every T > 0, we have that \{ \=uT \} T>0

is also bounded in L\infty (0,\infty ;L2(\omega )). As a consequence, \{ \=uT \} T>0 is also bounded in
L2(Q\omega ). Therefore, there exist sequences \{ Tk\} \infty k=1 converging to \infty such that

(4.5) \=yTk
\rightharpoonup \~y in L2(Q) and \=uTk

\ast 
\rightharpoonup \~u in L\infty (0,\infty ;L2(\omega )) \cap L2(Q\omega ) as k \rightarrow \infty 

with (\~u, \~y) \in \scrU ad \times L2(Q). Let us fix T > 0. Then, for every k large enough we
have that (\=uTK

, \=yTk
) satisfies (2.1) in QT . Using the boundedness of \{ \=uTk

\} Tk\geq T in
L\infty (0, T, L2(\omega )) we infer that \{ \=yTk

\} Tk\geq T is bounded inW (0, T )\cap L\infty (QT ). Then, it is
easy to pass to the limit in (2.1) and deduce that (\~u, \~y) \in L2(QT )\times W (0, T )\cap L\infty (QT )
satisfies the equation in QT . Consequently, \~y is the solution of the state equation (1.1)
associated with \~u. To prove that \~u = \=u we first observe that \=uTk

\rightharpoonup \~u in L2(QT ) for
every T > 0. This implies that

jT (\~u) \leq lim inf
k\rightarrow \infty 

jT (\=uTk
) \leq lim inf

k\rightarrow \infty 
j(\=uTk

).
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Therefore, we have j(\~u) = supT>0 jT (\~u) \leq lim infk\rightarrow \infty j(\=uTk
). Using this property

and the fact that \=yTk
\rightharpoonup \~y in L2(Q) we infer

J(\~u) +
1

2
\| \~y  - \=y\| 2L2(Q) \leq lim inf

k\rightarrow \infty 

\biggl\{ 
1

2
\| \=yTk

 - yd\| 2L2(Q) +
1

2
\| \=yTk

 - \=y\| 2L2(Q) + \kappa j(\=uTk
)

\biggr\} 
= lim inf

k\rightarrow \infty 
JTk

(uTk
) +

1

2
lim
k\rightarrow \infty 

\Bigl\{ 
\| yd\| 2L2(Tk,\infty ;L2(\Omega )) + \| \=y\| 2L2(Tk,\infty ;L2(\Omega ))

\Bigr\} 
\leq lim inf

k\rightarrow \infty 
JTk

(\=u) = J(\=u) \leq J(\~u).

We have used the optimality of uTk
and \=u in (PTk

) and (P), respectively, and the fact
that \~u is a feasible control for (P). From the above inequalities we obtain that \~y = \=y
and, hence, the state equation yields \~u = \=u. The uniqueness of the limit implies that
(4.2) and the weak convergence yT \rightharpoonup \=y in L2(Q) hold. Arguing similarly as above
we obtain

J(\=u) \leq lim inf
T\rightarrow \infty 

\biggl\{ 
1

2
\| \=yT  - yd\| 2L2(Q) + \kappa j(\=uT )

\biggr\} 
\leq lim sup

T\rightarrow \infty 

\biggl\{ 
1

2
\| \=yT  - yd\| 2L2(Q) + \kappa j(\=uT )

\biggr\} 
\leq lim sup

T\rightarrow \infty 
JT (\=uT ) +

1

2
lim

T\rightarrow \infty 
\| yd\| 2L2(T,\infty ;L2(\Omega )) \leq lim sup

T\rightarrow \infty 
JT (\=u) = J(\=u).

The previous inequalities yield

lim
T\rightarrow \infty 

\biggl\{ 
1

2
\| \=yT  - yd\| 2L2(Q) + \kappa \| \=uT \| L1(0,\infty ;L2(\omega ))

\biggr\} 
=

1

2
\| \=y - yd\| 2L2(Q)+\kappa \| \=u\| L1(0,\infty ;L2(\omega )).

From Lemma 4.2 below we infer that

lim
T\rightarrow \infty 

\| \=yT  - yd\| 2L2(Q) = \| \=y  - yd\| 2L2(Q) and lim
T\rightarrow \infty 

\| \=uT \| L1(0,\infty ;L2(\omega )) = \| \=u\| L1(0,\infty ;L2(\omega )).

Finally, (4.1) and (4.3) are straightforward consequences of these limits.

Lemma 4.2. Let \{ aT \} T>0 and \{ bT \} T>0 be two families of real numbers satisfying

a \leq lim inf
T\rightarrow \infty 

aT , b \leq lim inf
T\rightarrow \infty 

bT , and lim
T\rightarrow \infty 

(aT + bT ) = a+ b

for a, b \in \BbbR . Then, we have that limT\rightarrow \infty aT = a and limT\rightarrow \infty bT = b.

Proof. We prove that aT \rightarrow a as follows:

a \leq lim inf
T\rightarrow \infty 

aT \leq lim sup
T\rightarrow \infty 

aT \leq lim sup
T\rightarrow \infty 

(aT + bT ) - lim inf
T\rightarrow \infty 

bT \leq (a+ b) - b = a.

Now, the convergence of \{ bT \} T>0 is immediate.

The next theorem establishes stronger convergence properties of \{ \=yT \} T>0 to \=y.

Theorem 4.3. The following convergences hold:

f(\cdot , \cdot , \=yT )\rightharpoonup f(\cdot , \cdot , \=y) in L2(Q),(4.6)

\=yT \rightarrow \=y in L2(0,\infty ;H1(\Omega )),(4.7)

lim
T\rightarrow \infty 

\| \=yT (T )\| L2(\Omega ) = 0.(4.8)D
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2082 EDUARDO CASAS AND KARL KUNISCH

Proof. Arguing as in the proof of (2.7) we get

\| f(\cdot , \cdot , \=yT )\| L2(Q) \leq Cf

\bigl( 
\| \=uT \| L2(Q\omega ) + \| g\| L2(Q) + \| \=yT \| L2(Q)).

From Theorem 4.1 we deduce that the right-hand side of the above inequality is
uniformly bounded in T . Hence, there exist subsequences \{ f(\cdot , \cdot , \=yTk

)\} \infty k=1 with Tk \rightarrow 
\infty such that f(\cdot , \cdot , \=yTk

) \rightharpoonup \psi in L2(Q). Due to the strong convergence \=yTk
\rightarrow \=y in

L2(Q), we can extract a subsequence, denoted in the same way, such that \=yTk
(x, t) \rightarrow 

\=y(x, t) for almost all (x, t) \in Q. Then, the continuity of f with respect to y implies
that f(x, t, \=yTk

(x, t)) \rightarrow f(x, t, \=y(x, t)) almost everywhere. Hence, \psi = f(\cdot , \cdot , \=y), and
the whole family \{ f(\cdot , \cdot , \=yT )\} T>0 converges weakly in L2(Q) to f(\cdot , \cdot , \=y).

Let us prove that \=yT \rightharpoonup \=y in L2(0,\infty ;H1(\Omega )). From the equation satisfied by
\=yT we get \partial \=yT

\partial t  - \Delta \=yT + a\=yT = g + \=uT\chi \omega  - f(\cdot , \cdot , \=yT ) in QT . Since the right-hand
side is uniformly bounded in L2(Q), we deduce the existence of a constant C such
that \| \=yT \| W (0,T ) \leq C for every T > 0. Therefore, the estimate \| \=yT \| L2(0,T ;H1(\Omega )) \leq C
holds for every T . Due to the fact that \=yT = 0 in Q \setminus QT , we conclude that \{ \=yT \} T>0

is bounded in L2(0,\infty ;H1(\Omega )). Then, the convergence \=yT \rightarrow \=y in L2(Q) implies that
\=yT \rightharpoonup \=y in L2(0,\infty ;H1(\Omega )). To prove (4.7) and (4.8) we argue, using (4.1) and (4.2),
as follows:\int 

Q

[| \nabla \=y| 2 + a\=y2] dxdt \leq lim inf
T\rightarrow \infty 

\int 
Q

[| \nabla \=yT | 2 + a\=y2T ] dx dt

\leq lim sup
T\rightarrow \infty 

\int 
Q

[| \nabla \=yT | 2 + a\=y2T ] dxdt

\leq lim sup
T\rightarrow \infty 

\biggl\{ 
1

2
\| \=yT (T )\| 2L2(\Omega ) +

\int 
Q

[| \nabla \=yT | 2 + a\=y2T ] dxdt

\biggr\} 
= lim sup

T\rightarrow \infty 

\biggl\{ \int 
Q

(g + \=uT\chi \omega )\=yT dxdt - 
\int 
Q

f(x, t, \=yT )\=yT dxdt+
1

2
\| y0\| 2L2(\Omega )

\biggr\} 
=

\int 
Q

(g + \=u\chi \omega )\=y dxdt - 
\int 
Q

f(x, t, \=y)\=y dxdt+
1

2
\| y0\| 2L2(\Omega ) =

\int 
Q

[| \nabla \=y| 2 + a\=y2] dx dt.

These inequalities yield

lim
T\rightarrow \infty 

\| \=yT \| L2(0,\infty ;H1(\Omega )) = \| \=y\| L2(0,\infty ;H1(\Omega )) and lim
T\rightarrow \infty 

\| \=yT (T )\| L2(\Omega ) = 0,

which concludes the proof.

Theorem 4.4. For every \varepsilon > 0 there exists T\varepsilon > 0 such that

(4.9) \| \=yT (t)\| L2(\Omega ) < \varepsilon \forall T > T\varepsilon and \forall t > T\varepsilon .

Proof. In the proof of Theorem 4.3, the existence of a constant C such that
\| \=yT \| W (0,T ) \leq C for every T was established. Hence, we have that\bigm\| \bigm\| \partial \=yT

\partial t

\bigm\| \bigm\| 
L2(0,T,H1(\Omega )\ast )

\leq C \forall T > 0.

By Theorem 4.3, for every \varepsilon > 0 there exists T\varepsilon > 0 such that for every T > T\varepsilon the
inequalities

\| \=yT (T )\| L2(\Omega ) <
\varepsilon \surd 
3
, \| \=y  - \=yT \| L2(0,\infty ;H1(\Omega )) <

\varepsilon 2

6C
, \| \=y\| L2(T\varepsilon ,\infty ;H1(\Omega )) <

\varepsilon 2

6C
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hold. Let us take T > T\varepsilon arbitrary. For t = T , (4.9) follows from the choice of \varepsilon . If
t > T , then we have \=yT (t) = 0, and (4.9) holds. Let us take t \in (T\varepsilon , T ); then

\| \=yT (t)\| 2L2(\Omega ) = \| \=yT (T )\| 2L2(\Omega )  - 2

\int T

t

\langle \partial \=yT
\partial t

, \=yT \rangle dt

\leq \| \=yT (T )\| 2L2(\Omega ) + 2\| \partial \=yT
\partial t

\| L2(0,T ;H1(\Omega )\ast )\| \=yT \| L2(t,T ;H1(\Omega ))

\leq \| \=yT (T )\| 2L2(\Omega ) + 2C
\Bigl( 
\| \=y  - \=yT \| L2(0,\infty ;H1(\Omega )) + \| \=y\| L2(T\varepsilon ,\infty ;H1(\Omega ))

\Bigr) 
< \varepsilon 2,

which proves (4.9).

Remark 4.5. Let us observe that \{ \=yT \} T>0 is uniformly bounded in L\infty (QT \prime ) for
each T \prime \in (0,\infty ). Indeed, using (2.5), we can derive the usual L\infty (QT \prime ) estimates
for each \=yT depending on T \prime , \| y0\| L\infty (\Omega ), and \| g + \=uT\chi \omega \| L\infty (0,T \prime ;L2(\Omega ), which is uni-
formly bounded. As a consequence of this, (2.2), and (2.4), we also have the uniform
boundedness of \{ f(\cdot , \cdot , \=yT )\} T>0 and \{ \partial f

\partial y (\cdot , \cdot , \=yT )\} T>0 in L\infty (QT \prime ).

4.2. Convergence of the adjoint states. In this section, besides the assump-
tions (2.2)--(2.4), we will make the following assumption:

(4.10) \exists mf \in (0,Mf ) such that
\partial f

\partial y
(x, t, y) \geq 0 if | y| < mf

for almost all (x, t) \in Q, where Mf is the constant introduced in (2.3). Let us start
proving some auxiliary results before analyzing the convergence of \{ \=\varphi T \} T>0.

Lemma 4.6. For every T > 0 let zT \in W (0, T ) be the solution of the equation

(4.11)

\left\{   
\partial zT
\partial t

 - \Delta zT + azT +
\partial f

\partial y
(x, t, \=yT )zT = \=\varphi T in QT ,

\partial nzT = 0 on \Sigma T , zT (0) = 0 in \Omega .

Then, there exists a constant Cz such that

(4.12) \| zT \| L2(QT ) \leq Cz\| \=\varphi T \| L2(QT ) \forall T > 0.

Proof. It is well known that H1(\Omega ) is continuously embedded in L4(\Omega ) for 1 \leq 
n \leq 3. Hence, there exists a constant C4 such that \| y\| L4(\Omega ) \leq C4\| y\| H1(\Omega ) for all y \in 
H1(\Omega ). From (2.4) we deduce the existence of a constant CMf

such that

(4.13)
\bigm| \bigm| \partial f
\partial y

(x, t, y)
\bigm| \bigm| \leq CMf

\forall | y| \leq Mf for a.a. (x, t) \in Q.

Applying Theorem 4.4 with \varepsilon =
mfC

2
a

2C2
4CMf

, where Ca was introduced in (2.6), we infer

the existence of Ta,f > 0 such that

(4.14) \| \=yT (t)\| L2(\Omega ) <
mfC

2
a

2C2
4CMf

\forall T > Ta,f and \forall t > Ta,f .

For T \leq Ta,f inequality (4.12) is obvious. Henceforth we consider the case T > Ta,f .
We obtain in a standard manner

(4.15) \| zT \| L2(QTa,f
) \leq C\| \=\varphi T \| L2(QT ) \forall T > Ta,f
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2084 EDUARDO CASAS AND KARL KUNISCH

for some constant C independent of T . For every t \in (0, T ) we define the sets

\Omega 
mf ,Mf

t = \{ x \in \Omega : mf \leq | \=yT (x, t)| \leq Mf\} .

Assumptions (2.3) and (4.10) imply that \partial f
\partial y (x, t, \=yT (x, t)) \geq 0 for x \in \Omega \setminus \Omega 

mf ,Mf

t .

Then, from (2.6) and (4.11) we get

C2
a

\int T

0

\| zT \| 2H1(\Omega ) dt

\leq 1

2
\| zT (T )\| 2L2(\Omega ) +

\int 
QT

[| \nabla zT | 2 + az2T ] dx dt+

\int T

0

\int 
\Omega \setminus \Omega 

mf ,Mf
t

\partial f

\partial y
(x, t, \=yT )z

2
T dxdt

=

\int 
QT

\=\varphi T zT dx dt - 
\int T

0

\int 
\Omega 

mf ,Mf
t

\partial f

\partial y
(x, t, \=yT )z

2
T dxdt

\leq \| \=\varphi T \| L2(QT )\| zT \| L2(QT ) +

\int T

0

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, t, \=yT )
\bigm| \bigm| z2T dxdt.

(4.16)

Let us estimate the last integral. We split the integral into two parts. Inequalities
(4.13) and (4.15) yield\int Ta,f

0

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, t, \=yT )
\bigm| \bigm| z2T dxdt

\leq CMf
\| zT \| 2L2(0,Ta,f ;L2(\Omega )) \leq CMf

C2\| \=\varphi T \| 2L2(QT ).(4.17)

Now, from (4.13)--(4.14) we infer\int T

Ta,f

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, t, \=yT )
\bigm| \bigm| z2T dxdt \leq 

CMf

mf

\int T

Ta,f

\int 
\Omega 

mf ,Mf
t

| \=yT | z2T dx dt

\leq 
CMf

mf

\int T

Ta,f

\| \=yT \| L2(\Omega )\| zT \| 2L4(\Omega ) dt \leq 
CMf

C2
4

mf

\int T

Ta,f

\| \=yT \| L2(\Omega )\| zT \| 2H1(\Omega ) dt

\leq C2
a

2

\int T

0

\| zT \| 2H1(\Omega ) dt.(4.18)

From (4.16)--(4.18) we get with Young's inequality

C2
a

2
\| zT \| 2L2(QT ) \leq 

C2
a

2

\int T

0

\| zT \| 2H1(\Omega ) dt \leq \| \=\varphi T \| L2(QT )\| zT \| L2(QT )

+ CMf
C2\| \=\varphi T \| 2L2(QT ) \leq 

C2
a

4
\| zT \| 2L2(QT ) +

\bigl( 1

C2
a

+ CMf
C2
\bigr) 
\| \=\varphi T \| 2L2(QT ),

which proves (4.12) for T > Ta,f .

Lemma 4.7. There exists a constant C\varphi such that

(4.19) \| \=\varphi T \| L2(Q) \leq C\varphi \forall T > 0.D
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Proof. Let zT be as in Lemma 4.6. From (3.1) and (4.11) and inequality (4.12)
we infer

\| \=\varphi T \| 2L2(Q) = \| \=\varphi T \| 2L2(QT ) =

\int 
QT

\Bigl[ \partial zT
\partial t

 - \Delta zT + azT +
\partial f

\partial y
(x, t, \=yT )zT

\Bigr] 
\=\varphi T dx dt

=

\int 
QT

\Bigl[ 
 - \partial \=\varphi T

\partial t
 - \Delta \=\varphi T + a \=\varphi T +

\partial f

\partial y
(x, t, yT ) \=\varphi T

\Bigr] 
zT dxdt

=

\int 
QT

(2\=yT  - yd  - \=y)zT dxdt \leq Cz

\Bigl( 
2\| \=yT \| L2(Q) + \| yd\| L2(Q) + \| \=y\| L2(Q)

\Bigr) 
\| \=\varphi T \| L2(Q).

Since \{ \=yT \} T>0 is uniformly bounded in L2(Q), the above inequalities imply (4.19).

Using Lemma 4.7 we infer the existence of an increasing sequence \{ Tk\} \infty k=1 con-
verging to \infty and a function \=\varphi \in L2(Q) such that \=\varphi Tk

\rightharpoonup \=\varphi in L2(Q) as k \rightarrow \infty . The
next lemma establishes stronger convergences properties of the adjoint states.

Lemma 4.8. The following convergences hold:

\=\varphi Tk

\ast 
\rightharpoonup \=\varphi in L2(0,\infty ;H1(\Omega )) \cap L\infty (0,\infty ;L2(\Omega )),(4.20)

\=\varphi Tk
\rightharpoonup \=\varphi in W (0, T ) \forall T \in (0,\infty ).(4.21)

Moreover, there exists a subsequence of \{ Tk\} \infty k=1, denoted in the same way, such that

(4.22) lim
k\rightarrow \infty 

\| \=\varphi Tk
(t)\| L2(\Omega ) = \| \=\varphi (t)\| L2(\Omega ) for a.a. t \in (0,\infty ).

Proof. Taking \Omega 
mf ,Mf

t as in the proof of Lemma 4.6, from the adjoint state equa-
tion satisfied by \=\varphi Tk

and (2.6) it follows for every t \in (0, T ) with T > 0 arbitrary
that

1

2
\| \=\varphi Tk

(t)\| 2L2(\Omega ) + C2
a

\int T

t

\| \=\varphi Tk
\| 2H1(\Omega ) ds

\leq 1

2
\| \=\varphi Tk

(t)\| 2L2(\Omega ) +

\int T

t

\int 
\Omega 

[| \nabla \=\varphi Tk
| 2 + a \=\varphi 2

Tk
] dx ds+

\int T

t

\int 
\Omega 

\partial f

\partial y
(x, s, \=yTk

) \=\varphi 2
Tk

dx ds

 - 
\int T

t

\int 
\Omega 

mf ,Mf
t

\partial f

\partial y
(x, s, \=yTk

) \=\varphi 2
Tk

dx ds

\leq 
\Bigl( 
2\| \=yTk

\| L2(Q) + \| yd\| L2(Q) + \| \=y\| L2(Q)

\Bigr) 
\| \=\varphi Tk

\| L2(Q)

+

\int T

t

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, s, \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dxds.

The last two terms are bounded by a constant independent of k. Indeed, for the
first term this boundedness follows from the boundedness of \{ \=yTk

\} \infty k=1 (see (4.1)) and
Lemma 4.7. The boundedness of the second term is a consequence of (4.13) and
again Lemma 4.7. Since T > 0 and t \in (0, T ) were arbitrary and \=\varphi Tk

(x, t) = 0 for
t > Tk, the above inequalities imply that \{ \=\varphi Tk

\} \infty k=1 is bounded in L\infty (0,\infty ;L2(\Omega )).
Additionally, taking t\rightarrow 0, we also infer that \{ \=\varphi Tk

\} \infty k=1 is bounded in L2(0,\infty ;H1(\Omega )).
This boundedness and the convergence \=\varphi Tk

\rightharpoonup \=\varphi in L2(Q) yield (4.20).
Using (2.5) and the fact that the functions \=yTk

are uniformly bounded with respect
to k in L\infty (QT ) for every T , it follows from (3.1) that \{ \=\varphi Tk

\} \infty k=1 is bounded inW (0, T )
by a constant CT . Then (4.21) follows from (4.20).
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Since the embedding W (0, T ) \subset L2(QT ) is compact, we have that \=\varphi Tk
\rightarrow \=\varphi 

strongly in L2(QT ) for every T < \infty . Then, we can extract a subsequence of
\{ \=\varphi Tk

\} \infty k=1, denoted by \{ \=\varphi 1,j\} \infty j=1 such that \| \=\varphi 1,j(t)\| L2(\Omega ) \rightarrow \| \=\varphi (t)\| L2(\Omega ) for almost all
t \in (0, 1). In a second step, a further subsequence of \{ \=\varphi 1,j\} \infty j=1, denoted by \{ \=\varphi 2,j\} \infty j=1,
is taken such that the pointwise convergence in time holds almost everywhere in
(0, 2). Proceeding in this way we obtain for every i a subsequence \{ \=\varphi i,j\} \infty j=1 such that
\| \=\varphi i,j(t)\| L2(\Omega ) \rightarrow \| \=\varphi (t)\| L2(\Omega ) for almost all t \in (0, i) when j \rightarrow \infty . Hence, the choice
\{ \=\varphi i,i\} \infty i=1 satisfies (4.22).

Remark 4.9. Let us observe that the convergence \=\varphi Tk
\rightharpoonup \=\varphi in W (0, T ) implies

that \=\varphi Tk
(t) \rightharpoonup \=\varphi (t) in L2(\Omega ) for every t \in [0, T ]. Indeed, given t \in [0, T ], from

the continuous embedding W (0, T ) \subset C([0, T ];L2(\Omega )) we infer the continuity of the
mapping z \in W (0, T ) \lhook \rightarrow z(t) \in L2(\Omega ). Therefore, if zk \rightharpoonup z in W (0, T ), then
zk(t)\rightharpoonup z(t) in L2(\Omega ).

Lemma 4.10. For every \varepsilon > 0 there exists T\varepsilon \in (0,\infty ) such that

(4.23)

\biggl( 
\| \=\varphi Tk

(t)\| 2L2(\Omega ) +

\int \infty 

T\varepsilon 

\| \=\varphi Tk
\| 2H1(\Omega ) dt

\biggr) 1/2

< \varepsilon \forall Tk > T\varepsilon and \forall t > T\varepsilon .

Proof. Given \varepsilon > 0, Theorem 4.4 yields the existence of T\varepsilon \in (0,\infty ) such that

(4.24) \| \=yT (t)\| L2(\Omega ) < \varepsilon 2 \forall t > T\varepsilon and \forall T > T\varepsilon .

Moreover, since \=yT \rightarrow \=y in L2(Q) and \=y  - yd \in L2(Q), for T\varepsilon sufficiently large we get

\| \=yT  - \=y\| L2(Q) <
min\{ 1, C2

a\} 
4C\varphi 

\varepsilon 2 \forall T > T\varepsilon and \| \=y - yd\| L2(T\varepsilon ,\infty ;L2(\Omega )) <
min\{ 1, C2

a\} 
4C\varphi 

\varepsilon 2,

where C\varphi is the constant appearing in (4.19). From these estimates we infer

\| 2\=yT  - yd  - \=y\| L2(T\varepsilon ,\infty ;L2(\Omega ))

\leq \| \=yT  - \=y\| L2(T\varepsilon ,\infty ;L2(\Omega )) + \| \=y  - yd\| L2(T\varepsilon ,\infty ;L2(\Omega )) <
min\{ 1, C2

a\} 
2C\varphi 

\varepsilon 2.(4.25)

Now, taking T\varepsilon < t < Tk and proceeding similarly as in the proof of Lemma 4.8
we get with (4.19) and (4.25)

1

2
\| \=\varphi Tk

(t)\| 2L2(\Omega ) + C2
a

\int Tk

t

\| \=\varphi Tk
\| 2H1(\Omega ) ds

\leq \| 2\=yTk
 - yd  - \=y\| L2(T\varepsilon ,\infty ;L2(\Omega ))\| \=\varphi Tk

\| L2(Q) +

\int Tk

t

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, s, \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dx ds

<
min\{ 1, C2

a\} 
2

\varepsilon 2 +

\int Tk

t

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, s, \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dx ds.

(4.26)
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To estimate the last term we use (4.24) and argue as in (4.18) to deduce\int Tk

t

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, s, \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dxdt \leq 

CMf

mf

\int Tk

t

\int 
\Omega 

mf ,Mf
t

| \=yT | \=\varphi 2
Tk

dx dt

\leq 
CMf

mf

\int Tk

t

\| \=yTk
\| L2(\Omega )\| \=\varphi Tk

\| 2L4(\Omega ) dt \leq 
CMf

C2
4

mf

\int Tk

t

\| \=yTk
\| L2(\Omega )\| \=\varphi Tk

\| 2H1(\Omega ) dt

\leq 
CMf

C2
4

mf
\varepsilon 2
\int Tk

t

\| \=\varphi Tk
\| 2H1(\Omega ) dt.

(4.27)

Without loss of generality we can assume that
CMf

C2
4

mf
\varepsilon 2 \leq min\{ 1,C2

a\} 
2 . Then, (4.22)

follows from (4.26) and (4.27).

As a consequence of this lemma we infer the following corollary.

Corollary 4.11. The following convergence holds:

(4.28) lim
t\rightarrow \infty 

\| \=\varphi (t)\| L2(\Omega ) = 0.

Proof. Given \varepsilon > 0, we obtain with Lemma 4.10 the existence of T\varepsilon > 0 such that

\| \=\varphi Tk
(t)\| L2(\Omega ) < \varepsilon \forall t > T\varepsilon and \forall Tk > T\varepsilon .

From this inequality and (4.22), we have that

\| \=\varphi (t)\| L2(\Omega ) = lim
k\rightarrow \infty 

\| \=\varphi Tk
(t)\| L2(\Omega ) \leq \varepsilon for a.a. t > T\varepsilon .

Since \=\varphi : (0,\infty )  - \rightarrow L2(\Omega ) is continuous, the above inequality implies \| \=\varphi (t)\| L2(\Omega ) \leq \varepsilon 
for every t > T\varepsilon , which proves the corollary.

Lemma 4.12. For every t \geq 0 the following identity holds:

1

2
\| \=\varphi (t)\| 2L2(\Omega ) +

\int \infty 

t

\int 
\Omega 

[| \nabla \=\varphi | 2 + a \=\varphi 2] dxds+

\int \infty 

t

\int 
\Omega 

\partial f

\partial y
(x, t, \=y) \=\varphi 2 dxdt

=

\int \infty 

t

\int 
\Omega 

(\=y  - yd) \=\varphi dx dt.(4.29)

Proof. We split the proof into two steps.

Step 1.
\bigm| \bigm| \partial f
\partial y (\cdot , \cdot , \=yTk

)
\bigm| \bigm| 1/2 \=\varphi Tk

\rightharpoonup 
\bigm| \bigm| \partial f
\partial y (\cdot , \cdot , \=y)

\bigm| \bigm| 1/2 \=\varphi in L2(Q). Let us first prove the

boundedness of
\bigl\{ 
| \partial f\partial y (\cdot , \cdot , \=yTk

)
\bigm| \bigm| 1/2 \=\varphi Tk

\} \infty k=1 in L2(Q). We use (3.1), (2.4), and (4.10) to
get \int 

Q

\bigm| \bigm| \partial f
\partial y

(\cdot , \cdot , \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dx dt =

\int 
QTk

\bigm| \bigm| \partial f
\partial y

(\cdot , \cdot , \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dxdt

=

\int Tk

0

\int 
\Omega \setminus \Omega 

mf ,Mf
t

\partial f

\partial y
(\cdot , \cdot , \=yTk

) \=\varphi 2
Tk

dx dt+

\int Tk

0

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(\cdot , \cdot , \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dx dt

\leq 
\int 
QTk

(2\=yTk
 - yd  - \=y) \=\varphi Tk

dxdt+ 2

\int Tk

0

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(\cdot , \cdot , \=yTk
)
\bigm| \bigm| \=\varphi 2

Tk
dx dt

\| 2\=yTk
 - yd  - \=y\| L2(Q)\| \=\varphi Tk

\| L2(Q) + CMf
\| \=\varphi Tk

\| 2L2(Q).
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2088 EDUARDO CASAS AND KARL KUNISCH

Using the boundedness of \{ \=\varphi Tk
\} \infty k=1 and \{ \=yTk

\} \infty k=1 in L2(Q) we deduce the desired
boundedness. Then, there exist subsequences, denoting in the same way, such that\bigm| \bigm| \partial f
\partial y (\cdot , \cdot , \=yTk

)
\bigm| \bigm| 1/2 \=\varphi Tk

\rightharpoonup \psi in L2(Q). From (4.21) and the compactness of the em-

bedding W (0, T ) \subset L2(QT ) we get the strong convergence \=\varphi Tk
\rightarrow \=\varphi in L2(QT ) for

every T <\infty . Then, taking subsequences we can assume that \=yTk
(x, t) \rightarrow \=y(x, t) and

\=\varphi Tk
(x, t) \rightarrow \=\varphi (x, t) for almost all (x, t) \in QT . This implies that\bigm| \bigm| \partial f
\partial y

(x, t, \=yTk
(x, t))

\bigm| \bigm| 1/2 \=\varphi Tk
(x, t) \rightarrow 

\bigm| \bigm| \partial f
\partial y

(x, t, \=y(x, t))
\bigm| \bigm| 1/2 \=\varphi (x, t) for a.a. (x, t) \in QT ,

and consequently \psi (x, t) =
\bigm| \bigm| \partial f
\partial y (x, t, \=y(x, t))

\bigm| \bigm| 1/2 \=\varphi (x, t) in QT . As T was arbitrary we

infer that
\bigm| \bigm| \partial f
\partial y (\cdot , \cdot , \=y)

\bigm| \bigm| 1/2 \=\varphi = \psi . Since all subsequences have the same limit, the whole
sequence converges to the claimed limit.

Step 2. Proof of (4.29). Given z \in L2(0, T ;H1(\Omega )), we deduce from (3.1)

 - 
\int T

t

\langle \partial \=\varphi Tk

\partial t
, z\rangle ds+

\int T

t

\int 
\Omega 

[\nabla \=\varphi Tk
\nabla z + a \=\varphi Tk

z] dx ds

+

\int T

t

\int 
\Omega 

\partial f

\partial y
(x, t, \=yTk

) \=\varphi Tk
z dxds =

\int T

t

\int 
\Omega 

(2\=yTk
 - yd  - \=y)z dxds

for every T > 0, Tk > T , and t \in [0, T ). Using (4.1), (4.20), and (4.21) we can pass
to the limit in the above identity and obtain

 - 
\int T

t

\langle \partial \=\varphi 
\partial t
, z\rangle ds+

\int T

t

\int 
\Omega 

[\nabla \=\varphi \nabla z + a \=\varphi z] dxds+

\int T

t

\int 
\Omega 

\partial f

\partial y
(x, t, \=y) \=\varphi z dxds

=

\int T

t

\int 
\Omega 

(\=y  - yd)z dxds \forall t \in [0, T ].(4.30)

The only limit which is not obvious is

lim
k\rightarrow \infty 

\int T

t

\int 
\Omega 

\partial f

\partial y
(x, t, \=yTk

) \=\varphi Tk
z dxds =

\int T

t

\int 
\Omega 

\partial f

\partial y
(x, t, \=y) \=\varphi z dxds.

It follows from Step 1 and the fact that\bigm| \bigm| \partial f
\partial y

(\cdot , \cdot , \=yTk
)
\bigm| \bigm| 1/2 sign \partial f

\partial y
(\cdot , \cdot , \=yTk

)z \rightarrow 
\bigm| \bigm| \partial f
\partial y

(\cdot , \cdot , \=y)
\bigm| \bigm| 1/2 sign \partial f

\partial y
(\cdot , \cdot , \=y)z in L2(QT ).

This last convergence can be easily deduced taking into account Lebesgue's dominated
convergence theorem and Remark 4.5. Now, taking z = \=\varphi in (4.30) and recalling that
\=\varphi \in W (0, T ) for every T <\infty , we get

1

2
\| \=\varphi (t)\| 2L2(\Omega ) +

\int T

t

\int 
\Omega 

[| \nabla \=\varphi | 2 + a \=\varphi 2] dx ds+

\int T

t

\int 
\Omega 

\partial f

\partial y
(x, s, \=y) \=\varphi 2 dx ds

=

\int T

t

\int 
\Omega 

(\=y  - yd) \=\varphi dxds+
1

2
\| \=\varphi (T )\| 2L2(\Omega ).

Finally, taking T \rightarrow \infty and using (4.28) identity (4.29) follows.

Lemma 4.13. Strong convergence \=\varphi Tk
\rightarrow \=\varphi in L2(0,\infty ;H1(\Omega )) as k \rightarrow \infty holds.
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Proof. First we prove that

(4.31)

\int 
Q

\partial f

\partial y
(x, t, \=y) \=\varphi 2 dxdt \leq lim inf

k\rightarrow \infty 

\int 
Q

\partial f

\partial y
(x, t, \=yTk

) \=\varphi 2
Tk

dx dt.

We decompose \partial f
\partial y (x, t, y) =

\partial f
\partial y (x, t, y)

+  - \partial f
\partial y (x, t, y)

 - for every y \in \BbbR . Then, from
the weak convergence established in Step 1 of the previous proof we infer

(4.32)

\int 
Q

\partial f

\partial y
(x, t, \=y)+ \=\varphi 2 dxdt \leq lim inf

k\rightarrow \infty 

\int 
Q

\partial f

\partial y
(x, t, \=yTk

)+ \=\varphi 2
Tk

dx dt.

Now, we observe that (2.3) implies that | y| \leq Mf if \partial f
\partial y (x, t, y)

 - \not = 0. Hence, with (2.4)

we have
\bigm| \bigm| \bigm| \partial f\partial y (x, t, y) - \bigm| \bigm| \leq CMf

. This together with the convergence (\=yTk
, \=\varphi Tk

) \rightarrow (\=y, \=\varphi )

in L2(QT )
2 for every T <\infty , and Lebesgue's dominated convergence theorem, yield

(4.33)

\int 
QT

\partial f

\partial y
(x, t, \=y) - \=\varphi 2 dxdt = lim

k\rightarrow \infty 

\int 
QT

\partial f

\partial y
(x, t, \=yTk

) - \=\varphi 2
Tk

dxdt.

Given \varepsilon > 0 arbitrarily, we deduce from the fact that \=\varphi \in L2(0,\infty ;L2(\Omega )) (see Lemma
4.8) and from (4.23) the existence of T\varepsilon such that\int \infty 

T\varepsilon 

\int 
\Omega 

\bigm| \bigm| \bigm| \partial f
\partial y

(x, t, \=y) - \=\varphi 2  - \partial f

\partial y
(x, t, \=yTk

) - \=\varphi 2
Tk

\bigm| \bigm| \bigm| dxdt
\leq CMf

\int \infty 

T\varepsilon 

\Bigl( 
\| \=\varphi \| 2L2(\Omega ) + \| \=\varphi Tk

\| 2L2(\Omega )

\Bigr) 
dxdt < \varepsilon 

for all Tk > T\varepsilon . This along with (4.33) implies\int 
Q

\partial f

\partial y
(x, t, \=y) - \=\varphi 2 dxdt = lim

k\rightarrow \infty 

\int 
Q

\partial f

\partial y
(x, t, \=yTk

) - \=\varphi 2
Tk

dxdt.

Combining this with (4.32) we obtain (4.31).
Recalling Remark 4.9 and using (4.31) we get with (3.1) and (4.29)

1

2
\| \=\varphi (0)\| 2L2(\Omega ) +

\int \infty 

0

\int 
\Omega 

[| \nabla \=\varphi | 2 + a \=\varphi 2] dxdt

\leq lim inf
k\rightarrow \infty 

\biggl\{ 
1

2
\| \=\varphi Tk

(0)\| 2L2(\Omega ) +

\int \infty 

0

\int 
\Omega 

[| \nabla \=\varphi 2
Tk

+ a \=\varphi 2
Tk
] dxdt

\biggr\} 
\leq lim sup

k\rightarrow \infty 

\biggl\{ 
1

2
\| \=\varphi Tk

(0)\| 2L2(\Omega ) +

\int \infty 

0

\int 
\Omega 

[| \nabla \=\varphi 2
Tk

+ a \=\varphi 2
Tk
] dx dt

\biggr\} 
= lim sup

k\rightarrow \infty 

\Biggl\{ 
1

2
\| \=\varphi Tk

(0)\| 2L2(\Omega ) +

\int Tk

0

\int 
\Omega 

[| \nabla \=\varphi 2
Tk

+ a \=\varphi 2
Tk
] dxdt

\Biggr\} 

= lim sup
k\rightarrow \infty 

\biggl\{ \int \infty 

0

\int 
\Omega 

(2\=yTk
 - yd  - \=y) \=\varphi Tk

dxdt - 
\int \infty 

0

\int 
\Omega 

\partial f

\partial y
(x, t, \=yTk

) \=\varphi 2
Tk

dxdt

\biggr\} 
\leq 
\int \infty 

0

\int 
\Omega 

(\=y  - yd) \=\varphi dx dt - lim inf
k\rightarrow \infty 

\int \infty 

0

\int 
\Omega 

\partial f

\partial y
(x, t, \=yTk

) \=\varphi 2
Tk

dxdt

\leq 1

2
\| \=\varphi (0)\| 2L2(\Omega ) +

\int \infty 

0

\int 
\Omega 

[| \nabla \=\varphi | 2 + a \=\varphi 2] dxdt.
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2090 EDUARDO CASAS AND KARL KUNISCH

Utilizing Lemma 4.2, the above inequalities imply the convergence

lim
k\rightarrow \infty 

\int \infty 

0

\int 
\Omega 

[| \nabla \=\varphi 2
Tk

+ a \=\varphi 2
Tk
] dx dt =

\int \infty 

0

\int 
\Omega 

[| \nabla \=\varphi | 2 + a \=\varphi 2] dxdt.

This identity and the weak convergence \=\varphi Tk
\rightharpoonup \=\varphi in L2(0,\infty ;H1(\Omega )) prove the strong

convergence.

Analogously to Definition 2.1 we have the following definition.

Definition 4.14. We call \varphi a solution to

(4.34)

\left\{    - \partial \varphi 
\partial t

 - \Delta \varphi + a\varphi +
\partial f

\partial y
(x, t, \=y)\varphi = \=y  - yd in Q,

\partial n\varphi = 0 on \Sigma 

if \varphi \in L2(0,\infty ;H1(\Omega )) and for every T > 0 the restriction of \varphi to QT belongs to
W (0, T ) and satisfies

 - 
\int T

0

\langle \partial \varphi 
\partial t
, z\rangle dt+

\int T

0

\int 
\Omega 

[\nabla \varphi \nabla z + a\varphi z] dxdt+

\int T

0

\int 
\Omega 

\partial f

\partial y
(x, t, \=y)\varphi z dxdt

=

\int T

0

\int 
\Omega 

(\=y  - yd)z dxdt \forall z \in L2(0, T ;H1(\Omega )),(4.35)

lim
t\rightarrow \infty 

\| \varphi (t)\| L2(\Omega ) = 0.(4.36)

Theorem 4.15. The function \=\varphi is the unique solution of (4.34) and \=\varphi T \rightarrow \=\varphi 
strongly in L2(0,\infty ;H1(\Omega )) as T \rightarrow \infty .

Proof. The fact that \=\varphi is a solution of (4.34) follows from (4.28) and (4.30). Let
us prove the uniqueness. It is enough to prove that the unique function satisfying
(4.35) and (4.36) with a zero right-hand side in (4.35) is the zero function. From (2.9)
we deduce the existence of Ta,f <\infty such that

\| \=y(t)\| L2(\Omega ) <
mfC

2
a

2C2
4CMf

\forall t > Ta,f .

Using this inequality and arguing as in (4.18) we infer

(4.37)

\int T

Ta,f

\int 
\Omega 

mf ,Mf
t

\bigm| \bigm| \partial f
\partial y

(x, t, \=y)
\bigm| \bigm| \varphi 2 dxdt \leq C2

a

2

\int T

0

\| \varphi \| 2H1(\Omega ) dt \forall T > Ta,f .

Now, we take

z(x, t) =

\biggl\{ 
e2CMf

(t - Ta,f )\varphi (x, t) if t \leq Ta,f ,
\varphi (x, t) otherwise.

Inserting this function in (4.35) we obtain for every T > Ta,f

 - 1

2

\int Ta,f

0

e2CMf
(t - Ta,f ) d

dt
\| \varphi (t)\| 2L2(\Omega ) dt - 

1

2

\int T

Ta,f

d

dt
\| \varphi (t)\| 2L2(\Omega ) dt

(4.38)

+

\int Ta,f

0

\int 
\Omega 

e2CMf
(t - Ta,f )[| \nabla \varphi | 2 + a\varphi 2] dxdt+

\int T

Ta,f

\int 
\Omega 

[| \nabla \varphi | 2 + a\varphi 2] dx dt

+

\int Ta,f

0

\int 
\Omega 

e2CMf
(t - Ta,f ) \partial f

\partial y
(x, t, \=y)\varphi 2 dx dt+

\int T

Ta,f

\int 
\Omega 

\partial f

\partial y
(x, t, \=y)\varphi 2 dxdt = 0.
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Integrating by parts and using (2.5) we deduce

 - 1

2

\int Ta,f

0

e2CMf
(t - Ta,f ) d

dt
\| \varphi (t)\| 2L2(\Omega ) dt+

\int Ta,f

0

\int 
\Omega 

e2CMf
(t - Ta,f ) \partial f

\partial y
(x, t, \=y)\varphi 2 dx dt

(4.39)

\geq 
exp ( - 2CMf

Ta,f )

2
\| \varphi (0)\| 2L2(\Omega )  - 

1

2
\| \varphi (Ta,f )\| 2L2(\Omega ).

We also have with (2.6)

 - 1

2

\int T

Ta,f

d

dt
\| \varphi (t)\| 2L2(\Omega ) dt =

1

2
\| \varphi (Ta,f )\| 2L2(\Omega )  - 

1

2
\| \varphi (T )\| 2L2(\Omega ),(4.40)\int Ta,f

0

\int 
\Omega 

e2CMf
(t - Ta,f )[| \nabla \varphi | 2 + a\varphi 2] dxdt \geq e - 2CMf

Ta,fC2
a

\int Ta,f

0

\| \varphi \| 2H1(\Omega ) dt.(4.41)

Finally, from (2.6), (4.10), and (4.37) we get
(4.42)\int T

Ta,f

\int 
\Omega 

[| \nabla \varphi | 2 + a\varphi 2] dx dt+

\int T

Ta,f

\int 
\Omega 

\partial f

\partial y
(x, t, \=y)\varphi 2 dx dt \geq C2

a

2

\int T

Ta,f

\| \varphi \| 2H1(\Omega ) dt.

Adding the relationships (4.39)--(4.42) we obtain with (4.38)

exp ( - 2CMf
Ta,f )

2

\Bigl[ 
\| \varphi (0)\| 2L2(\Omega ) + C2

a

\int T

0

\| \varphi \| 2H1(\Omega ) dt
\Bigr] 
\leq 1

2
\| \varphi (T )\| 2L2(\Omega ).

Taking T \rightarrow \infty and using (4.36) we conclude that \| \varphi \| L2(0,\infty ;H1(\Omega )) = 0, and the
uniqueness follows. This also implies the uniqueness of the limits of subsequences, and
hence with Lemma 4.13, the whole family \{ \=\varphi T \} T>0 converges to \=\varphi in L2(0,\infty ;H1(\Omega ))
as T \rightarrow \infty .

4.3. Convergence of \{ (\=\bfitlambda \bfitT , \=\bfitmu \bfitT )\} \bfitT >\bfzero . The aim of this section is to prove the
following theorem.

Theorem 4.16. The family \{ (\=\lambda T , \=\mu T )\} T>0 is bounded in L\infty (0,\infty ;L2(\Omega ))2. There-

fore, there exist sequences \{ Tk\} \infty k=1 converging to \infty such that (\=\lambda Tk
, \=\mu Tk

)
\ast 
\rightharpoonup (\=\lambda , \=\mu ) in

L\infty (0,\infty ;L2(\Omega ))2 as k \rightarrow \infty holds. Moreover, each of these limits satisfies

\=\lambda \in \partial j(\=u),(4.43) \int \infty 

0

\int 
\omega 

\=\mu (u - \=u) dxdt \leq 0 \forall u \in \scrU ad,(4.44)

\=\varphi | Q\omega 
+ \kappa \=\lambda + \=\mu = 0.(4.45)

In addition, if \scrK is given by (1.2) or (1.3), then (\=\lambda , \=\mu ) is unique, and (\=\lambda T , \=\mu T )
\ast 
\rightharpoonup (\=\lambda , \=\mu )

in L\infty (0,\infty ;L2(\Omega ))2 as T \rightarrow \infty .

Proof. The boundedness of \{ ( \=\varphi T | Q\omega 
, \=\lambda T )\} T>0 in L\infty (0,\infty ;L2(\Omega ))2 follows from

(3.4) and (4.20). This along with the identity (3.3) yields the boundedness of \{ \=\mu T \} T>0.
Hence, there exists a subsequence \{ Tk\} \infty k=1 converging to \infty such that \{ (\=\lambda Tk

, \=\mu Tk
)\} \infty k=1

converges weakly\ast in L\infty (0,\infty ;L2(\Omega ))2 to elements (\=\lambda , \=\mu ) as k \rightarrow \infty .Then, (4.45) is
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obtained passing to the limit in (3.3). Let us prove that \=\lambda and \=\mu satisfy (4.43) and
(4.44), respectively. Since \=\lambda Tk

\in \partial jTk
(\=uTk

), for every u \in L1(0,\infty ;L2(\Omega )) we have\int \infty 

0

\int 
\omega 

\=\lambda Tk
(u - \=uTk

) dx dt+ j(\=uTk
)

=

\int Tk

0

\int 
\omega 

\=\lambda Tk
(u - \=uTk

) dxdt+ jTk
(\=uTk

) \leq jTk
(u) \leq j(u).

Weak\ast convergence \=\lambda Tk

\ast 
\rightharpoonup \=\lambda in L\infty (0,\infty ;L2(\Omega )) and (4.3) yield

lim
k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\lambda Tk
udxdt =

\int \infty 

0

\int 
\omega 

\=\lambda udx dt and j(\=u) = lim
k\rightarrow \infty 

j(\=uTk
).

To establish (4.43) we shall verify

(4.46) lim
k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\lambda Tk
\=uTk

dxdt =

\int \infty 

0

\int 
\omega 

\=\lambda \=udx dt

below. Inequality (4.44) is obtained passing to the limit in (3.2) assuming that the
convergence

(4.47) lim
k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\mu Tk
\=uTk

dxdt =

\int \infty 

0

\int 
\omega 

\=\mu \=udxdt

holds. To prove (4.46) and (4.47) we use Lemma 4.2. For this purpose we take into
account the strong convergence \=\varphi Tk

\rightarrow \=\varphi in L2(Q), (3.3), (4.2), and (4.45) to get

lim
k\rightarrow \infty 

\Bigl( 
\kappa 

\int \infty 

0

\int 
\omega 

\=\lambda Tk
\=uTk

dxdt+

\int \infty 

0

\int 
\omega 

\=\mu Tk
\=uTk

dxdt
\Bigr) 

=  - lim
k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\varphi Tk
\=uTk

dx dt =  - 
\int \infty 

0

\int 
\omega 

\=\varphi \=udxdt

= \kappa 

\int \infty 

0

\int 
\omega 

\=\lambda \=udxdt+

\int \infty 

0

\int 
\omega 

\=\mu \=udxdt.(4.48)

From (3.2) we infer\int \infty 

0

\int 
\omega 

\=\mu udxdt = lim
k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\mu Tk
udxdt \leq lim inf

k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\mu Tk
\=uTk

dxdt \forall u \in \scrU ad.

Taking u = \=u, we obtain

(4.49)

\int \infty 

0

\int 
\omega 

\=\mu \=udx dt \leq lim inf
k\rightarrow \infty 

\int \infty 

0

\=\mu Tk
\=uTk

dxdt.

Further, from (3.4) we get \| \=\lambda \| L\infty (0,\infty ;L2(\omega )) \leq lim infk\rightarrow \infty \| \=\lambda Tk
\| L\infty (0,\infty ;L2(\omega )) \leq 1.

Using this fact, (4.3), and again (3.4) we deduce\int \infty 

0

\int 
\omega 

\=\lambda \=udx dt \leq \| \=u\| L1(0,\infty ;L2(\omega ))

= lim
k\rightarrow \infty 

\| \=uTk
\| L1(0,\infty ;L2(\omega )) = lim

k\rightarrow \infty 

\int \infty 

0

\int 
\omega 

\=\lambda Tk
\=uTk

dx dt.(4.50)

Then, (4.48), (4.49), (4.50), and Lemma 4.2 imply (4.46) and (4.47). Thus, (4.43)--
(4.45) are satisfied by (\=u, \=\varphi | \omega ,

\=\lambda , \=\mu ).
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Now, we assume that \scrK is given by (1.2) or (1.3). From \=\lambda \in \partial j(\=u) we know that
[6, Proposition 3.8]

\=\lambda (x, t) =
\=u(x, t)

\| \=u(t)\| L2(\omega )
for a.a. (x, t) \in Q\omega if \| \=u(t)\| L2(\omega ) \not = 0.

Furthermore, from (4.44), similarly to (3.6) and (3.8), we infer that \| \=\mu (t)\| L2(\omega ) = 0
if \| \=u(t)\| L2(\omega ) = 0. These facts along with (4.45) lead to

(4.51) \=\lambda (x, t) =

\left\{       
 - 1

\kappa 
\=\varphi | Q\omega 

(x, t) if \| \=u(t)\| L2(\omega ) = 0,

\=u(x, t)

\| \=u(t)\| L2(\omega )
otherwise,

for a.a. (x, t) \in Q\omega .

Therefore, the limit \=\lambda is uniquely defined. Consequently, the whole family \{ \=\lambda T \} T>0

converges to \=\lambda . Using again (4.45), we deduce that the whole family \{ \=\mu T \} T>0 con-
verges to  - ( \=\varphi | Q\omega 

+ \kappa \=\lambda ) = \=\mu . This concludes the proof.

5. Optimality conditions for problem (P). The following theorem is a con-
sequence of Lemma 4.8, Theorems 4.15 and 4.16, and Corollary 4.11.

Theorem 5.1. If \=u is a solution of (P) with associated state \=y, then there exist
\=\varphi \in L2(0,\infty ;H1(\Omega )) \cap L\infty (0,\infty ;L2(\Omega )) such that \=\varphi | QT

\in W (0, T ) for every T <\infty ,
\=\lambda \in \partial j(\=u) \subset L\infty (0,\infty ;L2(\omega )), and \=\mu \in L\infty (0,\infty ;L2(\omega )) satisfying\left\{    - \partial \=\varphi 

\partial t
 - \Delta \=\varphi + a\varphi +

\partial f

\partial y
(x, t, \=y) \=\varphi = \=y  - yd in Q,

\partial n \=\varphi = 0 on \Sigma and limt\rightarrow \infty \| \=\varphi (t)\| L2(\Omega ) = 0,
(5.1)

\int \infty 

0

\int 
\omega 

\=\mu (u - \=u) dxdt \leq 0 \forall u \in \scrU ad,(5.2)

\=\varphi | Q\omega 
+ \kappa \=\lambda + \=\mu = 0.(5.3)

The adjoint state \=\varphi is unique. Moreover, if \scrK is given by (1.2) or (1.3), then \=\lambda and
\=\mu are unique as well.

The function \=\lambda satisfies (4.51). Moreover, if \scrK is given by (1.2) or (1.3), then
(\=\mu , \=u) satisfy (3.5)--(3.7) or (3.8), respectively, with (\mu T , uT ) replaced by (\=\mu , \=u) and
for almost all T \in (0,\infty ). In particular, these properties imply that sign \=\lambda (x, t) =
sign \=\mu (x, t) = sign \=u(x, t) for almost all (x, t) \in Q\omega . Therefore, we have the inequality

(5.4) \| \kappa \=\lambda (t) + \=\mu (t)\| L2(\omega ) \geq \kappa \| \=\lambda (t)\| L2(\omega ) for a.a. t \in (0,\infty ).

Using it, we deduce the following consequence from Theorem 5.1.

Corollary 5.2. Let \scrK be given by (1.2) or (1.3). Then, the following sparsity
property holds for almost all t \in (0,\infty ):

(5.5)

\biggl\{ 
if \| \=\varphi (t)\| L2(\omega ) < \kappa \Rightarrow \| \=u(t)\| L2(\omega ) = 0,
if \| \=u(t)\| L2(\omega ) = 0 \Rightarrow \| \=\varphi (t)\| L2(\omega ) \leq \kappa .

Proof. Let us assume that \| \=u(t)\| L2(\omega ) \not = 0; then (4.51) implies that \| \=\lambda (t)\| L2(\omega ) =
1. From this fact, (5.3), and (5.4) we infer

\| \=\varphi (t)\| L2(\omega ) \geq \kappa \| \=\lambda (t)\| L2(\omega ) = \kappa .
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This proves the first implication of (5.5). Assume now that \| \=u(t)\| L2(\omega ) = 0. As
mentioned above, this implies that \| \=\mu (t)\| L2(\omega ) = 0. Hence, from (5.3) and (4.51) we
deduce that \| \=\varphi (t)\| L2(\omega ) = \kappa \| \=\lambda (t)\| L2(\omega ) \leq \kappa .

Corollary 5.3. Let \scrK be given by (1.2) or (1.3). Then, there exists T0 < \infty 
such that \=u(x, t) = 0 for almost all x \in \omega and t \geq T0.

This corollary is a straightforward consequence of (5.5) and (4.28). This shows
that the optimal control shuts down to zero in finite time. It is due to the appearance
of the nonsmooth term in the cost functional.
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