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SUMMARY

The present article examines the linear estimation of a finite population
mean, under a regression superpopulation model with unknown parameters
and correlated residuals.

Asymptotic design unbiasedness and weak robustness are desirable pro-
perties of the estimators when the model is misspecified. In this sense,
two procedures of choosing among weakly robust and asymptotically design
unbiased linear estimators, are suggested.
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RESUMEN

Este trabajo examina la estimacién lineal de la media en una pobla-
cién finita, desde el punto de vista de los modelos de superpoblacién con
pardmetros desconocidos y coeficiente de correlacién no nulo..

La insesgadez asintética segiin el disefio de muestreo y la robustez débil
son propiedades deseables del estimador cuando se cometen errores en la
especificacion del modelo. En este sentido, se presentan dos procedimientos
de seleccién entre estimadores asintéticamente msesgados respecto al disefio
y débilmente robustos.

Palabras clave: Modelo de superpoblacién; estimacidn lineal; p-insesgadez
asintdtica; robustez débil.
Clasificacién AMS: 62D05.
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1. INTRODUCTION

The problem of estimating means in finite populations assuming a su-
perpopulation model that relates a variable of interest to one o more ex-
planatory variables, leads to' the necessity ol looKing 10T Tobust estimators
when the model is migspecified

Since the model parameters are unknown, it is difficult to find design
unbiased estimators ot the’pdpulation mean. In this case, as pointed out by
Hansen, Madow and Tepping (1988), asymptotic design unbiasedness is the
principal guarantee of robustness.

We will examine the robustness of estimators when the covariance matrix
of the superpopulation model is misspecified. Following Tam (1988), an
estimator is defined as weakly robust if it is robust against this type of
error; we shall use this definition in a correlated residuals context, taking
Tam results somewhat further.

We will use the expected mean squared error criterion as an indicator of
the quality of an estimator (Godambe, 1955; Sarndal, 1980; Tam, 1988).

2. PRELIMINARIES

Let U; denote a population of units labelled ¢ = 1,...,N; and a sample
8¢ of fixed effective size n;. Associated with the th unit is 2 fixed, known,
g X 1 vector, z;, and an unknown number y;. We assume y; = (Y1s-- -2 YN,)

to be the realized outcome of a random vector Y; = (¥i,...,Yn,) which
is related to the matrix X; = (21,...,2n,) through the superpopulation
model §:

E(%y) = X:8

E&[( t — Xtﬂ)(Yt - Xtﬁ)l] = Uth

where 8 = (B1,...,83;) and ¢? are unknown parameters, and V, = (vi), 2
positive definite matrix such that

v = vy 1=k
T plow)? itk

whith v; > 0 known (i = 1,..., N;); p unknown constant correlation coeffi-
cient such that —(N; - 1)"! < p< 1.

Let m;; the probability that the ith unit is included in the tth sample,
and I;; the random variable which is equal to 1 if the ¢th unit is included in
the tth sample and 0 otherwise.
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Without lost of generality, we list the sampled units first;- using the
notation s for the sample and r for the remainder of the population, we
partion Y;, X;, II; = diag(m,...,n) and 13, N¢ X 1 vector of ones, in the
form:

Yt (Y, Y..)

= (X,,, X7,)

. II;,, O
Ht =d1ag(7r1t,...7rNtt)= ( 0 i )
L =(1,,1,)

We shall consider the generalized regression estimator ! as estimator of the
population mean, ¥; = #- TN Vit

1=1

erg(@) = 1’ JGY, + ]—V;'(I'Xt -1, I;1X,,)8(Qs,)

where ((Q,,) = (X;tQ,,Xs,)y"‘X;th,Ys, and Q,,, symmetric and positive
definited matrix. ,

In what follows, the asympotic framework of Isaki and Fuller (1982) is
adopted. In particular, a linear homogeneous estimator,

€t = L;Ys: = Nt‘-l(llsg yore 7lnt5t )Ysc s
is asympotic design unbiased if

Jim [Ey(ee) - %] = 0.

We make the following assumptions which will often be appropiate in
practice:

C.1 limﬁupt_,m Nt-.l Efv___tl -'v?] < o0 J = 1,---,q y
C.2 limsup,_ o, Ep(Bjt) <0 j=1,..,q,

C.3 liminf;_,o %’f mini<igN, Tt > 0,
- A
C.4 limsup;_,q, 75 MaXigk [Tiky — TitThe| < 00,

C.5 lim SUP; o0 7V 22_1 v; < 00,

C.8 For a given design p, there exists a constant K such that for all large
t

g )
ntZEg(ﬂJ - /Bjt)2 <K<,

=1
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where m;z; = p(l;; = Ix; = 1), second order inclusion probabilities.

Casas and Guijarro (1993) proved: that the generalized regression esti-
mator: is asymptotically design ubiased under C.1-C.4-2'.

In order to simplify expressions, we will omit .

A linear estimator, e, is said to be rubust agaiust covariance matrix
misspecification, or weakly robust if, for all s with p( 5) > 0 holds:

Q;1 (L —%H53113> € C(X,

for some symmetric and positive matrix ;. C(X;)d otes de column space

-1
generated by X, and Ilg, = diag(mo1,...,Ton) = 0 (Z <1 vgﬂ) ,diag(vi/z, .. .,0111/2).

3. ASYMPTOTICALLY DESIGN UNBIASED AND /EAKLY ROBUST
. LINEAR ESTIMATORS

Tam (1988) gave a solution for choosing between design unbiased and
weakly robust linear estimators, assuming a superpopulation model with
uncorrelated residuals. His result is generalized to a correlated context as
shows the following thcorem (Casas and Guijarro, 1994).

Theorem 1

Let LY, (m = 1,2) two weakly robust and asymptotically design un-

biased estimators of Y, and assume:

H.1 limio B maxigicn, Ep(i%,, 1) < 0,
H.2 limy o maxi<ign, |Ep(lm,, fit) — 1| < 00,
H.3 lim{yoo 7t maxi£k |Ep(lm¢,lmk3IitIkt) - 1| < o0,

where L' = N7 Y., - - lmn,) 3If the model hias of L’;Ys is bigger than
that of L,Y; (both in absolute terms), then, asymptotically,

EpEe(L1Y, = 12)* 2 EpEe(LyY, - V1),

for all sampling designs p. ,
Proof. By the weakly robustness condition of the estimators, we can write:

1’X
LY, = epg + <L' X, —f)ﬁ,

for some symmetric and definite positive matrix, @ * .
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Therefore,

— 1/ 2
By B LYo = Vi) = By e [eho + (DX, - 2t ) 6 - n] "
t /

BB [en — eho — (1 - XY 3-8 +
X

+2ntE,,E§ [e}‘ga + <L’ X aad T) ﬂ Y;g]
t

- [eRG — €Rre -(LinXs - 17\,‘:) (B - ﬂ)] ,

where epq is the random variable defined from epe when § is replaced by
B, unknown parameter.
By standard calculations we get that

, X 2
N, /
is equal to

P

ntEPEE(e*RG - Yt)z nt E [Z ﬁ] Z(lzs-[tt .’Dz]} y
where S; is the jth element of the random vector .
Under conditions C.3-C.5:
ntEpEg(ehe ~ ¥i)* < o0,

as t — oo (Casas and Guijarro, 1993).
Also, it can be easily proved that

2
(Z ﬁj Z(lzsIzt - 1)3313) < 00,

i=1

as t tends to oo, using conditions H.1-H.3 and C.1.
Conditions H.1, H.3, C.1, C.3, C.4 and C.6 lead to

) . X
Jim, By Be g — e = (10X - 7)) )}

and, thereby, applying the Schawartz inequality:

2n, B, Ee [6;2(; + (L;nXs 1;\‘;?) B~ Yt] [CRG ~ ehg — ( X, - 1&> B~ ﬂ)l
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tends to 0 as ¢ — oc.
It follows that, asymptotically,

¥ — X 2
E,E(LyYs - Y2)? = EyEe(che — Y2)* + E, [( 1X, - = ‘) ﬂ]

Therefore, if
(= 5 ) o2 (o= 552

(s ) (s )

because the design expectation of the square of the model bias is a monotonic
function. This completes the proof of the theorem.

The next result provides a way for selecting between linear asymptoti-
cally design unbiased estimators.

then,

Theorem 2
Let L'Y; and L1Y; two linear asymptotically design umbiased estimators
of Y. Let T
hmnmax Lislies It 1, L.
t o p( 1gbksdit Ict) —
and
tl_l_glo nt 1gxa.x JEp(lislis) — 1) < o0,
where

L' = N7 (lisy s Ins)
and let LY, be a weakly robust estimator verifying H.1-H.3, then:
nE, Ef(L’Y Yi)? - niE Eg(L'Y Y)? =
n v;
= — |o? ZE,,(I,SI,t)v, - UZZ -

=1 =T .
+ Ep[Ee(L'Ys - ¥ - —Ep[Ea(L'le -V + G,
for a given sampling design p, and
Him, Ce=0.
Proof. Using the equality (Cassel, Sdrndal and Wretman, 1977),
MEpE(L'Y, = Yi)’ = mEpE¢[L'Y, — E¢(L'Y;)° + mEpEg(L'Y, - Vo)) +

1,X,51

+ mEE,(L'Y;) - Ya]? — m B [E,,(L’Y,,) -7,
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and theorem 1, we get

mE,E¢(L'Y, — V1) — niE,Ee( LY, — Y;)? =
= mE,E¢[L'Y, ~ E¢(L'Y,) + mEp[Ee(L'Y, - Y))* +

! v 12 ’ 1‘,3Xtﬂ 2
B EL'Y,) ~ Vi = miEe [Ep(I'Y,) -~

niEpE¢(€hg — Yi)? = neEpEe(L1Ys ~ V)P - A
with
llm Ay =0.
{00
The expression
1 EpE[L'Ys ~ E¢(L'Y;)]? + niEe|Ep(L'Ys) — Yi)? -

1 X:01° o _
tN: ] — mEyki(eqg — Y1)*

—ng e [E,,(L'Ys

may be written as

2—-02 2[1 o (Lis Li)]vi +

i=1
N20 PZZ[l - p(lw]zt)](”z”k)llz
=1 i#k
Tikt 1/2
20 PEZ[ Ep(lislksLitdet) — — ](Uzvk) +
N =1 1#k Tt Mkt
Ny v;
[ZE L) —Z-—] :
1=1 i=1 Tit
The first term of the former expression is dominated by
Nt
e 1
202 L F (Lo ) — 1] — -
O 1, | Pl Ti) = 1] t?__;v

that tends to 0 when ¢t — co. The second term is dominated by

-—202|p|nt max ‘Ep(lzslzt) 1‘—201’
ti=1

that, also, tends to 0 as t — oo; the same holds for the third term, dominated

by
7, Zvl .

Mikt
Tt T ket

o®|plns max | Ep(lislysLie Int) —
£k
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Hence,
ntEpEg(L’Y - 1) — mEpEg(L1Ys — ¥)* =
Z Ep(I3, Iiy)vi — o® Z +nEp[EBe (LY, — Y1) -
—”tEp[Es(Lle -+ Ce (1]

where

thm Ct =0.

Conditions H.1, C.3 and C.5 lead to the convergence of the following
expressions:

22}: (2 Lt yv; < ——-a  max E (zth) sz < 00

and N N
t 2 t
Ny v n o 1
LIPS SN PN NP
Nt i=1 Tt N, ming << N, Tit Nt =1

Since E,(l;sIix) = 1 asymptotically for ¢ = 1,...; N
Ep(liint) = WitEp(lis/Iit = 1) t=1,..,Ne.

This implies that, asymptotically,

1 . ‘
Ep(lis/Iit = ].) = - 1= 1”Nt .
it :
So, o 1
Ep(l?.s'[it) = WitEp(lizs/Iit = ]_) 2 7r2~t_7r_2 = ﬂ-_;, ,
it *
asymptotically for all i.
And, then,
ne N s N, v
2 2 2 i
— E,(Iuli v 2 — =
N‘ZU ; p( : ,,)U, B Ntza =1 Mt

Note that if

m B Ee(L'Y, - T - mE,[E(LiY, - T 2 0,
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that is, if the L'Y, model bias is bigger than LY, model bias, the linear
asymptotically design unbiased and weakly robust estimator verifying H.1-
H.3 conditions, is preferable to the asymptotically design unbiased estimator
L'Y;.

However, when

e Ep[Ee(L'Ys — Y)I2 — me Ep[Ee(LYY, - Y)? < 0,

the choice of estimator depends on [1] sign. As pointed out by Tam (1988) in
his uncorrelated context, unless we were sure that the sign of [1] is negative,
it seems better to use an asymptotically design ubiased and weakly robust
estimator with H.1-H-3 conditions that provides a guarantee of robustness
against model misspecified.

Although the results presented in this paper, extend those by Tam
(1988), there is, however, a restriction an the estimators to be linear.

! This estimator belongs to the QR estimators class {Wright, 1983):
1 1 P
€QR = ﬁllaRsYs + ‘N‘(IIX - 1;R3X5)ﬂ(Qa)
making R, = II7.

2 In fact, Casas and Guijarro proved the asymptotic design unbiasedness of the generalized
regression estimator under conditions C.1, C.2 and

lim infs— o V¢ miII.]S(gN, Tit = OQ

..’Li.u_._l':o

limsup, ., Eror

less restrictive than C.3 and C.4.

3 Although, L}, ¥, = N} (bmigys+ e+ émn,s, )Yey, would have been formally more correct,

we shall for simplicity write L1, Ys = N7 (Imy,, .+ -y dmns ) Y.

* For simplicity we shall write erg and § instead of erc(@) and 8(Q,).



INDICE

46 , Estudios de Economia Aplicada

REFERENCES

Brewer, K. R. W. (1979): “A class of robust sampling designs for large-scale
surveys”, Journal of American Statistical Association T4, pp. 911-915.

Cassel, C., Sarndal, C. and Wretman, J. H. (1977): Foundations of Inference
in Survey Sampling, New York: John Wiley.

Casas, J. M. and Guijarro, M. (1993): “El estimador de regresion generali-

zado en el modelo de superpoblacién: p-insesgadez asintdtica y robustez”,
Fstadistica Fspanola 35, pp. 425-437.

Casas, J. M. and Guijarro, M. (1994): “P-insesgadez asintotica y robustez
de la estimacién con modelos de superpoblaciones: un criterio de seleccién”,
Quiestio 18 (2), pp. 173-188.

Godambe, V. P. (1982): “Estimation in survey sampling: robustness and
optimality”, Journal of American Statistical Association T7 pp. 393-406.

Godambe, V. P. and Thompson, M. E. (1977): “Robust near optimal esti-
mation in survey practice”, Bulletin of the International Statistical Institute.
47, pp. 129-146.

Hansen, M. H., Madow, W. G. and Tepping, B. J. (1983): “An evaluation
of model-dependent and probability-sampling inferences in sample surveys”,
Journal of American Statistical Association 78, pp. 776-807.

Herson, J. and Royall, R. M. (1973): “Robust estimation in finite popula-
tions. Journal of American Statistical Association 68, pp. 880-893.

Tam, S. M. (1988b): “Some results on robust estimation in finite population
sampling”, Journal of American Statistical Association 83, pp. 242-248.



	INDICE: 


