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_2bmK2M
G� 2pQHm+BƦM /2 HQb +QKTmi�/Q`2b 2M HQb ȹHiBKQb �ƢQb ?� i`�ő/Q /2 H� K�MQ +�K#BQb T`Q7mM@

/Qb 2M H�b `2/2b /2 +QKmMB+�+BQM2bX >Qv 2M /ő�- 2tBbi2M +QKTmi�/Q`2b +QKTm2biQb TQ` KBHHQM2b
/2 T`Q+2b�/Q`2b +�T�+2b /2 `2�HBx�` QT2`�+BQM2b � mM� p2HQ+B/�/ /2 ?�bi� 1018 QT2`�+BQM2b
/2 +QK� ~Qi�Mi2 TQ` b2;mM/QX *QM 2HHQ- 2H KQ/2HQ /2 BMi2`+QM2tBƦM 2Mi`2 HQb +QKTmi�/Q`2b
T�`�H2HQb /2#2 �/�Ti�`b2 T�`� b�iBb7�+2` H�b M2+2bB/�/2b /2 `2M/BKB2MiQ /2 iQ/Q 2H bBbi2K�-
bBM bmTQM2` mM� HBKBi�+BƦMX

LQ Q#bi�Mi2- bBM BKTQ`i�` HQb �p�M+2b 2M H� BM7Q`K�iB+�- 2tBbi2 mM 72MƦK2MQ +QKȹM �
+m�H[mB2` bBbi2K� /QM/2 2tBbi� mM� +QKT�`iB+BƦM /2 `2+m`bQb 2Mi`2 /B72`2Mi2b �;2Mi2bX 1bi2
2b /2MQKBM�/Q /2�/HQ+F- v bm �T�`B+BƦM 2M iB2KTQ /2 2D2+m+BƦM /2D� BM?�#BHBi�/Q 2H bBbi2K�
TQ` +QKTH2iQX lM� /2 H�b T`BK2`�b p2+2b [m2 2H /2�/HQ+F 2b /2b+`BiQ /�i� /2 RNe3- TQ` 1/b;2`
.BDFbi`� (R) /QM/2 +QM /2�/Hv 2K#`�+2 b2 /2b+`B#2 HQ [m2 �+im�HK2Mi2 b2 /2MQKBM� /2�/HQ+FX
1biQ 2b mM T`Q#H2K� pB;2Mi2 � /ő� /2 ?Qv- v K�b �ȹM 2M `2/2b /2 BMi2`+QM2tBƦMX lM� `2/
/2 BMi2`+QM2tBƦM TQ` M�im`�H2x� 2b mM� 2bi`m+im`� +QKT�`iB/� TQ` iQ/Qb HQb 2H2K2MiQb /2H
bBbi2K� [m2 2bi�M +QM2+i�/Qb- v /QM/2 HQb /B72`2Mi2b ~mDQb /2 i`�}+Q [m2 i`�MbBi�M H� `2/
?�+2M mbQ +QH2+iBpQ /2 HQb `2+m`bQb /2 2bi�X SQ` 2HHQ- bB 2H /2�/HQ+F MQ 2b +QMi2KTH�/Q 2M 2H
/Bb2ƢQ- H� �T�`B+BƦM /2 mMQ BM?�#BHBi� 2H 7mM+BQM�KB2MiQ ;HQ#�H /2 H� `2/X

1M 2bi2 i`�#�DQ- b2 �#Q`/� 2H 2bim/BQ /2 mM� iQTQHQ;ő� /2 `2/ KQ/2`M� /2MQKBM�/� >vT2`s-
[m2 iB2M2 H�b +�T�+B/�/2b bm}+B2Mi2b T�`� b2` mb�/� 2M HQb +QKTmi�/Q`2b �+im�H2b K�b TQ@
i2Mi2bX �/B+BQM�HK2Mi2- b2 ?�M /2b+`BiQ mM +QMDmMiQ /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`�
2bi� iQTQHQ;ő� [m2 miBHBx�M /B72`2Mi2b iBTQb /2 iû+MB+�b T�`� H� 2pBi�+BƦM /2H /2�/HQ+FX 1Mi`2
HQb 2M+�KBM�KB2MiQb- b2 2M+m2Mi`� .�G- mM 2M+�KBM�KB2MiQ +QKTH2i�K2Mi2 �/�Ti�iBpQ [m2
miBHBx� mM +�M�H /2 2b+�T2 +QKQ K2+�MBbKQ /2 2pBi�+BƦM /2 /2�/HQ+F- v PKMB@q�_- [m2
i�K#BûM 2b +QKTH2i�K2Mi2 �/�Ti�iBpQ- T2`Q [m2 �i`�pB2b� HQb +�M�H2b pB`im�H2b 2M Q`/2M �b@
+2M/2Mi2 T�`� 2pBi�` 2H /2�/HQ+FX *QKQ Q#D2iBpQ- 2bi2 i`�#�DQ T`2i2M/2 BMi`Q/m+B` H� iQTQHQ;ő�
>vT2`s 7Q`K�HK2Mi2- bm BKTH2K2Mi�+BƦM 2M 2H bBKmH�/Q` /2 `2/2b "QQFbBKk- v H� 2p�Hm�@
+BƦM /2 H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ T`QTm2bi�b K2/B�Mi2 mM +QMDmMiQ /2 Kûi`B+�bX a2
iQK�`�M Kûi`B+�b /2H `2M/BKB2MiQ 2M 2b+2M�`BQb �/p2`bQb v #2MB;MQbX

*QKQ +QM+HmbBƦM- b2 ?� /2/m+B/Q [m2 HQb 2M+�KBM�KB2MiQb +QKTH2i�K2Mi2 �/�Ti�iBpQb MQ
KőMBKQb bQM HQb [m2 K2DQ` 7mM+BQM�M 2M H� >vT2`s- v TQ` HQ i�MiQ H� 2pBi�+BƦM /2H /2�/HQ+F
K2/B�Mi2 `2bi`B++BƦM /2 +�KBMQb MQ 2b mM� #m2M� iû+MB+�X �/2K�b- 2Mi`2 2H mbQ /2 +�M�H
/2 2b+�T2 v 2b+�H2`�- 2H mbQ /2 +�M�H2b /2 2b+�T2 T`2+Bb� /2 K2MQb `2+m`bQb [m2 H� 2b+�H2`�X
h�K#BûM- b2 ?� Q#b2`p�/Q [m2 2M �H;mM�b K2/B+BQM2b T�`� /2i2`KBM�/Qb i`�}+Qb �K#Qb K2@
+�MBbKQb /2 2p�bBƦM /2 /2�/HQ+F +QMHH2p�M mM� Tû`/B/� /2 7�B`M2bbX

S�H�#`�b +H�p2, /2�/HQ+F- `2/ /2 BMi2`+QM2tBƦM- >vT2`s- 7mM+BƦM /2 2M+�KBM�KB2MiQ- "QQF@
bBKk- .�G- PKMB@q�_X

BB



�#bi`�+i
h?2 2pQHmiBQM Q7 +QKTmi2`b BM `2+2Mi v2�`b ?�p2 #`Qm;?i /22T +?�M;2b BM +QKKmMB+�@

iBQM M2irQ`FbX LQr�/�vb- i?2`2 �`2 +QKTmi2`b #mBHi@BM rBi? KBHHBQMb Q7 *Slb �#H2 iQ K�F2
QT2`�iBQMb �i � bT22/ Q7 1018 ~Q�i QT2`�iBQMb T2` b2+QM/X h?mb- i?2 BMi2`+QMM2+iBQM T�`�@
/B;K #2ir22M T�`�HH2H +QKTmi2`b b?QmH/ }i i?2 T2`7Q`K�M+2 M2+2bbBiB2b Q7 i?2 r?QH2 bvbi2K-
rBi?Qmi #2BM; � HBKBi�iBQMX

L2p2`i?2H2bb- i?2`2 Bb � +QKKQM T?2MQK2MQK iQ 2p2`v bvbi2K r?2`2 `2bQm`+2b �`2 b?�`2/
#v /Bz2`2Mi �;2MibX Aib +�HH2/ /2�/HQ+F- �M/ Bib �TT�`BiBQM BM `2�H iBK2 #HQ+Fb i?2 bvbi2KX
PM2 Q7 i?2 }`bi iBK2b Bi r�b /2TB+i2/ r�b BM RNe3- #v 1/b;2` .BDFbi`� (R) r?2`2 /2�/HQ+F
Bb /m##2/ �b /2�/Hv 2K#`�+2X .2�/HQ+F Bb � +m``2Mi T`Q#H2K- 2p2M KQ`2 BM BMi2`+QMM2+iBQM
M2irQ`Fb- r?2`2 `2bQm`+2b �`2 b?�`2/ �KQM; 2p2`v MQ/2 +QMM2+i2/- �M/ i?2 ~Qr Q7 T�+F2ib
i`�bp2`bBM; i?2 M2irQ`F K�F2b +QHH2+iBp2 mb2 Q7 i?2KX h?2`27Q`2- B7 /2�/HQ+F Bb MQi i�F2M BMiQ
�++QmMi bBM+2 i?2 /2bB;M bi2T- i?2 �T�`BiBQM Q7 QM2- MmHHB}2b i?2 ;HQ#�H T2`7Q`K�M+2 Q7 i?2
M2irQ`FX

AM i?Bb rQ`F- i?2 >vT2`s iQTQHQ;v- r?B+? ?�b 2MQm;? +�T�#BHBiB2b iQ #2 mb2/ BM KQbi
TQr2`7mH +QKTmi2`b �p�HB�#H2 MQr�/�vb- Bb bim/B2/X AM �//BiBQM- � b2i Q7 `QmiBM; 7mM+iBQMb-
r?B+? K�F2 mb2 Q7 /Bz2`2Mi i2+?MB[m2b Q7 /2�/HQ+F �pQB/�M+2- �`2 /2TB+i2/ �M/ 2p�Hm�i2/X
�KQM; i?2 `QmiBM;b- i?2`2 Bb .�G- � 7mHHv@�/�TiBp2 `QmiBM; r?B+? mb2b � 2b+�T2 T�i? �b
/2�/HQ+F �pQB/�M+2 K2+?�MBbKX PM i?2 Qi?2` ?�M/- PKMB@q�_ Bb � 7mHHv �/�TiBp2 `QmiBM;
iQQ- #mi Bi mb2b /Bbi�M+2 Q`/2`2/ +H�bb2b iQ �pQB/ /2�/HQ+FX h?2 ;Q�Hb 7Q` i?Bb rQ`F �`2 iQ
BMi`Q/m+2 i?2 >vT2`s iQTQHQ;v 7Q`K�HHv- iQ BKTH2K2Mi Bi BMiQ � M2irQ`F bBKmH�iQ` T`Q;`�K
+�HH2/ "QQFbBKk- �M/ 2p�Hm�i2 i?2 T2`7Q`K�M+2 Q7 �HH i?2 `QmiBM; 7mM+iBQMb K2MiBQM2/ BM i?2
rQ`F rBi? � b2i Q7 /2}M2/ K2i`B+b- BM �/p2`b2 �M/ #2MB;M b+2M�`BQbX

hQ bmK mT- BiǶb /Bb+2`M2/ i?�i 7mHHv@�/�TiBp2 `QmiBM; Bb i?2 #2bi QTiBQM iQ +?QQb2 7Q`
>vT2`s- bQ /2�/HQ+F �pQB/�M+2 K2i?Q/b b?QmH/ MQi #�M `Qmi2b r?2M �BKBM; 7Q` #2bi T2`7Q`@
K�M+2X 6m`i?2`KQ`2- #2ir22M 2b+�T2 +?�MM2Hb �M/ Q`/2`2/ +H�bb2b- 2b+�T2 +?�MM2Hb M22/ H2bb
`2bQm`+2b i?�M Q`/2`2/ +H�bb2bX "2bB/2b- Bi Bb Q#b2`p2/ BM bQK2 K2�bm`2b i?�i i?2 mb2 Q7 QM2
Q7 #Qi? i2+?MB[m2b +�M H2�/ iQ KQ`2 mM7�B`M2bb #2ir22M i2`KBM�HbX

E2vrQ`/b, /2�/HQ+F- BMi2`+QMM2+iBQM M2irQ`Fb- >vT2`s- `QmiBM; 7mM+iBQM- "QQFbBKk-
.�G- PKMB@q�_X
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ŐM/B+2 ;2M2`�H

R AMi`Q/m++BƦM R
RXR 1bi�/Q /2H �`i2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk P#D2iBpQb /2H i`�#�DQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k
RXj _2/ /2 BMi2`+QM2tBƦM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k

RXjXR hQTQHQ;ő� /2 `2/ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k
RXjXk *QMi`QH /2 ~mDQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
RXjXj 6mM+BƦM /2 2M+�KBM�KB2MiQ X X X X X X X X X X X X X X X X X X X X X X X X d

RX9 .2�/HQ+F X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3
RX9XR hBTQb /2 /2�/HQ+F X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N
RX9Xk h`�i�KB2MiQ /2H /2�/HQ+F X X X X X X X X X X X X X X X X X X X X X X X X X N

RX8 S�i`ƦM /2 i`�}+Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry
RXe Jûi`B+�b /2 `2M/BKB2MiQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR

k >2``�KB2Mi�b /2 bBKmH�+BƦM v /2b�``QHHQ Rk
kXR "QQFbBKk X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

kXRXR GBKBi�+BQM2b /2H bBKmH�/Q` X X X X X X X X X X X X X X X X X X X X X X X X Rj
kXRXk .2i�HH2b /2H `Qmi2` X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj

kXk .2b�``QHHQ `2�HBx�/Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9
kXj J2iQ/QHQ;ő� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8

j 1M+�KBM�KB2MiQ KőMBKQ Rd
jXR .BK2MbBQM@P`/2`@_QmiBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R3
jXk hm`M KQ/2H KőMBKQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN
jXj PRhm`M X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN
jX9 JőMBKQ +QM +�M�H /2 2b+�T2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky
jX8 JőMBKQ +QM 2b+�H2`� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR

9 1M+�KBM�KB2MiQ MQ KőMBKQ kk
9XR o�HB�Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk
9Xk hm`M KQ/2H MQ KőMBKQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj
9Xj .�G X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k9
9X9 PKMB@q�_ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k8

8 1p�Hm�+BƦM kd
8XR >vT2`s R. X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd

8XRXR h`�}+Q lMB7Q`K2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k3
8XRXk h`�}+Q hQ`M�/Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jy
8XRXj h`�}+Q hQ`M�/Q +QM T�`B/�/ X X X X X X X X X X X X X X X X X X X X X X X jR

Bp



ŋM/B+2 ;2M2`�H p

8Xk >vT2`s k. X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk
8XkXR h`�}+Q lMB7Q`K2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jj
8XkXk h`�}+Q ar�Tk X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j9
8XkXj h`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 k. X X X X X X X X X X X X X X X X X j9

8Xj >vT2`s j. X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X je
8XjXR h`�}+Q lMB7Q`K2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jd
8XjXk h`�}+Q hQ`M�/Q j@/BK2MbBQM2b X X X X X X X X X X X X X X X X X X X X X X j3
8XjXj h`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 j. X X X X X X X X X X X X X X X X X jN

e *QM+HmbBQM2b 9R

"B#HBQ;`�7ő� 9k



ŐM/B+2 /2 };m`�b
RXR .Qb `2T`2b2Mi�+BQM2b /2 >vT2`s R. U;`�7Q +QKTH2iQV +QM k = 4 pû`iB+2bX X X X 9
RXk 1D2KTHQ /2 >vT2`s k. /2 H�/Q k = 4X X X X X X X X X X X X X X X X X X X X X X X 9
RXj 1D2KTHQ /2 >vT2`s k. /2 H�/Q k = 4 v +QM+2Mi`�+BƦM = 4X X X X X X X X X X X 8
RX9 :`�7Q +QKTH2iQ +QM mM +B+HQ v ;`�7Q +ő+HB+Q X X X X X X X X X X X X X X X X X X X X N

jXR 1D2KTHQ /2 2iB[m2i�/Q /2 HQb Tm2`iQb /2 b�HB/� /2 /Qb `Qmi2`b /B72`2Mi2b 2M mM�
>vT2`s k.X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd

jXk 1D2KTHQb /2 +�KBMQb +QM 2M+�KBM�KB2MiQ .P_X X X X X X X X X X X X X X X X X RN
jXj 1D2KTHQb /2 +�KBMQb +QM 2M+�KBM�KB2MiQ hm`M KQ/2H KőMBKQ X X X X X X X X ky

8XR _2bmHi�/Qb b�HiQb T`QK2/BQ R.X X X X X X X X X X X X X X X X X X X X X X X X X X X kN
8Xk _2bmHi�/Qb +�`;� i`�}+Q lMB7Q`K2 R.X X X X X X X X X X X X X X X X X X X X X X X kN
8Xj _2bmHi�/Qb +�`;� i`�}+Q hQ`M�/Q R.X X X X X X X X X X X X X X X X X X X X X X X X jy
8X9 _2bmHi�/Qb +�`;� i`�}+Q hQ`M�/Q +QM T�`B/�/ R.X X X X X X X X X X X X X X X X jR
8X8 _2bmHi�/Qb b�HiQb T`QK2/BQ k.X X X X X X X X X X X X X X X X X X X X X X X X X X X jj
8Xe _2bmHi�/Qb +�`;� i`�}+Q lMB7Q`K2 k.X X X X X X X X X X X X X X X X X X X X X X X j9
8Xd _2bmHi�/Qb +�`;� i`�}+Q br�Tk k.X X X X X X X X X X X X X X X X X X X X X X X X X j8
8X3 _2bmHi�/Qb +�`;� i`�}+Q .*_ k.X X X X X X X X X X X X X X X X X X X X X X X X X j8
8XN _2bmHi�/Qb b�HiQb T`QK2/BQ j.X X X X X X X X X X X X X X X X X X X X X X X X X X X jd
8XRy _2bmHi�/Qb +�`;� i`�}+Q lMB7Q`K2 j.X X X X X X X X X X X X X X X X X X X X X X X j3
8XRR _2bmHi�/Qb +�`;� i`�}+Q hQ`M�/Q@j j.X X X X X X X X X X X X X X X X X X X X X X jN
8XRk _2bmHi�/Qb +�`;� i`�}+Q .*_ j.X X X X X X X X X X X X X X X X X X X X X X X X X 9y

ŐM/B+2 /2 i�#H�b
kXR S�`�K2i`Qb T�`� H� iQTQHQ;ő� >vT2`s mb�/Qb 2M H�b bBKmH�+BQM2bX X X X X X X X Re

8XR h�#H� /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`� >vT2`s R.X X X X X X X X X X X X X k3
8Xk h�#H� /2 i`�}+Qb T�`� H� >vT2`s R. k = 32X X X X X X X X X X X X X X X X X X X k3
8Xj h�#H� /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`� >vT2`s k.X X X X X X X X X X X X X jk
8X9 h�#H� /2 i`�}+Qb T�`� H� >vT2`s k.X X X X X X X X X X X X X X X X X X X X X X X X jk
8X8 h�#H� /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`� >vT2`s j.X X X X X X X X X X X X X je
8Xe h�#H� /2 i`�}+Qb T�`� H� >vT2`s j.X X X X X X X X X X X X X X X X X X X X X X X X jd

pB



R AMi`Q/m++BƦM

RXR 1bi�/Q /2H �`i2
1tBbi2M KmHiBim/ /2 bBbi2K�b BM7Q`K�iB+Qb 2M 2H KmM/Q- /2b/2 i2Hû7QMQb Q +QKTmi�/Q`2b

T2`bQM�H2b +QKTm2biQb ;2M2`�HK2Mi2 TQ` mMQb TQ+Qb KB+`Q@T`Q+2b�/Q`2b- ?�bi� +2Mi`Qb /2
*QKTmi�+BƦM /2 �HiQ _2M/BKB2MiQ /QM/2 b2 ?�+2M HQb /2bTHB2;m2b /2 HQb K�vQ`2b +QKTm@
i�/Q`2b /2H KmM/QX �/2K�b- 2tBbi2M bBbi2K�b HQb +m�H2b 2bi�M +QM2+i�/Qb � ;`�M/2b /Bbi�M@
+B�b- � i`�pûb /2 AMi2`M2i- v Qi`Qb [m2 2bi�M +QM2+i�/Qb � /Bbi�M+B� őM}K�- +QKQ HQb +Q`2b
/2 mM T`Q+2b�/Q`X *�/� mMQ /2 HQb bBbi2K�b K2M+BQM�/Qb 7mM+BQM� +QM M2+2bB/�/2b /B72`2M@
i2b- v 2M +m�H[mB2`� /2 2HHQb KȹHiBTH2b T`Q+2b�/Q`2b iB2M2M [m2 TQ/2` +QKmMB+�`b2 � i`�pûb
/2 mM� BM7`�2bi`m+im`� /Bb2Ƣ�/� v /BK2MbBQM�/� T�`� 2HHQX 1bi� BM7`�2bi`m+im`�- 2b H� `2/ /2
BMi2`+QM2tBƦMX

_2+B2Mi2K2Mi2- b2 ?� bmT2`�/Q H� #�``2`� 1t�2b+�H2 +QM +QKTmi�/Q`2b [m2 i`�#�D�M � mM�
p2HQ+B/�/ K�vQ` � R 1t�~QTfbX 6`QMiB2` (k) 2b 2H T`BK2` +QKTmi�/Q` 2M bmT2`�` 2bi� #�``2`�
�H+�Mx�M/Q ?�bi� RXRyk 1t�~QTfb- ?�+B2M/Q mbQ /2 3XdjyXRRk +Q`2bX S�`� TQ/2` T2`KBiB` H�
+QKmMB+�+BƦM Kmim� � 2bi� ;`�M +�MiB/�/ /2 T`Q+2b�/Q`2b bBM +`2�` +m2HHQb /2 #Qi2HH� 2M 2H
bBbi2K�- b2 ?� /2b�``QHH�/Q 2H +QM+2TiQ /2 `2/2b /2 ;`�/Q �HiQX 1M 2H T�b�/Q- HQb bBbi2K�b
i2Mő�M TQ+Qb T`Q+2b�/Q`2b v mM� `2/ T2[m2Ƣ� +QM TQ+�b +QM2tBQM2b TQ` MQ/Q 2`�M bm}+B2Mi2b
T�`� [m2 2H bBbi2K� �H+�Mx�`� mM `2M/BKB2MiQ �+2Ti�#H2 v #�H�M+2�/QX SQ` 2D2KTHQ- mM KQ/2HQ
/2 +QM2tBƦM Kmv 7�KQbQ 2b 2H �MBHHQ (j)- /QM/2 +�/� MQ/Q /2 H� `2/ 2bi� +QM2+i�/Q +QM Qi`Qb
/Qb MQ/Qb- 7Q`K�M/Q 2Mi`2 iQ/Qb 2HHQb mM� 2bi`m+im`� +QM2t�X aBM 2K#�`;Q- 2H T`Q#H2K� /2
2bi2 iBTQ /2 `2/2b 2b [m2 2H `2M/BKB2MiQ MQ 2b+�H� #B2M bB bm#BKQb 2H MȹK2`Q /2 MQ/Qb (9)-
HQ [m2 ?BxQ [m2 b2 `2TH�Mi2�b2M H�b �`[mBi2+im`�b /2 `2/ 2M /B72`2Mi2b bBbi2K�bX SQ` 2HHQ- 2M
HQb +QKTmi�/Q`2b �+im�H2b b2 `2[mB2`2M Qi`Qb KQ/2HQb /2 BMi2`+QM2tBƦM Q iQTQHQ;ő�b [m2 2biûM
+�T�+Bi�/Qb T�`� /�` b2`pB+BQ � iQ/Qb HQb MQ/QbX 1M +QM+`2iQ- H� `2/ /2 BMi2`+QM2tBƦM /2
6`QMiB2` 2b mM� aHBM;b?Qi@RR (8) /QM/2 bm iQTQHQ;ő� b2 +QMbi`mv2 � T�`iB` /2 ;`�7Qb +QKTH2iQb-
HQb +m�H2b ?�M iQK�/Q #�bi�Mi2 T`Qi�;QMBbKQ 2M 2H +QMi2tiQ /2 `2/2b /2 �HiQ ;`�/QX

1b BMi2`2b�Mi2 2bim/B�` H�b T`QTB2/�/2b /2 �H;mM�b /2 H�b iQTQHQ;ő�b [m2 bm`;2M � T�`iB` /2
H� +QMbi`m++BƦM /2 ;`�7Qb +QKTH2iQb- +QKQ 2b H� >vT2`s (e)- i�K#BûM +QMQ+B/� +QKQ 6H�ii2M2/
"mii2`~v (d) Q :`�7Q /2 >�KKBM; (3)X 1bi�b `2/2b +QMbiBimv2M mM� /2 H�b K2DQ`2b bQHm+BQM2b
+QMQ+B/�b T�`� bBbi2K�b K�bBp�K2Mi2 T�`�H2HQb- v MQ b2 /2b+�`i� [m2 2M 2H 7mim`Q i�MiQ
bmT2`+QKTmi�/Q`2b +QKQ +2Mi`Qb /2 /�iQb ?�;�M mM mbQ 2ti2MbBpQ /2 2HH�b (N)X

R



k AMi`Q/m++BƠM

RXk P#D2iBpQb /2H i`�#�DQ
GQb Q#D2iBpQb /2 2bi2 h6J bQM HQb bB;mB2Mi2b,

Ç 1bim/B�` H�b +�`�+i2`őbiB+�b /2 H� iQTQHQ;ő� >vT2`s 2 BKTH2K2Mi�`H� 2M 2H bBKmH�/Q`
"QQFbBKk- i2MB2M/Q 2M +m2Mi� H�b HBKBi�+BQM2b /2 2bi2X

Ç 1bim/B�` v K2/B` 2H BKT�+iQ bQ#`2 2H `2M/BKB2MiQ v mbQ /2 `2+m`bQb /2 /B72`2Mi2b iBTQb
/2 iû+MB+�b /2 2pBi�+BƦM /2H /2�/HQ+F bQ#`2 mM� iQTQHQ;ő� >vT2`sX

Ç AKTH2K2Mi�` H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ T`2b2Mi�/�b 2M (e)- (Ry) T�`� TQ/2` +QK@
T�`�` bm `2M/BKB2MiQ v mbQ /2 `2+m`bQbX

1H +Ʀ/B;Q /2b�``QHH�/Q b2 2M+m2Mi`� bm#B/Q 2M mM `2TQbBiQ`BQ /2 :Bi RX

RXj _2/ /2 BMi2`+QM2tBƦM
lM� `2/ /2 BMi2`+QM2tBƦM 2b mM� 2bi`m+im`� 7őbB+� +mv� }M�HB/�/ 2b H� i`�Mb72`2M+B� /2

K2Mb�D2b 2Mi`2 MQ/Qb T`Q+2b�/Q`2bX *�/� MQ/Q Tm2/2 BMv2+i�` K2Mb�D2b 2M H� `2/- +QMbmKB`
K2Mb�D2b- Q �K#�b � H� p2xX *QKȹMK2Mi2 � HQb MQ/Qb b2 H2b /2MQKBM� b2`pB/Q`2b /2Mi`Q /2H
+QMi2tiQ /2 `2/2b /2 bBbi2K�X S�`� H� /2}MB+BƦM /2 mM� `2/ /2 BMi2`+QM2tBƦM b2 M2+2bBi�M i`2b
T�`�K2i`Qb 7mM/�K2Mi�H2b, iQTQHQ;ő� /2 `2/- +QMi`QH /2 ~mDQ v 7mM+BƦM /2 2M+�KBM�KB2M@
iQ (RR)X

RXjXR hQTQHQ;ő� /2 `2/
lM� iQTQHQ;ő� /2 `2/ /2}M2 H� /Bbi`B#m+BƦM /2 HQb �bT2+iQb i�M;B#H2b /2 2bi�- v H�b +QM2tBQM2b

2Mi`2 HQb 2H2K2MiQb [m2 H� +QKTQM2MX 1bi� 7Q`K�/� TQ`,

Ç _Qmi2`b, 2H2K2MiQ /2 mM� `2/ 2M+�`;�/Q /2 �bB;M�` mM Tm2`iQ /2 b�HB/� � mM T�[m2i2
`2+B#B/Q /2b/2 mM Tm2`iQ /2 2Mi`�/�X lM `Qmi2` 2bi� +QKTm2biQ TQ`,

Ĝ Sm2`iQb, lM Tm2`iQ 2b H� +QM2tBƦM TQ` H� +m�H mM `Qmi2` 2Mpő� v `2+B#2 K2Mb�D2b
� i`�pûb /2 mM 2MH�+2X lM Tm2`iQ 2bi� 7Q`K�/Q TQ` mMQ Q p�`BQb #mz2`2b 7őbB+Qb
/QM/2 i2KTQ`�HK2Mi2 b2 �HK�+2M�M HQb T�[m2i2b [m2 b�H2M Q 2Mi`�MX

Ĝ *�M�H pB`im�H, _2+m`bQ pB`im�HBx�/Q [m2 b2 miBHBx� T�`� H� ;2M2`�+BƦM /2 bm#`2/2b
HƦ;B+�b /2Mi`Q /2 mM� `2/ /2 BMi2`+QM2tBƦM 7őbB+�X GQb `2+m`bQb 7őbB+Qb iB2M2M H�
+�T�+B/�/ /2 bBKmH�` HQb `2+m`bQb HƦ;B+QbX lM `2+m`bQ- 2M ;2M2`�H- Tm2/2 b2` mM
2MH�+2 Q 2H #mz2` /2 mM Tm2`iQX aBM 2K#�`;Q- +m�M/Q b2 ?�#H2 /2 +�M�H2b pB`im�H2b
2M 2bi2 i`�#�DQ b2 `272`B`� � bm#/BpBbBQM2b /2H #mz2` /2 mM Tm2`iQX :2M2`�HK2Mi2-
iQ/Qb HQb Tm2`iQb /2 iQ/Qb HQb `Qmi2`b /2 H� `2/ iB2M2M 2H KBbKQ MȹK2`Q /2 #mz2`2b
v +�M�H2b pB`im�H2b TQ` Tm2`iQX �/2K�b- � mM #mz2` UpB`im�HBx�/Q Q MQV b2 �++2/2
2M Q`/2M 6A6P TQ` HQ [m2 7Q`K�HK2Mi2 i�K#BûM b2 H2 +QMQ+2 +QKQ +QH�X

RGBMF �H `2TQbBiQ`BQ +QM 2H +Ʀ/B;Q /2b�``QHH�/Q, ?iiTb,ff;Bi?m#X+QKf�H2t+�MQN3f#QQFbBKkX;Bi UpBbBi�/Q 2H
kNfyefkykkVX



RXjX _2/ /2 BMi2`+QM2tBƠM j

Ĝ lMB/�/2b ?�`/r�`2 2M+�`;�/�b /2 BKTH2K2Mi�` H� HƦ;B+� /2 �bB;M�+BQM2b /2 Tm2`iQb
v +�M�H2b pB`im�H2b /2Mi`Q /2H `Qmi2`- +QKQ, 2H +`Qbb#�`- HQb �HHQ+�iQ`b Q H� mMB/�/
/2 `QmiBM;X

Ç 1MH�+2b, 2H2K2MiQ /2 H� `2/ [m2 +QM2+i� mM `Qmi2` � Qi`Q `Qmi2` Q mM `Qmi2` � mM b2`pB/Q`
� i`�pûb /2 bmb Tm2`iQb v T2`KBi2 H� i`�Mb72`2M+B� /2 T�[m2i2b 2Mi`2 �K#Qb 2H2K2MiQbX
lbm�HK2Mi2 2b mM +�#H2 HQ [m2 ?�+2 /2 2MH�+2 v 2bi� +QM2+i�/Q � mM Tm2`iQ /2 2Mi`�/�
v Qi`Q /2 b�HB/�X

Ç a2`pB/Q`2b, 2H2K2MiQ /2 H� `2/ 2M+�`;�/Q /2 H� BMv2++BƦM UTQM2` Mm2pQb T�[m2i2b 2M
H� `2/V v +QMbmKQ U`2iB`�` T�[m2i2b /2 H� `2/V /2 K2Mb�D2bX *�/� K2Mb�D2 iB2M2 mM
b2`pB/Q` Q`B;2M v mM b2`pB/Q` /2biBMQX

lM� iQTQHQ;ő� 2bT2+B}+� H�b `2H�+BQM2b 2Mi`2 2biQb i`2b 2H2K2MiQbX lM� 7Q`K� /2 KQ/2H�`
mM� iQTQHQ;ő� 2b K2/B�Mi2 mM ;`�7Q- /QM/2, G = (V,E)- V := _Qmi2`b- /QM/2 _Qmi2`b 2H
+QMDmMiQ /2 `Qmi2`b /2 H� `2/ v E := 1MH�+2b- /QM/2 1MH�+2b 2b 2H +QMDmMiQ /2 2MH�+2b /2 H�
`2/X S�`� BM+HmB` �H +QMDmMiQ /2 b2`pB/Q`2b /2Mi`Q /2 H� /2}MB+BƦM 7Q`K�H /2 mM� iQTQHQ;ő�-
2b +QKȹM �Ƣ�/B` mM� p�`B�#H2 c /2MQi�M/Q H� +QM+2Mi`�+BƦM Q 2H MmK2`Q /2 b2`pB/Q`2b TQ`
`Qmi2`X :`�+B�b � ?�#2` 7Q`K�HBx�/Q mM� iQTQHQ;ő� 2M 7Q`K� /2 mM ;`�7Q b2 Tm2/2M miBHBx�`
KûiQ/Qb i2Q`ő� /2 ;`�7Qb T�`� /2}MB` iQTQHQ;ő�b,

Ç JûiQ/Q /2 *�vH2v, lM ;`�7Q /2 *�vH2v b2 7Q`K� K2/B�Mi2 mM ;`mTQ G v mM bm#+QMDmMiQ
S ⊆ G /QM/2,

Ĝ GQb pû`iB+2b bQM HQb 2H2K2MiQb /2H ;`mTQ V := GX
Ĝ G�b �`Bbi�b E b2 +QMbi`mv2M, (a, b) ∈ E ⇐⇒ a−1b ∈ SX

Ç JûiQ/Q /2H T`Q/m+iQ +�`i2bB�MQ /2 ;`�7Qb, 1H T`Q/m+iQ +�`i2bB�MQ /2 /Qb ;`�7Qb Ga!Gb

2bi� /2}MB/Q +QKQ,
Ga!Gb = (Va × Vb, Eab),

Eab := {((a1, b1), (a2, b2))|(a1 = a2 ∧ (b1, b2) ∈ Eb) ∨ (b1 = b2 ∧ (a1, a2) ∈ Ea)}.

1M ;`�7Qb /2 *�vH2v- 2H `2bmHi�/Q /2 �THB+�` 2H T`Q/m+iQ +�`i2bB�MQ /2 ;`�7Qb- 2b 2[mB@
p�H2Mi2 � 2H ;`�7Q ;2M2`�/Q TQ` 2H T`Q/m+iQ /B`2+iQ /2 ;`mTQb (Rk) 2Mi`2 HQb ;`mTQb [m2
;2M2`�M HQb ;`�7Qb BMB+B�H2bX

Ç 1tBbi2M iQTQHQ;ő�b +QKQ H� .`�;QM~v +QMbi`mB/�b /2 7Q`K� D2`�`[mB+� v Qi`Qb KûiQ/Qb
�/@?Q+X

1H ;`�7Q [m2 `2T`2b2Mi� H� iQTQHQ;ő� >vT2`s (e)- (d) b2 Tm2/2 +QMbi`mB` � i`�pûb /2H T`Q/m+iQ
+�`i2bB�MQ /2 ;`�7Qb +QKTH2iQbX lM ;`�7Q +QKTH2iQ 2b +m�H[mB2` ;`�7Q G = (V,E) [m2 +mKTH2
HQ bB;mB2Mi2,

∀a, b ∈ V, (a, b) ∈ E.

1b /2+B`- iQ/Qb HQb MQ/Qb 2bi�M +QM2+i�/Qb +QM iQ/QbX lM� >vT2`s R. 2b 2[mBp�H2Mi2 � mM
;`�7Q +QKTH2iQ v b2 Tm2/2 /2}MB` +QKQ 2bi2X lM 2D2KTHQ ;`�}+Q /2 mM ;`�7Q +QKTH2iQ +QM
k = 4 pû`iB+2b b2 p2 2M H� 6B;m`� RXRX
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y R k j

y R

k j

6B;m`� RXR, .Qb `2T`2b2Mi�+BQM2b /2 >vT2`s R. U;`�7Q +QKTH2iQV +QM k = 4 pû`iB+2bX

G� +QMbi`m++BƦM /2 mM� >vT2`s /2 n /BK2MbBQM2b- +QM n > 1- b2 ?�+2 � i`�pûb /2H T`Q/m+iQ
+�`i2bB�MQ /2 n ;`�7Qb +QKTH2iQb- /QM/2 2H T�`�K2i`Q k `2T`2b2Mi� 2H MȹK2`Q /2 pû`iB+2b
/2H ;`�7Q +QKTH2iQ Q`B;BM�HX *m�M/Q n > 1 �H T�`�K2i`Q k b2 H2 bm2H2 HH�K�` H�/Q /2H ;`�7QX
a2 Tm2/2 p2` mM 2D2KTHQ /2 mM� `2/ >vT2`s k. +mvQ ;`�7Q +QKTH2iQ Q`B;BM�H 2b k = 4
2M H� 6B;m`� RXkX *QKQ b2 Tm2/2 Q#b2`p�`- HQb MQ/Qb /2 H� `2/ [m2/�M 2iB[m2i�/Qb b2;ȹM
2H T`Q/m+iQ +�`i2bB�MQ v b2 i`�#�D�`� bQ#`2 2bi�b +QQ`/2M�/�b /m`�Mi2 iQ/Q 2H /Q+mK2MiQX
.2 7Q`K� 2[mBp�H2Mi2- mM ;`�7Q +QKTH2iQ Tm2/2 /2}MB`b2 K2/B�Mi2 2H KûiQ/Q /2 *�vH2v +QM
S = G − {0} v b2 Tm2/2 miBHBx�` 2H T`Q/m+iQ /B`2+iQ /2 ;`mTQb T�`� /2}MB` mM� >vT2`s
;2M2`�HBx�/�X � +QMiBMm�+BƦM- b2 T�b�M � 2MmK2`�` �H;mM�b /2 H�b +�`�+i2`őbiB+�b iQTQHƦ;B+�b
[m2 iB2M2 mM� >vT2`sX

Uy-jV

Uy-kV UR-kV

UR-jV

Uy-RV

Uy-yV UR-yV

UR-RV

Uk-jV

Uk-kV Uj-kV

Uj-jV

Uk-RV

Uk-yV Uj-yV

Uj-RV

6B;m`� RXk, 1D2KTHQ /2 >vT2`s k. /2 H�/Q k = 4X
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Uy-jV

Uy-kV UR-kV

UR-jV

Uy-RV

Uy-yV UR-yV

UR-RV

Uk-jV

Uk-kV Uj-kV

Uj-jV

Uk-RV

Uk-yV Uj-yV

Uj-RV

y R k j y R k j y R k j y R k j

y R k j y R k j y R k j y R k j

y R k j y R k j y R k j y R k j

y R k j y R k j y R k j y R k j

6B;m`� RXj, 1D2KTHQ /2 >vT2`s k. /2 H�/Q k = 4 v +QM+2Mi`�+BƦM = 4X

1M 2H ;`�7Q /2 mM� >vT2`s /2 H�/Q k v n /BK2MbBQM2b- 2H MȹK2`Q /2 pû`iB+2b 2b kn v 2H
MȹK2`Q /2 2MH�+2b 2b n(k − 1)knX

1H ;`�/Q /2 mM pû`iB+2 2b 2H MȹK2`Q /2 �`Bbi�b +QM2+i�/�b � ûH 2M mM ;`�7QX a2 /B+2 [m2 mM
;`�7Q 2b `2;mH�` bB +mKTH2 [m2 iQ/Qb HQb pû`iB+2b iB2M2M 2H KBbKQ ;`�/QX 1biQ Tm2/2 �THB+�`b2
i�K#BûM �H ;`�7Q /2 mM� iQTQHQ;ő�- TQ` 2HHQ b2 Tm2/2 /2+B` [m2 H� >vT2`s 2b mM� iQTQHQ;ő�
`2;mH�`X S�`� mM� iQTQHQ;ő� i�K#BûM b2 BMi`Q/m+2 2H +QM+2TiQ /2 `�/Bt /2 mM `Qmi2`X 1H `�/Bt
/2 mM `Qmi2` 2b 2H MȹK2`Q /2 2MH�+2b [m2 iB2M2 +QM2+i�/Qb- +QMi�M/Q 2MH�+2b 2Mi`2 `Qmi2`b v
2MH�+2b /2 `Qmi2` � b2`pB/Q`X 1M mM� >vT2`s /2 H�/Q k- +QM /BK2MbBQM2b n v +QM c b2`pB/Q`2b
TQ` `Qmi2`- 2H ;`�/Q /2 mM pû`iB+2 +m�H[mB2`� 2b n(k− 1) v 2H `�/Bt /2 mM `Qmi2` +m�H[mB2`� 2b
n(k − 1) + cX

1H /B�K2i`Q /2 mM� `2/ b2 /2}M2 +QKQ H� /Bbi�M+B� K�tBK� /2 mM +�KBMQ KőMBKQ � H� [m2
2bi�M /Qb MQ/Qb 2M 2H ;`�7Q /2 H� iQTQHQ;ő�X G� /Bbi�M+B� b2 KB/2 2M MȹK2`Q /2 b�HiQb bQ#`2
2H ;`�7QX 1M mM� >vT2`s 2H /B�K2i`Q 2b B;m�H �H MȹK2`Q /2 /BK2MbBQM2b nX

�/2K�b- 2H MȹK2`Q /2 +�KBMQb KőMBKQb bQ#`2 2H ;`�7Q /2 mM� >vT2`s +QM n /BK2MbBQM2b
T�`� mM MQ/Q 7m2Mi2 a v mM /2biBMQ b 2b,

(
n−1∑

i=0

[ai *= bi]

)
!,

/QM/2 ai v bi 2b H� +QKTQM2Mi2 i /2 bmb +QQ`/2M�/�b +�`i2bB�M�b v [ai = bi] `2T`2b2Mi� H�
QT2`�+BƦM /2}MB/� TQ` 2H Ap2`bQM #`�+F2i (Rj)X SQ` 2D2KTHQ- 2M H� 6B;m`� RXk 2Mi`2 HQb MQ/Qb
(0, 1) v (2, 3)- b2 iB2M2 [m2 2H MȹK2`Q /2 +�KBMQb 2b, [0 *= 2]+ [1 *= 3] = 2X a2 Tm2/2 B` � i`�pûb
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/2H MQ/Q (0, 3)- Q � i`�pûb /2H (2, 1)X
1H �M+?Q /2 H� #Bb2++BƦM /2 mM� iQTQHQ;ő� 2b 2H KőMBKQ �M+?Q /2 #�M/� /BbTQMB#H2 2Mi`2

/Qb T�`iB+BQM2b /2 H� iQTQHQ;ő� /2H KBbKQ i�K�ƢQX a2 Tm2/2 K2/B` +QKQ 2H KőMBKQ MȹK2`Q
/2 2MH�+2b [m2 T�b�M /2 mM� T�`iB+BƦM � Qi`�X 1biQ bB`p2 T�`� /2i2+i�` +m2HHQb /2 #Qi2HH� 2M
mM� iQTQHQ;ő�X 1M 2H +�bQ /2 mM� >vT2`s /2 H�/Q k v /BK2MbBƦM n- 2H �M+?Q /2 H� #Bb2++BƦM
2b kn+1

4 2MH�+2b,

k

2

(
k

2
kn−1

)
=

kn+1

4
,

/QM/2 k
2k

n−1 2b 2H MȹK2`Q /2 `Qmi2`b 2M mM� T�`iB+BƦM v k
2 2H MȹK2`Q /2 2MH�+2b [m2 +`mx�M H�

#Bb2++BƦM TQ` `Qmi2`X lM� p2x +�H+mH�/Q 2H +m2HHQ /2 #Qi2HH�- T�`� /BK2MbBQM�` H� +QM+2Mi`�+BƦM
c /2 H� `2/ b2 +�H+mH� 2H MȹK2`Q /2 2MH�+2b 2M H� #Bb2++BƦM TQ` MQ/Qb 2M H� T�`iB+BƦM,

kn+1

4
kn
2

=
2kn+1

4kn
=

k

2
.

Gm2;Q H� #Bb2++BƦM bQTQ`i� ?�bi� k
2 b2`pB/Q`2b TQ` MQ/Q BMv2+i�M/Q � i`�pûb /2 2HH�X �/2K�b-

T�`� �T`Qp2+?�` �ȹM K�b H� `2/ b2 Tm2/2 bmTQM2` [m2 H� KBi�/ /2H i`�}+Q /2 HQb b2`pB/Q`2b
2b HQ [m2 T�b� � i`�pûb /2 H� #Bb2++BƦM v H� Qi`� KBi�/ b2 [m2/� 2M H� T�`iB+BƦMX SQ` 2HHQ- H�
+QM+2Mi`�+BƦM T�`� mM� >vT2`s b2 Tm2/2 /2/m+B` +QKQ, c = k

2 +
k
2 = kX *QM H� +QM+2Mi`�+BƦM

c = k b2 +QMbB/2`� [m2 H� `2/ 2bi� #B2M /BK2MbBQM�/� v 2b H� [m2 b2 �bmKB`� 2M iQ/Q 2H i`�#�DQ
(d)X lM 2D2KTHQ ;`�}+Q /2 mM� >vT2`s #B2M /BK2MbBQM�/� b2 p2 2M H� 6B;m`� RXj- /QM/2 HQb
b2`pB/Q`2b TQ` +�/� `Qmi2` 2bi�M 2iB[m2i�/Qb +QM mM 2b+�H�` 2M 2H `�M;Q [0, c− 1]X

RXjXk *QMi`QH /2 ~mDQ
1H +QMi`QH /2 ~mDQ 2b 2H K2+�MBbKQ /2 H� `2/ 2M+�`;�/Q /2 �bB;M�` `2+m`bQb � HQb K2Mb�D2b

b2;ȹM �p�Mx�M 2M 2bi�X GQb `2+m`bQb K�b mbm�H2b bQM HQb 2MH�+2b v HQb +�M�H2b pB`im�H2b (RR-
*�TőimHQ Rj)X � mM� `2/ [m2 MQ +QMi2M;� +QMi`QH /2 ~mDQ b2 H2 /2MQKBM� `2/ +QM Tû`/B/�b-
/2#B/Q � [m2 2tBbi2 H� TQbB#BHB/�/ /2 [m2 b2 /2b2+?2M T�[m2i2b �Mi2b /2 HH2;�` �H /2biBMQX
SQ` 2D2KTHQ- bB mM T�[m2i2 HH2;� � mM Tm2`iQ /2 2Mi`�/� /2 mM `Qmi2` v 2H +�M�H pB`im�H �H
[m2 p� /2Mi`Q /2H Tm2`iQ 2bi� HH2MQ U2b /2+B`- 2H #mz2` /2bB;M�/Q MQ iB2M2 2bT�+BQ T�`� 2H
T�[m2i2V- 2H `Qmi2` T`Q+2/2`� � iB`�` 2H T�[m2i2X *m�M/Q b2 miBHBx� mM� `2/ +QM Tû`/B/�b HQb
MQ/Qb BMv2+iQ`2b /2#2`�M b2` +QMb+B2Mi2b /2 H� TQbB#BHB/�/ /2 [m2 2H T�[m2i2 b2 TB2`/� v b2
i2M;�M [m2 HH2p�` � +�#Q `2i`�MbKBbBQM2bX 1biQ /2;`�/� Km+?Q 2H �T`Qp2+?�KB2MiQ /2 H� `2/
v 2bi� 2M /2bmbQ 2M 2H +QMi2tiQ /2 `2/2b /2 �HiQ `2M/BKB2MiQX SQ` 2HHQ- MQ b2 +QMbB/2`�M 2M
2bi2 i`�#�DQX

.2Mi`Q /2 H�b `2/2b [m2 miBHBx�M K2+�MBbKQb /2 +QMi`QH /2 ~mDQ- 2tBbi2 mM Mm2pQ iBTQ /2 `2/
/2MQKBM�/� `2/ bBM Tû`/B/�b- /QM/2 b2 miBHBx�M +`û/BiQbX lM +`û/BiQ 2b mM i`QxQ /2 BM7Q`K�+BƦM
[m2 BM/B+� bB 2tBbi2 2bT�+BQ bm}+B2Mi2 T�`� /�` mbQ � mM `2+m`bQ TQ` mM �;2Mi2 /2i2`KBM�/QX
GQb `Qmi2`b +QM Tm2`iQb /2 2Mi`�/� v +�M�H2b pB`im�H2b 2bi�M 2M+�`;�/Qb /2 2KBiB` +`û/BiQb
T�`� +�/� #mz2`- v HQb `Qmi2`b +QM Tm2`iQb /2 b�HB/� B`�M ;m�`/�M/QHQb BM+`2K2Mi�HK2Mi2X aB
2H `Qmi2` 2Mpő� mM T�[m2i2 � mM +�M�H pB`im�H 2bT2+ő}+Q- 2H MȹK2`Q /2 +`û/BiQb /2 2b2 +�M�H
b2 /2+`2K2Mi�- MQ Tm/BûM/Qb2 2MpB�` � mM +�M�H pB`im�H bB iB2M2 y +`û/BiQbX 1tBbi2M /B72`2Mi2b
7Q`K�b /2 HH2p�` � +�#Q 2H +QMi`QH /2 ~mDQ,



RXjX _2/ /2 BMi2`+QM2tBƠM d

Ç 6HBi@#�b2/ ~Qr +QMi`QH, i�K#BûM +QMQ+B/Q +QKQ qQ`K?QH2 (R9)- /BpB/2 2H T�[m2i2 2M
i`QxQb HH�K�/Qb ~Bib- [m2 2b H� mMB/�/ /2 +QMi`QH /2 ~mDQX lM +`û/BiQ /2 mM `2+m`bQ
`2T`2b2Mi�`� [m2 2bi2 b2 Tm2/2 �bB;M�` � mM ~Bi [m2 T2`i2M2+2 � mM T�[m2i2X SQ` 2HHQ-
mM T�[m2i2 Tm2/2 Q+mT�` p�`BQb `2+m`bQb �H KBbKQ iB2KTQX

Ç S�+F2i@#�b2/ ~Qr +QMi`QH, H� mMB/�/ /2 +QMi`QH /2 ~mDQ 2b mM T�[m2i2 v mM +`û/BiQ /2
mM `2+m`bQ BM/B+�`� [m2 b2 Tm2/2 ?�+2` mM� �bB;M�+BƦM T�`� mM T�[m2i2 2Mi2`QX 1biQ-
�THB+�/Q � HQb +�M�H2b pB`im�H2b- BM/B+� [m2 mM T�[m2i2 Q+mT� mM #mz2` �H KBbKQ iB2KTQ
2M iQ/� H� `2/ 2t+2TiQ KB2Mi`�b b2 2bi� T`Q/m+B2M/Q mM� i`�MbKBbBƦM 2Mi`2 `Qmi2`bX
�H;mMQb 2D2KTHQb 2bT2+ő}+Qb /2 +QMi`QH2b /2 ~mDQ #�b�/Qb 2M T�[m2i2b bQM,

Ĝ aiQ`2@�M/@7Q`r�`/, 1H T�[m2i2 MQ b2 i`�MbKBi2 �H bB;mB2Mi2 MQ/Q ?�bi� MQ ?�#2`HQ
`2+B#B/Q v ;m�`/�/Q +QKTH2i�K2Mi2X

Ĝ oB`im�H +mi@i?`Qm;?, LQ 2b M2+2b�`BQ �HK�+2M�` iQ/Q 2H T�[m2i2 �Mi2b /2 2KT2x�`
mM� Mm2p� i`�MbKBbBƦMX

1M 2bi2 i`�#�DQ b2 p� � i`�#�D�` bB2KT`2 +QM `2/2b bBM Tû`/B/�bX S�`� 2HHQ- b2 p� miBHBx�`
S�+F2i@#�b2/ ~Qr +QMi`QH- 2M +QM+`2iQ oB`im�H +mi@i?`Qm;? +QKQ K2+�MBbKQ /2 +QMi`QH /2
~mDQX

RXjXj 6mM+BƦM /2 2M+�KBM�KB2MiQ
lM� 7mM+BƦM /2 2M+�KBM�KB2MiQ /2Mi`Q /2 mM `Qmi2` b2 2M+�`;� /2 /2i2`KBM�` 2H Tm2`iQ

/2 b�HB/� v +�M�H pB`im�H [m2 iQK�`� mM T�[m2i2 /2Mi`Q /2 mM Tm2`iQ /2 2Mi`�/�X G� KBb@
K� 7mM+BƦM /2 2M+�KBM�KB2MiQ b2 2D2+mi� 2M iQ/Qb HQb `Qmi2`b /2 H� `2/X lM� 7mM+BƦM /2
2M+�KBM�KB2MiQ R iB2M2 H� 7Q`K�-

R : V × V −→ P(Q),

/QM/2 V 2b 2H +QMDmMiQ /2 MQ/Qb /2 H� `2/- Q 2b 2H +QMDmMiQ /2 iQ/�b H�b +QH�b /2 H� `2/ v
P(Q) 2b 2H +QMDmMiQ /2 iQ/Qb HQb bm#+QMDmMiQb /2 iQ/�b H�b +QH�b /2 H� `2/X G� 7mM+BƦM R
`2+B#2 +QKQ �`;mK2MiQb /Qb MQ/Qb, 2H MQ/Q �+im�H v 2H /2biBMQ- +QM 2HHQ /2pm2Hp2 mM +QMDmMiQ
/2 +QH�b /2 b�HB/� [m2 HH2p�M �H bB;mB2Mi2 MQ/Q 2M 2H +�KBMQX G� �bB;M�+BƦM /2 mM� +QH� � mM
T�[m2i2 b2 H2 /2MQKBM� b�HiQX 1b i`�#�DQ /2 Qi`� mMB/�/ /2H `Qmi2` 2b+Q;2` mM� /2 H�b +QH�b
[m2 b2 ?�M `2iQ`M�/QX

1tBbi2M p�`B�Mi2b /2 H� 7Q`K� /2 H� 7mM+BƦM /2 2M+�KBM�KB2MiQX SQ` 2D2KTHQ- bB /BbiBM;m2
2Mi`2 HQb +�M�H2b pB`im�H2b /2Mi`Q /2 mM KBbKQ Tm2`iQ /2 2Mi`�/�- H� 7mM+BƦM iB2M2 H� 7Q`K�-

R : Q× V −→ P(Q).

S�`� mM� +QH� qi ∈ Q T2`i2M2+B2Mi2 �H `Qmi2` i �+im�H v MQ/Q /2biBMQ ni ∈ V - E /2pm2Hp2
mM +QMDmMiQ /2 +QH�b T2`i2M2+B2Mi2b �H bB;mB2Mi2 b�HiQ P(Q) (RR- *�TőimHQ RR)X

SQ` ȹHiBKQ- b2 Tm2/2 /2}MB` H� 7Q`K� /2 mM� 7mM+BƦM /2 T2bQ p,

p : Q −→ N,

/QM/2 � +�/� +�M�H pB`im�H b�HB/� q b2 H2 �bB;M� mM� T`BQ`B/�/- 2b /2+B`- mM MȹK2`Q M�im`�HX
lM� 7mM+BƦM /2 T2bQ p 2bi� /Bb2Ƣ�/� T�`� 2p�Hm�` `mi�b `2bT2+iQ �H 2bi�/Q �+im�H /2 H� `2/X
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S�`� H� 2p�Hm�+BƦM /2 mM� +QH�- 2b +QKȹM miBHBx�` bm Q+mT�+BƦM- [m2 BM/B+� 2H MȹK2`Q /2
T�[m2i2b [m2 2bi�M �HK�+2M�/Qb 2M H� +QH� 2M 2H BMbi�Mi2 /2 iB2KTQ /2 H� K2/B+BƦMX *QM H�b
`mi�b 2p�Hm�/�b- mM `Qmi2` TQ/`ő� +Q;2` bB2KT`2 H� +QH� K2DQ` p�HQ`�/� /2H +QMDmMiQX

G� �THB+�+BƦM bm+2bBp� /2 mM� 7mM+BƦM /2 2M+�KBM�KB2MiQ bQ#`2 mM T�[m2i2 /2i2`KBM� 2H
+�KBMQ [m2 bB;m2 mM K2Mb�D2- /2b/2 [m2 b2 BMv2+i� 2M mM b2`pB/Q`- ?�bi� [m2 b2 +QMbmK2 2M
Qi`QX a2 Tm2/2M +H�bB}+�` H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ b2;ȹM HQb +�KBMQb [m2 ;2M2`�M,

Ç 1M+�KBM�KB2MiQ KőMBKQ, H� 7mM+BƦM /2 2M+�KBM�KB2MiQ /2#2 ;2M2`�` +�KBMQb [m2 /2M
2H KőMBKQ MȹK2`Q /2 b�HiQb /2b/2 mM MQ/Q 7m2Mi2 � mM /2biBMQX

Ç 1M+�KBM�KB2MiQ MQ KőMBKQ, HQb +�KBMQb ;2M2`�/Qb TQ` H� 7mM+BƦM /2 2M+�KBM�KB2MiQ
Tm2/2M /�` K�b b�HiQb /2 HQ M2+2b�`BQ /2#B/Q � [m2 ?�v +QM;2biBƦM 2M H� `2/ m Qi`Qb
KQiBpQb- +QKQ b2 /2i�HH�`� K�b �/2H�Mi2X

�/2K�b- H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ b2 Tm2/2M +H�bB}+�` /2T2M/B2M/Q /2 H� /Bp2`bB/�/
/2 +�KBMQb [m2 ;2M2`�M Q /2 bm ;`�/Q /2 HB#2`i�/ T�`� �bB;M�` `mi�b,

Ç .2i2`KBMBbi�, H� 7mM+BƦM /2 2M+�KBM�KB2MiQ bB2KT`2 ;2M2`� 2H KBbKQ +�KBMQ T�`� mM
T�` 7m2Mi2@/2biBMQX

Ç P#HBpBQmb, H� 7mM+BƦM /2 2M+�KBM�KB2MiQ b2H2++BQM� mM +�KBMQ /2 HQb [m2 iB2M2 TQbB#H2b
bBM +QMbB/2`�` 2H 2bi�/Q /2 H� `2/X GQb /2i2`KBMBbi�b bQM mM bm#+QMDmMiQ /2 HQb Q#HBpBQmbX

Ç �/�Ti�iBpQ, mM 2M+�KBM�KB2MiQ �/�Ti�iBpQ �+QTH� HQb +�KBMQb [m2 �i`�pB2b� mM T�[m2i2
�H 2bi�/Q /2 H� `2/X LQ`K�HK2Mi2 b2 miBHBx� mM� 7mM+BƦM /2 T2bQ [m2 2p�Hm� HQb +�KBMQb
TQbB#H2b v 2HB;2 mMQ /2 2HHQb 2M #�b2 � H� Q+mT�+BƦM- MmK2`Q /2 b�HiQb � /2biBMQ- 2i+X
Sm2/2M ?�#2` /B72`2Mi2b iBTQb /2 �/�Ti�iBpB/�/,

Ĝ �/�Ti�iBpQ 2M 7m2Mi2, 2H +�KBMQ � b2;mB` b2 /2+B/2 2M H� BMv2++BƦM v � T�`iB` /2 �?ő
H� 7mM+BƦM /2 2M+�KBM�KB2MiQ 2b /2i2`KBMBbi�X

Ĝ �/�Ti�iBpQ K2/BQ, mM bm#+QMDmMiQ /2 iQ/Qb HQb TQbB#H2b +�KBMQb 2bi� `2bi`BM;B/Q-
MQ`K�HK2Mi2- TQ` +m2biBQM2b /2 /2�/HQ+F +QKQ b2 /2i�HH� 2M H� a2++BƦM RX9X

Ĝ �/�Ti�iBpQ +QKTH2iQ, 2H 2M+�KBM�KB2MiQ ;2M2`� +�KBMQb bBM `2bi`B++BƦMX

RX9 .2�/HQ+F
lM /2�/HQ+F 2b mM 72MƦK2MQ [m2 Q+m``2 2M Km+?Qb bBbi2K�b- /QM/2 mM +QMDmMiQ /2 �;2Mi2b

MQ Tm2/2M �p�Mx�` 2M bmb i�`2�b TQ`[m2 iQ/Qb 2HHQb 2bi�M Q+mT�M/Q mM `2+m`bQ /B72`2Mi2- v
� bm p2x 2bT2`�M/Q H� HB#2`�+BƦM /2 Qi`Q- UQ+mT�/Q TQ` mMQ /2 HQb �;2Mi2b /2H bBbi2K�V T�`�
mb�`HQ �Mi2b /2 HB#2`�` 2H T`QTBQX 1bT2+ő}+�K2Mi2- +m�M/Q 2M mM� `2/ b2 7Q`K� mM /2�/HQ+F-
mM +QMDmMiQ /2 T�[m2i2b 2bi�M /BbTm2biQb 2M 7Q`K� /2 +B+HQ /2Mi`Q /2 H� `2/ v +�/� T�[m2i2
T`2i2M/2 �++2/2` � bm `2+m`bQ BMK2/B�iQ bB;mB2Mi2X aBM 2K#�`;Q- 2bi2 `2+m`bQ 2bi� #HQ[m2�/Q
TQ` Qi`Q T�[m2i2 UQ +QMDmMiQ /2 T�[m2i2bV [m2- /2 B;m�H 7Q`K�- 2bi�M 2bT2`�M/Q T�`� �++2/2`
�H bB;mB2Mi2 `2+m`bQ �Mi2b /2 HB#2`�` 2H [m2 iB2M2M #HQ[m2�/QX 1tBbi2M /B72`2Mi2b 7Q`K�b /2
+H�bB}+�` /2�/HQ+Fb v iû+MB+�b T�`� T�HB�` bmb 272+iQb (RR- *�TőimHQ R9)X

1tBbi2M /Bp2`b�b K�M2`�b /2 /2}MB` mM +B+HQ 2M mM ;`�7QX a2 Tm2/2 /2+B` [m2 mM ;`�7Q
+QMiB2M2 mM +B+HQ bB 2bi2 +QMiB2M2 mM bm#;`�7Q BbQKQ`7Q � mM ;`�7Q +ő+HB+QX lM ;`�7Q +ő+HB+Q 2b



RX9X .2�/HQ+F N

mM ;`�7Q `2;mH�` +QM2+i�/Q /2 ;`�/Q /QbX lbm�HK2Mi2 b2 miBHBx� H� MQi�+BƦM Ci T�`� `272`B`b2 �
mM ;`�7Q +ő+HB+Q +QM i pû`iB+2bX 1M H� 6B;m`� RX9 Tm2/2 p2`b2 mM 2D2KTHQ /2 mM ;`�7Q +QKTH2iQ
+QM mM ;`�7Q +ő+HB+Q +QMi2MB/Q 2M ûHX

RX9XR hBTQb /2 /2�/HQ+F
a2 Tm2/2 +H�bB}+�` 2H /2�/HQ+F 2M H� `2/ /2T2M/B2M/Q H� +�mb� TQ` H� [m2 b2 T`Q/m+2 (R8),

Ç .2�/HQ+F TQ` H� 7mM+BƦM /2 2M+�KBM�KB2MiQ, H� 7mM+BƦM /2 2M+�KBM�KB2MiQ Tm2/2 ;2@
M2`�` +B+HQb /2Mi`Q H� `2/ v [m2 b2 T`Q/mx+� mM /2�/HQ+FX

6B;m`� RX9, � H� Bx[mB2`/�- +B+HQ 2M mM ;`�7Q +QKTH2iQ +QM pû`iB+2b k = 6 v � H� /2`2+?�- 2H bm#;`�7Q
+ő+HB+Q C4 BbQKQ`7Q �H +B+HQ /2H ;`�7Q +QKTH2iQX

Ç .2�/HQ+F TQ` T`QiQ+QHQ, mM� �THB+�+BƦM [m2 2D2+mi2M HQb b2`pB/Q`2b 2 BMi2`+�K#B2 K2Mb�@
D2b � i`�pûb /2 H� `2/- b2 Tm2/2 [m2/�` 2M /2�/HQ+F 2M mM +QMDmMiQ /2 b2`pB/Q`2b /2#B/Q
� mM� /2T2M/2M+B� /2 K2Mb�D2bX 1biQ 2b BM/2T2M/B2Mi2 /2 [m2 ?�v� Q MQ mM /2�/HQ+F
2Mi`2 `Qmi2`b /2 H� `2/X

Ç .2�/HQ+F TQ` +�K#BQ /2 +QM};m`�+BƦM, mM +�K#BQ 2M H� +QM};m`�+BƦM 2M H� `2/ Tm2/2
T`QpQ+�` [m2 b2 T`Q/mx+�M bBim�+BQM2b BKT`2pBbi�b 2M H�b i`�MbB+BQM2b v b2 T`Q/mx+� mM
/2�/HQ+FX

RX9Xk h`�i�KB2MiQ /2H /2�/HQ+F
1M 2H /Bb2ƢQ /2 mM� `2/ /2 BMi2`+QM2tBƦM 2b 7mM/�K2Mi�H i2M2` 2M +m2Mi� 2H i`�i�KB2MiQ

[m2 b2 p� � miBHBx�` T�`� bm#b�M�` HQb 272+iQb /2H /2�/HQ+FX a2 Tm2/2M KBiB;�` bmb 272+iQb `2+m@
T2`�M/Qb2 /2 ûH +m�M/Q bm`D�- Q b2 Tm2/2 2pBi�` bm �T�`B+BƦM miBHBx�M/Q �H;mM�b `2bi`B++BQM2b
2M H� /2}MB+BƦM /2 mM� `2/ /2 BMi2`+QM2tBƦMX 1bi2 i`�#�DQ b2 p� � +2Mi`�` 2M H� 2pBi�+BƦM /2H
/2�/HQ+F miBHBx�M/Q `2bi`B++BQM2b 2M H� 7mM+BƦM /2 2M+�KBM�KB2MiQX



Ry AMi`Q/m++BƠM

lMQ /2 HQb K2+�MBbKQb T�`� i`�i�` 2H /2�/HQ+F b2 #�b� 2M 2pBi�` [m2 2bi2 Q+m``�X S�`�
mM� `2/ +QMbi`mB/� +QM mMQb T�`�K2i`Qb /2}MB/Qb `2/ 4 &iQTQHQ;ő�- +QMi`QH /2 ~mDQ- 2M+�@
KBM�KB2MiQ' b2 /B+2 [m2 `2/ +mKTH2 H� +QM/B+BƦM /2 b2` /2�/HQ+F@7`22 UHB#`2 /2 /2�/HQ+FV bB
TQ` /2}MB+BƦM 2bi� `2/ MQ T2`KBi2 H� 7Q`K�+BƦM /2 mM /2�/HQ+FX 1bi� +QM/B+BƦM 2b b2MbB#H2 �
+m�H[mB2`� /2 HQb j T�`�K2i`Qb /2 `2/X S�`� b�#2` bB mM� `2/ 2b /2�/HQ+F@7`22 b2 BMi`Q/m+2 2H
+QM+2TiQ /2 ;`�7Q /2 /2T2M/2M+B�b /2 +QH�b- 2H +m�H 2b +QMbi`mB/Q /2 H� bB;mB2Mi2 7Q`K�,

Gq = (Q,Eq),

/QM/2 Q 2b 2H +QMDmMiQ /2 +QH�b /2 H� `2/- Eq = {(qi, qj)|qj ∈ E(qi, n) ∧ n ∈ V }- E 2b
mM� 7mM+BƦM /2 2M+�KBM�KB2MiQ v V 2H +QMDmMiQ /2 MQ/Qb /2 H� `2/X lM� `2/ 2b /2�/HQ+F@
7`22 bB +mKTH2 [m2 bm ;`�7Q /2 /2T2M/2M+B�b 2Mi`2 +QH�b 2b �+ő+HB+Q U.�:V Q /BM�KB+�K2Mi2
�+ő+HB+Q (Re)- (Rd)- 2b /2+B`- [m2 2M +m�H[mB2` TQi2M+B�H +B+HQ bB2KT`2 b2 ;�`�MiBx� mM +�KBMQ
�+ő+HB+Q bQ#`2 2H ;`�7Q Gq

kX G�b iû+MB+�b K�b miBHBx�/�b T�`� 2pBi�` +B+HQb /2Mi`Q /2 mM ;`�7Q
/2 /2T2M/2M+B�b bQM,

Ç _2bi`B++BƦM /2 `mi�b, G� 7mM+BƦM /2 2M+�KBM�KB2MiQ `2bi`BM;2 �H;mMQb ;B`Qb T�`� 2pBi�`
H� 7Q`K�+BƦM /2 H� /2T2M/2M+B� +ő+HB+�X SQ` 2D2KTHQ, .P_ (RR- *�TőimHQ 3)- hm`M KQ/2H
(R3)- 2i+X

Ç �Ƣ�/B` +�M�H2b pB`im�H2b, �Ƣ�/B` +�M�H2b pB`im�H2b T�`� `QKT2` mM +B+HQ 2M H� `2/X SQ`
2D2KTHQ, /�i2HBM2 (RN)- 2b+�H2`� (RR- *�TőimHQ R9)- 2i+X

Ç liBHBx�+BƦM /2 +�M�H /2 2b+�T2, liBHBx� mM bm#+QMDmMiQ /2 HQb +�M�H2b pB`im�H2b /BbTQ@
MB#H2b 2M H� `2/ +QM 7mM+BƦM /2 2M+�KBM�KB2MiQ �+ő+HB+� [m2 bB2KT`2 2bi�M /BbTQMB#H2b
T�`� `QKT2` 2H /2�/HQ+F (Rd)X

Pi`Q K2+�MBbKQ T�`� i`�i�` 2H /2�/HQ+F b2 #�b� 2M H� /2i2++BƦM v `2+mT2`�+BƦMX 1tBbi2M
iû+MB+�b /2 `2+mT2`�+BƦM `2;`2bBp�- /QM/2 b2 /2b2+?�M HQb T�[m2i2b [m2 ?�M +�mb�/Q 2H /2�/HQ+F
v iû+MB+�b /2 `2+mT2`�+BƦM T`Q;`2bBp�- /QM/2 MQ b2 /2b2+?�M T�[m2i2b v b2 miBHBx� mM #mz2`
/2 bQTQ`i2 T�`� i2KTQ`�HK2Mi2 b�+�` HQb T�[m2i2b [m2 T`Q/m+2M 2H /2�/HQ+F v /2D�` T�b�` �
HQb /2K�bX aBM 2K#�`;Q- 2M ;2M2`�H 2bi�b iû+MB+�b �T2M�b b2 mb�M v MQ b2`�M 2bim/B�/�b 2M
2bi2 i`�#�DQ (RR- *�TőimHQ R9)X

RX8 S�i`ƦM /2 i`�}+Q
lM T�i`ƦM /2 i`�}+Q `2T`2b2Mi� H� /Bbi`B#m+BƦM /2 HQb K2Mb�D2b /2Mi`Q /2 mM� `2/ (RR-

*�TőimHQ j)X LQ`K�HK2Mi2 b2 `2T`2b2Mi� +QM mM� K�i`Bx L = (λi,j)- /QM/2 +�/� 2H2K2MiQ λi,j

`2T`2b2Mi� H� 7`�++BƦM /2 i`�}+Q 2MpB�/Q /2H MQ/Q i �H MQ/Q jX 6Q`K�HK2Mi2- TQ/2KQb /2}MB`
H� 7mM+BƦM T [m2 `2T`2b2Mi� � mM T�i`ƦM /2 i`�}+Q /2 H� bB;mB2Mi2 7Q`K�,

T : (Z/kZ)(n+1) −→ (Z/kZ)(n+1),

kS�`� /2}MB` Gq b2 ?�M miBHBx�/Q ȹMB+�K2Mi2 H�b /2T2M/2M+B�b /B`2+i�b ;2M2`�/�b TQ` H� 7mM+BƦM /2 2M+�KB@
M�KB2MiQX h�K#BûM b2 Tm2/2M ;2M2`�` /2T2M/2M+B�b BM/B`2+i�b- H�b +m�H2b MQ b2 p�M � /2}MB` 2M 2bi2 i`�#�DQ
TQ`[m2 MQ b2 p� � +QMbB/2`�` +QMi`QH /2 ~mDQ � MBp2H /2 ~Bi Q rQ`K?QH2X



RXeX Jöi`B+�b /2 `2M/BKB2MiQ RR

/QM/2 k 2b 2H H�/Q /2 H� >vT2`s- n 2b 2H MȹK2`Q /2 /BK2MbBQM2b v Z/kZ bQM HQb 2Mi2`Qb
KƦ/mHQ kX 1M 2H +�bQ /2 mM� `2/ >vT2`s- +�/� b2`pB/Q` 2bi� B/2MiB}+�/Q TQ` mM p2+iQ` /2
+QQ`/2M�/�b /2 i�K�ƢQ n + 1 /QM/2 n 2b 2H MȹK2`Q /2 /BK2MbBQM2b /2 H� `2/X SQ` 2D2KTHQ-
2M mM� `2/ >vT2`s k. i2M2KQb HQb p2+iQ`2b /2 b2`pB/Q`2b, (0, 0, 0) v (1, 0, 0) HQb +m�H2b 2bi�M
+QM2+i�/Qb �H `Qmi2` (0, 0)X G� T`BK2`� +QQ`/2M�/� 2ti`� 2b H� /2H b2`pB/Q` /2Mi`Q /2H `Qmi2`
v b2 bm2H2 /2MQKBM�` wX a2 Tm2/2M p2` 2D2KTHQb /2 7mM+BQM2b /2 T�i`QM2b /2 i`�}+Q 2M H�b
/B72`2Mi2b i�#H�b /2 H� a2++BƦM 8X

1M 2bi2 i`�#�DQ b2 p� � +2Mi`�` H� �i2M+BƦM 2M T�i`QM2b /2 i`�}+Q bBMiûiB+Q KQ/2H�/Qb
K2/B�Mi2 7mM+BQM2b K�i2K�iB+�b- [m2 T`2i2M/2M bBKmH�` H�b +QKmMB+�+BQM2b /2 mM� �THB+�+BƦM
`2�HX .2Mi`Q /2 2biQb TQ/2KQb /B72`2M+B�` 2H i`�}+Q #2MB;MQ- [m2 2b mM i`�}+Q [m2 �T`Qp2+?�
TQ` bB bQHQ iQ/Qb HQb `2+m`bQb /2 H� `2/ TQ` B;m�H bBM ;2M2`�` +m2HHQb /2 #Qi2HH�- v 2H i`�}+Q
�/p2`bQ- [m2 2b mM iBTQ /2 i`�}+Q [m2 ;2M2`� TmMiQb +�HB2Mi2b /QM/2 b2 +QM+2Mi`� Km+?Q
i`�}+Q v ?�+2 [m2 #�D2 2H `2M/BKB2MiQ /2 iQ/� H� `2/X 1bi`2b� +B2`i�b T�`i2b /2 H� `2/ v /2D�
Q+BQb�b Qi`�bX lM� `2/ K�H /Bb2Ƣ�/� Tm2/2 b2` [m2 7mM+BQM2 #B2M +QM i`�}+Q mMB7Q`K2- TQ`
2HHQ- +QKQ `2�HK2Mi2 b2 /2#2 K2/B` 2H `2M/BKB2MiQ ;HQ#�H /2 mM� `2/ 2b +QK#BM�M/Q 2H i`�}+Q
mMB7Q`K2 +QM 2H i`�}+Q �/p2`bQ v �bő b�+�` /B72`2Mi2b iBTQb /2 Kûi`B+�b /2H +QKTQ`i�KB2MiQ /2
H� `2/X �/2K�b- +QKQ �TQvQ T�`� H� /2}MB+BƦM /2 �H;mMQb i`�}+Qb b2 p� � miBHBx�` mM� 7mM+BƦM
2ti`�- �mM[m2 MQ b2� 7mM+BƦM 2M i2`KBMQHQ;ő� K�i2K�iB+�- [m2 iB2M2 H� bB;mB2Mi2 7Q`K�,

`�M/ :N −→ N.

G� 7mM+BƦM `�M/ /2pm2Hp2 T�`� mM n ∈ N mM MȹK2`Q �H2�iQ`BQ 2M 2H BMi2`p�HQ [0, n−1]X 1bi�
7mM+BƦM b2 2M+m2Mi`� v� BKTH2K2Mi�/� 2M 2H bBKmH�/Q` [m2 b2 ?� miBHBx�/Q 2M 2bi2 i`�#�DQX

RXe Jûi`B+�b /2 `2M/BKB2MiQ
1H `2M/BKB2MiQ /2 H� `2/ b2 2biBK� K2/B�Mi2 /B72`2Mi2b iBTQb /2 Kûi`B+�bX .2T2M/B2M/Q

/2 HQb Q#D2iBpQb /2 H� `2/- b2 Tm2/2M iQK�` /B72`2Mi2b iBTQbX 1M 2bi2 i`�#�DQ H�b [m2 b2 ?�M
+QMbB/2`�/Q bQM H�b bB;mB2Mi2b,

Ç h?`Qm;?Tmi T`QK2/BQ, 2H 2b H� i�b� K2/B� � H� [m2 iQ/Qb HQb MQ/Qb +QMbmK2M T�[m2i2b
2M mM� `2/X a2 KB/2 +QM 2H MȹK2`Q /2 T�[m2i2b +QMbmKB/Qb TQ` BMbi�Mi2 /2 iB2KTQX 1M
2H +�bQ /2 2bi2 i`�#�DQ- b2 p�M � miBHBx�` S�[m2i2b

*B+HQ +QKQ mMB/�/ /2 K2/B/�- v HQb +B+HQb b2
KB/2M +QM mM `2HQD ;2M2`�H � iQ/Q 2H bBbi2K�X

Ç h?`Qm;?Tmi KőMBKQ, 2b H� i�b� KőMBK� � H� [m2 mM MQ/Q +QMbmK2 T�[m2i2b 2M mM�
`2/X 1M �THB+�+BQM2b [m2 b2 2D2+mi�M 2M bBbi2K�b ?QKQ;ûM2Qb /2 7Q`K� /Bbi`B#mB/�- 2b
BKTQ`i�Mi2 [m2 iQ/Qb HQb MQ/Qb /2H bBbi2K� +QMbmK�M +�`;� TQ` B;m�H /2 H� `2/ TQ`[m2
bB �H;mMQ `2+B#2 K2MQb [m2 HQb /2K�b- Tm2/2 ;2M2`�` +m2HHQb /2 #Qi2HH� 2M 2H bBbi2K�X
aB`p2 T�`� 2biBK�` 2H 7�B`M2bb /2 mM� `2/- 2b /2+B`- H� K2/B/� TQ` H� +m�H 2H i`�}+Q 2b
�+2Ti�/Q TQ` iQ/Qb HQb MQ/Qb /2 7Q`K� 2[mBi�iBp�X *m�MiQ K�vQ` b2� H� /B72`2M+B� 2Mi`2
2H h?`Qm;?Tmi T`QK2/BQ v 2H K2/BQ- T2Q` b2`� 2H 7�B`M2bb /2 H� `2/X

Ç a�HiQb T`QK2/BQ, MȹK2`Q /2 b�HiQb T`QK2/BQ [m2 /�M iQ/Qb HQb T�[m2i2b [m2 b2 BMv2+i�M
2M H� `2/X S`Qp22 BM7Q`K�+BƦM bQ#`2 +QKQ b2 �/�Ti� mM 2M+�KBM�KB2MiQ � mM i`�}+QX



k >2``�KB2Mi�b /2 bBKmH�+BƦM v /2b�``QHHQ
G� bBKmH�+BƦM 2b mM� iû+MB+� Kmv miBHBx�/� T�`� H� 2p�Hm�+BƦM /2 bBbi2K�b 7őbB+Qb- [mőKB+Qb-

BM7Q`K�iB+Qb- 2i+X HQb +m�H2b Tm2/2M KQ/2H�`b2 � i`�pûb /2 �H;Q`BiKQb v 7mM+BQM2b K�i2K�iB+�bX
1b mM� T`�+iB+� +QKȹM � Km+?�b /Bb+BTHBM�b v T2`KBi2 Q#i2M2` `2bmHi�/Qb +QM K�vQ` Q K2MQ`
/2i�HH2 /2 H� 2bi`m+im`� bBKmH�/�X

1H �++2bQ � mM bBbi2K� bBKmH�/Q b2 +�`�+i2`Bx� TQ` i2M2` mM #�DQ +Qbi2 2M +QKT�`�+BƦM +QM
2H ;�biQ `2[m2`B/Q T�`� H� BKTH�Mi�+BƦM v Tm2bi� 2M K�`+?� /2 2b2 bBbi2K�X �/2K�b- 2tBbi2M
Km+?Qb /2i�HH2b v �bT2+iQb � i2M2` 2M +m2Mi� [m2 bQM T`�+iB+�K2Mi2 BKTQbB#H2b `2+QMQ+2` bBM
TQ/2` i2M2` �++2bQ � mM 2MiQ`MQ bBKmH�/QX SQ` 2HHQ- bBKmH�` 2b mM T�bQ M2+2b�`BQ �Mi2b /2
BMp2`iB` 2M mM� BKTH2K2Mi�+BƦM 7őbB+�X am2H2 b2` +QKȹM 2M 2MiQ`MQb /2 BMp2biB;�+BƦMX

aBM 2K#�`;Q- mM KQ/2HQ Tm2/2 +�`2+2` /2H `2�HBbKQ M2+2b�`BQ T�`� TQ/2` p�HB/�` mM� BKTH2@
K2Mi�+BƦM `2�HX *�/� p2x 2tBbi2M bBKmH�/Q`2b K�b }2H2b � H� `2�HB/�/- T2`Q 2bi� MmM+� Tm2/2
b2` 2t�+i�K2Mi2 `2THB+�/�X SQ` 2HHQ- H�b ?2``�KB2Mi�b /2 bBKmH�+BƦM bQM Kmv ȹiBH2b T�`� 2H
/2b+�`i2 /2 B/2�b T2`Q MQ T�`� +QMb2;mB` mM� p�HB/�+BƦM �#bQHmi�X �H;mM�b /2 H�b HBKBi�+BQM2b
/2H bBKmH�/Q` miBHBx�/Q 2M 2bi2 i`�#�DQ b2 T`2b2Mi�M 2M H� a2++BƦM kXRXRX

SQ` 2HHQ- b2 Tm2/2 /2+B` [m2 K2/B�Mi2 H� bBKmH�+BƦM b2 +QMbB;m2 �?Q``Q 2pBi�M/Q ;�biQ-
+QMbB/2`�M/Qb2 mM� /2 H�b 7�b2b K�b BKTQ`i�Mi2b �Mi2b /2 `2�HBx�` mM� BMp2`bBƦMX

kXR "QQFbBKk
"QQFbBKk 2b mM bBKmH�/Q` /2 `2/2b /2 BMi2`+QM2tBƦM T`2b2Mi�/Q 2M (ky) [m2 2tiB2M/2 /2H

�Mi2`BQ` bBKmH�/Q` "QQFbBKX "QQFbBKk b2 +�`�+i2`Bx� TQ` HQ bB;mB2Mi2,

Ç "�b�/Q 2M +B+HQb, liBHBx� mM `2HQD ;HQ#�H T�`� ?�+2` iQ/�b H�b K2/B+BQM2bX G� bBKmH�+BƦM
iB2M2 /Qb T�`i2b, mM� /2 H2+im`� /2 iQ/Qb HQb /�iQb /2H 2MiQ`MQ bBKmH�/Q v Qi`� /2 2b+`B@
im`� T�`� [m2 iQ/Qb HQb +QKTQM2Mi2b �+im�HB+2M bmb /�iQbX .2 2bi� K�M2`�- +m�H[mB2`
2H2K2MiQ /2H bBbi2K� [m2 M2+2bBi2 Q#i2M2` mM /�iQ T�`� ?�+2` �H;mM� QT2`�+BƦM- TQ/`�
Q#i2M2`HQ 2M H� T`BK2`� 7�b2X

Ç aBKmH� � MBp2H /2 ~Bi, 1H mbQ /2 `2+m`bQb 2b bBKmH�/Q � MBp2H /2 ~Bi- /2i�HH�M/Q 2H T�bQ
/2 2biQb TQ` iQ/Qb HQb +QKTQM2Mi2b /2 H� `2/X

�/2K�b- 2b mM bBKmH�/Q` /2 `2/2b Kmv 7�KQbQ- +QM mM ;`�M MȹK2`Q /2 +Bi�b v TQ` 2HHQ b2 ?�
2b+Q;B/Q T�`� 2H i`�#�DQX hB2M2 mM 2M7Q[m2 � LQ*b UL2irQ`Fb QM *?BTV- T`2bi�M/Q �i2M+BƦM �
/2i�HH2b /2 KB+`Q�`[mBi2+im`�- H�i2M+B�b- 2i+X T2`Q i�K#BûM b2 ?� miBHBx�/Q T�`� bBKmH�+BƦM 2M
i`�#�DQb �+im�H2b [m2 MQ 2bi�M 2bT2+ő}+�K2Mi2 Q`B2Mi�/Qb � LQ*b +QKQ 2M (kR)@(k9) v 2H �[mő
T`2b2Mi2X S�`� H�Mx�` bBKmH�+BQM2b- 2H 2D2+mi�#H2 +QM 2H bBKmH�/Q` `2+B#2 +QKQ �`;mK2MiQ mM
}+?2`Q +QM iQ/Qb HQb T�`�K2i`Qb `2[m2`B/Qb T�`� H� bBKmH�+BƦMX �H;mMQb /2 2HHQb b2 2M+m2Mi`�M
2M H� h�#H� kXR- �H }M�H /2H +�TőimHQX

Rk



kXRX "QQFbBKk Rj

kXRXR GBKBi�+BQM2b /2H bBKmH�/Q`
*QM 2H mbQ /2H bBKmH�/Q`- b2 B/2MiB}+�M /B72`2Mi2b HBKBi�+BQM2b [m2 �72+i�M � H� 2tT2`B2M+B�

/2 mbm�`BQX � KQ/Q /2 p2` /2H �miQ` /2H T`2b2Mi2 i`�#�DQ- 2H mbQ v /2b�``QHHQ bQ#`2 2bi2
bBKmH�/Q` 2b /2 mM� +QKTH2DB/�/ Kmv �Hi� v b2 2+?�M 2M 7�Hi� �H;mMQb 2H2K2MiQb 2M 2bi2X

S�`� TQ/2` +QKT`2M/2` HQ [m2 ?�+2 2H bBKmH�/Q` ?�v [m2 H22`b2 2H +Ʀ/B;Q 2M T`Q7mM/B/�/- HQ
+m�H 2b �H;Q +QKTH2DQ v bmTQM2 +H�`�K2Mi2 mM� HBKBi�+BƦMX G�b /2b+`BT+BQM2b bQ#`2 2H bBKmH�/Q`
bQM BM+Q``2+i�b v 2b+�b�b i�MiQ 2M H� /Q+mK2Mi�+BƦM Q}+B�H +QKQ 2M HQb +QK2Mi�`BQb 2M 2H
+Ʀ/B;QX a2 miBHBx�M 2bi`m+im`�b /2 /�iQb- Q#D2iQb v p�`B�#H2b [m2 MQ 2bi�M 2tTHB+�/�b v MQ
iB2M2M MQK#`2b `2T`2b2Mi�iBpQbX SQ` 2HHQ- `2�HBx�` /2b�``QHHQ 2M 2bi2 bBKmH�/Q` 2b mM� i�`2�
+QKTHB+�/�X

�/2K�b- 2H bBKmH�/Q` MQ iB2M2 BKTH2K2Mi�/Q +QMi`QH /2 ~mDQ oB`im�H +mi@i?`Qm;? v bQHQ
i`�#�D� +QM rQ`K?QH2X aBM 2K#�`;Q- 2M 2H +�bQ /2 miBHBx�` T�[m2i2b /2 i�K�ƢQ mM ~Bi b2 Tm2/2
/2+B` [m2 �K#Qb +QMi`QH2b /2 ~mDQ bQM 2[mBp�H2Mi2b- T2`Q MQ b2 Tm2/2M miBHBx�` /B72`2Mi2b
i�K�ƢQb /2 T�[m2i2b bB b2 T`2i2M/2 miBHBx�` oB`im�H +mi@i?`Qm;?X SQ` 2HHQ- T�`� 2bi2 i`�#�DQ
b2 ?� miBHBx�/Q oB`im�H +mi@i?`Qm;? +QM T�[m2i2b /2 i�K�ƢQ mM ~BiX

1H mbQ /2 HQQF�?2�/ 2M mM� `2/ 2b mM� iû+MB+� T�`� H� `2/m++BƦM /2 H� H�i2M+B� /2 `2/
/2 mM T�[m2i2 � bm T�bQ TQ` mM `Qmi2`X 1bi�- b2 #�b� 2M ?�+2` 2H +�H+mHQ /2 H� 7mM+BƦM /2
2M+�KBM�KB2MiQ /2H bB;mB2Mi2 `Qmi2` mM� p2x b2 ?� ?2+?Q H� �bB;M�+BƦM /2 mM� +QH� �H T�[m2i2
2M 2H `Qmi2` �+im�H (RR- *�TőimHQ Re)X 1M H� a2++BƦM kXRXk- b2 p2 +QKQ �72+i� 2H HQQF�?2�/
2M 2H T�bQ /2 mM T�[m2i2 TQ` mM `Qmi2`X 1M "QQFbBKk- 2H mbQ /2H HQQF�?2�/ Tm2/2 HH2p�` �
`2bmHi�/Qb TQ+Q `2�HBbi�b /2#B/Q � [m2 MQ 2tBbi2 mM� T`QT�;�+BƦM 2M H� `2/ /2 H� BM7Q`K�+BƦM
/2 H� Q+mT�+BƦM /2 H�b +QH�b /2H bB;mB2Mi2 `Qmi2`X 1biQ 2bi� `2+QMQ+B/Q 2M (ky)X

G� iQTQHQ;ő� >vT2`s b2 2M+m2Mi`� 2M 2H bBKmH�/Q` #�DQ 2H MQK#`2 /2 ~�i@~v- T2`Q 2bi�
BM+QKTH2i� v bQHQ b2 Tm2/2 bBKmH�` ?�bi� /Qb /BK2MbBQM2b- +QM p�HQ`2b /2 c +m�/`�/QbX aBM
2K#�`;Q- +QKQ b2 ?� pBbiQ 2M H� a2++BƦM RXjXR- H� iQTQHQ;ő� b2 Tm2/2 /2}MB` T�`� +m�H[mB2` k-
n v c = kX

1H bBKmH�/Q` BKTH2K2Mi� i`2b KQ/2HQb /2 `Qmi2`b- T2`Q /Qb /2 2HHQb 2bi�M +QKTH2i�K2Mi2
/2b7�b�/QbX 1H K�b �+im�H 2b mM BMTmi@[m2m2 `Qmi2` (RR)- (k8)- [m2 �/2K�b 2bi� HBKBi�/Q TQ` MQ
i2M2` �H;mM� 7mM+BQM�HB/�/ mbm�H +QKQ 2H `2+ƦKTmiQ /2 H� 7mM+BƦM /2 2M+�KBM�KB2MiQ T�`�
mM T�[m2i2 [m2 2M H� 2i�T� /2 �bB;M�+BƦM /2H +�M�H pB`im�H /2H bB;mB2Mi2 b�HiQ MQ ?� i2MB/Q
MBM;mM� �bB;M�+BƦMX G� /2b+`BT+BƦM /2 2bi�b 2i�T�b b2 p2M 2M H� a2++BƦM kXRXkX

kXRXk .2i�HH2b /2H `Qmi2`
1H `Qmi2` BMTmi@[m2m2 BKTH2K2Mi�/Q 2M "QQFbBKk b2 +QKTQM2 /2 H�b bB;mB2Mi2b 2i�T�b,

RX *ƦKTmiQ /2 H� 7mM+BƦM /2 2M+�KBM�KB2MiQ, �[mB 2H `Qmi2` +QKTmi� H� 7mM+BƦM /2 2M@
+�KBM�KB2MiQ v /2pm2Hp2 mM +QMDmMiQ /2 +�M�H2b pB`im�H2b TQbB#H2bX

kX �bB;M�+BƦM /2 +�M�H pB`im�H /2H bB;mB2Mi2 b�HiQ, 1H `Qmi2` �bB;M� mM +�M�H pB`im�H /2H
+QMDmMiQ `2iQ`M�/Q TQ` H� 7�b2 /2 `QmiBM;X

jX �bB;M�+BƦM /2 `2+m`bQb /2H +`Qbb#�`, 1H `Qmi2` �bB;M� �H T�[m2i2 mM� 2Mi`�/� v mM�
b�HB/� �H +`Qbb#�`X

9X S�bQ /2H +`Qbb#�`, 1H T�[m2i2 b�H2 /2 H� +QH� /2H Tm2`iQ BMTmi v T�b� � H� +QH� /2 mM
Tm2`iQ /2 b�HB/�X
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8X S�bQ �H bB;mB2Mi2 `Qmi2`, 1H T�[m2i2 b�H2 /2H `Qmi2` �+im�H v HH2;� �H bB;mB2Mi2X

GQb +`û/BiQb /2 H�b +QH�b /2H bB;mB2Mi2 b�HiQ b2 +QMbmK2M 2M H� 2i�T� jX GQb +�M�H2b pB`im�H2b
/2 HQb Tm2`iQb /2 b�HB/� b2 KQ/2H�M +QKQ mM� ȹMB+� +QH� 6A6P T�`� +�/� Tm2`iQ- /QM/2 b2
DmMi� 2H i`�}+Q /2 iQ/Qb HQb +�M�H2b pB`im�H2b v p� b�HB2M/Q mMQ � mMQX

1H T�bQ /2 mM T�[m2i2 TQ` 2H `Qmi2`- bBM MBM;mM� KQ/B}+�+BƦM- +QMbi�`ő� �H K2MQb /2 9
+B+HQb- �mM[m2 b2 Tm2/2 `2/m+B` � kX liBHBx�M/Q 2bT2+mH�+BƦM b2 Tm2/2M ?�+2` 2M T�`�H2HQ H�b
2i�T�b k v j- v �+iBp�M/Q 2H HQQF�?2�/ 2H T�[m2i2 MQ T�b� TQ` H� 2i�T� R v 2bi� b2 +QKTmi�
2M H� 7�b2 9 /2H `Qmi2` �Mi2`BQ`- +m�M/Q 2H T�[m2i2 iB2M2 �bB;M�/Q � mM� +QH� /2 b�HB/�X S�`�
[m2 2H `Qmi2` MQ bmTQM;� mM +m2HHQ /2 #Qi2HH� 2M H� `2/ b2 p� � miBHBx�` bT22/mT BMi2`MQ v
bT22/mTb 2M 2H +`Qbb#�`RX

kXk .2b�``QHHQ `2�HBx�/Q
.2#B/Q � H�b `2bi`B++BQM2b v HBKBi�+BQM2b 2M H� BKTH2K2Mi�+BƦM Q`B;BM�H /2 H� iQTQHQ;ő�

>vT2`s b2 ?� BKTH2K2Mi�/Q /2 +2`Q 2bi� iQTQHQ;ő�X �/2K�b- b2 ?�M /2b�``QHH�/Q /B72`2Mi2b
2M+�KBM�KB2MiQb v T�i`QM2b /2 i`�}+Q 2bT2+ő}+Qb T�`� 2HH�X 1H i`�#�DQ b2 ?� B/Q /2b�``QHH�M/Q
/2 7Q`K� Bi2`�iBp� v miBHBx�M/Q 2H bBbi2K� /2 +QMi`QH /2 p2`bBQM2b :Bi (ke) /QM/2 b2 ?�M B/Q
;m�`/�M/Q HQb +�K#BQb bQ#`2 2H +Ʀ/B;QX 1H `2TQbBiQ`BQ b2 2M+m2Mi`� /BbTQMB#H2 2M 2H bB;mB2Mi2
2MH�+2kX

1M ;2M2`�H- T�`� H� p�HB/�+BƦM /2 H� BKTH2K2Mi�+BƦM b2 ?� +QKT`Q#�/Q /2 7Q`K� 2t?�mbiBp�
[m2 H�b Kûi`B+�b `2bmHi�Mi2b /2 H�b bBKmH�+BQM2b b2 �+2`[m2M � HQb p�HQ`2b i2Ʀ`B+Qb +�H+mH�/Qb
T�`� +�/� bBKmH�+BƦMX �/2K�b- 2M H� K2/B/� /2 HQ TQbB#H2- b2 ?�M +QMi`�bi�/Q 2biQb `2bmHi�/Qb
+QM `2bmHi�/Qb 2M H� BKTH2K2Mi�+BƦM Q`B;BM�HX u TQ` ȹHiBKQ- 2M Km+?Qb +�bQb b2 ?�M +QKT�`�/Q
HQb `2bmHi�/Qb Q#i2MB/Qb 2M "QQFbBKk +QM HQb Q#i2MB/Qb 2M Qi`Qb bBKmH�/Q`2b v i`�#�DQbX 1biQ
?�+2 #�bi�Mi2 2ti2Mb� v +QKTH2i� H� T�`i2 /2 p�HB/�+BƦM `2�HBx�/�X LQ b2 p� � �/DmMi�` mM
+QMDmMiQ /2 T`m2#�b 2bT2+ő}+�b /2 p�HB/�+BƦM /2 H� iQTQHQ;ő� TQ`[m2 MQ 2b 2H 2M7Q[m2 /2
2bi2 i`�#�DQ- T2`Q 2M H� a2++BƦM 8 b2 Tm2/2 +QKT`Q#�` [m2 HQb `2bmHi�/Qb Q#i2MB/Qb 2M H�b
+QM};m`�+BQM2b b2 �b2K2D�M � HQb p�HQ`2b i2Ʀ`B+Qb /2b+`BiQbX

G� Mm2p� BKTH2K2Mi�+BƦM /2 H� iQTQHQ;ő� >vT2`s �?Q`� �+2Ti� +m�H[mB2` +QM};m`�+BƦM /2
n- k v cX S�`� 2H KQ/2H�/Q /2 2bi� 2M 2H bBKmH�/Q`- b2 ?�M ?2+?Q /B72`2Mi2b 7Q`K�HBx�+BQM2b
/2 HQb +QKTQM2Mi2b /2 H� iQTQHQ;ő�X S�`� 2KT2x�`- b2 ?� /�/Q mM� MmK2`�+BƦM � HQb `Qmi2`b
/2 H� `2/,

_Qmi2`B/(�) =
n−1∑

i=0

kiai,

/QM/2 a `2T`2b2Mi� H�b +QQ`/2M�/�b +�`i2bB�M�b /2 mM `Qmi2` v ai 2b H� +QKTQM2Mi2 i- [m2
iQK� p�HQ`2b 2Mi`2 0 ≤ ai ≤ k− 1X aB2KT`2 b2 +mKTH2 [m2 0 ≤ _Qmi2`B/(�) ≤ kn− 1X �/2K�b-
i�K#BûM- b2 ?� /�/Q mM� MmK2`�+BƦM ;2M2`�H � HQb 2MH�+2b 2Mi`2 `Qmi2`b,

R1bi2 +QM+2TiQ MQ b2 ?� BMi`Q/m+B/Q 2M H� K2KQ`B� TQ`[m2 MQ b2 +QMbB/2`� 2b2M+B�H T�`� 2Mi2M/2` 2H i`�#�DQX
kGBMF �H `2TQbBiQ`BQ +QM 2H +Ʀ/B;Q /2b�``QHH�/Q, ?iiTb,ff;Bi?m#X+QKf�H2t+�MQN3f#QQFbBKkX;Bi UpBbBi�/Q 2H

kNfyefkykkVX



kXjX J2iQ/QHQ;Ō� R8

1MH�+2B/(�, #, /) = n(k − 1)_Qmi2`B/(a) + b(k − 1) + d,

/QM/2 a `2T`2b2Mi� H�b +QQ`/2M�/�b +�`i2bB�M�b /2 mM `Qmi2`- b 2b H� /BK2MbBƦM TQ` H� [m2
b�H2 2H 2MH�+2- +QM p�HQ`2b 2Mi`2 0 ≤ b ≤ n − 1 v d + 1 2b 2H /2bTH�x�KB2MiQ 2M H� /BK2MbBƦM
b2H2++BQM�/�- +QM p�HQ`2b 2Mi`2 0 ≤ d ≤ k − 2X aB2KT`2 b2 +mKTH2 [m2 0 ≤ 1MH�+2B/(�, #, /) ≤
n(k − 1)kn − 1X

u i�K#BûM b2 ?� /�/Q mM� MmK2`�+BƦM � HQb 2MH�+2b /2 BMv2++BƦMf+QMbmKQ- [m2 p�M TQ`
Qi`� T�`i2,

*QMbmKQB/(�,r) = c_Qmi2`B/(a) + w,

/QM/2 a `2T`2b2Mi� H�b +QQ`/2M�/�b +�`i2bB�M�b /2 mM `Qmi2`- w H� +QQ`/2M�/� /2H b2`pB/Q`
0 ≤ s ≤ c− 1 v c 2b H� +QM+2Mi`�+BƦMX

GQb 7mM+BQM2b /2 2M+�KBM�KB2MiQ BKTH2K2Mi�/�b T�`� H� iQTQHQ;ő� b2 2M+m2Mi`�M 7Q`K�HB@
x�/�b 2M HQb *�TőimHQb j v 9X �bBKBbKQ- HQb i`�}+Qb b2 2M+m2Mi`�M 2M 2H *�TőimHQ 8X

kXj J2iQ/QHQ;ő�
a2 ?�M /2b�``QHH�/Q p�`BQb b+`BTib 2M 2H H2M;m�D2 Svi?QM T�`� 2H H�Mx�KB2MiQ /2 T`m2#�b /2

7Q`K� �miQK�iBx�/� 2M mM bBbi2K� /2 ;2biBƦM /2 +QH�b aGl_J (kd)X S�`� 2HHQ- b2 ?� miBHBx�/Q
+QKQ �`;mK2MiQ mM }+?2`Q CaPL (k3) +QM iQ/�b H�b +QM};m`�+BQM2b /2 `2/ [m2 bBKmH�`X S�`�
H�Mx�` H�b bBKmH�+BQM2b b2 ?� ?2+?Q mbQ /2 mM +Hȹbi2` 7Q`K�/Q TQ` +BM+Q MQ/Qb- /QM/2 +�/�
MQ/Q 2bi� +QKTm2biQ TQ` /Qb bQ+F2ib AMi2H s2QM aBHp2` 9RR9X *�/� bQ+F2i +QMiB2M2 � bm p2x Ry
+Q`2b 7őbB+Qb- ?�+B2M/Q mM iQi�H /2 ky +Q`2b TQ` MQ/Q v Ryy 2M iQ/� H� K�[mBM�X LQ b2 miBHBx�
KmHiB@i?`2�/BM;X �/2K�b- H� K�[mBM� /BbTQM2 /2 jy:" /2 _�J TQ` MQ/QX

S�`� H�Mx�` mM� bBKmH�+BƦM 2M "QQFbBKk b2 T�b� +QKQ �`;mK2MiQ �H bBKmH�/Q` mM }+?2`Q /2
+QM};m`�+BƦM- BM/B+�M/Q HQb T�`�K2i`Qb 2bT2+ő}+Qb /2 H� bBKmH�+BƦMX lM 2b[m2K� /2 �H;mMQb
/2 HQb T�`�K2i`Qb K�b BKTQ`i�Mi2b b2 Tm2/2 p2` 2M H� h�#H� kXR- /QM/2 b2 2bT2+B}+� 2H MQK#`2
/2H T�`�K2i`Q- 2H iBTQ /2 +QKTQM2Mi2 �H [m2 �72+i�- 2H p�HQ` Q `�M;Q /2 p�HQ`2b +QM HQb [m2 b2
?� i`�#�D�/Q T�`� ?�+2` H�b bBKmH�+BQM2b v mM� /2b+`BT+BƦM bQ#`2 2H T�`�K2i`QX
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LQK#`2 hBTQ o�HQ` .2b+`BT+BƦM
k hQTQHQ;ő� 9@jk G�/Q /2 H� >vT2`sX
n hQTQHQ;ő� R@j LȹK2`Q /2 /BK2MbBQM2bX
c hQTQHQ;ő� 9@jk *QM+2Mi`�+BƦM Q MȹK2`Q /2

b2`pB/Q`2b TQ` `Qmi2`X
MmKnp+b _Qmi2` k@Rk LȹK2`Q /2 +�M�H2b pB`im�H2b

TQ` Tm2`iQ /2H `Qmi2`X
BMTminbT22/mT _Qmi2` k@Rk aT22/mT /2 2Mi`�/� �H +`Qbb@

#�`X
QmiTminbT22/mT _Qmi2` k@Rk aT22/mT /2 b�HB/� �H +`Qbb#�`X
BMD2+iBQMn`�i2 _Qmi2` 1.0 h�b� /2 BMv2++BƦMX
`QmiBM;n/2H�v _Qmi2` R *B+HQb [m2 i�`/� 2H `Qmi2` 2M

2H +�H+mHQ /2 H� 7mM+BƦM /2 2M@
+�KBM�KB2MiQX

bT2+mH�iBp2 _Qmi2` R U�+iBp�/QV 1bT2+mH�+BƦM 2M H� b2H2++BƦM
/2H +�M�H pB`im�H- b2 ?�+2M H�b
2i�T�b k v j � H� p2xX

�HHQ+nBi2`b _Qmi2` k@j Ai2`�+BQM2b T�`� ?�+2` �bB;M�@
+BQM2b 2M 2H �HHQ+�iQ` /2Mi`Q
/2 H�b 2i�T�b /2 �bB;M�+BƦM /2
+�M�H pB`im�H v �bB;M�+BƦM /2
Tm2`iQb /2H +`Qbb#�`X

p+n#mbvnr?2Mn7mHH _Qmi2` R U�+iBp�/QV *m�M/Q mM +�M�H pB`im�H /2
b�HB/� 2bi� HH2MQ v MQ iB2M2 +`û@
/BiQb MQ b2 H2 Tm2/2 �bB;M�`
Qi`Q T�[m2i2X *`őiB+Q 2M +m2b@
iBQM2b /2 /2�/HQ+F miBHBx�M/Q
mM 2M+�KBM�KB2MiQ +QM +�M�H
/2 2b+�T2X

p+nT`BQ`BiBx2n2KTiv _Qmi2` R U�+iBp�/QV S`BQ`Bx� +�M�H2b pB`im�H2b p�@
+BQbX

i`�{+ aBKmH�+BƦM h�#H�b, 8Xk- 8X9- 8Xe S�i`ƦM /2 i`�}+Q � mb�`X
`QmiBM;n7mM+iBQM aBKmH�+BƦM h�#H�b, 8XR- 8Xj- 8X8 6mM+BƦM /2 2M+�KBM�KB2MiQX

h�#H� kXR, S�`�K2i`Qb T�`� H� iQTQHQ;ő� >vT2`s mb�/Qb 2M H�b bBKmH�+BQM2bX



j 1M+�KBM�KB2MiQ KőMBKQ
1M 2bi2 +�TőimHQ b2 /2b+`B#2M H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ KőMBK�b +QM K�vQ` `2H2@

p�M+B� T�`� H� iQTQHQ;ő� 2bim/B�/�X S�`� +�/� 7mM+BƦM /2 2M+�KBM�KB2MiQ- b2 2bT2+B}+�`� bm
+H�bB}+�+BƦM /2Mi`Q /2 H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ- +ƦKQ 2pBi� 2H /2�/HQ+F- HQb `2+m`bQb
[m2 M2+2bBi� v H� /2}MB+BƦM 7Q`K�H /2 H� 7mM+BƦM /2 2M+�KBM�KB2MiQ T�`� mM� >vT2`s k. /2
H�/Q kX a2 /2b+`B#2M 2M k. T�`� bBKTHB}+�` H� 2tTQbB+BƦMX G�b /2}MB+BQM2b ;2M2`�HBx�M � K�b
/BK2MbBQM2b v 2b +QKQ 2bi�M BKTH2K2Mi�/�b 2M 2H +Ʀ/B;Q /2b�``QHH�/Q T�`� 2bi2 i`�#�DQX _2b@
T2+iQ � H� 7Q`K�HBx�+BƦM- b2 T�b� � /2}MB` H� 7mM+BƦM s /2 �vm/�- [m2 �bB;M� mM� MmK2`�+BƦM
� HQb Tm2`iQb /2 b�HB/� /2 +�/� MQ/Q T�`� B` /2 mM MQ/Q a � mM MQ/Q b �/v�+2Mi2,

s(a, b, i) = i(k − 1) + ((bi − ai − 1) KQ/ k) ,

/QM/2 a 2b 2H MQ/Q �+im�H- b 2b 2H MQ/Q /2biBMQ- k 2b mM� +QMbi�Mi2 [m2 `2T`2b2Mi� 2H H�/Q /2
H� `2/ >vT2`s 2 i 2b H� /BK2MbBƦM TQ` H� [m2 b2 [mB2`2 b�HB`X G�b p�`B�#H2b ai v bi `2T`2b2Mi�M
H�b T`Qv2++BQM2b /2 a v b 2M H� /BK2MbBƦM i, 0 ≤ i ≤ n− 1X �/2K�b- T�`� +m�H[mB2` MQ/Q a v
/BK2MbBƦM i 2M H� `2/- b2 +mKTH2 [m2, 0 ≤ ai ≤ k − 1X 1M `2bmK2M- H� 7mM+BƦM s /2pm2Hp2 2H
Tm2`iQ /2 b�HB/� /2 a +Q``2bTQM/B2Mi2 T�`� �+2`+�`b2 � b 2M H� /BK2MbBƦM iX lM 2D2KTHQ /2H
2MmK2`�/Q 2M /Qb `Qmi2`b /B72`2Mi2b 2M mM� `2/ >vT2`s k. b2 p2 2M H� 6B;m`� jXRX *m�M/Q HQb
p2+iQ`2b /2 /Qb MQ/Qb iB2M2M 2H KBbKQ p�HQ` 2M H� +QKTQM2Mi2 i- b2 /B+2 [m2 2bi�M �HBM2�/Qb
2M H� /BK2MbBƦM i v MQ ?�+2 7�Hi� KQp2`b2 2M 2b� /BK2MbBƦM T�`� HH2;�` �H /2biBMQX
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Uy-jV

Uy-kV

Uy-RV

Uy-yV UR-yV Uk-yV Uj-yV
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Uk-RV

Uj-RV

UR-RV

Uk-jV

Uk-kV Uj-kV

Uj-jV

Uk-RV Uj-RV
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6B;m`� jXR, 1D2KTHQ /2 2iB[m2i�/Q /2 HQb Tm2`iQb /2 b�HB/� /2 /Qb `Qmi2`b /B72`2Mi2b 2M mM� >vT2`s
k.X

S�`� /2}MB` H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ b2 p�M � b2;mB` H�b 2bi`m+im`�b T`2b2Mi�/�b
2M H� a2++BƦM RXjXjX S�`� /BbiBM;mB` 2Mi`2 HQb 2H2K2MiQb /2Mi`Q /2 P(Q) b2 p� � /2}MB` mM�
MQi�+BƦM T�`� /2bB;M�` �H;mMQb /2 2HHQb,

Rd



R3 1M+�KBM�KB2MiQ KŌMBKQ

Ç a2 /2}M2 Q(a,i) +QKQ 2H +QMDmMiQ /2 +�M�H2b pB`im�H2b /2H Tm2`iQ i 2M mM MQ/Q aX *QM
2biQ- Q(a,s(a,b,0)) 2b 2H +QMDmMiQ /2 +�M�H2b pB`im�H2b /2H Tm2`iQ s(a, b, 0) TQ` 2H +m�H MQb
�+2`[m2KQb � b 2M H� /BK2MbBƦM 0 /2b/2 aX

Ç a2 /2}M2 Q(a,+QMbmKQ) +QKQ 2H +QMDmMiQ /2 +�M�H2b pB`im�H2b [m2 +QMbmK2M HQb T�[m2i2b-
2b /2+B`- [m2 p�M � HQb b2`pB/Q`2b /2b/2 2b2 `Qmi2`X

Ç a2 /2}M2 Q(a,BMv2++BƦM) +QKQ 2H +QMDmMiQ /2 +�M�H2b pB`im�H2b [m2 BMv2+i�M T�[m2i2b � H�
`2/- 2b /2+B`- ;2M2`�/Q /2b/2 HQb b2`pB/Q`2b /2 2b2 `Qmi2`X

�/2K�b- T�`� H� /2}MB+BƦM /2 �H;mMQb 2M+�KBM�KB2MiQb b2 p� � ?�+2` mbQ /2 mM� MQi�+BƦM
BMbTB`�/� 2M 2H Ap2`bQM #`�+F2i (Rj)- /QM/2,

[Q bB P ] =

{
Q bB P 2b o2`/�/2`Q,
∅ 2M +�bQ +QMi`�`BQ.

jXR .BK2MbBQM@P`/2`@_QmiBM;
.P_ (RR- *�TőimHQ 3) 2b mM 2M+�KBM�KB2MiQ /2i2`KBMBbi� [m2 �i`�pB2b� H�b /BK2MbBQM2b

/2 H� `2/ 2M Q`/2M T�`� 2pBi�` 2H /2�/HQ+FX SQ` 2HHQ- 2bi2 2M+�KBM�KB2MiQ 2pBi� 2H /2�/HQ+F
K2/B�Mi2 H� `2bi`B++BƦM /2 `mi�bX 1H T�[m2i2 MQ +�K#B� /2 /BK2MbBƦM ?�bi� [m2 MQ b2 �HBM2�
+QM 2H /2biBMQ 2M H� /BK2MbBƦM Q`/2M�/� K�b #�D�X G� /2}MB+BƦM /2 H� 7mM+BƦM .P_ T�`� mM�
>vT2`s k. KQpBûM/Qb2 T`BK2`Q 2M H� /BK2MbBƦM x v Hm2;Q 2M H� y U+QKQ 2M H� 6B;m`� jXkV
b2`ő� H� bB;mB2Mi2,

.P_(a, b) =






Q(a,s(a,b,0)) bB a0 *= b0,
Q(a,s(a,b,1)) bB a0 = b0 ∧ a1 *= b1,
Q(b,+QMbmKQ) bB a = b.

1M H� 6B;m`� jXk b2 p2M /B72`2Mi2b 2biBHQb /2 ~2+?� `2T`2b2Mi�M/Q HQb +�KBMQb [m2 b2;mB`ő�M
HQb T�[m2i2b /2b/2 mM MQ/Q 7m2Mi2 � mM /2biBMQX 1H +�KBMQ M2;`Q /2 TmMiQb 2M H� };m`�
2KTB2x� 2M H�b +QQ`/2M�/�b /2H `Qmi2` (2, 2)- b�Hi� �H (0, 2) v HH2;� �H `Qmi2` /2biBMQ +QM
+QQ`/2M�/�b (0, 3)X a2 ?� �HBM2�/Q +QM 2H /2biBMQ T`BK2`Q 2M H� +QQ`/2M�/� x v Hm2;Q 2M H�
yX �/2K�b- b2 Tm2/2M +QMi�` /Qb b�HiQb 2ti`�- /2b/2 2H b2`pB/Q` BMv2+iQ` �H T`BK2` `Qmi2`,
(wi, 2, 2) −→ (2, 2) v /2b/2 2H `Qmi2` /2biBMQ �H b2`pB/Q` /2biBMQ, (0, 3) −→ (wj , 0, 3)X a2`ő�M mM
iQi�H /2 +m�i`Q b�HiQb- T2`Q MQ`K�HK2Mi2 b2 /2b+�`i�M HQb b�HiQb b2`pB/Q` −→ `Qmi2` v `Qmi2`
−→ b2`pB/Q` v bQHQ b2 +m2Mi�M HQb `Qmi2` −→ `Qmi2` TQ` HQ [m2 [m2/�M mM iQi�H /2 /Qb b�HiQbX

h�K#BûM- b2 Tm2/2M `2+Q``2` H�b /BK2MbBQM2b 2M Q`/2M BMp2`bQ,

.P_nALo(a, b) =






Q(a,s(a,b,1)) bB a1 *= b1,
Q(a,s(a,b,0)) bB a1 = b1 ∧ a0 *= b0,
Q(b,+QMbmKQ) bB a = b.



jXkX hm`M KQ/2H KŌMBKQ RN

Uy-jV

Uy-kV UR-kV

UR-jV

Uy-RV

Uy-yV UR-yV

UR-RV

Uk-jV

Uk-kV Uj-kV

Uj-jV

Uk-RV

Uk-yV Uj-yV

Uj-RV

6B;m`� jXk, 1D2KTHQb /2 /B72`2Mi2b +�KBMQb .P_ `2T`2b2Mi�/Qb +QM +QHQ`2b /B72`2Mi2b 2M mM� `2/
>vT2`sX

jXk hm`M KQ/2H KőMBKQ
1H 2M+�KBM�KB2MiQ hm`M KQ/2H KőMBKQ 2b mM 2M+�KBM�KB2MiQ �/�Ti�iBpQ K2/BQ [m2 `2b@

i`BM;2 H�b `mi�b 2bi`B+i�K2Mi2 M2+2b�`B�b T�`� 2pBi�` 2H /2�/HQ+FX 1b K�b �/�Ti�iBpQ [m2 2H
2M+�KBM�KB2MiQ .P_- T2`Q T2`KBi2 K2MQb `mi�b [m2 mM 2M+�KBM�KB2MiQ 7mHHv@�/�TiBp2X 1H
hm`M KQ/2H 2b BMi`Q/m+B/Q 2M (R3) /QM/2 2H �H;Q`BiKQ /2 2M+�KBM�KB2MiQ KőMBKQ T@+m#2 2b@
i�#� /Bb2Ƣ�/Q T�`� mM ?BT2`+m#Q- T2`Q b2 Tm2/2 ;2M2`�HBx�` T�`� mM� >vT2`s /2 H�/Q K�vQ`
� /Qb (kN),

hl_LnJP.1G(a, b) = [.P_(a, b) bB a0 < b0] ∪ [.P_nALo(a, b) bB a1 < b1]

∪ [.P_(a, b) bB a0 > b0 ∧ a1 ≥ b1] ∪ [.P_nALo(a, b) bB a1 > b1 ∧ a0 ≥ b0]

∪
[
Q(b,+QMbmKQ) bB a = b

]

1H hm`M JQ/2H- bB2M/Q mM 2M+�KBM�KB2MiQ +QM K�b �/�Ti�iBpB/�/ [m2 mM .P_- iB2M2 2H
T`Q#H2K� /2 [m2 ?�v MQ/Qb [m2 T�`� mM /2biBMQ bQHQ Tm2/2M ;2M2`�` +�KBMQb /2i2`KBMBbi�b v
Qi`Qb +QKTH2i�K2Mi2 �/�Ti�iBpQbX 1bi� �bBK2i`ő� ?�+2 [m2 2H mbQ /2 H� `2/ 2biû /2b#�H�M+2�/QX
a2 Tm2/2 p2` mM 2D2KTHQ 2M H� 6B;m`� jXj- /QM/2 T�`� B` /2H (1, 1) �H (3, 3) ?�v /Qb +�KBMQb
/BbTQMB#H2b- T2`Q T�`� B` /2H (2, 2) �H (0, 3) bQHQ ?�v mMQ /BbTQMB#H2X

jXj PRhm`M
1H PRhm`M 2b mM 2M+�KBM�KB2MiQ �/�Ti�iBpQ 7m2Mi2 BMi`Q/m+B/Q 2M (jy)X 1M PRhm`M- +m�M@

/Q mM T�[m2i2 �i`�pB2b� H� +QH� /2 BMv2++BƦM b2 /2+B/2 � i`�pûb /2 mM� 7mM+BƦM /2 T2bQ bB 2bi2
/2#2 �i`�p2b�` H�b /BK2MbBQM2b 2M Q`/2M Q 2M Q`/2M BMp2`bQX S�`� 2pBi�` 2H /2�/HQ+F- b2 �bB;@
M� H� KBi�/ /2 HQb +�M�H2b pB`im�H2b T�`� B` .P_ UtvV v H� Qi`� KBi�/ T�`� B` .P_ BMp2`bQ
UvtVX �K#�b T�`iB+BQM2b /2 +�M�H2b pB`im�H2b b2 `2+Q``2M BM/2T2M/B2Mi2K2Mi2 bBM +B+HQb- v mM
T�[m2i2 MQ Tm2/2 +�K#B�`b2 /2 T�`iB+BƦM mM� p2x b2� BMi`Q/m+B/Q 2M mM� /2 H�b /Qb- Hm2;Q



ky 1M+�KBM�KB2MiQ KŌMBKQ

Uy-jV

Uy-kV UR-kV

UR-jV

Uy-RV

Uy-yV UR-yV

UR-RV

Uk-jV

Uk-kV Uj-kV

Uj-jV

Uk-RV

Uk-yV Uj-yV

Uj-RV

6B;m`� jXj, 1D2KTHQb /2 H� �/�Ti�iBpB/�/ /2H hm`M KQ/2H /2T2M/B2M/Q /2H T�` 7m2Mi2@/2biBMQ 2M mM�
`2/ >vT2`sX

MQ 2tBbi2 /2�/HQ+F 2M H� `2/X S�`� H� 7Q`K�HBx�+BƦM /2H 2M+�KBM�KB2MiQ- H� T`BK2`� KBi�/
/2 HQb +�M�H2b pB`im�H2b 2bi� /2Mi`Q /2H +QMDmMiQ QA v � H� b2;mM/� KBi�/ 2M QBX SQ` 2HHQ-
Q := QA ∪QBX 1H 2M+�KBM�KB2MiQ b2 7Q`K�HBx� /2 H� bB;mB2Mi2 K�M2`�,

PRhl_L(qa, b) =






.P_(a, b) ∩QA bB qa ∈ Q(a,BMv2++BƦM) ∧ f(a, b) = 0,

.P_nALo(a, b) ∩QB bB qa ∈ Q(a,BMv2++BƦM) ∧ f(a, b) = 1,

.P_(a, b) ∩QA bB qa ∈ QA,

.P_nALo(a, b) ∩QB bB qa ∈ QB,
Q(b,+QMbmKQ) bB a = b,

/QM/2 f(a, b) BM/B+� H� b�HB/� +QM K2MQ` Q+mT�+BƦM 2M HQb #mz2`2b 2Mi`2 .P_(a, b) v
.P_nALo(a, b)X 1M +�bQ /2 +QBM+B/B` �K#�b Q+mT�+BQM2b- /2pm2Hp2 mM� �H2�iQ`B�X

jX9 JőMBKQ +QM +�M�H /2 2b+�T2
JőMBKQ +QM +�M�H /2 2b+�T2 2b mM 2M+�KBM�KB2MiQ +QKTH2i�K2Mi2 �/�Ti�iBpQX liBHBx� mM

bm#+QMDmMiQ /2 HQb +�M�H2b pB`im�H2b T�`� miBHBx�`H2b /2 7Q`K� +QKTH2i�K2Mi2 �/�Ti�iBp� v
`2b2`p� mM bm#+QMDmMiQ /BbDmMiQ +QM 2bi2 T�`� `QKT2` 2H /2�/HQ+F (Re)- (Rd)X � 2bi2 ȹHiBKQ
bm#+QMDmMiQ b2 H2 /2MQKBM� +�M�H /2 2b+�T2 v b2 miBHBx�`�M +QM 2M+�KBM�KB2MiQ .P_X 1H
+�M�H /2 2b+�T2 +QMpB2`i2 2H ;`�7Q /2 /2T2M/2M+B�b /2 +QH�b 2M /BM�KB+�K2Mi2 �+ő+HB+Q- HQ
+m�H- HB#2`� /2 /2�/HQ+F 2H 2M+�KBM�KB2MiQX

S�`� ?�+2` mM� /BbiBM+BƦM 2Mi`2 HQb +�M�H2b pB`im�H2b /2 2b+�T2 v +QKTH2i�K2Mi2 �/�Ti�iB@
pQb- b2 /2}M2 Q +QKQ 2H +QMDmMiQ iQi�H /2 +�M�H2b pB`im�H2b- Qc +QKQ 2H +QMDmMiQ /2 +�M�H2b
[m2 MQ bQM /2 2b+�T2 v Q1 +QKQ 2H +QMDmMiQ /2 +�M�H2b /2 2b+�T2X



jX8X JŌMBKQ +QM 2b+�H2`� kR

1a*�S1nJAL(a, b) = (.P_(a, b) ∩Q1) ∪
[
Q(a,s(a,b,0)) ∩Qc bB a0 *= b0

]

∪
[
Q(a,s(a,b,1)) ∩Qc bB a1 *= b1

]
∪
[
Q(b,+QMbmKQ) bB a = b

]
,

/QM/2 (.P_(a, b)∩Q1) `2T`2b2Mi� H� `mi� /2 2b+�T2 v (Q(a,s(a,b,i))∩Qc) `2T`2b2Mi� H� `mi�b
+QKTH2i�K2Mi2 �/�Ti�iBp�bX

1b BKTQ`i�Mi2 MQ T2`KBiB` [m2 mM T�[m2i2 b2 [m2/2 #HQ[m2�/Q 2M H� +�#2x� /2 mM� +QH�
2bT2`�M/Q 2t+HmbBp�K2Mi2 H� HB#2`�+BƦM /2 mM +�M�H pB`im�H �/�Ti�iBpQX 1H +QKB2MxQ /2 mM
/2�/HQ+F b2 7Q`K� bB2KT`2 +QM mM T�[m2i2 #HQ[m2�/Q 2M H� +�#2x� /2 mM +�M�H pB`im�H (Rd-
G2K� R)- TQ` 2HHQ- /�M/Q bB2KT`2 H� QT+BƦM /2 B`b2 TQ` 2H +�M�H /2 2b+�T2- 2p2Mim�HK2Mi2 b2
HB#2`�`� v 2H T�[m2i2 �p�Mx�`� bBM /2�/HQ+F 2M H� `2/X

jX8 JőMBKQ +QM 2b+�H2`�
JőMBKQ +QM 2b+�H2`� 2b mM 2M+�KBM�KB2MiQ +QKTH2i�K2Mi2 �/�Ti�iBpQX 1H KûiQ/Q /2 H�

2b+�H2`� /� mM� Q`/2M�+BƦM � HQb +�M�H2b pB`im�H2b /2 +�/� Tm2`iQ- v HQb T�[m2i2b HQb �i`�pB2b�M
/2 7Q`K� �b+2M/2Mi2X 1biQ `QKT2 H�b /2T2M/2M+B�b 2M 2H ;`�7Q /2 /2T2M/2M+B�b /2 +QH�b (RR-
*�TőimHQ R9)- (jR) v 2bi� iû+MB+� i�K#BûM 2b +QMQ+B/� +QKQ /Bbi�M+2 Q`/2`2/ +H�bb2bX S�`� H�
BKTH2K2Mi�+BƦM /2 2bi2 2M+�KBM�KB2MiQ- b2 M2+2bBi� [m2 2H MȹK2`Q /2 +�M�H2b pB`im�H2b TQ`
Tm2`iQ b2� K�vQ` Q B;m�H �H +�KBMQ KőMBKQ K�b H�`;Q UQ �H MȹK2`Q /2 b�HiQb K�tBKQ [m2 b2
p�v� � /�` 2M H� `2/V v /�` mM� MmK2`�+BƦM � HQb +�M�H2b pB`im�H2bX a2 /2}M2 h +QKQ 2H 2Mi2`Q
[m2 `2T`2b2Mi� 2H MȹK2`Q /2 b�HiQb �+im�H2b /2H T�[m2i2 v Qh 2H +QMDmMiQ /2 +�M�H2b pB`im�H2b
MmK2`�/Qb +QKQ h,

1a*�G1_�nJAL(a, b) =
[
Q(a,s(a,b,0)) ∩Qh bB a0 *= b0

]

∪
[
Q(a,s(a,b,1)) ∩Qh bB a1 *= b1

]
∪
[
Q(b,+QMbmKQ) bB a = b

]
.



9 1M+�KBM�KB2MiQ MQ KőMBKQ
1M 2bi2 +�TőimHQ b2 /2b+`B#2M H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ MQ KőMBK�b +QM K�vQ` `2H2@

p�M+B� T�`� H� iQTQHQ;ő� 2bim/B�/�X S�`� +�/� 7mM+BƦM /2 2M+�KBM�KB2MiQ- b2 2bT2+B}+�`� bm
+H�bB}+�+BƦM /2Mi`Q /2 H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ- +ƦKQ 2pBi� 2H /2�/HQ+F- HQb `2+m`bQb
[m2 M2+2bBi� v H� /2}MB+BƦM 7Q`K�H /2 H� 7mM+BƦM /2 2M+�KBM�KB2MiQ T�`� mM� >vT2`s k.
/2 H�/Q kX G�b 7Q`K�HBx�+BQM2b b2 HH2p�`�M � +�#Q +QM H� KBbK� MQi�+BƦM /2b+`Bi� T�`� 2H
*�TBimHQ jX .2 Mm2pQ- b2 2tTQM2 2H +�bQ k. T�`� bBKTHB}+�` H� H2+im`�X

S�`� 2biQb 2M+�KBM�KB2MiQb- b2 BMi`Q/m+2 2H iû`KBMQ KBbb@?QT [m2 `2T`2b2Mi� mM b�HiQ �
mM MQ/Q [m2 MQ 2bi� �HBM2�/Q +QM 2H /2biBMQ 2M mM� /BK2MbBƦMX � 2t+2T+BƦM /2 o�HB�Mi- H�b
bB;mB2Mi2b 7mM+BQM2b /2 2M+�KBM�KB2MiQ b2H2++BQM�M mM `Qmi2` 2M +�/� /BK2MbBƦM MQ �HBM2�/Q
+QM 2H /2biBMQ TQ` bB b2 [mB2`2 B` MQ KőMBKQ 2M 2b� /BK2MbBƦM �Mi2b /2 KQp2`b2 �H MQ/Q
�HBM2�/QX

9XR o�HB�Mi
o�HB�Mi 2b 2H 2M+�KBM�KB2MiQ MQ KőMBKQ K�b 2ti2M/B/Q (jk)X *�/� T�[m2i2 BMv2+i�/Q 2M H�

`2/ 2b �bB;M�/Q +QM mM `Qmi2` 2b+Q;B/Q �H2�iQ`B�K2Mi2 T�`� [m2 2H T�[m2i2 iQK2 H� bB;mB2Mi2
/B`2++BƦM, 7m2Mi2 −→ BMi2`K2/BQ −→ /2biBMQX *QM 2biQ- b2 HQ;`� `2T�`iB` 2H i`�}+Q mMB7Q`K2@
K2Mi2 TQ` iQ/� H� `2/ BM/2T2M/B2Mi2K2Mi2 /2H T�i`ƦM /2H KBbKQ- T2`Q i�K#BûM b2 b�+`B}+�
2H `2M/BKB2MiQ /2#B/Q � [m2 +�/� T�[m2i2 /� 2H /Q#H2 /2 b�HiQb TQ` H� `2/X LQ`K�HK2Mi2-
o�HB�Mi 2b mM #m2M 2M+�KBM�KB2MiQ �Mi2 i`�}+Q �/p2`bQ v bB`p2 /2 `272`2M+B� T�`� +QKT�`�`
+QM Qi`Qb 2M+�KBM�KB2MiQb MQ KőMBKQbX aBM 2K#�`;Q- T�`� i`�}+Qb #2MB;MQb b2 [m2/� H2DQb
/2 HH2;�` � mM `2bmHi�/Q ƦTiBKQX

S�`� 2pBi�` 2H /2�/HQ+F- H� T`BK2`� KBi�/ /2 HQb +�M�H2b pB`im�H2b b2 mb� T�`� B` /2H MQ/Q
7m2Mi2 �H BMi2`K2/BQ +QM 2M+�KBM�KB2MiQ .P_X G� b2;mM/� KBi�/- /2H BMi2`K2/BQ �H /2biBMQ-
b2 ?�+2 i�K#BûM +QM 2M+�KBM�KB2MiQ .P_X SQ` 2HHQ- 2b mM 2M+�KBM�KB2MiQ 2bi�iB+Q mM� p2x
b2 +QMQ+2 2H MQ/Q BMi2`K2/BQX a2 Tm2/2 /2}MB` o�HB�Mi +QKQ mM 2M+�KBM�KB2MiQ +QM k 7�b2b,

RX LQ/Q 7m2Mi2 � MQ/Q BMi2`K2/BQ, miBHBx� 2H +QMDmMiQ /2 +QH�b QA

kX LQ/Q BMi2`K2/BQ � MQ/Q /2biBMQ, miBHBx� 2H +QMDmMiQ /2 +QH�b QB

*m�MiQ HH2;�KQb �H MQ/Q BMi2`K2/BQ- +�K#B�KQb /2 7�b2 = 0 � 7�b2 = 1

o�GA�Lh(a, b) =






.P_(a, BMi) ∩QA bB 7�b2 = 0,

.P_(a, b) ∩QB bB 7�b2 = 1,
Q(b,+QMbmKQ) bB a = b,

/QM/2 BMi 2b 2H MQ/Q BMi2`K2/BQ b2H2++BQM�/Q �H2�iQ`B�K2Mi2X �/2K�b- i�K#BûM b2 ?� BK@
TH2K2Mi�/Q mM o�HB�Mi [m2 miBHBx� 2b+�H2`� 2M H�b /Qb 7�b2b T�`� 2pBi�` 2H /2�/HQ+F,

kk



9XkX hm`M KQ/2H MQ KŌMBKQ kj

o�GA�Lhn1a*�G1_�(a, b) =
[
Q(a,s(a,BMi,0)) ∩Qh bB a0 *= BMiy ∧ 7�b2 = 0

]

∪
[
Q(a,s(a,BMi,1)) ∩Qh bB a1 *= BMiR ∧ 7�b2 = 0

]
∪
[
Q(a,s(a,b,0)) ∩Qh bB a0 *= b0 ∧ 7�b2 = 1

]

∪
[
Q(a,s(a,b,1)) ∩Qh bB a1 *= b1 ∧ 7�b2 = 1

]
∪
[
Q(b,+QMbmKQ) bB a = b

]
.

9Xk hm`M KQ/2H MQ KőMBKQ
hm`M KQ/2H MQ KőMBKQ 2b mM 2M+�KBM�KB2MiQ �/�Ti�iBpQ K2/BQX _2bi`BM;2 H�b `mi�b 2bi`B+@

i�K2Mi2 M2+2b�`B�b T�`� 2pBi�` 2H /2�/HQ+F (R3)X � /B72`2M+B� /2 o�HB�Mi- b2 2b+Q;2 TQ` +�/�
/BK2MbBƦM MQ �HBM2�/� +QM 2H /2biBMQ mM MQ/Q 2M 2b� /BK2MbBƦM [m2 MQ 2biû �HBM2�/Q +QM 2H
MQ/Q /2biBMQ- v b2 iQK�`� mM� /2+BbBƦM KőMBK� UB` �H MQ/Q �HBM2�/QV Q MQ KőMBK� UB` �H MQ/Q
MQ �HBM2�/QV- b2;ȹM b2� +QMp2MB2Mi2X

hl_LnJP.1GnJAaa(a, b) = hl_LnJP.1G(a, b) ∪
[
Q(a,s(a,BMi,0)) bB a0 < b0 ∧ KBbby = 0

]

∪
[
Q(a,s(a,BMi,1)) bB a1 < b1 ∧ KBbbR = 0

]
∪
[
Q(a,s(a,BMi,0)) bB a0 > b0 ∧ a1 ≥ b1 ∧ KBbby = 0

]

∪
[
Q(a,s(a,BMi,1)) bB a1 > b1 ∧ a0 ≥ b0 ∧ KBbbR = 0

]
,

/QM/2 KBbbB 2b mM� p�`B�#H2 [m2 BM/B+� bB b2 ?� `2�HBx�/Q mM T`2pBQ KBbb@?QT 2M H� /BK2MbBƦM
iX aB 2bi� 2b B;m�H � y- bB;MB}+� [m2 MQ ?� ?�#B/Q KBbb@?QT 2M 2b� /BK2MbBƦMX G� p�`B�#H2 int
`2T`2b2Mi� �H p2+iQ` /2H `Qmi2` �H [m2 b2 ?�+2 KBbb@?QT 2 inti H� +QKTQM2Mi2 i /2H p2+iQ`X G�
+QKTQM2Mi2 int0 2bi� �+Qi�/� v /2}MB/� T�`� HQb bB;mB2Mi2b p�HQ`2b,

BMiy =

{
`�M/(a0 + 1, k − 1) bB a0 < b0,
`�M/(b0 + 1, a0 − 1) bB a0 > b0 ∧ a1 ≥ b1.

.2 B;m�H K�M2`�- int1 b2 /2}M2 /2 H� bB;mB2Mi2 7Q`K�,

BMiR =

{
`�M/(a1 + 1, k − 1) bB a1 < b1,
`�M/(b1 + 1, a1 − 1) bB a1 > b1 ∧ a0 ≥ b0.

G� 7mM+BƦM `�M/(n,m) /2pm2Hp2 mM MȹK2`Q �H2�iQ`BQ 2Mi`2 n ≤ `�M/(n,m) ≤ mX a2 Tm2@
/2 /2/m+B` [m2 H�b T�`2D�b 7m2Mi2@/2biBMQ iB2M2M mM MȹK2`Q /2bB;m�H /2 MQ/Qb BMi2`K2/BQb
/BbTQMB#H2b- 2 BM+HmbQ �H;mM�b MQ iB2M2M MBM;mMQX

"�b�/Q 2M 2biQ- 2tBbi2 2H K2+�MBbKQ "_AL_ (jj) [m2 ?�+2 mM #�H�M+2Q /2 HQb KBbb@?QTb
/BbTQMB#H2b 2M mM hm`M KQ/2H MQ KőMBKQX aBM 2K#�`;Q- 2H �H;Q`BiKQ k /2H �`iő+mHQ MQ 2b
+Q``2+iQ TQ` H�b bB;mB2Mi2b `�xQM2b,

Ç 1M H� HőM2� 9 2H BMp�`B�Mi2 MQ 2bi� #B2M /2}MB/QX LQ [m2/� +H�`Q bB i <
⌊
N−1
2

⌋
Ʀ i <⌊

N−1
2

⌋
+ 1X

Ç 1M H� HőM2� RR- b2 T`Q/m+2 mM �++2bQ +QM mM őM/B+2 7m2`� /2H `�M;Q /2}MB/QX a2 /2}M2 H�
p�`B�#H2 N +QM p�HQ` B;m�H �H MȹK2`Q /2 b2`pB/Q`2b- 2 i = 0X 1M H� T`BK2`� Bi2`�+BƦM /2H
#m+H2 BMB+B�/Q 2M H� HőM2� 9- b2 �++2/2M � H�b p�`B�#H2b R0 v RN - `�M;Q /QM/2 2tBbi2M
N + 1 `Qmi2`bX a2 ?� i`�i�/Q /2 /�` /B72`2Mi2b BMB+B�HBx�+BQM2b � H�b p�`B�#H2b- T2`Q 2H
�H;Q`BiKQ bB;m2 bBM 2bi�` /2}MB/Q +Q``2+i�K2Mi2X



k9 1M+�KBM�KB2MiQ MQ KŌMBKQ

9Xj .�G

.�G 2b mM 2M+�KBM�KB2MiQ +QKTH2i�K2Mi2 �/�Ti�iBpQ [m2 mb� mM +�M�H /2 2b+�T2 .P_
+QKQ K2+�MBbKQ /2 2pBi�+BƦM /2 /2�/HQ+F- Q`;BM�HK2Mi2 T`QTm2biQ 2M (e)X �H �bmKB` [m2 b2
miBHBx� +QMi`QH /2 ~mDQ pB`im�H +mi@i?`Qm;?- MQ 2b M2+2b�`BQ BM+HmB` 2M 2H ;`�7Q /2 /2T2M/2M+B�b
/2 +QH�b H�b /2T2M/2M+B�b BM/B`2+i�bX .2 B;m�H 7Q`K� [m2 2M H� /2}MB+BƦM /2H hm`M KQ/2H MQ
KőMBKQ 9Xk- .�G bQHQ T2`KBi2 mM b�HiQ MQ KőMBKQ 2M +�/� /BK2MbBƦM MQ �HBM2�/� +QM 2H
/2biBMQX G� 7Q`K�HBx�+BƦM /2 .�G 2M mM� >vT2`s k. 2b,

.�G(a, b) = 1a*�S1nJAL(a, b) ∪
[
Q(a,s(a,BMi,0)) ∩Qc bB a0 *= b0 ∧ KBbby = 0

]

∪
[
Q(a,s(a,BMi,1)) ∩Qc bB a1 *= b1 ∧ KBbbR = 0

]
,

/QM/2 KBbbB 2b mM� p�`B�#H2 [m2 BM/B+� bB b2 ?� `2�HBx�/Q mM T`2pBQ KBbb@?QT 2M H� /BK2M@
bBƦM iX aB 2bi� 2b B;m�H � y- bB;MB}+� [m2 MQ ?� ?�#B/Q mM KBbb@?QT T`2pBQ 2M 2b� /BK2MbBƦMX G�
p�`B�#H2 inti `2T`2b2Mi� H� +QKTQM2Mi2 i /2H `Qmi2` �H [m2 b2 ?�+2 KBbb@?QTX 1M 2bi2 +�bQ- MQ
?�v MBM;mM� `2bi`B++BƦM `2bT2+iQ � HQb MQ/Qb � HQb [m2 b2 Tm2/2 ?�+2` KBbb@?QT TQ` /BK2MbBƦM-
iQ/Qb Tm2/2M � iQ/QbX

.�G 2b mM 2M+�KBM�KB2MiQ [m2 iB2M2 Km+?�b +QH�b /2 b�HB/� /BbTQMB#H2b �H �THB+�` H�
7mM+BƦM /2 2M+�KBM�KB2MiQ- v T�`� ?�+2` mM� #m2M� b2H2++BƦM /2Mi`Q /2H +QMDmMiQ /2 +QH�b
/2 b�HB/�- 2b M2+2b�`BQ 2p�Hm�` +QM mM� 7mM+BƦM /2 T2bQ mM� � mM�X 1M H� /2}MB+BƦM Q`B;BM�H
/2H 2M+�KBM�KB2MiQ MQ b2 /� mM� 7mM+BƦM /2 T2bQ 2tTHő+Bi�- bBKTH2K2Mi2 b2 2bT2+B}+� [m2
2H 2M+�KBM�KB2MiQ p� T`BK2`Q TQ` H�b +QH�b KőMBK�b bB MQ 2bi�M HH2M�b- bB 2bi�M HH2M�b b2
miBHBx�M H�b +QH�b KBbb- v bB 2bi� iQ/Q HH2MQ b2 mb� H� +QH� /2 2b+�T2X .2#B/Q � MQ �H+�Mx�` HQb
p�HQ`2b i2Ʀ`B+Qb /2 `2M/BKB2MiQ [m2 /2#2`ő� �H+�Mx�` .�G +QM 2H �H;Q`BiKQ /2 b2H2++BƦM /2
`mi�b T`QTm2biQ BMB+B�HK2Mi2- 2M 2bi2 i`�#�DQ b2 ?� QTi�/Q TQ` /�` mM� 7mM+BƦM p �/@?Q+ T�`�
2p�Hm�` `mi�b- [m2 bő [m2 �H+�Mx� HQb Q#D2iBpQb 2tTHB+�/Qb K�b 2M /2i�HH2 2M H� a2++BƦM 8,

p/�H(qi) = (P**n"A�a − Q++mT�+BQM(i))(n− /BbiniQn/2bi + >PSn"A�a).

1M (Ry) b2 K2M+BQM� [m2- T�`� 2H mbQ /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ +QKTH2i�K2Mi2 �/�T@
i�iBp�b v MQ KőMBK�b [m2 mb�M +�M�H2b /2 2b+�T2 +QKQ K2+�MBbKQ /2 2pBi�+BƦM /2 /2�/HQ+F-
2b M2+2b�`BQ 2H mbQ /2 �iQKB+ [m2m2 �HHQ+�iBQMR(RR)- T2`Q 2biQ 2b bQHQ 2M 2H +QMi2tiQ /2 2b@
i�` mb�M/Q +QMi`QH /2 ~mDQ rQ`K?QH2 Q ~Bi@#�b2/ ~Qr +QMi`QH- /�iQ [m2 HQb �miQ`2b MQ /2D�M
+H�`QX 1M 2bi2 i`�#�DQ b2 ?� }D�/Q 2H +QMi`QH /2 ~mDQ pB`im�H +mi@i?`Qm;?X �/2K�b- T�`� H�
BKTH2K2Mi�+BƦM /2 .�G- MQ ?�v [m2 �Ƣ�/B` 2iB[m2i�b Mm2p�b 2M H� +�#2+2`� /2 HQb T�[m2i2b
MB 2H `Qmi2` iB2M2 [m2 i2M2` MBM;ȹM iBTQ /2 +�`�+i2`őbiB+� KB+`Q@�`[mBi2+im`�H +QKTH2D�X

R1bi2 +QM+2TiQ MQ b2 ?� BMi`Q/m+B/Q 2M H� K2KQ`B� TQ`[m2 MQ b2 +QMbB/2`� 2b2M+B�H T�`� 2Mi2M/2` 2H i`�#�DQ
v b2 BMi`Q/m+2 T�`� 2pBi�` +QM7mbBQM2b +QM H� #B#HBQ;`�7ő� K2M+BQM�/�X 1M TQ+�b T�H�#`�b- 2H �iQKB+ [m2m2
�HHQ+�iBQM BKTQM2 mM� +QM/B+BƦM � H� `2/ 2M H� +m�H MQ b2 T2`KBi2 � mM +�M�H pB`im�H +QMi2M2` K�b /2 mM
T�[m2i2 �H KBbKQ iB2KTQX 1biQ HBKBi� Km+?Q 2H mbQ [m2 b2 H2 /� � HQb +�M�H2b pB`im�H2b /2 H� `2/ v �72+i�
M2;�iBp�K2Mi2 �H `2M/BKB2MiQ 2M +�bQ /2 MQ i`�i�`HQX



9X9X PKMB@q�_ k8

9X9 PKMB@q�_
PKMB@q�_ 2b mM 2M+�KBM�KB2MiQ +QKTH2i�K2Mi2 �/�Ti�iBpQ [m2 miBHBx� 2b+�H2`� +QKQ

K2+�MBbKQ /2 2pBi�+BƦM /2H /2�/HQ+F (Ry)X a2 /2}M2 [m2 HQb +�M�H2b pB`im�H2b M2+2b�`BQb T�`�
H� BKTH2K2Mi�+BƦM /2 H� 2b+�H2`� 2M PKMB@q�_ bQM 2n- /QM/2 n 2b 2H MȹK2`Q /2 /BK2MbBQM2bX
�H B;m�H [m2 2M .�G- 2M +�/� /BK2MbBƦM b2 /� H� TQbB#BHB/�/ /2 /�` k b�HiQb, mMQ T�`� ?�+2`
mM KBbb?QT � +m�H[mB2` MQ/Q MQ �HBM2�/Q /2 H� /BK2MbBƦM- v Qi`Q b�HiQ T�`� �HBM2�`b2 +QM 2H
/2biBMQX SQ` 2HHQ- 2H 2M+�KBM�KB2MiQ M2+2bBi� KȹHiBTHQb /2 2n 2M HQb +�M�H2b pB`im�H2b v mb�`
R Q K�b /2 R +�M�H pB`im�H TQ` b�HiQX SQ` 2D2KTHQ- 2M mM� `2/ j. HQ KőMBKQ bQM e +�M�H2b
T�`� i2M2` R +�M�H TQ` b�HiQ- +QM Rk +�M�H2b b2 iB2M2M k +�M�H2b TQ` b�HiQ- R3 +�M�H2b b2 iB2M2M
j TQ` b�HiQ- 2i+X

aBM 2K#�`;Q- 2M 2H i`�#�DQ Q`B;BM�H b2 +QMbB/2`� [m2 HQ K�b DmbiQ 2b ?�+2` H�b T`m2#�b /2H
2M+�KBM�KB2MiQ 2M mM� `2/ j. +QM 3 +�M�H2b pB`im�H2b- e /2 2HHQb M2+2b�`BQb TQ` /2}MB+BƦM-
v k bQ#`�Mi2b [m2 bQM miBHBx�/Qb b2;ȹM HQb �miQ`2b T�`� 2pBi�` 2H ?2�/@Q7@HBM2@#HQ+FBM; (RR)-
72MƦK2MQ TQ` 2H +m�H MQ b2 T2`KBi2 [m2 T�[m2i2b [m2 MQ b2 2M+m2Mi`�M 2M H� +�#2x� /2
mM� +QH� �++2/�M � `2+m`bQb Q+BQbQb- /2#B/Q � [m2 2H T�[m2i2 2M H� +�#2x� /2 H� +QH� [mB2`2
�++2/2` � mM `2+m`bQ [m2 2bi� Q+mT�/Q v MQ Tm2/2 �p�Mx�`X SQ` 2HHQ- H� /2b+`BT+BƦM /�/� MQ
/2D� +H�`Q 2H mbQ `2�H /2 HQb +�M�H2b pB`im�H2b 2M H� 7mM+BƦM /2 2M+�KBM�KB2MiQX lM 2D2KTHQ
/2 mM K2+�MBbKQ +QKȹM [m2 TQ/`ő� ?�+2` mbQ /2 2bQb k +�M�H2b pB`im�H2b bQ#`�Mi2b 2b 2H +�bQ
/2 mb�` Qp2`H�TBM; `2bQm`+2 +H�bb2bk(RR- *�TőimHQ R9)- bBM 2K#�`;Q- H� +QM/B+BƦM 2b2M+B�H T�`�
2H mbQ /2 2bi2 K2+�MBbKQ 2b 2[mBp�H2Mi2 � H� /2 HQb +�M�H2b /2 2b+�T2j- v HQb �miQ`2b �b2;m`�M
MQ mb�` +�M�H2b /2 2b+�T2 2M bm 2M+�KBM�KB2MiQX

h`�b H� BM+2`iB/mK#`2 �``QD�/�- b2 ?� �M�HBx�/Q 2H +Ʀ/B;Q 7m2Mi2 /2H bBKmH�/Q` /QM/2 b2
`2�HBx�M H�b T`m2#�b 2M 2H i`�#�DQ Q`B;BM�H9- v b2 ?� 2M+QMi`�/Q mM 2M+�KBM�KB2MiQ T�`�
H� >vT2`s /2MQKBM�/Q aFBTTBM;.BK2MbBQMb_QmiBM;�H;Q`Bi?K [m2 b2 T�`2+2 �H PKMB@q�_
/2b+`BiQ 2M 2H T�T2` T2`Q MQ b2 2M+m2Mi`� �H;Q [m2 b2 �Dmbi2 �H +QKTH2iQ MB mM� +QM};m`�@
+BƦM 2tTHő+Bi� BM/B+�/�X SQ` 2HHQ- b2 ?� /2+B/B/Q BKTH2K2Mi�` 2H 2M+�KBM�KB2MiQ �THB+�M/Q
H� `2bi`B++BƦM /2 miBHBx�` KȹHiBTHQb /2 2n +�M�H2b pB`im�H2bX 1H 2M+�KBM�KB2MiQ [m2/� /2 H�
bB;mB2Mi2 7Q`K�,

PJLAnq�_(a, b) = 1a*�G1_�nJAL(a, b) ∪
[
Q(a,s(a,BMi,0)) ∩Qh bB a0 *= b0 ∧ KBbby = 0

]

∪
[
Q(a,s(a,BMi,1)) ∩Qh bB a1 *= b1 ∧ KBbbR = 0

]
.

�H B;m�H [m2 2M .�G- 2H +QMDmMiQ /2 +QH�b /2 b�HB/� 2b Kmv �KTHBQ v 2b M2+2b�`B� mM�
7mM+BƦM /2 T2bQ T�`� H� 2p�Hm�+BƦM /2 H�b /B72`2Mi2b +QH�b /BbTQMB#H2bX 1M 2H �`iő+mHQ b2 ?�@
+2 K2M+BƦM � mM b�HiQb `2bi�Mi2b × Q+mT�+BƦM- T2`Q 2b Kmv bBKTH2 v MQ HH2;� �H `2M/BKB2MiQ
2tB;B/Q- HQb �miQ`2b /2D�M 2b� 7mM+BƦM /2 T2bQ /2 +QKQ �H;Q Q`B2Mi�iBpQX 1M 2H +Ʀ/B;Q /2H bBKm@
H�/Q` v� K2M+BQM�/Q- 2H 2M+�KBM�KB2MiQ aFBTTBM;.BK2MbBQMb_QmiBM;�H;Q`Bi?K iB2M2 Mm2p2

k1bi2 +QM+2TiQ MQ b2 ?� BMi`Q/m+B/Q 2M H� K2KQ`B� TQ`[m2 MQ b2 +QMbB/2`� 2b2M+B�H T�`� 2Mi2M/2` 2H i`�#�DQ
v b2 BMi`Q/m+2 T�`� 2pBi�` +QM7mbBQM2b +QM H� #B#HBQ;`�7ő� K2M+BQM�/�X

j1M 2H +�bQ /2 mb�` 3 +�M�H2b Ue Y kV- b2 miBHBx�M R Y k +�M�H2b TQ` b�HiQX 1H T`BK2` +�M�H 2b +QKTH2i�K2Mi2
�/�Ti�iBpQ- v T2`i2M2+2 � H� `2H�+BƦM /2 Q`/2M 2bi�#H2+B/� 2M H� 2b+�H2`�- /QM/2 2H +�M�H �+im�H 2b K�vQ` �H
ȹHiBKQ +�M�H Q`/2M�/Q pBbBi�/QX GQb Qi`Qb k +�M�H2b bQ#`�Mi2b bQM miBHBx�/Qb +QKQ +�M�H2b +QKTH2i�K2Mi2
�/�Ti�iBpQb MQ Q`/2M�/Qb- v TQ` i�MiQ- bBM MBM;mM� `2bi`B++BƦMX SQ` 2HHQ- 2H +�M�H /2 H� 2b+�H2`� �+iȹ� +QKQ
mM +�M�H /2 2b+�T2 2M 2H 2M+�KBM�KB2MiQX

91H +Ʀ/B;Q /2H bBKmH�/Q` amT2`aBK Tm2/2 2M+QMi`�`b2 2M, ?iiTb,ff;Bi?m#X+QKfbbM2ibBKfbmT2`bBK UpBbBi�/Q 2H
kNfyefkykkVX



ke 1M+�KBM�KB2MiQ MQ KŌMBKQ

T�`�K2i`Qb bBM /Q+mK2Mi�` [m2 KQ/2H�M H� 7mM+BƦM /2 T2bQ- HQ +m�H 2b �H;Q Kmv +QKTH2DQ /2
�Dmbi�`X SQ` 2HHQ- b2 ?� QTi�/Q TQ` ?�+2` mM� �TQ`i�+BƦM v /2}MB` mM� 7mM+BƦM /2 T2bQ Mm2p�
[m2 i`�i2 /2 �Dmbi�`b2 � H� bB;mB2Mi2 T`2KBb�, T�`� �H+�Mx�` 2H i?`Qm;?Tmi K�tBKQ T2`KBiB/Q
TQ` H� `2/ H� Q+mT�+BƦM /2 iQ/�b H�b +QH�b /2#2 /2 b2` bBKBH�`X *QM 2bi� B/2� b2 HH2;� � H�
bB;mB2Mi2 /2}MB+BƦM,

pQKMB(q) =






7`22[ bB (Q++KBM − Q++K2/B� − 3c ≥ 0) ∧ q ∈ Qn,
7`22[ + j+ bBMQ bB (Q++K2/B� + 3c ≥ Q++KBM) ∧ q ∈ Qm,
7`22[ + j+ bBMQ bB q ∈ Qm,
0 2M Qi`Q +�bQ,

/QM/2 Qm bQM +QH�b KőMBK�b � /2biBMQ v Qn bQM MQ KőMBK�b � /2biBMQ- c 2b 2H MȹK2`Q
/2 +�M�H2b pB`im�H2b TQ` b�HiQ 2M H� 2b+�H2`�- Q++KBM 2b H� Q+mT�+BƦM /2 H�b +QH�b KőMBK�b v
Q++K2/B� 2b H� Q+mT�+BƦM K2/B� 2t+Hmv2M/Q H�b KőMBK�bX 7`22[ 2b 2H MȹK2`Q /2 +`û/BiQb /2 H�
+QH� qX



8 1p�Hm�+BƦM
1M 2bi2 +�TőimHQ b2 Km2bi`�M HQb `2bmHi�/Qb Q#i2MB/Qb 2M H� 2p�Hm�+BƦM /2 HQb 2M+�KBM�@

KB2MiQb /2b+`BiQb T�`� H� >vT2`s +QM mM�- /Qb v i`2b /BK2MbBQM2bX S�`� +�/� +QM};m`�+BƦM-
b2 ?�M b2H2++BQM�/Q i`2b i`�}+Qb, mMQ #2MB;MQ v /Qb �/p2`bQb- bB2M/Q /2 HQb /Qb i`�}+Qb �/@
p2`bQb mMQ K�b HBpB�MQ [m2 2H Qi`QX �/2K�b- b2 Km2bi`�M HQb `2+m`bQb miBHBx�/Qb v Kûi`B+�b
/2H `2M/BKB2MiQ TQ` +�/� 7mM+BƦM /2 2M+�KBM�KB2MiQX

GQb 2tT2`BK2MiQb b2 �;`mT�M /2 H� bB;mB2Mi2 7Q`K�X S�`� +�/� i`�}+Q T`Q#�/Q- b2 �/DmMi�
mM� i�#H� +QM 2H i?`Qm;?Tmi Q#i2MB/Q 2M HQb 2M+�KBM�KB2MiQb b2H2++BQM�/Qb T�`� H� +QM};m@
`�+BƦM- `2bT2+iQ �H MȹK2`Q /2 +�M�H2b pB`im�H2b miBHBx�/QbX u 2M +�/� +QM};m`�+BƦM- b2 �/DmMi�
mM� };m`� +QM 2H MȹK2`Q /2 b�HiQb T`QK2/BQ T�`� +�/� 2M+�KBM�KB2MiQ v i`�}+QX

G�b 7mM+BQM2b /2 i`�}+Q /2b+`Bi�b 2M H� a2++BƦM RX8 `2+B#2M +QKQ BMTmi H�b +QQ`/2M�/�b
+�`i2bB�M�b /2H b2`pB/Q` 7m2Mi2 v /2pm2Hp2M H�b +QQ`/2M�/�b +�`i2bB�M�b /2H b2`pB/Q` /2biBMQX
a2 BM+Hmv2 H� +QQ`/2M�/� /2H b2`pB/Q`- /2MQi�/� wX GQb /B72`2Mi2b i`�}+Qb T�`� iQ/�b H�b
/BK2MbBQM2b 2bi�M /2b+`BiQb 2M H�b h�#H�b 8Xk- 8X9- 8Xe +QM bm MQK#`2- 7mM+BƦM K�i2K�iB+�
/2H i`�}+Q UiQ/�b H�b QT2`�+BQM2b b2 ?�+2M 2M KƦ/mHQ kV v +�`�+i2`őbiB+�b /2H i`�}+Q bQ#`2 H�
`2/X 1Mi`2 H�b +�`�+i2`őbiB+�b- b2 2M+m2Mi`� 2H i?`Qm;?Tmi K2/BQ KőMBKQ i2Ʀ`B+Q- [m2 BM/B+�
2H i?`Qm;?Tmi K2/BQ [m2 b2 /2#B2`� �H+�Mx�` mb�M/Q 2M+�KBM�KB2MiQ .P_- v 2H MȹK2`Q
/2 b�HiQb K2/BQ KőMBKQ i2Ʀ`B+Q- [m2 BM/B+� 2H MȹK2`Q /2 b�HiQb K2/BQb [m2 b2 /�M mb�M/Q
2M+�KBM�KB2MiQ KőMBKQX �/2K�b- b2 BMi`Q/m+2M H�b 7mM+BQM2b,

Ç `�M/(n), .2pm2Hp2 mM MȹK2`Q 2Mi2`Q �H2�iQ`BQ 2Mi`2 y v M@RX 1bi`B+i�K2Mi2 MQ 2b mM�
7mM+BƦM K�i2K�iB+�- T2`Q 2b `�xQM�#H2K2Mi2 b2M+BHH� /2 BKTH2K2Mi�` K2/B�Mi2 mM �H@
;Q`BiKQX

Ç T�`(n), .2pm2Hp2 0 bB n 2b mM MȹK2`Q T�`- 1 2M +�bQ +QMi`�`BQX
Ç ¬n = (−n−1) KQ/ kX 1b 2H +QKTH2K2MiQ /2 n `2bT2+iQ � kX LQi�` [m2 bB k 2b T�` iQ/Qb

HQb n iB2M2M T�`2D� /B72`2Mi2 v +QM k BKT�` ?�#`ő� [m2 miBHBx�` Qi`� 7mM+BƦMX 1M 2bi2
i`�#�DQ bB2KT`2 b2 miBHBx�`� mM k [m2 b2� T�`X

G�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ miBHBx�/�b b2 2M+m2Mi`�M 2M H�b h�#H�b 8XR- 8Xj v 8X8X G�b
7mM+BQM2b 2bi�M +H�bB}+�/�b +QKQ 2M+�KBM�KB2MiQb KőMBKQb v MQ KőMBKQbX

8XR >vT2`s R.
1M 2bi2 �T�`i�/Q b2 p�M � KQbi`�` H�b Kûi`B+�b `2+Q;B/�b /2 H�b T`m2#�b `2�HBx�/�b 2M mM�

>vT2`s /2 R /BK2MbBƦM U;`�7Q +QKTH2iQV- +QM k = 32 v c = 32X a2 p�M � 2p�Hm�` H�b 7mM+BQM2b
/2 2M+�KBM�KB2MiQ T`2b2Mi2b 2M H� h�#H� 8XR +QM HQb i`�}+Qb /2 H� h�#H� 8Xk- /QM/2 2H p2+@
iQ` /2H b2`pB/Q` 7m2Mi2 2bi� `2T`2b2Mi�/Q +QM H�b +QQ`/2M�/�b (w, x) v 2H p2+iQ` /2H b2`pB/Q`
/2biBMQ +QM H�b +QQ`/2M�/�b (w′, x′)X 1t+2Tim�M/Q 2H hm`M KQ/2H MQ KőMBKQ- HQb 2M+�KBM�@
KB2MiQb MQ KőMBKQb T`2b2Mi�/Qb M2+2bBi�M /Qb +�M�H2b pB`im�H2b T�`� TQ/2` 7mM+BQM�`X 1M 2H
+�bQ /2 o�HB�Mi- b2 2b+Q;2`� mM MQ/Q �H2�iQ`BQ T�`� B` TQ` 2H T`BK2` +�M�H pB`im�H �H MQ/Q

kd



k3 1p�Hm�+BƠM

BMi2`K2/BQ- v TQ` 2H b2;mM/Q +�M�H pB`im�H /2H BMi2`K2/BQ �H /2biBMQX _2bT2+iQ � .�G- miBHBx�
mM +�M�H �/�Ti�iBpQ MQ KőMBKQ v Qi`Q /2 2b+�T2 KőMBKQ- v PKMB@q�_ miBHBx� 2H T`BK2`
+�M�H pB`im�H T�`� /�` 2H T`BK2` b�HiQ- v bB 2bi2 ?� bB/Q MQ KőMBKQ- miBHBx� 2H b2;mM/Q T�`� B`
� /2biBMQX 1M H� 6B;m`� 8XR b2 p2 2H MȹK2`Q /2 b�HiQb T`QK2/BQ T�`� +�/� i`�}+Q v 7mM+BƦM /2
2M+�KBM�KB2MiQ Q#i2MB/Qb 2M H�b bBKmH�+BQM2bX

1M+�KBM�KB2MiQ KőMBKQ 1M+�KBM�KB2MiQ MQ KőMBKQ

JőMBKQ R

o�HB�Mi
PKMB@q�_

.�G
hm`M JQ/2H MQ KőMBKQ

h�#H� 8XR, h�#H� /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`� >vT2`s R.X

h`�}+Q 6mM+BƦM /2 i`�}+Q a�HiQb h?`Qm;?Tmi

lMB7Q`K2 w′ = `�M/(k), x′ = `�M/(k) 31
32 ≈ 1

hQ`M�/Q w′ = w, x′ = x+
⌊
k−1
2

⌋
R 1

32

hQ`M�/Q +QM T�`B/�/ w′ = w, x′ = x+
⌊
k−1
2

⌋
+ T�`(w) R 1

16

h�#H� 8Xk, h�#H� /2 i`�}+Qb T�`� H� >vT2`s R. k = 32X

8XRXR h`�}+Q lMB7Q`K2
1H i`�}+Q lMB7Q`K2 b2 +QMbB/2`� mM i`�}+Q #2MB;MQ /QM/2 +�/� b2`pB/Q` BMv2+i� T�[m2i2b �

Qi`Q b2`pB/Q` 2H2;B/Q /2 7Q`K� �H2�iQ`B� T�`� +�/� T�[m2i2X 1M i2Q`ő�- 2H i`�}+Q b2 /Bbi`B#mv2
/2 B;m�H 7Q`K� TQ` iQ/� H� `2/X SQ` 2biQ- HQb 2M+�KBM�KB2MiQb KőMBKQb b2 +QKTQ`i�M K2DQ`
[m2 HQb MQ KőMBKQb �mM[m2 HQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb /2#2`ő�M /2 TQ/2`
�+2`+�b2 � 2HHQbX �[mő 2H 2M+�KBM�KB2MiQ o�HB�Mi MQ Q#iB2M2 mM #m2M `2M/BKB2MiQ /2#B/Q �
[m2 H� +�`;� v� 2bi� /Bbi`B#mB/� TQ` H� `2/ /2 7Q`K� M�im`�HX a2 Tm2/2M p2` HQb `2bmHi�/Qb 2M
H� 6B;m`� 8XkX

1M H� 6B;m`� 8Xk b2 Km2bi`� [m2 2H 2M+�KBM�KB2MiQ JőMBKQ +QM /Qb +�M�H2b pB`im�H2b HH2;� �H
`2M/BKB2MiQ 2bT2`�/QX 1H i?`Qm;?Tmi /2 .�G 2b B;m�H � JőMBKQ 2M iQ/�b H�b +QM};m`�+BQM2b-
v HH2;� � mM `2M/BKB2MiQ K�tBKQ +QM /Qb +�M�H2b pB`im�H2bX 1H i?`Qm;?Tmi /2 PKMB@q�_ +QM
/Qb +�M�H2b pB`im�H2b b2 [m2/� mM 25W TQ` /2#�DQ /2H KőMBKQ- v +QM +m�i`Q +�M�H2b pB`im�H2b
mM 2W TQ` /2#�DQX SQ` 2HHQ- bQM `2+QK2M/�#H2b +m�i`Q +�M�H2b pB`im�H2b T�`� 2bi2 2M+�KBM�@
KB2MiQX 1H T`Q#H2K� /2 PKMB@q�_ +QM /Qb +�M�H2b pB`im�H2b b2 �i`B#mv2 � mM T`Q#H2K� /2
?2�/@Q7@HBM2@#HQ+FBM;- 2H +m�H- �T�`2+2 BM?2`2Mi2K2Mi2 2M H�b `2/2b /2 +QKmMB+�+BQM2b v 2M
2H +QMi2tiQ /2 2bi2 i`�#�DQ 2b bQHp2Mi�/Q �Ƣ�/B2M/Q +�M�H2b pB`im�H2bX GQb 2M+�KBM�KB2MiQb

R1[mBp�H2Mi2 �H .P_ 2M mM� /BK2MbBƦMX
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6B;m`� 8XR, _2bmHi�/Qb b�HiQb T`QK2/BQ R.X
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jy 1p�Hm�+BƠM

�/�Ti�iBpQb MQ KőMBKQb iB2M2M mM T`QK2/BQ /2 b�HiQb bBKBH�`2b �H 2M+�KBM�KB2MiQ KőMBKQ-
+QKQ /2#2 /2 b2`X 1biQ b2 p2 2M H� 6B;m`� 8XRX

8XRXk h`�}+Q hQ`M�/Q

1H i`�}+Q hQ`M�/Q (j9) 2b mM iBTQ /2 i`�}+Q �/p2`bQ Q`B;BM�HK2Mi2 /2}MB/Q T�`� mM� iQ@
TQHQ;ő� /2 iQ`Q (RR- *�TőimHQ 8) /QM/2 +�/� b2`pB/Q` 2Mpő� T�[m2i2b � mM p2+BMQ � /Bbi�M+B�
hQ`M�/Q k−1

2 X 1bi2 i`�}+Q 2b �/�Ti�/Q � mM� >vT2`s /2 7Q`K� [m2 HQb b2`pB/Q`2b /2 mM KBb@
KQ MQ/Q BMv2+i�M T�[m2i2b � HQb b2`pB/Q`2b /2 mM MQ/Q �/v�+2Mi2X aBKmH� �H;Q T�`2+B/Q �
mM� T2`Kmi�+BƦM /2 T�[m2i2b 2Mi`2 b2`pB/Q`2b /2 MQ/Qb /B72`2Mi2bX 1M HQb 2M+�KBM�KB2MiQb
KőMBKQb- iQ/Qb HQb T�[m2i2b p�M bQ#`2 2H KBbKQ 2MH�+2 T`QpQ+�M/Q mM� bQ#`2@bmb+`BT+BƦM /2
2b2 2MH�+2- v KB2Mi`�b- /2D�M Q+BQbQb HQb 2MH�+2b [m2 MQ HH2p�M �H MQ/Q +QM HQb b2`pB/Q`2b /2b@
iBMQX 1M 2bi2 i`�}+Q- o�HB�Mi /� 2H `2M/BKB2MiQ K�tBKQ /2#B/Q � [m2 miBHBx� iQ/Qb HQb 2MH�+2b
TQ` B;m�HX 1H Q#D2iBpQ /2 mM 2M+�KBM�KB2MiQ �/�Ti�iBpQ MQ KőMBKQ b2`ő� �+2`+�b2 � 2bi2X a2
Tm2/2M p2` HQb `2bmHi�/Qb 2M H� 6B;m`� 8XjX
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6B;m`� 8Xj, _2bmHi�/Qb +�`;� i`�}+Q hQ`M�/Q R.X

1M H� 6B;m`� 8Xj b2 Km2bi`� [m2 2H 2M+�KBM�KB2MiQ JőMBKQ MQ 7mM+BQM� #B2M TQ` HQb
KQiBpQb T`2pB�K2Mi2 /2b+`BiQbX aBM 2K#�`;Q- HQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb
b2 �b2K2D�M � o�HB�Mi 2M i?`Qm;?TmiX 1M +QM+`2iQ- .�G +QM /Qb +�M�H2b pB`im�H2b b2 [m2/�
� mM 30W /2 o�HB�Mi- v +QM +m�i`Q +�M�H2b pB`im�H2b 7mM+BQM� mM 2W K2DQ` [m2 o�HB�MiX LQ
HH2;� �H `2M/BKB2MiQ 2bT2`�/Q +QM /Qb +�M�H2b pB`im�H2b /2#B/Q � [m2 bQHQ Tm2/2 ?�+2` mbQ
/2 mM +�M�H T�`� B` +QKTH2i�K2Mi2 �/�Ti�iBpQ v 2H Qi`Q +�M�H pB`im�H 2b 2H /2 2b+�T2X 1bi2



8XRX >vT2`s R. jR

ȹHiBKQ bQHQ T2`KBi2 B` KőMBKQk � i`�pûb /2 ûH v 2biQ T2`Dm/B+� �H `2M/BKB2MiQ �Mi2 mM i`�}+Q
�/p2`bQX SQ` 2HHQ- 2M 2bi� bBim�+BƦM b2 +QMbB/2`� [m2 .�G M2+2bBi� +m�i`Q +�M�H2b pB`im�H2b
T�`� TQ/2` 7mM+BQM�` � mM `2M/BKB2MiQ �+2Ti�#H2X 1M 2H +�bQ /2 PKMB@q�_- +QM /Qb +�M�H2b
pB`im�H2b iB2M2 mM `2M/BKB2MiQ mM 4W TQ` 2M+BK� /2 o�HB�Mi- v +QM +m�i`Q +�M�H2b [m2/�
mM 6W TQ` 2M+BK�X 1M �K#Qb +�bQb b2 +QMbB/2`� [m2 2M PKMB@q�_ �H+�Mx� 2H `2M/BKB2MiQ
K�tBKQ- M2+2bBi�M/Q bQHQ /Qb +�M�H2b pB`im�H2bX _2bT2+iQ �H 7�B`M2bb- 2H i?`Qm;?Tmi KőMBKQ
/2 .�G #�D� mM 40W `2bT2+iQ 2H K2/BQ /2 H� `2/- v PKMB@q�_ mM 20WX �K#Qb iB2M2M mM
7�B`M2bb T2Q` �H /2 o�HB�Mi- v 2b Kmv T`QMmM+B�/� H� +�B/� 2M HQb /QbX 1H MȹK2`Q /2 b�HiQb
T`QK2/BQ 2M �K#Qb 2M+�KBM�KB2MiQb b2 �b2K2D�M � o�HB�Mi- +QKQ b2 p2 2M H� 6B;m`� 8XRX 1M
2H +�bQ /2H hm`M JQ/2H MQ KőMBKQ- b2 �T`2+B� [m2 2b mM 2M+�KBM�KB2MiQ /QM/2 ?�v mM� ;`�M
/B72`2M+B� 2Mi`2 2H i?`Qm;?Tmi K2/BQ v 2H KőMBKQX 1biQ 2b /2#B/Q � [m2 ?�v b2`pB/Q`2b 2M
H� `2/ [m2 MQ iB2M2M H� QT+BƦM /2 B` MQ KőMBKQ- KB2Mi`�b [m2 Qi`Qb bőX G� ȹMB+� p2Mi�D� /2
2bi2 2M+�KBM�KB2MiQ 2b [m2 2b mM 2M+�KBM�KB2MiQ MQ KőMBKQ [m2 7mM+BQM� bBM M2+2bB/�/ /2
miBHBx�` +�M�H2b pB`im�H2bX

8XRXj h`�}+Q hQ`M�/Q +QM T�`B/�/

1H i`�}+Q hQ`M�/Q +QM T�`B/�/ 2b mM i`�}+Q �/p2`bQ K�b #2MB;MQ [m2 2H hQ`M�/QX GQb b2`@
pB/Q`2b BMv2+iQ`2b b�H2M TQ` /Qb 2MH�+2b /B72`2Mi2b /2H `Qmi2` 7m2Mi2X 1M 2bi2 i`�}+Q- /2 Mm2pQ-
o�HB�Mi /� 2H `2M/BKB2MiQ K�tBKQ i2Ʀ`B+Q v 2H Q#D2iBpQ /2 mM 2M+�KBM�KB2MiQ �/�Ti�iBpQ MQ
KőMBKQ b2`B� �+2`+�b2 � 2bi2X a2 Tm2/2M p2` HQb `2bmHi�/Qb 2M H� 6B;m`� 8X9X
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6B;m`� 8X9, _2bmHi�/Qb +�`;� i`�}+Q hQ`M�/Q +QM T�`B/�/ R.X

k1biQ 2b 2M 2H +�bQ /2 mM ;`�7Q +QKTH2iQ- bB MQ 2H +�M�H /2 2b+�T2 iB2M2 mM 2M+�KBM�KB2MiQ .P_X



jk 1p�Hm�+BƠM

1M H� 6B;m`� 8X9 b2 Km2bi`� [m2 2H 2M+�KBM�KB2MiQ KőMBKQ /� mM `2M/BKB2MiQ K�HQ T2`Q
K2DQ` [m2 2M 2H i`�}+Q hQ`M�/Q- +QKQ 2b /2 2bT2`�`X _2bT2+iQ � PKMB@q�_ v .�G 2t+2Tm@
i�M/Q 2H 7�B`M2bb [m2 2bi�M B;m�H�/Qb- �K#Qb bB;m2M 2H KBbKQ +QKTQ`i�KB2MiQ [m2 +QM 2H
i`�}+Q hQ`M�/QX

�M�HBx�M/Q HQb `2M/BKB2MiQb /2 .�G v PKMB@q�_ T�`� H� >vT2`s R.- MBM;mMQ /2 HQb
2M+�KBM�KB2MiQb 7mM+BQM� #B2M +QM /Qb +�M�H2b pB`im�H2b 2M iQ/Qb HQb 2b+2M�`BQbX PKMB@q�_
MQ HH2;� �H `2M/BKB2MiQ T�`� 2H i`�}+Q lMB7Q`K2- v .�G MQ HH2;� 2M HQb i`�}+Qb �/p2`bQbX
1M 2H +�bQ /2 miBHBx�` +m�i`Q +�M�H2b pB`im�H2b HQb /Qb 2M+�KBM�KB2MiQb HH2;�M �H K�tBKQ 2M
iQ/Qb HQb i`�}+Qb- v 2bi�M 2KT�i�/QbX aQ#`2 2H mM7�B`M2bb- b2 Tm2/2 �T`2+B�` [m2 .�G iB2M2
�H;Q K�b /2 mM7�B`M2bb [m2 PKMB@q�_ T�`� 2H i`�}+Q hQ`M�/QX

8Xk >vT2`s k.

1M 2bi2 �T�`i�/Q b2 p�M � KQbi`�` H�b Kûi`B+�b `2+Q;B/�b /2 H�b T`m2#�b `2�HBx�/�b 2M
mM� >vT2`s k.- +QM k = 10 v c = 10X a2 p�M � 2p�Hm�` H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ
T`2b2Mi2b 2M H� h�#H� 8Xj +QM HQb i`�}+Qb T`2b2Mi2b 2M H� h�#H� 8X9- /QM/2 2H p2+iQ` /2H b2`pB/Q`
7m2Mi2 2bi� `2T`2b2Mi�/Q +QM H�b +QQ`/2M�/�b (w, x, y) v 2H p2+iQ` /2H b2`pB/Q` /2biBMQ +QM
H�b +QQ`/2M�/�b (w′, x′, y′)X

S�`� 2pBi�` T`2b2Mi�` `2bmHi�/Qb `2/mM/�Mi2b v bBKTHB}+�` H� H2+im`�- 2M H� 6B;m`� 8X8 /QM/2
b2 T`2b2Mi� 2H MȹK2`Q /2 b�HiQb T`QK2/BQ TQ` 2M+�KBM�KB2MiQ Q#i2MB/Qb 2M H� 2tT2`BK2Mi�@
+BƦM- MQ b2 p�M � KQbi`�` HQb b�HiQb /2 iQ/Qb HQb 2M+�KBM�KB2MiQb KőMBKQb �/�Ti�iBpQb- v
bQHQ b2 p� � KQbi`�` 2H 2M+�KBM�KB2MiQ JőMBKQ 2b+�H2`�X

1M+�KBM�KB2MiQ KőMBKQ 1M+�KBM�KB2MiQ MQ KőMBKQ
.P_ o�HB�Mi

1b+�H2`� KőMBKQ PKMB@q�_
1b+�T2 KőMBKQ .�G

PRhm`M

h�#H� 8Xj, h�#H� /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`� >vT2`s k.X

h`�}+Q 6mM+BƦM /2 i`�}+Q a�HiQb h?`Qm;?Tmi

lMB7Q`K2 w′ = `�M/(k), x′ = `�M/(k), y′ = `�M/(k) 18
10 ≈ 1

ar�Tk w′ = w, x′ = x+
⌊
k−1
2

⌋
T�`(w), y′ = y +

⌊
k−1
2

⌋
T�`(w + 1) R 1

5

.*_ k. w′ = ¬x, x′ = ¬w, y′ = ¬y 19
10

1
10

h�#H� 8X9, h�#H� /2 i`�}+Qb T�`� H� >vT2`s k.X



8XkX >vT2`s k. jj

Power BI DesktopSaltos promedio
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Hyperx 2D 10x10x10

6B;m`� 8X8, _2bmHi�/Qb b�HiQb T`QK2/BQ k.X

8XkXR h`�}+Q lMB7Q`K2

1H i`�}+Q lMB7Q`K2 b2 +QMbB/2`� mM i`�}+Q #2MB;MQ /QM/2 +�/� b2`pB/Q` BMv2+i� T�[m2i2b �
Qi`Q b2`pB/Q` 2H2;B/Q /2 7Q`K� �H2�iQ`B� T�`� +�/� T�[m2i2X 1M i2Q`ő�- 2H i`�}+Q b2 /Bbi`B#mv2
/2 B;m�H 7Q`K� TQ` iQ/� H� `2/X SQ` 2biQ- HQb 2M+�KBM�KB2MiQb KőMBKQb b2 +QKTQ`i�M K2DQ`
[m2 HQb MQ KőMBKQb �mM[m2 HQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb /2#2`ő�M /2 TQ/2`
�+2`+�b2 � 2HHQbX �[mő 2H 2M+�KBM�KB2MiQ o�HB�Mi MQ Q#iB2M2 mM #m2M `2M/BKB2MiQ /2#B/Q �
[m2 H� +�`;� v� 2bi� /Bbi`B#mB/� TQ` H� `2/ /2 7Q`K� M�im`�HX a2 Tm2/2M p2` HQb `2bmHi�/Qb 2M
H� 6B;m`� 8XeX

1M H� 6B;m`� 8Xe b2 Km2bi`� [m2 HQb 2M+�KBM�KB2MiQb KőMBKQb bQM HQb [m2 K2DQ` b2 �/�Ti�M
�H i`�}+QX .�G 7mM+BQM� B;m�H [m2 2H 2M+�KBM�KB2MiQ .P_ 2M iQ/�b H�b +QM};m`�+BQM2bX 1H
`2M/BKB2MiQ /2 PKMB@q�_ i�K#BûM b2 �b2K2D� �H /2 HQb 2M+�KBM�KB2MiQb KőMBKQb- T2`Q
+QM +m�i`Q v Q+?Q +�M�H2b pB`im�H2b 2bi� mM 1W TQ` /2#�DQ [m2 2H .P_X PKMB@q�_ �H
K2MQb miBHBx� +m�i`Q +�M�H2b pB`im�H2b TQ` /2}MB+BƦM- KB2Mi`�b [m2 .�G +QM /Qb +�M�H2b
pB`im�H2b v� Tm2/2 7mM+BQM�`X GQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb b2 �b2K2D�M �
HQb 2M+�KBM�KB2MiQb KőMBKQb 2M MȹK2`Q T`QK2/BQ /2 b�HiQb- +QKQ /2#2 /2 b2`X 1biQ b2 p2 2M
H� 6B;m`� 8X8X SQ` Qi`Q H�/Q- 2H 2M+�KBM�KB2MiQ hm`M JQ/2H KőMBKQ MQ 7mM+BQM� B;m�H [m2
2H `2biQ /2 HQb 2M+�KBM�KB2MiQb KőMBKQb TQ`[m2 ?�v BMv2+iQ`2b [m2 Tm2/2M 2MpB�` T�[m2i2b
+QM K�b �/�TiBpB/�/ [m2 Qi`Qb- [m2 /2b2K#Q+� 2M mM mbQ /2b#�H�M+2�/Q /2 HQb `2+m`bQb-
�72+i�M/Q M2;�iBp�K2Mi2 �H i?`Qm;?Tmi /2 H� `2/X



j9 1p�Hm�+BƠM

Power BI Desktop2D Uniforme
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Hyperx 2D 10x10x10

6B;m`� 8Xe, _2bmHi�/Qb +�`;� i`�}+Q lMB7Q`K2 k.X

8XkXk h`�}+Q ar�Tk
1H i`�}+Q ar�Tk (e) 2b mM i`�}+Q �/p2`bQ �H [m2 MB o�HB�Mi MB HQb 2M+�KBM�KB2MiQb KőMBKQb

b2 �/�Ti�M #B2MX 1b mM +�bQ 2M 2H [m2 o�HB�Mi MQ K�`+� H� +Qi� K�tBK� /2 `2M/BKB2MiQX aBM
2K#�`;Q- HQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb MQ bQ#`2@bmb+`B#2M H�b #Bb2++BQM2b /2
H� `2/ v �H+�Mx�M 2H `2M/BKB2MiQ K�tBKQX

1M H� 6B;m`� 8Xd HQb 2M+�KBM�KB2MiQb KőMBKQb MQ �H+�Mx�M Km+?Q `2M/BKB2MiQ- KB2Mi`�b
[m2 HQb MQ KőMBKQb �/�Ti�iBpQb 2tTHQi�M H� `2/ �H K�tBKQ- bQ#`2T�b�M/Q � o�HB�MiX .�G
HH2;� �H `2M/BKB2MiQ K�tBKQ � T�`iB` /2 i`2b +�M�H2b pB`im�H2bX PKMB@q�_ +QM +m�i`Q +�M�H2b
pB`im�H2b 2bi� mM 6W TQ` /2#�DQ /2 .�G- v +QM Q+?Q �H+�Mx� 2H KBbKQ `2M/BKB2MiQX �K#Qb
2M+�KBM�KB2MiQb �H+�Mx�M K�b /2 mM 100W /2 `2M/BKB2MiQ bQ#`2 o�HB�MiX 1H MȹK2`Q T`QK2/BQ
/2 b�HiQb 2M HQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb b2 2M+m2Mi`� 2Mi`2 o�HB�Mi v HQb
2M+�KBM�KB2MiQb KőMBKQb- +QKQ /2#2 /2 b2`X o�HB�Mi ?�+2 KBbb`QmiBM; � mM MQ/Q MQ �HBM2�/Q
+QM 2H /2biBMQ v 2biQ ?�+2 [m2 /2 K�b b�HiQb v MQ B;m�H�` � HQb �/�Ti�iBpQb MQ KőMBKQb MB
2M i?`Qm;?Tmi MB 2M MȹK2`Q /2 b�HiQb T`QK2/BQX GQb 2M+�KBM�KB2MiQb KőMBKQb- p�M bB2KT`2
TQ` 2H 2MH�+2 KőMBKQ- HQ [m2 H2b ?�+2 /�` K2MQb b�HiQb /2D�M/Q Q+BQbQb �H;mMQb 2MH�+2b /2 H�
#Bb2++BƦMX G�b K2/B/�b /2 HQb b�HiQb T`QK2/BQb b2 2M+m2Mi`� 2M H� 6B;m`� 8X8X

8XkXj h`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 k.
1H i`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 k. 2b 2H i`�}+Q K�b �/p2`bQ T�`� 2bi� +QM};m`�+BƦM

/2 HQb T`2b2Mi�/Qb 2M 2H i`�#�DQX 1b mM� �/�Ti�+BƦM � k. /2H i`�}+Q .B`2+i *QKTH2K2Mi
_2p2`b2 j.X �[mő HQb 2M+�KBM�KB2MiQb KőMBKQb 7mM+BQM�M K�H v o�HB�Mi K�`+� 2H `2M/BKB2MiQ
K�tBKQ [m2 b2 Tm2/2 2bT2`�`X



8XkX >vT2`s k. j8

Power BI DesktopHyperx 2D 10x10x10 2D Swap2
Throughput medio red Throughput mínimo servidor
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6B;m`� 8Xd, _2bmHi�/Qb +�`;� i`�}+Q br�Tk k.X

Power BI DesktopHyperx 2D 10x10x10 Direct Complement Reverse 2D
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6B;m`� 8X3, _2bmHi�/Qb +�`;� i`�}+Q .*_ k.X



je 1p�Hm�+BƠM

1M H� 6B;m`� 8X3 HQb 2M+�KBM�KB2MiQb KőMBKQb �H+�Mx�M Kmv TQ+Q `2M/BKB2MiQ `2bT2+iQ �
HQb MQ KőMBKQb �/�Ti�iBpQb v o�HB�MiX .�G +QM /Qb +�M�H2b pB`im�H2b b2 [m2/� � mM 24W /2
o�HB�Mi- T2`Q +QM i`2b +�M�H2b pB`im�H2b v� �H+�Mx� 2H `2M/BKB2MiQ K�tBKQ- bmT2`�M/Q TQ` mM
4W � o�HB�Mi +QM Q+?Q +�M�H2b pB`im�H2b jX PKMB@q�_ M2+2bBi� +m�i`Q +�M�H2b pB`im�H2b TQ`
/2}MB+BƦM- v +QM 2HHQb �H+�Mx� 2H `2M/BKB2MiQ K�tBKQ- B;m�H � .�GX a2 Q#b2`p� 2M .�G v
PKMB@q�_ [m2 2H i?`Qm;?Tmi KőMBKQ 2M H� `2/ 2b Kmv #�DQ 2M +QKT�`�+BƦM +QM 2H T`QK2/BQ
/2 iQ/Qb HQb MQ/Qb- v 2bi2 272+iQ �mK2Mi� b2;ȹM b2 �Ƣ�/2M K�b +�M�H2b pB`im�H2bX 1M .�G- 2H
i?`Qm;?Tmi KőMBKQ `2T2+iQ �H K2/BQ /2 H� `2/ #�D� mM 68W- v 2M PKMB@q�_ mM 76WX P+m``2
mM 272+iQ bBKBH�` +QM JőMBKQ 2b+�H2`�X 1b T`Q#�#H2 [m2 b2� /2#B/Q � [m2 2M 2bi2 i`�}+Q H�
/Bbi�M+B� MQ 2b H� KBbK� T�`� HQb T�[m2i2b [m2 BMv2+i� +�/� b2`pB/Q`X �H;mMQb b2`pB/Q`2b
BMv2+i�M bQHQ T�[m2i2b � mM b�HiQ /2H /2biBMQ v Qi`Qb BMv2+i�M T�[m2i2b [m2 2bi�M � /Bbi�M+B�
/QbX 1biQ Tm2/2 /�` Hm;�` � [m2 +B2`iQb MQ/Qb i2M;�M K�b i?`Qm;?Tmi [m2 Qi`Qb HQ +m�H �72+i�
�H 7�B`M2bb /2 H� `2/X G�b K2/B/�b /2 HQb b�HiQb T`QK2/BQb b2 2M+m2Mi`� 2M H� 6B;m`� 8X8X 1M 2H
+�bQ /2 o�HB�Mi- 2H 7�B`M2bb bQHQ /2+�2 mM 23W- HQ +m�H T�`2+2 mM p�HQ` K�b `�xQM�#H2X a2 p2
[m2 2H T`QK2/BQ /2 b�HiQb /2 JőMBKQ 2b+�H2`� 2b K2MQ` [m2 2H .P_- HQ +m�H /2Km2bi`� [m2
HQb b2`pB/Q`2b [m2 BMv2+i�M T�[m2i2b � /Bbi�M+B� /2 mM b�HiQ- 2bi�M BMv2+i�M/Q TQ` 2M+BK� /2
H� K2/B�X

�M�HBx�M/Q HQb `2M/BKB2MiQb /2 .�G v PKMB@q�_ T�`� H� >vT2`s k.- T�`2+2 [m2 .�G
Q#iB2M2 `2M/BKB2MiQb ƦTiBKQb +QM /Qb Q i`2b +�M�H2b pB`im�H2b- KB2Mi`�b [m2 PKMB@q�_
M2+2bBi� +m�i`Q 2 BM+HmbQ Q+?Q T�`� �H+�Mx�` 2H KBbKQ `2M/BKB2MiQX _2bT2+iQ �H mM7�B`M2bb-
.�G b2 +QKTQ`i� K2DQ` [m2 PKMB@q�_ 2M HQb i`2b i`�}+Qb- �mM[m2 2H `2bmHi�/Q /2 7�B`M2bb
Q#i2MB/Q 2M .B`2+i *QKTH2K2Mi _2p2`b2 k. MQ ?�v� bB/Q b�iBb7�+iQ`BQ 2M MBM;mMQ /2 HQb /Qb
i`�}+QbX

8Xj >vT2`s j.
1M 2bi2 �T�`i�/Q b2 p�M � KQbi`�` H�b Kûi`B+�b `2+Q;B/�b /2 H�b T`m2#�b `2�HBx�/�b 2M

mM� >vT2`s j. +QM k = 10 v c = 10X a2 p�M � 2p�Hm�` H�b 7mM+BQM2b /2 2M+�KBM�KB2MiQ
T`2b2Mi2b 2M H� h�#H� 8X8 +QM HQb i`�}+Qb T`2b2Mi2b 2M H� h�#H� 8Xe- /QM/2 2H p2+iQ` /2H
b2`pB/Q` 7m2Mi2 2bi� `2T`2b2Mi�/Q +QM H�b +QQ`/2M�/�b (w, x, y, z) v 2H p2+iQ` /2H b2`pB/Q`
/2biBMQ (w′, x′, y′, z′)X

1M+�KBM�KB2MiQ KőMBKQ 1M+�KBM�KB2MiQ MQ KőMBKQ
o�HB�Mi

.P_ o�HB�Mi 2b+�H2`�
1b+�H2`� KőMBKQ PKMB@q�_

.�G

h�#H� 8X8, h�#H� /2 7mM+BQM2b /2 2M+�KBM�KB2MiQ T�`� >vT2`s j.X

ja2 Q#b2`p� [m2 o�HB�Mi +QM i`2b +�M�H2b pB`im�H2b iB2M2 mM� +�B/� 2M 2H `2M/BKB2MiQ /2#B/Q � miBHBx�` mM
MȹK2`Q /2 +�M�H2b BKT�`- HQ +m�H- /2b#�H�M+2� HQb `2+m`bQb /2 H� T`BK2`� 7�b2 `2bT2+iQ � H� b2;mM/�X SQ`
2HHQ- b2 T�b� � +QKT�`�` +QM 2H o�HB�Mi +QM K�vQ`2b `2+m`bQb v MȹK2`Q /2 +�M�H2b T�`2bX



8XjX >vT2`s j. jd

h`�}+Q 6mM+BƦM /2 i`�}+Q a�HiQb h?`Qm;?Tmi

lMB7Q`K2 w′ = `�M/(k), x′ = `�M/(k), y′ = `�M/(k), z′ = `�M/(k) 2538
1000 ≈ 1

hQ`M�/Qnj/BK w′ = w, x′ = x+
⌊
k−1
2

⌋
, y′ = y +

⌊
k−1
2

⌋
, z′ = z +

⌊
k−1
2

⌋
j 1

10

.*_ j. w′ = w, x′ = ¬z, y′ = ¬y, z′ = ¬x 28
10

1
100

h�#H� 8Xe, h�#H� /2 i`�}+Qb T�`� H� >vT2`s j.X

Power BI DesktopHyperx 3D 10x10x10x10 Saltos promedio
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6B;m`� 8XN, _2bmHi�/Qb b�HiQb T`QK2/BQ j.X

8XjXR h`�}+Q lMB7Q`K2
1H i`�}+Q lMB7Q`K2 b2 +QMbB/2`� mM i`�}+Q #2MB;MQ /QM/2 +�/� b2`pB/Q` BMv2+i� T�[m2i2b �

Qi`Q b2`pB/Q` 2H2;B/Q /2 7Q`K� �H2�iQ`B� T�`� +�/� T�[m2i2X 1M i2Q`ő�- 2H i`�}+Q b2 /Bbi`B#mv2
/2 B;m�H 7Q`K� TQ` iQ/� H� `2/X SQ` 2biQ- HQb 2M+�KBM�KB2MiQb KőMBKQb b2 +QKTQ`i�M K2DQ`
[m2 HQb MQ KőMBKQb �mM[m2 HQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb /2#2`ő�M /2 TQ/2`
�+2`+�b2 � 2HHQbX �[mő H�b Kûi`B+�b /2 HQb 2M+�KBM�KB2MiQb o�HB�Mi MQ bQM `2T`2b2Mi�iBp�b
/2#B/Q � [m2 H� +�`;� v� 2bi� /Bbi`B#mB/� TQ` H� `2/ /2 7Q`K� M�im`�HX a2 Tm2/2M p2` HQb
`2bmHi�/Qb 2M H� 6B;m`� 8XRyX

1M H� 6B;m`� 8XRy HQb 2M+�KBM�KB2MiQb KőMBKQb �H+�Mx�M 2H i?`Qm;?Tmi 2bT2`�/Q v HQb
�/�Ti�iBpQb MQ KőMBKQb b2 �b2K2D�M � HQb KőMBKQbX .�G K2DQ`� 2H `2M/BKB2MiQ mM 2W `2b@
T2+iQ � JőMBKQ 2b+�H2`� +QM +m�i`Q +�M�H2b pB`im�H2b- �H+�Mx�M/Q mM `2M/BKB2MiQ K�tBKQX
PKMB@q�_ +QM b2Bb +�M�H2b pB`im�H2b 7mM+BQM� mM 5W T2Q` [m2 JőMBKQ 2b+�H2`� v M2+2bBi�
/Q+2 +�M�H2b pB`im�H2b T�`� B;m�H�` � .�GX aQ#`2 2H mM7�B`M2bb- b2 p2 [m2 2M .�G 2H i?`Qm;?@



j3 1p�Hm�+BƠM

Power BI DesktopHyperx 3D 10x10x10x10 3D Uniforme
Throughput medio red Throughput mínimo servidor

DOR Mínimo escalera DAL

Omni_WAR Valiant Valiant escalera
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0,93 0,95 0,980,87 0,89 0,91
0,94 0,97 0,980,87 0,90

0,92 0,96 0,97 0,980,89 0,90

0,92
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0,5
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lo

0,92
0,970,86

0,90

0,45 0,47 0,49
0,41 0,42 0,44 0,43

0,47
0,39

0,43

Canales virtuales
4 6 12

Canales virtuales
4 6 12

Canales virtuales
4 6 12

6B;m`� 8XRy, _2bmHi�/Qb +�`;� i`�}+Q lMB7Q`K2 j.X

Tmi KőMBKQ +�2 mM 6W `2bT2+iQ �H T`QK2/BQ /2 H� `2/- v 2M +�K#BQ PKMB@q�_ +�2 mM 7WX
GQb 2M+�KBM�KB2MiQb �/�Ti�iBpQb MQ KőMBKQb b2 �+2`+�M i�K#BûM � HQb 2M+�KBM�KB2MiQb
KőMBKQb 2M MȹK2`Q T`QK2/BQ /2 b�HiQb- +QKQ /2#2 /2 b2`X 1biQ b2 p2 2M H� 6B;m`� 8XNX

8XjXk h`�}+Q hQ`M�/Q j@/BK2MbBQM2b

1H i`�}+Q hQ`M�/Q j@/BK2MbBQM2b 2b mM i`�}+Q �/p2`bQX 1b mM� KQ/B}+�+BƦM /2H i`�}+Q hQ`@
M�/Q Q`B;BM�H- /QM/2 +�/� b2`pB/Q` 2Mpő� � mM /2biBMQ [m2 b2 2M+m2Mi`� � mM /2bTH�x�KB2MiQ
hQ`M�/Q TQ` +�/� /BK2MbBƦMX *QKQ 2M 2H i`�}+Q Q`B;BM�H- HQb 2M+�KBM�KB2MiQb KőMBKQb 7mM@
+BQM�M K�H v HQb 2M+�KBM�KB2MiQb o�HB�Mi /2#2`ő�M /2 K�`+�` 2H `2M/BKB2MiQ K�tBKQ [m2 b2
Tm2/2 2bT2`�`X

1M H� 6B;m`� 8XRR b2 �T`2+B� [m2 HQb 2M+�KBM�KB2MiQb KőMBKQb MQ �T`Qp2+?�M H� +�T�+B/�/
/2 H� `2/ KB2Mi`�b [m2 H� K�vQ`ő� /2 HQb MQ KőMBKQb bőX a2 �T`2+B� [m2 2H 2M+�KBM�KB2MiQ
o�HB�Mi- #�b�/Q 2M .P_- MQ 2bi� �H+�Mx�M/Q mM `2M/BKB2MiQ �+2Ti�#H2- �H +QMi`�`BQ /2 o�HB�Mi
2b+�H2`�X a2 ?� #mb+�/Q 2M H� HBi2`�im`� H�b `�xQM2b 2bT2+ő}+�b TQ` H�b +m�H2b 2bi2 i`�}+Q �72+i�
i�MiQ � o�HB�Mi- T2`Q MQ b2 ?� 2M+QMi`�/Q mM� +�mb� T`2+Bb�X aQ#`2 HQb /2K�b 2M+�KBM�KB2MiQb
MQ KőMBKQb �/�Ti�iBpQb- .�G +QM +m�i`Q +�M�H2b pB`im�H2b �H+�Mx� 2H `2M/BKB2MiQ K�tBKQ-
+QM mM 19W TQ` 2M+BK� /2 o�HB�Mi 2b+�H2`�X 1M 2H +�bQ /2 PKMB@q�_- 2bi2 M2+2bBi� b2Bb
+�M�H2b pB`im�H2b TQ` /2}MB+BƦM- v b2 +QHQ+� � H� T�` /2 .�GX aQ#`2 2H mM7�B`M2bb- b2 p2 [m2 2M
.�G 2H i?`Qm;?Tmi KőMBKQ +�2 mM 16W `2bT2+iQ �H T`QK2/BQ /2 H� `2/- v 2M +�K#BQ PKMB@
q�_ +�2 mM 26WX 1M 2H +�bQ /2 PKMB@q�_- 2bi� +�ő/� b2 +QMbB/2`� /2K�bB�/Q T`QMmM+B�/�
T�`� b2` mM i`�}+Q /QM/2 2H MȹK2`Q /2 b�HiQb /2 iQ/Qb HQb ~mDQb 2bi� 2[mBHB#`�/QX 1M iû`KBMQb
/2 MȹK2`Q /2 b�HiQb T`QK2/BQ- �K#Qb 2M+�KBM�KB2MiQb /�M 2H KBbKQ MȹK2`Q /2 b�HiQb [m2
o�HB�Mi 2b+�H2`�X 1biQ b2 Tm2/2 p2` 2M H� 6B;m`� 8XNX



8XjX >vT2`s j. jN

Power BI DesktopHyperx 3D 10x10x10x10 3D Tornado-3
Throughput medio red Throughput mínimo servidor

DOR Mínimo escalera DAL

Omni_WAR Valiant Valiant escalera
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0,10 0,10 0,100,10 0,10 0,10 0,10 0,10 0,100,09 0,09 0,08

0,50 0,50 0,50

0,40 0,41 0,42
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0,50 0,50

0,37 0,35

0,21
0,17 0,17

0,07
0,01 0,00

0,42
0,47

0,31
0,35

Canales virtuales
4 6 12

Canales virtuales
4 6 12

Canales virtuales
4 6 12

6B;m`� 8XRR, _2bmHi�/Qb +�`;� i`�}+Q hQ`M�/Q@j j.X

8XjXj h`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 j.

1H i`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 j. 2bi� +QMbB/2`�/Q +QKQ 2H T2Q` i`�}+Q T�`� mM�
>vT2`s (Ry)X lM `QmiBM; .P_ 2M 2H i`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 T�`� mM� >vT2`s /2
H�/Q k iB2M2 mM i?`Qm;?Tmi /2 1

k2 X 1M 2bi2 b2MiB/Q- 2b 2H i`�}+Q K�b �/p2`bQ 2bim/B�/Q 2M 2bi2
i`�#�DQX GQb 2M+�KBM�KB2MiQb o�HB�Mi /2#2`ő�M K�`+�` 2H `2M/BKB2MiQ K�tBKQ- � B;m�H�` TQ`
HQb 2M+�KBM�KB2MiQb MQ KőMBKQb �/�Ti�iBpQbX

1M H� 6B;m`� 8XRk HQb 2M+�KBM�KB2MiQb KőMBKQb �T`Qp2+?�M Kmv TQ+Q HQb `2+m`bQb /2 H�
`2/ KB2Mi`�b [m2 HQb MQ KőMBKQb bB [m2 HH2;�M �H i?`Qm;?Tmi K2/BQ i2Ʀ`B+Q K�tBKQX .�G
7mM+BQM� #B2M +QM +m�i`Q +�M�H2b pB`im�H2b- bBim�M/Qb2 mM 16W TQ` 2M+BK� /2 o�HB�MiX aBM 2K@
#�`;Q- +QM b2Bb +�M�H2b pB`im�H2b b2 /2;`�/� mM `2M/BKB2MiQ mM 20W- v Hm2;Q +QM /Q+2 +�M�H2b
pB`im�H2b pm2Hp2 � `2+mT2`�`X 1bi� 7Q`K� /2 p�HH2 2Mi`2 H�b bBKmH�+BQM2b Tm2/2 [m2 ?�v� bB/Q
+�mb�/� TQ` 2H mM7�B`M2bb 2tBbi2Mi2 2M 2bi2 i`�}+QX 1M 2H +�bQ /2 PKMB@q�_- b2 M2+2bBi�M
b2Bb +�M�H2b pB`im�H2b TQ` /2}MB+BƦM- v b2 +QHQ+� mM 13W TQ` 2M+BK� /2 o�HB�Mi- �H+�x�M/Q mM
`2M/BKB2MiQ K�tBKQX a2 Tm2/2M �T`2+B�` /B72`2M+B�b Kmv bB;MB}+�iBp�b 2Mi`2 2H i?`Qm;?Tmi
T`QK2/BQ /2 H� `2/ v 2H i?`Qm;?Tmi KőMBKQ- T`BM+BT�HK2Mi2 2M .�GX _2bT2+iQ �H mM7�B`M2bb-
�K#Qb 2M+�KBM�KB2MiQb /2+�2M Km+?QX 1M 2H +�bQ /2 .�G- 2H i?`Qm;?Tmi KőMBKQ +�2 mM
dNW `2bT2+iQ �H T`QK2/BQ v 2M PKMB@q�_ mM 62WX >�v ~mDQb /2 T�[m2i2b [m2 `2�HBx�M /B72@
`2Mi2 MȹK2`Q /2 b�HiQb TQ` HQ [m2 2biQ Tm2/2 BM~mB` 2M [m2 /2i2`KBM�/Qb b2`pB/Q`2b �+2Ti2M
K�b T�[m2i2b [m2 Qi`Qb v +QMHH2p2 � mM� `2/ BM2bi�#H2X 1H 72MƦK2MQ /2b+`BiQ 2b bBKBH�` � HQ
[m2 Q+m``2 2M 2H .B`2+i *QKTH2K2Mi _2p2`b2 k.X 1M 2H +�bQ /2H 2M+�KBM�KB2MiQ .P_- 2H
MȹK2`Q /2 b�HiQb i2Ʀ`B+Qb MQ b2 �Dmbi� +QM 2H `2�H /2#B/Q �H mM7�B`M2bb 2tBbi2Mi2 2M H� `2/ [m2
?�+2 [m2 �H;mMQb b2`pB/Q`2b MQ `2+B#�M T�[m2i2b 2M iQ/� H� bBKmH�+BƦMX



9y 1p�Hm�+BƠM

Power BI DesktopHyperx 3D 10x10x10x10 Direct Complement Reverse 3D
Throughput medio red Throughput mínimo servidor

DOR Mínimo escalera DAL

Omni_WAR Valiant Valiant escalera
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0,50 0,50

0,19 0,19

0,43 0,44
0,47

0,27

0,11

0,23

0,42
0,47

0,31 0,34

Canales virtuales
4 6 12

Canales virtuales
4 6 12

Canales virtuales
4 6 12

6B;m`� 8XRk, _2bmHi�/Qb +�`;� i`�}+Q .*_ j.X

�M�HBx�M/Q HQb `2M/BKB2MiQb /2 .�G v PKMB@q�_ T�`� H� >vT2`s j.- T�`2+2 [m2 .�G
Q#iB2M2 `2M/BKB2MiQb ƦTiBKQb +QM +m�i`Q +�M�H2b pB`im�H2b T�`� iQ/Qb HQb i`�}+Qb- KB2Mi`�b
[m2 PKMB@q�_ M2+2bBi� b2Bb TQ`[m2 +QM K2MQb +�M�H2b MQ 2bi� /2}MB/Q- v 2M �H;mMQb +�bQb b2
`2[mB2`2M /Q+2 T�`� B;m�H�` � .�GX a2 Tm2/2 Q#b2`p�` [m2 �K#Qb 2M+�KBM�KB2MiQb T�/2+2M
T`Q#H2K�b /2 mM7�B`M2bb T�`� 2H i`�}+Q .B`2+i *QKTH2K2Mi _2p2`b2 j.- mM TQ+Q K�b T`Q@
MmM+B�/Q 2M .�GX aBM 2K#�`;Q- MBM;mMQ /2 HQb /Qb 2M+�KBM�KB2MiQb Q#iB2M2 mM `2M/BKB2MiQ
�/2+m�/Q T�`� 2bi2 i`�}+QX 1M 2H +�bQ /2 i`�}+Q hQ`M�/Q@j v lMB7Q`K2- .�G iB2M2 bB2KT`2
mM K2DQ` 7�B`M2bb v i?`Qm;?Tmi KőMBKQ K�vQ` �H /2 PKMB@q�_X



e *QM+HmbBQM2b
1M 2bi2 i`�#�DQ b2 ?�M /2b+`BiQ /B72`2Mi2b +�`�+i2`őbiB+�b /2 H� iQTQHQ;ő� >vT2`s +QKQ,

2H �M+?Q /2 H� #Bb2++BƦM- 2H /B�K2i`Q Q H� +QMbi`m++BƦM /2H ;`�7Q /2 H� `2/X �/2K�b- b2 ?�
BKTH2K2Mi�/Q H� iQTQHQ;ő� 2M "QQFbBKk bBM `2bi`B++BQM2b 2M 2H /BK2MbBQM�KB2MiQ /2 H� `2/X

h`�b H�b T`m2#�b `2�HBx�/�b- b2 /2/m+2 [m2 HQb 2M+�KBM�KB2MiQb +QKTH2i�K2Mi2 �/�Ti�iBpQb
MQ KőMBKQb 2tTHQi�M HQb `2+m`bQb /2 H� `2/ �H K�tBKQX 1M +�K#BQ- 2M+�KBM�KB2MiQb [m2 MQ
bQM +QKTH2i�K2Mi2 �/�Ti�iBpQb TQ`[m2 �THB+�M `2bi`B++BQM2b 2M HQb +�KBMQb T�`� 2pBi�` 2H
/2�/HQ+F +QKQ, .P_- hm`M JQ/2H- 2i+X- MQ �H+�Mx�M `2M/BKB2MiQb b�iBb7�+iQ`BQb 2M Km+?�b
/2 H�b T`m2#�bX SQ` 2HHQ- T�`� �T`Qp2+?�` K2DQ` H� +�T�+B/�/ /2 H� `2/ 2M +m�H[mB2` 2b+2M�`BQ-
2b `2+QK2M/�#H2 miBHBx�` +QKQ K2+�MBbKQ /2 2pBi�+BƦM /2 /2�/HQ+F H� 2b+�H2`� Q 2H +�M�H
/2 2b+�T2- [m2 b2 +2Mi`�M 2M �Ƣ�/B` +�M�H2b pB`im�H2b T�`� 2pBi�` 2H /2�/HQ+F- bBM `2bi`BM;B`
`mi�bX .�G v PKMB@q�_ bQM /Qb 2M+�KBM�KB2MiQb KQ/2`MQb [m2 mb�M mMQ /2 2biQb /Qb
K2+�MBbKQb 2M bm BKTH2K2Mi�+BƦM- v b2 +QMbB/2`� [m2 �K#Qb �T`Qp2+?�M HQb `2+m`bQb /2 H�
`2/ �H K�tBKQ 2M H�b T`m2#�b `2�HBx�/�bX aBM 2K#�`;Q- HQb `2bmHi�/Qb Q#i2MB/Qb +QM 2H mbQ
/2 2biQb 2M+�KBM�KB2MiQb Km2bi`�M mM7�B`M2bb T�`� �H;mMQb /2 HQb i`�}+Qb T`Q#�/Qb- v MQ
b2 ?�M 2M+QMi`�/Q i`�#�DQb [m2 TQM;�M 2H 7Q+Q 2M 2bi2 T`Q#H2K�X �/2K�b- Tm2/2 b2` [m2 H�
+QM};m`�+BƦM /2H `Qmi2` miBHBx�/Q- Q /2 H� `2/ bBKmH�/�- Tm2/� /�` Hm;�` � �KTHB}+�` 2bi2
272+iQX 1biQ Tm2/2 b2` Q#D2iQ /2 2bim/BQ /2 Qi`Qb i`�#�DQbX a2;ȹM HQb /�iQb �M�HBx�/Qb- .�G
2b 2H K2DQ` 2M+�KBM�KB2MiQ T`Q#�/Q 2M 2bi2 i`�#�DQ v� [m2 miBHBx� K2MQb +�M�H2b pB`im�H2b
[m2 PKMB@q�_- Q#i2MB2M/Q 2H KBbKQ `2M/BKB2MiQ /2 K�M2`� K�b 2+QMƦKB+�X

SQ` Qi`� T�`i2- 2M HQb /2b�``QHHQb /2 .�G v PKMB@q�_ b2 ?� T`QTm2biQ mM� 7mM+BƦM /2
T2bQ /B72`2Mi2 T�`� +�/� 2M+�KBM�KB2MiQX S`QTQM2` v �Dmbi�` mM� 7mM+BƦM /2 T2bQ 2b mM
T`Q+2bQ /B7ő+BH /2 +QM7`QMi�` /2#B/Q � [m2 ûbi�b b2 �+QTH�M �H i�K�ƢQ v /BK2MbBQM�KB2MiQ /2
H� `2/X SQ` 2HHQ- b2 ?�M T`Q#�/Q H�b 7mM+BQM2b T�`� /B72`2Mi2b /BK2MbBQM�KB2MiQb /2 H� `2/- v
b2 ?� i`�i�/Q /2 ?�+2` mM �Dmbi2 ;2M2`�H �Ƣ�/B2M/Q T�`�K2i`Qb v +QMbi�Mi2b � H�b 7mM+BQM2bX
*QM+Hmv2M/Q- `2+B2Mi2K2Mi2 b2 ?� Tm#HB+�/Q mM� T`QTm2bi� (k9) [m2 iQK� Qi`Q �+2`+�KB2MiQ
�H T`Q#H2K�- /2}MB2M/Q mM� 7mM+BƦM /2 T2bQ [m2 b2 �Dmbi� 2M iB2KTQ /2 2D2+m+BƦM � H� `2/ v
Tm2/2 b2` Q#D2iQ /2 BMi2`ûb T�`� Qi`Qb i`�#�DQbX

lM� p2x }M�HBx�/Q 2H i`�#�DQ- b2 +QMbB/2`� [m2 HQb i`2b Q#D2iBpQb T`QTm2biQb 2M H� a2++BƦM
RXk b2 ?�M +m#B2`iQ- URV b2 ?� 2bim/B�/Q H� iQTQHQ;ő� >vT2`s 2 BKTH2K2Mi�/Q 2M mM bBKmH�/Q`-
UkV b2 ?�M 2bim/B�/Q v 2p�Hm�/Q 2M T`Q7mM/B/�/ /B72`2Mi2b iû+MB+�b /2 2pBi�+BƦM /2H /2�/HQ+F
v UjV b2 ?� /�/Q mM� BKTH2K2Mi�+BƦM /2 HQb 2M+�KBM�KB2MiQb KQ/2`MQb T`QTm2biQb v b2 ?�
�M�HBx�/Q 2H `2M/BKB2MiQ /2 2biQbX

*QKQ i`�#�DQ 7mim`Q- b2 T`QTQM2 ?�+2` T`m2#�b +QM i`�}+Q /2 �THB+�+BQM2b `2�H2b- +QM
Kûi`B+�b b2K2D�Mi2b � H�b [m2 b2 /2b+`B#2M 2M (j8)X GQb i`�}+Qb v Kûi`B+�b miBHBx�/�b 2M 2bi2
i`�#�DQ bB`p2M T�`� /2b+�`i�` /B72`2Mi2b 2M+�KBM�KB2MiQb- bB2M/Q T`m2#�b M2+2b�`B�b 2M mM�
T`BK2`� 7�b2 /2 2tT2`BK2Mi�+BƦMX

9R



"B#HBQ;`�7ő�
(R) 1X qX .BDFbi`�- ǳ*QQT2`�iBM; a2[m2MiB�H S`Q+2bb2bǴ- 2M RNe3X /B`2++BƦM, ?iiTb,ffrrrX

+bXmi2t�bX2/mfmb2`bf1q.f2r/yRttf1q.RkjXS.6X
(k) 1X ai`Q?K�B2`- CX .QM;�``�- >X aBKQM- JX J2m2`X ǳhPS8yy @ CmM2 kykkǴX BM;HûbX UR /2

DmMX /2 kykkV- /B`2++BƦM, ?iiTb,ffrrrXiQT8yyXQ`;fHBbibfiQT8yyfkykkfyef UpBbBi�/Q
ke@ye@kykkVX

(j) "X J2�/Q`- ǳ� bm`p2v Q7 +QKTmi2` M2irQ`F iQTQHQ;v �M/ �M�HvbBb 2t�KTH2bǴ- q�b?BM;@
iQM lMBp2`bBiv- T�;bX k@j- kyy3X /B`2++BƦM, ?iiTb,ffrrrX+b2XrmbiHX2/mf�D�BMf
+b28ed@y3f7iTfiQTQHQ;vfBM/2tX?iKHX

(9) CX EBK v >X EBK- ǳ_Qmi2` JB+`Q�`+?Bi2+im`2 �M/ a+�H�#BHBiv Q7 _BM; hQTQHQ;v BM PM@
*?BT L2irQ`FbǴ- 2M S`Q+22/BM;b Q7 i?2 kM/ AMi2`M�iBQM�H qQ`Fb?QT QM L2irQ`F QM
*?BT �`+?Bi2+im`2b- ûTX LQ*�`+ ǶyN- L2r uQ`F- L2r uQ`F, �bbQ+B�iBQM 7Q` *QKTmiBM;
J�+?BM2`v- kyyN- T�;bX 8@Ry- Bb#M, Nd3Rey883dd98X /QB, RyXRR98fRe98kRjXRe98kRdX

(8) >2rH2ii S�+F�`/ 1Mi2`T`Bb2X ǳ>S1 aHBM;b?Qi AMi2`+QMM2+iǴX BM;HûbX UkykkV- /B`2++BƦM,
?iiTb,ffrrrX?T2X+QKfmbf2Mf+QKTmi2f?T+fbHBM;b?Qi@ BMi2`+QMM2+iX?iKHO
UpBbBi�/Q ke@ye@kykkVX

(e) CX >X �?M- LX "BMF2`i- �X .�pBb- JX J+G�`2M v _X aX a+?`2B#2`- ǳ>vT2`s, iQTQHQ;v- `Qm@
iBM;- �M/ T�+F�;BM; Q7 2{+B2Mi H�`;2@b+�H2 M2irQ`FbǴ- 2M S`Q+22/BM;b Q7 i?2 *QM72`2M+2
QM >B;? S2`7Q`K�M+2 *QKTmiBM; L2irQ`FBM;- aiQ`�;2 �M/ �M�HvbBb- kyyN- T�;bX R@RRX
/QB, RyXRR98fRe89y8NXRe89RyRX

(d) CX EBK- qX CX .�HHv v .X �#ib- ǳ6H�ii2M2/ "mii2`~v, � *Qbi@1{+B2Mi hQTQHQ;v 7Q`
>B;?@_�/Bt L2irQ`FbǴ- 2M S`Q+22/BM;b Q7 i?2 j9i? �MMm�H AMi2`M�iBQM�H avKTQbBmK QM
*QKTmi2` �`+?Bi2+im`2- ûTX Aa*� Ƕyd- a�M .B2;Q- *�HB7Q`MB�- la�, �bbQ+B�iBQM 7Q` *QK@
TmiBM; J�+?BM2`v- kyyd- T�;bX Rke@Rjd- Bb#M, Nd3R8N8NjdyejX /QB, RyXRR98fRk8yeekX
Rk8yedNX

(3) _X GB/H v :X SBHx- �TTHB2/ �#bi`�+i �H;2#`�X aT`BM;2` o2`H�;- RN3yX
(N) CX .QKF2- aX J�ibmQF�- AX _X Ap�MQp v +QHX- ǳ>vT2`s hQTQHQ;v, 6B`bi �i@a+�H2 AKTH2@

K2Mi�iBQM �M/ *QKT�`BbQM iQ i?2 6�i@h`22Ǵ- 2M S`Q+22/BM;b Q7 i?2 AMi2`M�iBQM�H *QM72@
`2M+2 7Q` >B;? S2`7Q`K�M+2 *QKTmiBM;- L2irQ`FBM;- aiQ`�;2 �M/ �M�HvbBb- ûTX a* ǶRN-
.2Mp2`- *QHQ`�/Q, �bbQ+B�iBQM 7Q` *QKTmiBM; J�+?BM2`v- kyRN- Bb#M, Nd3R98yjekkNyX
/QB, RyXRR98fjkN88yyXjj8eR9yX

(Ry) LX J+.QM�H/- JX Ab�2p- �X 6HQ`2b- �X .�pBb v CX EBK- ǳS`�+iB+�H �M/ 1{+B2Mi AM+`2K2M@
i�H �/�TiBp2 _QmiBM; 7Q` >vT2`s L2irQ`FbǴ- 2M S`Q+22/BM;b Q7 i?2 AMi2`M�iBQM�H *QM72@
`2M+2 7Q` >B;? S2`7Q`K�M+2 *QKTmiBM;- L2irQ`FBM;- aiQ`�;2 �M/ �M�HvbBb- ûTX a* ǶRN-
.2Mp2`- *QHQ`�/Q, �bbQ+B�iBQM 7Q` *QKTmiBM; J�+?BM2`v- kyRN- Bb#M, Nd3R98yjekkNyX
/QB, RyXRR98fjkN88yyXjj8eR8RX
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(RR) qX CX .�HHv v "X SX hQrH2b- S`BM+BTH2b �M/ S`�+iB+2b Q7 AMi2`+QMM2+iBQM L2irQ`Fb Uh?2
JQ`;�M E�m7K�MM a2`B2b BM *QKTmi2` �`+?Bi2+im`2 �M/ .2bB;MV- R� 2/X JQ`;�M E�m7@
K�MM- kyy9X

(Rk) CX _QiK�M- �M AMi`Q/m+iBQM iQ i?2 h?2Q`v Q7 :`QmTb U:`�/m�i2 h2tib BM J�i?2K�iB+b-
R93V- 9i?X aT`BM;2`- RNN9X

(Rj) Ap2`bQM #`�+F2i- BM;Hûb- 2M kd /2 K�vQ /2 kykkX /B`2++BƦM, ?iiTb,ff2MXrBFBT2/B�X
Q`;frBFBfAp2`bQMn#`�+F2i UpBbBi�/Q kN@ye@kykkVX

(R9) qX .�HHv- ǳoB`im�H@+?�MM2H ~Qr +QMi`QHǴ- A111 h`�Mb�+iBQMb QM S�`�HH2H �M/ .Bbi`B#m@
i2/ avbi2Kb- pQHX j- MQ k- T�;bX RN9@ky8- RNNkX /QB, RyXRRyNfdRXRkdkeyX

(R8) hX SBMFbiQM- ǳ.2�/HQ+F *?�`�+i2`Bx�iBQM �M/ _2bQHmiBQM BM AMi2`+QMM2+iBQM L2irQ`FbǴ-
2M .2�/HQ+F _2bQHmiBQM BM *QKTmi2`@AMi2;`�i2/ avbi2KbX �Kbi2`/�K lMBp2`bBiv S`2bb-
kyR3- T�;bX 998@9NRX

(Re) :X SB7�``û- GX :`�p�MQ- aX 62HT2`BM v CX a�Mx- ǳ6mHHv �/�TiBp2 JBMBK�H .2�/HQ+F@6`22
S�+F2i _QmiBM; BM >vT2`+m#2b- J2b?2b- �M/ Pi?2` L2irQ`Fb, �H;Q`Bi?Kb �M/ aBKmH�@
iBQMbǴ- S�`�HH2H �M/ .Bbi`B#mi2/ avbi2Kb- A111 h`�Mb�+iBQMb QM- pQHX 8- T�;bX k9d@kej-
�#`X /2 RNN9X /QB, RyXRRyNfdRXkdddNkX

(Rd) CX .m�iQ v hX SBMFbiQM- ǳ� ;2M2`�H i?2Q`v 7Q` /2�/HQ+F@7`22 �/�TiBp2 `QmiBM; mbBM;
� KBt2/ b2i Q7 `2bQm`+2bǴ- S�`�HH2H �M/ .Bbi`B#mi2/ avbi2Kb- A111 h`�Mb�+iBQMb QM-
pQHX Rk- T�;bX RkRN@Rkj8- 2M2X /2 kyykX /QB, RyXRRyNfdRXNdy88eX

(R3) *X :H�bb v GX LB- ǳh?2 hm`M JQ/2H 7Q` �/�TiBp2 _QmiBM;Ǵ- 2M (RNNk) S`Q+22/BM;b i?2
RNi? �MMm�H AMi2`M�iBQM�H avKTQbBmK QM *QKTmi2` �`+?Bi2+im`2- RNNk- T�;bX kd3@k3dX
/QB, RyXRRyNfAa*�XRNNkXd8jjk9X

(RN) CX lT�/?v�v- oX o�`�pBi?v� v SX JQ?�T�i`�- ǳ_QmiBM; �H;Q`Bi?Kb 7Q` hQ`mb L2irQ`FbǴ-
72#X /2 kyyRX

(ky) LX CB�M;- .X lX "2+F2`- :X JB+?2HQ;B�MM�FBb v +QHX- ǳ� /2i�BH2/ �M/ ~2tB#H2 +v+H2@
�++m`�i2 L2irQ`F@QM@*?BT bBKmH�iQ`Ǵ- 2M kyRj A111 AMi2`M�iBQM�H avKTQbBmK QM S2`@
7Q`K�M+2 �M�HvbBb Q7 avbi2Kb �M/ aQ7ir�`2 UAaS�aaV- kyRj- T�;bX 3e@NeX /QB, RyXRRyNf
AaS�aaXkyRjXe88dR9NX

(kR) JX C2QM- EX@LX CQQ- hX EBK- aX EBK v *X@>X uQmM- ǳ6H2s, � 6H2t AMi2`+QMM2+i2/ >S*
avbi2K qBi? aiQ+?�biB+ GQ�/ "�H�M+BM; a+?2K2Ǵ- A111 �++2bb- pQHX Ry- T�;bX jd Re9@jd R3y-
kykkX /QB, RyXRRyNf�**1aaXkykkXjRej89kX

(kk) :X J�;HBQM2@J�i?2v- CX 1b+m/2`Q@a�?m[mBHHQ- SX CX :�`+B� v 6X CX ZmBH2b- ǳ_2/m+BM;
i?2 AKT�+i Q7 AMi2`DQ# AMi2`72`2M+2 BM .`�;QM~v L2irQ`Fb lbBM; oB`im�H S�`iBiBQMbǴ-
A111 JB+`Q- pQHX 9k- MQ j- T�;bX 8y@8e- kykkX /QB, RyXRRyNfJJXkykkXjR8Rk83X

(kj) uX _Q- aX CBM- CX >m? v CX EBK- ǳ:?Qbi _QmiBM; iQ 1M�#H2 P#HBpBQmb *QKTmi�iBQM QM
J2KQ`v@+2Mi`B+ L2irQ`FbǴ- 2M kykR �*JfA111 93i? �MMm�H AMi2`M�iBQM�H avKTQbBmK
QM *QKTmi2` �`+?Bi2+im`2 UAa*�V- kykR- T�;bX Njy@N9jX /QB, RyXRRyNfAa*�8kyRkX
kykRXyyyddX

(k9) >X E�b�M- :X EBK- uX uB v CX EBK- ǳ.vM�KB+ :HQ#�H �/�TiBp2 _QmiBM; BM >B;?@_�/Bt
L2irQ`FbǴ- 2M S`Q+22/BM;b Q7 i?2 9Ni? �MMm�H AMi2`M�iBQM�H avKTQbBmK QM *QKTmi2`
�`+?Bi2+im`2- ûTX Aa*� Ƕkk- L2r uQ`F- L2r uQ`F, �bbQ+B�iBQM 7Q` *QKTmiBM; J�+?BM2`v-
kykk- T�;bX ddR@d3j- Bb#M, Nd3R98yj3eRy9X /QB, RyXRR98fj9dy9NeXj8kdj3NX
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(k8) LX J+E2QrM- �X J2FFBiiBFmH- oX �M�Mi?�`�K v CX q�H`�M/- ǳ�+?B2pBM; RyyW h?@
`Qm;?Tmi BM �M AMTmi@Zm2m2/ arBi+?Ǵ- 2M A111 h_�La�*hAPLa PL *PJJlLA@
*�hAPLa- RNNe- T�;bX kNe@jykX

(ke) aX *?�+QM v "X ai`�m#- S`Q :Bi- k� 2/X �T`2bb- kyR9X
(kd) a+?2/J.- aHm`K qQ`FHQ�/ J�M�;2` @ .Q+mK2Mi�iBQMX /B`2++BƦM, ?iiTb,ffbHm`KX

b+?2/K/X+QKf/Q+mK2Mi�iBQMX?iKHX
(k3) "`�v- hX- 1/X- h?2 C�p�a+`BTi P#D2+i LQi�iBQM UCaPLV .�i� AMi2`+?�M;2 6Q`K�i - _6*

dR8NX /QB, RyXRd93df_6*dR8NX
(kN) "?mv�M v �;`�r�H- ǳ:2M2`�HBx2/ >vT2`+m#2 �M/ >vT2`#mb ai`m+im`2b 7Q` � *QKTmi2`

L2irQ`FǴ- A111 h`�Mb�+iBQMb QM *QKTmi2`b- pQHX *@jj- MQ 9- T�;bX jkj@jjj- RN39X /QB,
RyXRRyNfh*XRN39XRede9jdX

(jy) .X a2Q- �X �HB- qX GBK- LX _�}[m2 v JX h?Qii2i?Q/B- ǳL2�`@PTiBK�H qQ`bi@*�b2
h?`Qm;?Tmi _QmiBM; 7Q` hrQ@.BK2MbBQM�H J2b? L2irQ`FbǴ- 2M Aa*� kyy8- kyy8X

(jR) EX :mMi?2`- ǳS`2p2MiBQM Q7 .2�/HQ+Fb BM S�+F2i@arBi+?2/ .�i� h`�MbTQ`i avbi2KbǴ-
A111 h`�Mb�+iBQMb QM *QKKmMB+�iBQMb- pQHX kN- MQ 9- T�;bX 8Rk@8k9- RN3RX /QB, RyX
RRyNfh*PJXRN3RXRyN8ykRX

(jk) GX :X o�HB�Mi v :X CX "`2#M2`- ǳlMBp2`b�H a+?2K2b 7Q` S�`�HH2H *QKKmMB+�iBQMǴ- 2M
S`Q+22/BM;b Q7 i?2 h?B`i22Mi? �MMm�H �*J avKTQbBmK QM h?2Q`v Q7 *QKTmiBM;-
ûTX ahP* Ƕ3R- JBHr�mF22- qBb+QMbBM- la�, �bbQ+B�iBQM 7Q` *QKTmiBM; J�+?BM2`v-
RN3R- T�;bX kej@kdd- Bb#M, Nd3R98yjdjNkyX /QB, RyXRR98f3yyydeX3yk9dNX

(jj) :X Er�mF- aX E�M;- >X E�b�M- >X aQM v CX EBK- ǳ"QQK:�i2, .2�/HQ+F �pQB/�M+2 BM
LQM@JBMBK�H _QmiBM; 7Q` >B;?@_�/Bt L2irQ`FbǴ- 2M kykR A111 AMi2`M�iBQM�H avKTQ@
bBmK QM >B;?@S2`7Q`K�M+2 *QKTmi2` �`+?Bi2+im`2 U>S*�V- kykR- T�;bX eNe@dy3X /QB,
RyXRRyNf>S*�8Re9dXkykRXyyye9X

(j9) "X hQrH2b v qX CX .�HHv- ǳqQ`bi@*�b2 h`�{+ 7Q` P#HBpBQmb _QmiBM; 6mM+iBQMbǴ- 2M
S`Q+22/BM;b Q7 i?2 6Qm`i22Mi? �MMm�H �*J avKTQbBmK QM S�`�HH2H �H;Q`Bi?Kb �M/
�`+?Bi2+im`2b- ûTX aS�� Ƕyk- qBMMBT2;- J�MBiQ#�- *�M�/�, �bbQ+B�iBQM 7Q` *QKTmiBM;
J�+?BM2`v- kyyk- T�;bX R@3- Bb#M, R83RRj8kNdX /QB, RyXRR98f8e93dyX8e93dkX

(j8) aX *?mM/m`B- hX :`Qp2b- SX J2M/v;`�H v +QHX- ǳ:S*L2h, .2bB;MBM; � "2M+?K�`F amB@
i2 7Q` AM/m+BM; �M/ J2�bm`BM; *QMi2MiBQM BM >S* L2irQ`FbǴ- 2M S`Q+22/BM;b Q7 i?2
AMi2`M�iBQM�H *QM72`2M+2 7Q` >B;? S2`7Q`K�M+2 *QKTmiBM;- L2irQ`FBM;- aiQ`�;2 �M/
�M�HvbBb- ûTX a* ǶRN- .2Mp2`- *QHQ`�/Q, �bbQ+B�iBQM 7Q` *QKTmiBM; J�+?BM2`v- kyRN-
Bb#M, Nd3R98yjekkNyX /QB, RyXRR98fjkN88yyXjj8ekR8X
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