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The motion of the free surface of an incompressible fluid is a very active research

area. Most of these works examine the case of an inviscid fluid. However, in several

practical applications, there are instances where the viscous damping needs to be

considered. In this paper we derive and study a new asymptotic model for the

motion of unidirectional viscous water waves. In particular, we establish the global

well-posedness in Sobolev spaces. Furthermore, we also establish the global well-

posedness and decay of a fourth order partial differential equation (PDE) modelling

bidirectional water waves with viscosity moving in deep water with or without surface

tension effects.
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I. INTRODUCTION

The motion of waves in fluids has been a hot research topic since the XVIIIth century

with the works of Laplace and Lagrange. On the one hand there is a large number of

papers dealing with the free boundary Euler and Navier-Stokes equations6,30. These are free

boundary problems and as a consequence the domain of definition Ω(t) of the functions (the

bulk of the fluid) is an unknown of the system that has to be determined from the dynamics.

On the other hand the literature on asymptotic models of such free boundary problems is

even larger (cf.31). These asymptotic models allow to have very good approximate descrip-

tion of the actual dynamics while simplifying the equations under study. In this direction

there are many papers dealing with the case of inviscid fluids and, in particular dealing with

asymptotic models for shallow water waves (see for instance31 and the references therein)

and models of water waves with small steepness (we refer to1,3,33–35 for example). Similar

small steepness asymptotics models can be derived for other free boundary problems, such

as the Muskat problem8,15, see18,20,38. Many of such asymptotic models are used in different

applications in Coastal Engineering and Physics.

Although it is a classical topic, the works studying the case of a viscous fluid are more

scarce. The first works studying the case of a viscous water wave date back to Boussinesq7,

Basset5 and Lamb29. Since then there are many other papers studying damped water

waves. For instance, we refer to the manuscripts of Kakutani & Matsuuchi26, Ruvinsky

& Freidman37, Longuet-Higgins32, Jiang, Ting, Perlin & Schultz23, Joseph & Wang24, Wang

& Joseph39 and Wu, Liu & Yue40.

According to the work by Dias, Dyachenko & Zakharov10, the viscous damping of gravity

water waves can be described by the following free boundary problem:

∆φ = 0 in Ω(t), (1a)

ρ

(
φt +

1

2
|∇φ|2 +Gh

)
= −2µ∂2

2φ on Γ(t), (1b)

ht = ∇φ · (−∂1h, 1) + 2
µ

ρ
∂2
1h on Γ(t), (1c)

where h denotes the height of the wave, φ is the velocity potential and G, ρ and µ are the

gravity acceleration, density and viscosity of the fluid.

Since its appearance, this system was considered by several other authors (see11–14). The

need for simplified asymptotic models for damped water-waves systems was highlighted at
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first by Longuet-Higgins, which in32 stated that

For certain applications, however, viscous damping of the waves is important,

and it would be highly convenient to have equations and boundary conditions of

comparable simplicity as for undamped waves.

In this spirit, Kakleas & Nicholls25 derived a quadratic asymtotic model while Bae, Lin

& Shin4 derived a cubic asymptotic model of (1). The well-posedness of this quadratic

model was studied by Ambrose, Bona & Nicholls2 while the well-posedness of the full Dias-

Dyachenko-Zakharov was proved by Ngom & Nicholls in36 in the case of a nonzero surface

tension and by Granero-Belinchón & Scrobogna21 in the case in which the surface tension

can be zero.

In a series of works19,22, the authors, starting with the Dias-Dyachenko-Zakharov (1) free

boundary problem, derived and studied the following bidirectional models of viscous water

waves 



ftt + 2δΛ2ft + Λf + βΛ3f + δ2Λ4f = ε

{
− Λ

(
(Hft)

2)

+ ∂xJH, fKΛf + β∂xJH, fKΛ3f + δ∂xJH,HftKH∂2
xf

+ δΛ
(
HftH∂2

xf
)
− δ∂x

q
∂2
x, f

y
Hft + δ2∂x

q
∂2
x, f

y
Λ∂xf

− δ2∂x
q
H, ∂2

xf
y
∂2
xf

}
,

f(x, 0) = f0(x),

ft(x, 0) = f1(x),

(2)

and 



ftt + 2δΛ2ft + Λf + βΛ3f + δ2Λ4f = ε

{
− Λ

(
(Hft)

2)

+ ∂xJH, fKΛf + β∂xJH, fKΛ3f + δ∂xJH,HftKH∂2
xf

+ δΛ
(
HftH∂2

xf
)
− δ∂x

q
∂2
x, f

y
Hft

}
,

f(x, 0) = f0(x),

ft(x, 0) = f1(x),

(3)

where ε is the steepness parameters that measures the ratio between the amplitude and the

wavelength, δ > 0 is a dimensionless parameter reflecting the viscous effects, β ≥ 0 is the

Bond number measuring the ratio between capillary and gravity forces. The operators H
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and Λ denote the Hilbert transform and the square root of the Laplacian

Ĥf(k) = −isgn(k)f̂(k) , Λ̂f(k) = |k|f̂(k) , (4)

and

JA,BKf = A(Bf)−B(Af),

is the commutator between two operators acting on the function f . In what follows we

consider (x, t) ∈ S1 × [0, T ] where S1 denotes the interval [−π, π] with periodic boundary

conditions. Furthermore, we will consider zero-mean initial data f0 and f1.

The purpose of this work is twofold. First we prove that the system (3) is globally well

posed for initial data which are sufficiently small.

Second we derive a new asymptotic model of unidirectional viscous water waves. In

particular, we obtain the following nonlocal and nonlinear equation

2εut = Nux + 2δNuxx +NHu− βNH∂2
xu+ δ2N∂3

xu

− εN
{
2uux + Λ

q
H,Λ−1u

y
u+ βΛ

q
H,Λ−1u

y
Λ2u

− δΛJH, uKux + δ∂x (uux) + δΛ
q
∂2
x,Λ

−1u
y
u

}
. (5)

where the operator

N = (1− δ2∂2
x)

−1(1− δ∂x)

is defined in Fourier variables as

N̂ =
1− δik

1 + δ2|k|2 .

A. Main results

We start this section introducing some notation that we will use along the paper. We

denote with C any positive constant independent of any physical parameter of the problem.

The explicit value of C may vary from line to line.

We recall the definition of the homogeneous Sobolev spaces of fractional order

Ḣs = Ḣs
(
S
1
)
=
{
f ∈ L1

∣∣ Λsf ∈ L2
}
,

4
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for any s ∈ R. It is well known that for zero mean function we have that Hs = Ḣs. As

both equations preserve the zero mean property from now on we will always use the non-

homogeneous notation in order to indicate a Sobolev space of regularity s. Similarly, we

define the homogeneous Wiener spaces

Ȧs = Ȧs
(
S
1
)
=
{
f ∈ L1

∣∣∣ Λ̂sf ∈ ℓ1
}
,

where f̂ denotes the Fourier series of f .

The first main result of this work is the following theorem:

Theorem 1. Let δ > 0 and β ≥ 0. There exists a c0 > 0 such that for any (f0, f1) ∈ H6×H4

such that

‖f0‖H6 + ‖f1‖H4 ≤ c0,

then, there exist a unique global solution (f, ft) of (3) stemming from the initial data (f0, f1)

which belongs to the energy space

f ∈ C
(
R+;H

6
)
,

ft ∈ C
(
R+;H

4
)
∩ L2(R+;H

5).

Furthermore,

‖f‖A0 + ‖ft‖A0 ≤ Ce−tδ,

‖f‖Hr + ‖ft‖Hs ≤ Ce−C(δ,r,s)t, ∀ (r, s) ∈ [0, 6)× [0, 4) .

Once the local existence and uniqueness was obtained in22, we only need to provide with

appropriate energy estimates. In order to do that we will consider a space of low regularity

X and a space of high regularity Y , which will be explicitly defined below. Next we are

going to define an energy having the form

|||(f, ft)|||T = sup
t∈[0,T ]

{
eαt ‖(f (•, t) , ft (•, t))‖X

}
+ ‖(f, ft)‖Y for α > 0.

Equipped with this definition of energy, the rest of the proof is focused on obtaining an

inequality of the form

|||(f, ft)|||T ≤ C0 (f0, f1) + P (|||(f, ft)|||T ) ,

5
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for certain polynomial P and constant C0 (f0, f1) that depends on the initial data. The

previous inequality implies that for small enough C0 (f0, f1), the solution satisfies

|||(f0, ft)|||T ≤ 2C0 (f0, f1) ,

for all T > 0, then a standard continuation argument allow us to extend the solution to

arbitrary long time intervals.

Next, we derive a new asymptotic model of unidirectional viscous water waves. This new

model takes the form (5). Our second main result is

Theorem 2. Let δ > 0 and β ≥ 0. Then given and arbitrary zero mean u0 ∈ H2, there

exists a unique local strong solution to (5)

u ∈ C([0, T ∗], H2) ∩ L2([0, T ∗] ;H3),

for a small enough T ∗ depending only on ‖u0‖H2 and the physical parameters of the problem.

Furthermore, there exists a c0 > 0 such that for any u0 ∈ H2 satisfying

‖u0‖H2 ≤ c0,

then, there exist a unique global solution u of (5) stemming from the initial data u0 which

belongs to the energy space

u ∈ C
(
R+;H

2
)
∩ L2(R+;H

3).

Moreover,

‖u‖A0 ≤ Ce−
δ
2
t,

‖u‖Hr ≤ Ce−C(δ,r)t, ∀ r ∈ [0, 2) .

In order to prove the local existence part of this theorem we use Picard’s theorem together

with energy estimates in H2 and the commutator structure of part of the nonlinearity. Once

the local existence and uniqueness has been obtained, to ensure the global existence and

decay we only need to provide with appropriate energy estimates. To do that we are going

to define a modified energy |||f |||T that has two different contributions. On the one hand we

consider the low regularity space X where the solution will decay while on the other hand

6
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we will also regard a high regularity space Y where the solution will only remain bounded.

The particular choice of X and Y will be clear below. Then the energy will take the form

|||f |||T = sup
t∈[0,T ]

{
eαt ‖f (•, t)‖X

}
+ ‖f‖Y for α > 0.

Equipped with this definition of energy, the rest of the proof will be devoted to obtain an

inequality of the form

|||u|||T ≤ C0 (f0) + P (|||u|||T ),

for certain polynomial P of degree larger than 1, constant C0 (u0) that depends on the initial

data. The previous inequality implies that for small enough C0 (u0), the solution satisfies

|||u|||T ≤ 2C0 (u0) ,

for all T > 0, then a standard continuation argument allow us to extend the solution to

arbitrary long time intervals.

II. PROOF OF THEOREM 1

Without loss of generality, we consider ε = 1 in (3). According to the result in22, there

is a local in time solution (f, ft) for the problem (3). Let us define the modified energy

|||(f, ft)|||T = eδT max
t′∈[0,T ]

{‖(f (t′) , ft (t
′))‖A0} + max

t′∈[0,T ]
{‖ft (t′)‖H4 + ‖f (t′)‖H6} .

The estimates of22 assures us moreover that the solution exists at least in a time interval

[0, Tmax] where Tmax = Tmax (f0, f1) is the maximal lifespan of the solution.

A. The linear semigroup

We consider the linear nonhomogeneous problem

ftt + 2δΛ2ft + Λf + βΛ3f + δ2Λ4f = F, (6)

where F is a zero mean forcing. Let us denote with

u(x, t) =


 f(x, t)

ft(x, t)


 , u0(x) =


 f0(x)

f1(x)


 ,
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so that (6) becomes

ut + Lu =


 0

F


 , L =


 0 −1

Λ + βΛ3 + δ2Λ4 2δΛ2


 .

Applying Duhamel principle we write u = uL + uNL where

uL (t) = e−tLu0, uNL (t) =

∫ t

0

e−(t−t′)L


 0

F (t′)


 dt′.

The eigenvalues of L are the Fourier multipliers

λ± (n) = δ |n|2 ± i

√
|n|
(
1 + β |n|2

)
,

so we see that the linear operator L induces both parabolic smoothing effects and oscillating

behavior of the solution. Since the solution has zero mean, we have that λ±(n) 6= 0. The

two ortonormal eigenvectors associated to λ± (n) are

e± (n) =
1√

1 + |λ± (n)|2


 1

−λ± (n)


 ,

so that, if we denote

D =


 λ− 0

0 λ+


 ,

S =


 1 1

−λ− −λ+


 ,

S−1 =
1

λ− − λ+


 −λ+ −1

λ− 1


 ,

we have that

e−tL = S−1e−tDS.

With the above considerations we write uL and uNL in terms of f0, f1 and F as

ûL (t) =
1

λ− − λ+


 λ−e

−tλ+ − λ+e
−tλ−

λ−

(
e−tλ− − e−tλ+

)


 f̂0

+
1

λ− − λ+


 λ+

(
e−tλ+ − e−tλ−

)

λ−e
−tλ− − λ+e

−tλ+


 f̂1,

ûNL (t) =

∫ t

0

1

λ− − λ+


 λ+

(
e−(t−t′)λ+ − e−(t−t′)λ−

)

λ−e
−(t−t′)λ− − λ+e

−(t−t′)λ+


 F̂ (t′) dt′.
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We want to obtain now the decay rates of the linear semigroup. Let us at first check the

time-decay of uL. We can compute that

∣∣∣∣
λ±

λ− − λ+

∣∣∣∣ ≤
1

2

(
1 + δ

√
|n|

1 + β

)
, (7)

since |n| ≥ 1 due to conservation of average. We deduce that, for j = 0, 1

∣∣∣∣
λ± (n)

λ− (n)− λ+ (n)
e−tλ±(n)f̂j (n)

∣∣∣∣ ≤
e−δt

2

(
1 + δ

√
|n|

1 + β

) ∣∣∣f̂j (n)
∣∣∣ ,

which in turn implies that

eδT max
t′∈[0,T ]

‖uL(t
′)‖A0 ≤ C ‖(f0, f1)‖A1/2 . (8)

Equivalently, we have that

‖e−tL‖A1/2 7→A0 ≤ Ce−δt. (9)

B. Decay in the low regularity space

If we write the equation in its mild formulation using Duhamel’s principle, we have that

the nonlinear forcing is given by

F =
6∑

j=1

Fj,

where

F1 = −Λ
(
(Hft)

2) ,

F2 = ∂xJH, fKΛf,

F3 = β∂xJH, fKΛ3f,

F4 = δ∂xJH,HftKH∂2
xf,

F5 = δΛ
(
HftH∂2

xf
)
,

F6 = δ∂x
q
∂2
x, f

y
Hft.

The goal of the present computations is to provide a control of the form

‖F (t)‖A1/2 ≤ Ce−δt(1+q)|||(f, ft)|||2T , t ∈ [0, T ] , q > 0.
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We are going to use the Sobolev embedding

‖a‖As ≤ Cδ‖a‖Hs+1/2+δ ≤ C‖a‖Hs+1 ,

together with interpolation between Sobolev spaces and the fractional product rule

‖ab‖As ≤ Cs(‖a‖A0‖b‖As + ‖a‖As‖b‖A0) ≤ Cs‖a‖As‖b‖As,

to estimate Fj . We compute

‖F1‖A1/2 ≤ C‖ft‖A0‖ft‖A3/2

≤ C‖ft‖A0‖ft‖H5/2

≤ C‖ft‖1+3/8
A0 ‖ft‖5/8H4 .

Using linear interpolation in Wiener spaces

‖a‖As ≤ C‖a‖s/rAr ‖a‖1−s/r
A0 ,

we find that

‖F2‖A1/2 ≤ ‖JH, fKΛf‖A3/2

≤ C(‖f‖A3/2‖f‖A1 + ‖f‖A5/2‖f‖A0)

≤ C‖f‖A5/2‖f‖A0

≤ C‖f‖H7/2‖f‖A0

≤ C‖f‖7/12H6 ‖f‖1+5/12

A0 .

Similarly,

‖F3‖A1/2 ≤ C‖JH, fKΛ3f‖A3/2

≤ C(‖f‖A3/2‖f‖A3 + ‖f‖A3+3/2‖f‖A0)

≤ C‖f‖A9/2‖f‖A0

≤ C‖f‖H11/2‖f‖A0

≤ C‖f‖11/12H6 ‖f‖1+1/12
A0 .

10
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Similarly, we have that

‖F4‖A1/2 ≤ C‖JH,HftKH∂2
xf‖A3/2

≤ C (‖ft‖A0‖f‖A7/2 + ‖ft‖A3/2‖f‖A2)

≤ C
(
‖ft‖A0‖f‖H6 + ‖ft‖1/2A0 ‖ft‖1/2A3 ‖f‖3/5A0 ‖f‖2/5A5

)

≤ C
(
‖ft‖A0‖f‖H6 + ‖ft‖1/2A0 ‖ft‖1/2H4 ‖f‖3/5A0 ‖f‖2/5H6

)
,

‖F5‖A1/2 ≤ C
(
‖ft‖A0‖f‖H6 + ‖ft‖1/2A0 ‖ft‖1/2H4 ‖f‖3/5A0 ‖f‖2/5H6

)
,

Using the commutator structure together with the product rule in Wiener spaces, we esti-

mate

‖F6‖A1/2 ≤ C‖∂3
xfHft + 3∂2

xf∂xHft + ∂xf∂
2
xHft‖A1/2

≤ C

(
‖f‖A3+1/2‖ft‖A0 + ‖f‖A3‖ft‖A1/2

+ ‖f‖A2+1/2‖ft‖A1 + ‖f‖A2‖ft‖A1+1/2

+ ‖f‖A1+1/2‖ft‖A2 + ‖f‖A1‖ft‖A2+1/2

)
.

Using interpolation in Wiener spaces and then the Sobolev embedding

‖f‖A5+2/5 ≤ C‖f‖H6 and ‖ft‖A3+2/5 ≤ C‖ft‖H4,

we compute that

‖F6‖A1/2 ≤ C

(
‖f‖19/54A0 ‖f‖35/54H6 ‖ft‖A0 + ‖f‖4/9A0 ‖f‖5/9H6 ‖ft‖29/34A0 ‖ft‖5/34H4

+ ‖f‖29/54A0 ‖f‖25/54H6 ‖ft‖12/17A0 ‖ft‖5/17H4

+ ‖f‖17/27A0 ‖f‖10/27H6 ‖ft‖19/34A0 ‖ft‖15/34H4

+ ‖f‖13/18A0 ‖f‖5/18H6 ‖ft‖7/10A0 ‖ft‖10/17H4

+ ‖f‖22/27A0 ‖f‖5/27H6 ‖ft‖9/34A0 ‖ft‖25/34H4

)
.

Let us recall that using Duhamel formulation the solution then can be written as

u(x, t) = e−tLu0 +

∫ t

0

e−(t−t′)L


 0

F (t′)


dt′

11
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and satifies,

|û(n, t)| ≤ Ce−δt(1 +
√

|n|)
∣∣∣f̂j(n)

∣∣∣+ C

∫ t

0

e−(t−t′)δn2
√

|n|
∣∣∣F̂ (n, t′)

∣∣∣dt′.

Using

− (t− t′) δn2 ≤ − (t− t′) δ ≤ 0,

we can estimate

‖u(t)‖A0 ≤ Ce−δt‖(f0, f1)‖A1/2 + Ce−δt

∫ t

0

eδt
′

6∑

j=1

‖Fj(t
′)‖A1/2dt′.

Recalling the previous estimates for ‖Fj(t
′)‖A1/2 and the definition of the norm |||(f, ft)|||T ,

we have that

‖F (t′)‖A1/2 ≤ Ce−δt′(1+73/918)|||(f, ft)|||2T , 0 ≤ t′ ≤ t ≤ T.

We conclude that

eδt max
t′∈[0,t]

{‖(f (t′) , ft (t
′))‖A0}

≤ C‖(f0, f1)‖A1/2 + C|||(f, ft)|||2T
∫ t

0

e−(73/918)δt′dt′

≤ C‖(f0, f1)‖A1/2 + C|||(f, ft)|||2T (10)

C. Boundedness in the high regularity space

Similarly as in22, we test the equation against Λ8ft, integrate in S1 and integrate by parts

obtaining the energy balance

1

2

d

dt
E(t) +D (t′) =

6∑

i=1

Ii (t) , (11)

with

E(t) = ‖ft (t′)‖2H4 + β ‖f (t′)‖2H4+3/2 + δ2 ‖f (t′)‖2H6 + ‖f (t′)‖2H4+1/2 ,

D(t) = 2δ ‖ft(t)‖2H5 ,

12
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and

I1 (t) = −
∫

S1

Λ
(
(Hft)

2)Λ7ft dx

I2 (t) =

∫

S1

∂xJH, fKΛfΛ8ft dx

I3 (t) = β

∫

S1

∂xJH, fKΛ3fΛ8ft dx

I4 (t) = δ

∫

S1

∂xJH,HftKH∂2
xfΛ

8ft dx

I5 (t) = δ

∫

S1

Λ
(
HftH∂2

xf
)
Λ8ft dx

I6 (t) = −δ

∫

S1

∂x
q
∂2
x, f

y
HftΛ

8ft dx.

Using the self-adjointness of the operator Λ together with Hölder’s inequality and the

Sobolev embedding

‖g‖L4 ≤ C‖g‖H0.25,

we find that

I1(t) = −
∫

S1

(
(Hft)

2)Λ9ft dx

= −
∫

S1

(
(Hft)

2) ∂4
xΛ

5ft dx

= −
∫

S1

∂4
x

(
(Hft)

2)Λ5ft dx

= −
∫

S1

(
2HftΛ∂

3
xft + 6(Λ∂xft)

2 + 8Λft∂
2
xΛft

)
Λ5ft dx

≤ C‖ft‖H5

(
‖ft‖H4‖Hft‖L∞ + ‖ft‖2H2.25 + ‖ft‖H3‖Λft‖L∞

)

≤ C‖ft‖H5‖ft‖H4‖ft‖H2.25

≤ σ‖ft‖2H5 + C‖ft‖2H4‖ft‖2H2.25 , (12)

for σ > 0 to be fixed below.

Furthermore, using interpolation between Sobolev spaces, the embedding

Hs ⊂ Hr , r ≤ s,

we obtain the estimate

I1 (t) ≤ σ‖ft‖2H5 + C|||(f, ft)|||4T e−(δ/2)t. (13)
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We recall the following commutator estimate (see equation (1.13) in9)

∥∥∂ℓ
xJH, UK∂m

x V
∥∥
Lp ≤ C

∥∥∂ℓ+m
x U

∥∥
L∞

‖V ‖Lp , p ∈ (1,∞), ℓ,m ∈ N. (14)

Equipped with (14), we, taking m = 0, ℓ = 5, U = f and V = Λf , have that

∥∥Λ4∂xJH, fKΛf
∥∥
L2

=
∥∥∂5

xJH, fKΛf
∥∥
L2

≤ C
∥∥∂5

xf
∥∥
L∞

‖Λf‖L2

Then we can estimate I2 as follows

I2(t) =

∫

S1

Λ4∂xJH, fKΛfΛ4ft dx

≤
∥∥∂5

xJH, fKΛf
∥∥
L2

∥∥Λ4ft
∥∥
L2

≤
∥∥∂5

xf
∥∥
L∞

‖Λf‖L2

∥∥Λ4ft
∥∥
L2

.

As a consequence, by interpolation in Wiener and Sobolev spaces, we have that

I2 (t) ≤ C|||(f, ft)|||3T e−(δ/2)t. (15)

Analogously, we find that

I3 (t) ≤
∥∥∂4

xf
∥∥
L∞

∥∥Λ3f
∥∥
L2

∥∥Λ5ft
∥∥
L2

≤
∥∥∂4

xf
∥∥2
L∞

∥∥Λ3f
∥∥2
L2 + σ

∥∥Λ5ft
∥∥2
L2

≤ C|||(f, ft)|||4T e−(δ/2)t + σ
∥∥Λ5ft

∥∥2
L2 . (16)

We can decompose I4(t) as follows

I4(t) = δ

∫

S1

[
Λ(HftΛ∂xf) + ∂x(Hft∂

2
xf)
]
Λ8ft dx

= δ

∫

S1

[
Λ(HftΛ∂xf)− ∂x(HftΛ

2f)
]
Λ8ft dx

= J4
1 + J4

2 ,

with

J4
1 = δ

∫ t

0

∫

S1

Λ(HftΛ∂xf)Λ
8ft dx dt′

J4
2 = −δ

∫ t

0

∫

S1

∂x(HftΛ
2f)Λ8ft dx dt′.

We will use the fractional Leibniz rule (see16,27,28):

‖Λs(uv)‖Lp ≤ C (‖Λsu‖Lp1‖v‖Lp2 + ‖Λsv‖Lp3‖u‖Lp4 ) ,
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which holds whenever

1

p
=

1

p1
+

1

p2
=

1

p3
+

1

p4
where 1/2 < p < ∞, 1 < pi ≤ ∞,

and s > max{0, 1/p − 1}. Using the fractional Leibniz rule and the self-adjointness of the

operator Λ, we compute

J4
1 (t) = δ

∫

S1

Λ4(HftΛ∂xf)Λ
5ft dx

≤ δ‖Λ4(HftΛ∂xf)‖L2‖Λ5ft‖L2

≤ δC(‖ft‖H1‖f‖H6 + ‖ft‖H4‖f‖H3)‖ft‖H5

≤ δC(‖ft‖2H1‖f‖2H6 + ‖ft‖2H4‖f‖2H3) + σ‖ft‖2H5

≤ C|||f |||4T e−(δ/2)t + σ‖ft‖2H5 .

The terms J4
2 and I5 = J4

1 can be estimated in a similar way and we find that

I4 (t) + I5 (t) ≤ C|||f |||4T e−(δ/2)t + σ‖ft‖2H5. (17)

Now we are left with I6. We remark that

I6(t) = −δ

∫

S1

∂x
[
∂2
xfHft + 2∂xfΛft

]
∂4
xΛ

4ft dx.

Integrating by parts, we find that

I6(t) = δ

∫

S1

∂4
x

[
∂2
xfHft + 2∂xfΛft

]
∂xΛ

4ft dx.

Hence, using the same ideas as before, we have that

I6(t) ≤ |||(f, ft)|||4T e−(δ/2)t + σ‖ft‖2H5 + 2

∫

S1

∂xfΛ
5ft∂xΛ

4ft dx.

The term

J6
1 = 2

∫

S1

∂xfΛ
5ft∂xΛ

4ft dx

is the highest order term. However, it has an inner commutator structure that we can exploit

as follows:

J6
1 (t) =

∫

S1

H(∂xfΛ
5ft)Λ

5ft dx−
∫

S1

∂xfΛ
5ftHΛ5ft dx

=

∫

S1

JH, ∂xfKΛ5ftΛ
5ft dx.

Then, recalling (14), we conclude that

I6(t) ≤ |||(f, ft)|||4T e−(δ/2)t + σ‖ft‖2H5. (18)

15
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D. Finishing the proof of Theorem 1

Collecting (13), (15), (16), (17) and (18) and taking σ small enough, we conclude

d

dt
E(t) +D (t′) ≤ C|||(f, ft)|||2T e−(δ/2)t + C|||(f, ft)|||4T e−(δ/2)t. (19)

Integrating in time and using (10), we conclude the polynomial bound

|||(f, ft)|||T +

∫ T

0

D (t′) dt′ ≤ C‖(f0, f1)‖A1/2 + E(0) + C
(
|||(f, ft)|||2T + |||(f, ft)|||4T

)
,

thus, there exists a (fixed, positive) constant 1 < C+ such that

|||(f, ft)|||T ≤ C+
[
(‖f0‖H6 + ‖f1‖H4) +

(
|||(f, ft)|||2T + |||(f, ft)|||4T

)]
. (20)

We observe that, in the previous estimates, we have not used any hypothesis on the size of

the initial data and the previous bound is valid for every solution and T ∈ (0, Tmax).

We want to prove that, there exists a c0 > 0 such that for any solution of (3) stemming

from an initial data

‖f0‖H6 + ‖f1‖H4 ≤ c0, (21)

the inequality

|||(f, ft)|||T ≤ C (‖f0‖H6 + ‖f1‖H4) ,

holds true for any T > 0 and thus the solution is global by a standard continuation argument.

There are two possible behaviours for the solution. On the one hand, the solution could

possibly stay bounded in

f ∈ C
(
R+;H

6
)
,

with

ft ∈ C
(
R+;H

4
)
∩ L2(R+;H

5)

for all times. If that happens the theorem holds and we conclude the proof. On the other

hand, the solution could grow unboundedly in the previously mentioned space. Let us

assume that we are in this second scenario as it is the one that must be discarded, i.e. let

us assume the solution does not stay bounded for all times, the contrary being true would

imply that the solution is global by a continuation argument. If the initial data is small

enough, we can find T such that

|||(f, ft)|||T =
3

4
< 1.
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The above inequality allow us to deduce the polynomial bound

|||(f, ft)|||T ≤ 2C+
[
(‖f0‖H6 + ‖f1‖H4) + |||(f, ft)|||2T

]
, (22)

or equivalently,

2C+|||(f, ft)|||T ≤ (2C+)2 (‖f0‖H6 + ‖f1‖H4) +
[
2C+|||(f, ft)|||T

]2
. (23)

Then, without loss of generality we can restrict our analysis to a polynomial of the form

|||(f, ft)|||T ≤ C0 (f0, f1) + |||(f, ft)|||2T . (24)

Now we observe that if

C0 ≪ 1

is small enough, the polynomial

Q(y) = C0 − y + y2

has two positive real roots

y± =
1±√

1− 4C0
2

,

moreover if 0 < C0 ≪ 1

y− = min{y+, y−} =
1−√

1− 4C0
2

≤ 2C0.

Furthermore, analogously as in in22, we know that the application t 7→ |||(f, ft)|||t is contin-
uous for t ∈ [0, Tmax). This, together with the smallness in the initial data, implies that

|||(f, ft)|||T ∈ [0, y−] .

We combine the above deduction with the estimate y− ≤ 2C0 and we deduce that

|||(f, ft)|||T ≤ 2C0 <
3

4
,

if we take C0 small enough. This is a contradiction with the definition of T and implies that

the solution is global.
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III. DERIVATION OF (5)

Our starting point in this section is (2):

ftt = −2δΛ2ft − Λf − βΛ3f − δ2Λ4f

+ ε

{
− Λ

(
(Hft)

2)+ ∂xJH, fKΛf + β∂xJH, fKΛ3f

+ δ∂xJH,HftKH∂2
xf + δΛ

(
HftH∂2

xf
)
+ δ2∂x

q
∂2
x, f

y
Λ∂xf

− δ∂x
q
∂2
x, f

y
Hft − δ2∂x

q
H, ∂2

xf
y
∂2
xf

}
. (25)

Let us introduce the ’far-field’ variables,

χ = x− t, τ = εt.

Then, we have that
∂

∂t
f(χ(x, t), τ(t)) = −fχ + εfτ ,

and
∂2

∂t2
f(χ(x, t), τ(t)) = fχχ − 2εfτχ + ε2fττ .

After neglecting terms of O(ε2), (25) reads

(fχ − 2εfτ )χ = −2δΛ2(−fχ + εfτ )− Λf − βΛ3f − δ2Λ4f

+ ε

{
− Λ

(
(Hfχ)

2)+ ∂χJH, fKΛf + β∂χJH, fKΛ3f

− δ∂χJH,HfχKH∂2
χf − δΛ

(
HfχH∂2

χf
)
+ δ2∂χ

q
∂2
x, f

y
Λ∂χf

+ δ∂χ
q
∂2
x, f

y
Hfχ − δ2∂χ

q
H, ∂2

xf
y
∂2
χf

}
.

Integrating in χ and using our previous notation for the space and time variables we find

the equation

fx − 2εft = 2δ∂x(−fx + εfτ )−Hf + βH∂2
xf − δ2∂3

xf

+ ε

{
−H

(
(Hfx)

2)+ JH, fKΛf + βJH, fKΛ3f

− δJH,ΛfKH∂2
xf − δH

(
ΛfH∂2

xf
)
+ δ2

q
∂2
x, f

y
Λ∂xf

+ δ
q
∂2
x, f

y
Hfx − δ2

q
H, ∂2

xf
y
∂2
xf

}
.
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Regrouping terms we can equivalently write

(1 + δ∂x)2εft = fx + 2δfxx +Hf − βH∂2
xf + δ2∂3

xf

− ε

{
−H

(
(Hfx)

2)+ JH, fKΛf + βJH, fKΛ3f

− δJH,ΛfKH∂2
xf − δH

(
ΛfH∂2

xf
)
+ δ2

q
∂2
x, f

y
Λ∂xf

+ δ
q
∂2
x, f

y
Hfx − δ2

q
H, ∂2

xf
y
∂2
xf

}
. (26)

We observe that, taking the operator

N = (1− δ2∂2
x)

−1(1− δ∂x),

we find that

2εft = N fx + 2δN fxx +NHf − βNH∂2
xf + δ2N∂3

xf

− εN
{
−H

(
(Hfx)

2)+ JH, fKΛf + βJH, fKΛ3f

− δJH,ΛfKH∂2
xf − δH

(
ΛfH∂2

xf
)
+ δ2

q
∂2
x, f

y
Λ∂xf

+ δ
q
∂2
x, f

y
Hfx − δ2

q
H, ∂2

xf
y
∂2
xf

}
. (27)

As in17, we now define

u = Λf.

This new unknown solves the following equation

2εut = Nux + 2δNuxx +NHu− βNH∂2
xu+ δ2N∂3

xu

− εΛN
{
−H

(
u2
)
+

q
H,Λ−1u

y
u+ β

q
H,Λ−1u

y
Λ2u

+ δJH, uKHΛu+ δH (uHΛu) + δ2
q
∂2
x,Λ

−1u
y
ux

+ δ
q
∂2
x,Λ

−1u
y
u− δ2JH,ΛuKΛu

}
.

The previous equation can be written equivalently as

2εut = Nux + 2δNuxx +NHu− βNH∂2
xu+ δ2N∂3

xu

− εN
{
2uux + Λ

q
H,Λ−1u

y
u+ βΛ

q
H,Λ−1u

y
Λ2u

− δΛJH, uKux + δ∂x (uux) + δ2Λ
q
∂2
x,Λ

−1u
y
ux

+ δΛ
q
∂2
x,Λ

−1u
y
u− δ2ΛJH,ΛuKΛu

}
. (28)
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Neglecting now the nonlinear terms that are O(εδ2) we conclude (5).

IV. PROOF OF THEOREM 2

A. Local well-posedness

First, we observe that (5) can be written as

2εut = Nux + 2δNuxx +NHu− βPH∂2
xu+ βδPΛ∂2

xu+ δ2P∂3
xu− δ3P∂4

xu

− εN
{
2uux + Λ

q
H,Λ−1u

y
u+ βΛ

q
H,Λ−1u

y
Λ2u

− δΛJH, uKux + δ∂x (uux) + δΛ
q
∂2
x,Λ

−1u
y
u

}
, (29)

where the operator

P = (1− δ2∂2
x)

−1

is defined in Fourier variables as

P̂ =
1

1 + δ2|k|2 .

Then, using

P = Id+ Pδ2∂2
x

we can observe that the terms

βδPΛ∂2
xu = −β

δ
Λu+

β

δ
PΛu

and

−δ3P∂4
xu = δ∂2

xu− δP∂2
xu

are of parabolic type.

To simplify the notation, in the course of this proof we take ε = 1. Now we obtain the

a priori estimates in the H2 Sobolev space. These estimates implies the local existence of

solution after a standard regularization approach using the periodic heat kernel as mollifier.

We start noticing that

∫

S1

u(x, t)dx =

∫

S1

u(x, 0)dx = 0.
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Now we test (29) against Λ4u. Then we obtain that

d

dt
‖u‖2H2 = L+NL1 +NL2 +NL3 +NL4 +NL5 +NL6,

where

L =

∫

S1

{Nux + 2δNuxx +NHu− βPH∂2
xu

+ βδPΛ∂2
xu+ δ2P∂3

xu− δ3P∂4
xu}Λ4udx,

NL1 = −2

∫

S1

N (uux)Λ
4udx,

NL2 = −
∫

S1

NΛ
q
H,Λ−1u

y
uΛ4udx,

NL3 = −β

∫

S1

NΛ
q
H,Λ−1u

y
Λ2uΛ4udx,

NL4 = δ

∫

S1

NΛJH, uK∂xuΛ4udx,

NL5 = −δ

∫

S1

N∂x (uux) Λ
4udx,

NL6 = −δ

∫

S1

NΛ
q
∂2
x,Λ

−1u
y
uΛ4udx.

After a number of integrations by parts, we find that

L =

∫

S1

(
δPuxx − δPΛu+ βδPΛuxx − δ3P∂4

xu
)
Λ4udx

= −δ‖P1/2uxxx‖2L2 − δ‖P1/2Λ5/2u‖2L2 − δβ‖P1/2Λ1/2uxxx‖2L2 − δ3‖P1/2Λ4u‖2L2.

Furthermore, using the parabolic character of some of the terms in L, we find that

L ≤ −1

δ
‖uxx‖2L2 − δ‖Λ3u‖2L2 + C‖u‖2H2.

For the first nonlinear term NL1, we integrate by parts and use that N can absorb one

derivative to find the estimate

NL1 ≤ ‖u‖H3‖u2‖H1 ≤ C‖u‖H3‖u‖2H1 ≤ σ‖u‖2H3 + C‖u‖4H1,

for σ > 0 that will be fixed later.

Using (14) and the Sobolev embedding

‖∂xΛ−1u‖L∞ ≤ C‖Λ−1u‖H2 ≤ C‖u‖H1,
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we find that

NL2 ≤ C‖u‖H3‖u‖2H1 ≤ σ‖u‖2H3 + C‖u‖4H1.

Similarly,

NL3 ≤ C‖u‖H3‖u‖H2‖u‖H1 ≤ σ‖u‖2H3 + C‖u‖4H2,

NL4 ≤ C‖u‖H3‖u‖H2‖u‖H1 ≤ σ‖u‖2H3 + C‖u‖4H2.

Integrating by parts in NL5 and using the regularizing effect from N , we can obtain that

NL5 ≤ C‖u‖H3

(
‖∂xu‖2L4 + ‖u‖L∞‖u‖H2

)
.

Using the Sobolev embeddings

‖g‖L4 ≤ C‖g‖H0.25,

and

‖g‖L∞ ≤ C‖g‖H1,

we find that

NL5 ≤ σ‖u‖2H3 + C‖u‖4H2.

Integrating by parts and using the previous ideas we can estimate the last nonlinear contri-

bution as

NL6 ≤ C‖u‖H3‖u‖2H2 ≤ σ‖u‖2H3 + C‖u‖4H2.

Taking now 0 < σ ≪ small enough we can ensure that

d

dt
‖u‖2H2 +

δ

2
‖Λ3u‖2L2 ≤ C‖u‖2H2 + C‖u‖4H2, (30)

which ensures the existence of a uniform time T ∗ such that

u ∈ C([0, T ∗), H2) ∩ L2(0, T ∗;H3).

We observe that H2 regularity is enough to give a pointwise meaning to the nonlinearity in

(29) is a consequence of the fact that N is able to absorb one derivative and the the highest

order terms are

N∂x (uux) and NΛ
q
∂2
x,Λ

−1u
y
u

and they map

H2 7→ H1 ⊂ C.

22

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
6
5
0
9
5



On the other hand, the linear terms have at least an L2 meaning. The local existence of

solution will follow now from a standard application of Picard’s theorem to a sequence of

approximate problems (see the work20 for further detail).

At this level of regularity, the uniqueness of such local strong solution can be easily

obtained from a standard contradiction argument that we skip for the sake of brevity.

The rest of this section is devoted to the global existence of solution for small initial data.

In order to do that, we define the modified energy

|||u|||T = eδ/2T max
t′∈[0,T ]

{‖u (t′)‖A0}+ ‖u (t′)‖H2 .

Then, our goal is to conclude the polynomial inequality

|||u|||T ≤ C0 (f0) + P (|||u|||T ).

B. The linear semigroup

We consider the linear nonhomogeneous problem

2ft −N (fx + 2δ∂2
xf +Hf) + βPHfxx − βδPΛfxx − δ2P∂3

xf + δ3P∂4
xf = F, (31)

where F is the forcing. This linear equation can then be written as

2ut + L u = F, u = Λf,

with

L̂ u = λ(k)û(k)

and

λ(k) = − 1− δik

1 + δ2k2
(ik − 2δ|k|2 − isgn(k)) +

βik|k|
1 + δ2k2

+
βδ|k|3
1 + δ2k2

+
iδ2k3

1 + δ2k2
+

δ3|k|4
1 + δ2k2

Then, we have that the homogeneous problem satisfies

û(k, t) = û0(k)e
−λ(k)t,

∣∣û0(k)e
−λ(k)t

∣∣ ≤ e−δt |û0(k)| ,
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which in turn implies that

eδT max
t′∈[0,T ]

‖u(t′)‖A0 ≤ ‖u0‖A0 . (32)

Equivalently, we have that

‖e−tL ‖A0 7→A0 ≤ e−δt. (33)

C. Decay in the low regularity space

Using Duhamel’s principle, we can write the mild formulation of our problem as

û(k, t) = e−λ(k)t/2û0(k) + e−λ(k)t/2

∫ t

0

eλ(k)s/2F̂ (k, s)ds

with

F = −N
2

{
2uux + Λ

q
H,Λ−1u

y
u+ βΛ

q
H,Λ−1u

y
Λ2u

− δΛJH, uKux + δ∂x (uux) + δΛ
q
∂2
x,Λ

−1u
y
u

}
.

We observe that

̂(JH, aKb) (n) =
∑

n

−i (sgnk − sgn (k − n)) â(n)b̂(k − n), (34)

from where

0 ≤ |k| ≤ |n|,

so that this commutator does not vanish. A consequence of the above monotonicity relation

is that

|n− k| ≤ |n| .

This implies that the above bilinear form presents a nontrivial commutation which allows to

commute any derivative acting on the entire bilinear form as a differential operator acting

onto a only. In a similar fashion, we find that

∣∣∣ ̂JH,Λ−1uKΛ2u (k)
∣∣∣ =

∣∣∣∣∣
∑

n

−i

|k − n|2
|n| û(n)û(k − n) (sgnk − sgn (k − n))

∣∣∣∣∣

6 C
∑

n

|n| |û(n)| |û(k − n)| . (35)
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Using that A0 is an algebra, the fact that N gains one derivative, (35) and Sobolev

embedding, we find the estimate

‖F‖A0 ≤ C
(
‖u‖2A0 + ‖Λ−1u‖A0‖u‖A0 + ‖u‖A0‖Λu‖A0

)
.

In particular using

‖u‖A1 ≤ C‖u‖4/5A1.25‖u‖1/5A0 ≤ C‖u‖4/5H2 ‖u‖1/5A0 ,

we find that

‖F‖A0 ≤ C‖u‖6/5A0

(
‖u‖4/5A0 + ‖u‖4/5H2

)
≤ Ce−3δ/5t|||u|||2T .

As a consequence, we conclude that

e(δ/2)t max
t′∈[0,t]

{‖u (t′)‖A0} ≤ C‖u (t′) ‖A0 + C|||u (t′)|||2T
∫ t

0

e−(δ/10)t′dt′

≤ C‖u (t′) ‖A0 + C|||u (t′)|||2T , (36)

this concludes the low-regularity estimates.

D. Boundedness in the high regularity space

To achieve the required estimate, we have to perform a finer analysis of the nonlinearity.

In particular, we need to remove the term

‖u‖2H2

from the right hand side of (30). In order to do that, we compute

NL1 = −2

∫

S1

N (uux)∂
4
xudx,

= 2

∫

S1

∂2
xN (uux)∂

3
xudx,

= 2

∫

S1

∂x(1− δ∂x)P1/2(uux)P1/2∂3
xudx,

≤ C‖u‖H1‖u‖H2‖P1/2∂3
xu‖L2.

Similarly, invoking (14), we find that

NL2 =

∫

S1

∂x(1− δ∂x)P1/2ΛJH, fKuP1/2∂3
xudx,

≤ C‖u‖L2‖u‖H1.75‖P1/2∂3
xu‖L2,

25

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
6
5
0
9
5



NL3 = β

∫

S1

∂x(1− δ∂x)P1/2ΛJH, fKΛ2uP1/2∂3
xudx,

≤ C‖Λ2u‖L2‖u‖H1.75‖P1/2∂3
xu‖L2.

For the term NL4 we compute as follows

NL4 = δ

∫

S1

(1− δ∂x)P1/2ΛJH, uK∂xuP1/2Λ4udx,

≤ C‖∂xu‖L2‖u‖H1.75‖P1/2Λ4u‖L2.

Similarly, since P1/2∂x (uux) = m0 (D) ∂x (u
2) with m0 a Fourier multiplier of order zero

and using the classical fact that the space Hs∩L∞, s ∈ R is a Banach algebra we can argue

that

NL5 = −δ

∫

S1

(1− δ∂x)P1/2∂x (uux)P1/2Λ4udx,

≤ C(‖u‖H2‖u‖A0 + ‖∂xu‖2L4)‖P1/2Λ4u‖L2,

≤ C‖u‖H2‖u‖A0‖P1/2Λ4u‖L2,

and

NL6 = −δ

∫

S1

(1− δ∂x)P1/2Λ
q
∂2
x, f

y
uP1/2Λ4udx,

≤ C‖u‖H2‖u‖A0‖P1/2Λ4u‖L2,

where we have used the inequality

‖∂xu‖2L4 ≤ C‖u‖H2‖u‖A0.

As a consequence, using Young’s inequality, we can find the inequality

d

dt
‖u‖2H2 +

δ

2
‖P1/2Λ4u‖2L2 ≤ C|||u (t′)|||3T‖u‖H2e−δ/16t. (37)

E. Finishing the proof of Theorem 2

Collecting (36), (37) we conclude the polynomial bound

|||u|||T ≤ C0 (u0) + |||u|||2T .

From here we can finish the argument as in the proof of Theorem 1 and we obtain that that

the solution is global.
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V. DISCUSSION OF THE MODELS UNDER CONSIDERATION

In this section we are going to study the applicability of the models by considering

some typical values of the dimensionless parameters and the dispersion relation that can be

inferred. Let’s consider the typical values in Granero-Belinchón & Scrobogna19. The value

of the physical parameters are (see the book by Lannes31):

gravity forces = 9.8m/s2,

surface tension = 72 · 10−3kg/s2,

density = 1029kg/m3.

We consider a typical surface wave having

amplitude = 0.02m,

wavelength = 0.6m.

As stated in Granero-Belinchón & Scrobogna19, this wave follows the scenario in Jiang, Ting,

Perlin & Schultz23. In this case, the dimensionless parameters are

ε ≈ 0.03, β ≈ 2 · 10−5.

According to Dias, Dyachenko & Zakharov10, the viscosity used when modelling viscous

water waves is the eddy viscosity with value

ν ≈ 10−3.

In this situation

δ ≈ 6.8 · 10−4.

Then, we see that viscous effects appear to be slightly more relevant than surface tension

effects in this scenario. The dispersion relation for the bidirectional model was approximated

in Granero-Belinchón & Scrobogna19. Finally, inserting the plane wave ansatz

u(x, t) = eikx−iwt,

into the linear problem for the unidirectional model (5), we find the following dispersion

relation

ω =
1

−2εi

1− δik

1 + δ2|k|2
(
ik − 2δk2 − i(k/|k|)− βik|k| − iδ2k3

)
.
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