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Abstract

Local depth functions (LDFs) are used for describing the local geometric features
and mode(s) in multidimensional distributions. In this thesis, we undertake a rigor-
ous systematic study of LDFs and establish several analytical and statistical proper-
ties. First, we show that, when the underlying probability distribution is absolutely
continuous, scaled version of LDFs (referred to as T-approximation) converge, uni-
formly and in LY, to the density, when T converges to zero. Second, we establish that,
as the sample size diverges to infinity the centered and scaled sample LDFs converge
in distribution to a centered Gaussian process uniformly in the space of bounded
functions on H¢ , a class of functions yielding LDFs. Third, using the sample version
of the T-approximation and the gradient system analysis, we develop a new cluster-
ing algorithm. The validity of this algorithm requires several results concerning the
uniform finite difference approximation of the gradient system associated with the
sample T-approximation. For this reason, we establish a Bernstein-type inequality
for deviations between the centered and scaled sample LDFs. Finally, invoking the
above results, we establish consistency of the clustering algorithm. Applications of
the proposed methods to mode estimation and upper level set estimation are also
provided.
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Summary

This thesis is divided into three main chapters. Chapter 1 contains a review of depth
functions and multidimensional quantiles. Results from the literature are comple-
mented with new mathematical insights into the general theory of statistical depth
functions (Liu, 1990; Zuo and Serfling, 2000a). Depth functions are divided in three
main types: (i) simplicial depth, spherical depth, lens depth, and B-skeleton depth
are Type A depth functions, (ii) L7-depth and simplicial volume depth are Type B
depth functions, and (iii) Mahalanobis depth and projection depth are Type C depth
functions. We investigate the properties of these depth functions and the resulting
quantiles. We also study convergence of sample depth and quantiles. Since sample
Type A and Type B depths take the form of a U-statistics, we dedicate the last part of
Chapter 1 to review the theory of U-statistics and the corresponding empirical pro-
cesses, namely, U-processes. Although depth functions have been used in various
applications, we focus here on the properties of the depth functions themselves and
explain which depth functions yield meaningful multidimensional quantiles.

Chapters 2 and 3 are taken from the paper Francisci et al. (2020). While depth
functions are used to describe the global features of multidimensional distributions,
local depth functions (LDFs) can also detect local features such as modes and re-
gions with low probability mass (Agostinelli and Romanazzi, 2011). In Chapter 2,
we introduce a general class of Type A local depth functions and study its properties.
Specifically, we show that, as the localizing parameter T diverges to infinity, LDFs
converge to Type A depth functions, whereas, as T — 0" and under appropriate
scaling, LDFs converge to a power of the underlying density f. Thus, the root of
scaled LDFs (referred to as T-approximation and denoted by f;) becomes arbitrar-
ily close to the density f. Indeed, we show that, under appropriate differentiability
assumptions, f; and its derivatives converge uniformly to f and the correspond-
ing derivatives. Next, we replace depth by sample depth and obtain an estimator
frn for the density f. Using the theory of U-processes mentioned above, we de-
velop a Bernstein-type inequality for LDFs and show that, for a suitable sequence
{Tu} 1, fr,n converges almost surely to f, uniformly over compact sets. This opens
the door to a series of applications including clustering, mode estimation, and up-
per level set estimation, which are investigated in Chapter 3. Specifically, we pro-
pose a new clustering algorithm via sample T-approximation. At population level,
clusters are defined as the stable manifolds induced by a mode of f via a gradient
system (Chacén, 2015). First, we verify that the resulting clusters are well-defined
and non-trivial. Next, we show that the clusters of f; converge to those of f. To-
wards this end, we show that the stationary points and modes of f; converge to
those of f. Turning to sample T-approximation and empirical clusters, we use the
aforementioned Bernstein-type inequality to establish uniform convergence of finite
difference approximations of the derivatives of f;, to the appropriate derivatives
of f. We use this and a density of data points argument to obtain convergence of
empirical clusters. As a by-product, we obtain convergence of the last iterate in the
clustering algorithm to the mode. Finally, we illustrate the finite sample behavior of
the proposed methods via numerical experiments and data analyses.
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Resumen

Esta tesis esta dividida en tres capitulos principales. El capitulo 1 contiene una re-
vision de las funciones de profundidad y de los cuantiles multidimensionales. Los
resultados existentes en la literatura se complementan con nuevos conocimientos
matemadticos sobre la teoria general de las funciones estadisticas de profundidad
(Liu, 1990; Zuo and Serfling, 2000a). Dividimos las funciones de profundidad en
tres grupos: (i) la profundidad simplicial, profundidad esférica, profundidad de
lente y profundidad B-esqueleto son funciones de profundidad Tipo A, (ii) la pro-
fundidad L y la profundidad de volumen simplicial son funciones de profundidad
Tipo B y (iii) la profundidad de Mahalanobis y la profundidad de proyeccién son
funciones de profundidad Tipo C. En el capitulo, investigamos las propiedades de
estas funciones de profundidad y de los cuantiles resultantes. También estudiamos
la convergencia de la profundidad muestral y de los cuantiles muestrales. Dado que
las profundidades muestrales del Tipo A y Tipo B son U-estadisticos, dedicamos la
altima parte del Capitulo 1 a revisar la teoria de U-estadisticos y de los procesos
empiricos correspondientes, conocidos como U-procesos. Aunque las funciones de
profundidad se han utilizado en diferentes aplicaciones, aqui nos centramos en las
propiedades de las funciones de profundidad y explicamos por qué las funciones de
profundidad resultan en cuantiles multidimensionales con sentido.

Los capitulos 2 y 3 se han extraido del manuscrito Francisci et al. (2020). Mientras
que las funciones de profundidad se utilizan para describir las caracteristicas glob-
ales de distribuciones multidimensionales, las funciones de profundidad local (FPL)
también detectan caracteristicas locales como las modas y las zonas de baja proba-
bilidad (Agostinelli and Romanazzi, 2011). En el capitulo 2, presentamos una clase
general de funciones de profundidad local del Tipo A y estudiamos sus propiedades.
En particular, mostramos que, a medida que el pardmetro de localizacién T diverge
hacia el infinito, las FPL convergen a las funciones de profundidad Tipo A, mientras
que, cuando T — 07, bajo la escala adecuada, las FPL convergen a una potencia de la
funcién de densidad densidad correspondiente, f. Por lo tanto, la raiz de los FPL es-
calados (a la que llamamos T-aproximacién y denotamos f;) se hace arbitrariamente
cercana a la densidad f. De hecho, demostramos que, bajo ciertas hipétesis de difer-
enciabilidad, f; y sus derivadas convergen uniformemente en f y sus derivadas,
respectivamente. En el siguiente paso, reemplazamos la profundidad por la corre-
spondiente profundidad muestral y obtenemos un estimador f;, de la funcién de
densidad f. Usando la teoria de los U-procesos mencionada anteriormente, desar-
rollamos una desigualdad de tipo Bernstein para FPL y demostramos que, para una
secuencia {T,}}_, apropiada, f,, converge casi seguro a f, uniformemente sobre
conjuntos compactos. Esto abre la puerta a una serie de aplicaciones que incluyen
la clasificaciéon no supervisada, estimaciéon de modas y de conjuntos de nivel, que
se investigan en el capitulo 3. En particular, proponemos un nuevo algoritmo de
clasificacién no supervisada haciendo uso de la T-aproximacién muestral. A nivel
poblacional, los grupos, o clusters, se definen como las variedades estables induci-
das por una moda de f a través de un sistema de gradientes (Chacén, 2015). Primero,
verificamos que los grupos que resultan estdn bien definidos y no son triviales. A



continuacién, mostramos que los grupos dados por f; convergen a los dados por f.
Con este fin, demostramos que los puntos de estacionariedad y las modas de f; con-
vergen a las de f. Para la T-aproximacién muestral y los clusters empiricos, usamos
la desigualdad de tipo Bernstein antes mencionada y asi obtener convergencia uni-
forme de aproximaciones finito-diferenciales de las derivadas de f; , a las derivadas
correspondientes de f. Usamos este argumento y el de la densidad de los puntos
para obtener la convergencia de clusters empiricos. Como consecuencia, obtenemos
la convergencia a la moda en la la tltima iteracién del algoritmo de clasificacion
no supervisada. Finalmente, ilustramos el comportamiento muestral, finito, de las
metodologias propuestas mediante experimentos numéricos y anélisis de datos.
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Chapter 1

Depth functions

1.1 Introduction

The lack of a natural order on R? has pushed researchers to look for different ap-
proaches for defining multidimensional median and quantiles. One of the most
successful approaches uses depth functions to assign a value to every point in R?
based on a probability distribution P on R?. Then, points in R? are ordered based on
these values. Clearly, not every function provides a reasonable ordering. Liu (1990)
and Zuo and Serfling (2000a) state a series of properties that depth functions should
satisfy. These properties are formalized in the concept of statistical depth function.
Specifically, the depth median for P is defined as the point in R? with highest depth
value and depth values are supposed to be non-increasing moving away from the
median. If the probability measure P is symmetric, then the depth median must co-
incide with the point of symmetry. It is conventionally assumed that depth functions
are non-negative and decrease to zero as the distance from the median tends to in-
finity. Finally, it is assumed that depth functions are invariant with respect to (w.r.t.)
affine transformations applied to both points in IRY and the probability distribution
P.

In this chapter, we review a series of results concerning multivariate quantiles
and depth functions and evaluate them based on the properties of the resulting
quantiles. A comparison between depth functions and other approaches to define
multivariate quantiles is given in Serfling (2002). As we will see, not all depth func-
tions in the literature satisfy the above axioms. However, it is worth mentioning that
depth functions have been used in many other contexts and their performance de-
pends on the specific task at hand. Among the many applications of depth functions
we shall mention location and scale estimation, classification and clustering, test for
symmetry, and outliers detection. Accordingly, Mosler and Mozharovskyi (2020)
evaluates the performance of depth functions based on invariance and uniqueness
of the resulting quantiles as well as robustness and computational feasibility.

In Section 1.3 we introduce two of the most popular depth functions, namely
halfspace and simplicial depth, and explain the link between these depth functions
and quantiles in R. Before studying in detail the properties of these depth func-
tions we briefly discuss other approaches to define quantiles on RY. One of the
simplest approaches is given by componentwise quantiles, but has the drawback of
not being equivariant w.r.t. orthogonal transformations. More recent and advanced
techniques involve tools from set optimization and transportation theory. Specifi-
cally, Hamel and Kostner (2018) define multidimensional quantiles using the partial
order on R? induced by convex cones, whereas Chernozhukov et al. (2017) obtain
multidimensional quantiles using a transportation map to a reference distribution.

In Section 1.5 we formally define the notion of statistical depth function. The
exposition is slightly different from Zuo and Serfling (2000a) in that depth functions



Chapter 1. Depth functions 2

are additionally assumed to be upper semicontinuous. This assumption ensures that
a depth median always exists. Apart from this, a weaker and more general definition
of statistical depth function is used allowing for invariance under a general class of
transformations and monotonicity w.r.t. the deepest point is allowed to hold only for
a smaller class of probability measures.

We study symmetric distributions in Section 1.4 and provide several examples of
depth functions in Sections 1.6-1.8, where we also study their properties. Following
Zuo and Serfling (2000a) depth functions are divided in three main types. Type A
depth functions include simplicial depth and B-skeleton depths, whereas L7-depth
and simplicial volume depth are examples of Type B depth functions. Finally, Ma-
halanobis depth and projection depth are Type C depth functions. Specifically, we
see that halfspace depth, Mahalanobis depth, projection depth, and L-depth are
statistical depth functions. However, we notice that other depth functions such as
simplicial depth, simplicial volume depth, and S-skeleton depths do not satisfy one
or more of the above requirements. For the simplicial depth, this was shown already
by Zuo and Serfling (2000a). Results for simplicial volume and B-skeleton depths
are partially new. In particular, we unexpectedly conclude that the simplicial vol-
ume depth does not decrease to zero for certain distributions, whereas p-skeleton
depths fail to be non-increasing even for centrally symmetric probability measures.

In Section 1.9 we study consistency properties of depth quantiles. To this end, we
use suitable estimators for the above depth functions and show that, if they conver-
gence uniformly to the corresponding depth functions, then also the depth quantiles
converge. (Uniform) convergence of these estimators is studied in Sections 1.10-1.11
and Chapter 2. Specifically, in Section 1.10, we derive several properties and re-
sults for U-statistics, which are used to obtain consistency and asymptotic normality
for Type A and Type B depth functions. In Section 1.11 we extensively analyze em-
pirical processes and U-processes, that is, empirical processes that take the form of
U-statistics. There we summarize without proofs some of the most important results
concerning uniform law of large numbers and uniform central limit theorems for U-
statistics. To this end, we need to verify several measurability conditions. We differ
this analysis to Appendix A. These results are then used in Chapter 2 to prove the
uniform law of large numbers and uniform central limit theorem for Type A depth
functions.

Section 1.2 below may be skipped at first reading as it contains some mathe-
matical background on probability spaces, independence, convergence of random
variables etc. that is used in Sections 1.9-1.11 but, as noticed below, it is not strictly
necessary for Sections 1.3-1.8.

1.2 Mathematical background

In this section, we show that many properties of a random variable on an abstract
probability space can be checked directly on the space where it assumes its values,
thus simplifying the analysis. A probability space is a triple (Q,%,IP), where Q) is
a non-empty set, ¥ is a c-algebra on (),! and IP is a probability measure on (Q), ).
Let E be a topological space and B(E) be the Borel c-algebra on E.”> We denote by

1% is a o-algebra on Qif X C p(Q), where p(Q) is the power set of (), and satisfies the following
properties: (i) Q € I, (i) if A € X then Q\ A € %, and (iii) if Ay, Ap,--- € T then U, A; € Z.
Using (i) and (ii) we also have that @ = O\ Q € X and using (ii) and (iii) we obtain that N, A; =
O\ (U2, (Q\ 4)) € .

2B(E) is the smallest o-algebra containing all open sets.
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A, A, and 9A be the interior, closure, and boundary of a set A C E. An E-valued
random variable is a measurable function X : (Q,%) — (E,B(E)).> X induces a
probability measure P on E, where P = Py is the push-forward measure given
by Px(B) = P(X"(B)), for all B € B(E)). As it is defined on (E,B(E)), P is
a Borel probability measure and it is referred to as the probability distribution (or
just distribution) of X. Most of the discussion of Sections 1.3-1.8 about multivariate
quantiles and depth functions is phrased in terms of Borel probability measures.
The underlying concept is that to each random variable X : (3 — E corresponds
a Borel probability measure P (and vice versa). We denote by M(E) the set of all
Borel measures on E and by P(E) the set of all probability measures. When E = R?,
we will also write P, for P(R?) and By for B(IR?). Next, let H : E — R be Borel
measurable. The expectation of H(X), if it exists,” is given by

EW@HéLMMMMMM.

By a change of variable, the above expectation can be directly computed as an inte-
gral over E. Indeed, by Theorem 16.13 of Billingsley (2012), it holds that

AH@WWM@:éHMW@L

where P = PPx. This allows to compute mean and variance of a R?-valued random
variable directly on R? (cf. Definition 1.4.3). For instance, if X : Q — Rand H : R —
R, then

2
VarlHOO] = B[(H(X) ~ E[HCO]?] = [ (H) - [ HWdpw)) dpe)

Next, we define convergence of random variables on a metric space (F,dr). We
begin by defining weak convergence of a sequence of probability measures {P, }$ ,
in P(E). We say that P, converges weakly to P € P(E) if lim, e | H(x)Py(x) =
[ H(x)dP(x) for all bounded and continuous functions H : E — R. In this case,
we write P, = P. Now, let (Q, X, Py) and (O, X, P) be probability spaces and
{Xn}$>_, be a sequence of random variables X,, : (0, — F. We say that X,, converges
in distribution to a random variable X : Q — F if Px, — Px. In this case we write
X, 4 x. Next, suppose that (Q,, 2, P,) = (Q, X, IP). We write X, 2 X for X,, con-
verges in probability to X, that is, lim, e P({w € Q : dp(Xu(w), X(w)) > €}) =0,
for all € > 0. Finally, X, 2% X means that X, converges almost surely to X, namely,
P{w € Q : limy e dp(Xy(w), X(w)) = 0}) = 1. Almost sure convergence im-
plies convergence in probability, which in turn implies convergence in distribution.”
Finally, if ¢ € F then X, 4, cifand only if X, Pyco

We introduce next the product of sets, c-algebras, and measures. Specifically, for
n € NU {oo},” we denote by [T/, Q; the n-fold Cartesian product of sets Qy, ..., Q.

3This means that X : Q — E and X~!(B) € X for all B € B(E).

“We refer to Sections 15 and 16 of Billingsley (2012) for a precise definition of the integral w.r.t.
a general measure and its properties. Existence of the integral reduces to the condition that at least
one of [, Hy (X(w))dP(w) and [, H-(X(w))dP(w) is finite, where H; = max(H,0) and H_ =
max(—H, 0) are the positive and negative part of H, respectively.

5See for instance Lemma 1.9.2 (i) and Lemma 1.10.2 (i) of Van Der Vaart and Wellner (1996).

6See Lemma 1.10.3 (iii) of Van Der Vaart and Wellner (1996).

"1 = oo is used to denote countable union.
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Next, if ¥; are c-algebras on ();, then the product c-algebra ®!_,%; is the smallest o-
algebra including {TT_, B; : B; € %;}.% Then (TTL, O, ®7_,%;) is a measure space
and, for all finite 1, the n-fold product [Ti_; m; of measures m; on (();, %;) is a well-
defined measure on this space (see e.g. Section 18 of Billingsley (2012)). Also, the
infinite product []2; m; is well-defined if m; = IP; are probability measures (see
Section 8.2 of Dudley (2018)). When ); = Q) (resp. £; = X or m; = m) does not
depended on i, we also write )" for [T/, Q; (resp. Z®" for ®!_,%; orm" for [T, m;).
In particular, if (€);, X, IP;) are probability spaces, then (TT_; Q;, @ %;, [ T2, IP;) is
also a probability space (cf. Definition 1.11.2 in Section 1.11).

We now turn to the definition of independent and identically distributed (i.i.d.)
random variables. To this end, let ((3, %, IP) be a probability space. Random variables
X; : (O,%)) — (E,B(E)), where X; C X, are independent if, for all n € IN and
A eB (E ) ,

(N1, X1 (A) = ﬁwxﬂmm.

Notice that independence means that, for all n € IN, the probability distribution of
(X1,...,Xy) : Q — E" is the product measure Py, x --- x Px, on (E", (B(E))®").
On the other hand, X; are identically distributed if IPx, = IPx, for all i. In partic-
ular, if X; are both independent and identically distributed, then (Xj,..., X,) has
probability distribution P", where P = Px,. Much of the asymptotic properties of
depth functions, U-statistics and empirical processes in Sections 1.9, 1.10 and 1.11
are based on a sequence {X;}?, of independent and identically distributed (i.i.d.)
random variables X; : Q — R%. In particular, for the (uniform) asymptotic results in
Section 1.11, the probability space (), %, P) is conveniently expressed as a product
(E®, (B(E))®>, P®), where P € P(E), and the random variables X; : Q) — E are de-
fined as the projections into the i component. Also, notice the implicit independence
assumption in the definition of Type A and Type B depth functions (see Definitions
1.6.1 and Definition 1.7.1) such as simplicial depth (see Definition 1.3.6), simplicial
volume depth (see Example 1.7.2), and B-skeleton depth (see Example 1.6.1). Indeed,
Type A and Type B depth functions are the expectation of a U-statistics (see Section
1.10).

1.3 Multidimensional median and quantiles

We begin with the definition of quantiles for unidimensional probability measures.
To this end, for P € P;, we define the cumulative distribution function Fp : R —
[0,1] by Fp(x) = P((—o0,x]). Clearly, Fp is right-continuous and non-decreasing
with limy_, o Fp(x) = 0 and lim,_, Fp(x) = 1. If P is continuous, i.e. P({x}) = 0
for all x € R, then Fp is continuous. Finding the quantiles of P amounts at inverting
the cumulative distribution function. However, this is not always possible since Fp
may be constant on part of its domain, e.g. if P is a discrete measure. Let Fp(x~) =
lim, .- Fp(x) be the left limit of Fp at x.

Definition 1.3.1 A quantile of order p for P € P, 0 < p < 1, is any number q,(P) €
Qp(P) = {x € R: Fp(x™) < p < Fp(x)}. A median for P is a quantile of order 1/2
q1/2(P) € Q1/2(P).

8Equivalently, ®! ,%; is the smallest o-algebra containing the one-dimensional cylinder sets
H{;i Q; x Bj x H?:j-s-l Q;, where B; € ¥;and j = 1,...,n (cf. Kallenberg (1997) page 2). Indeed,
]—[;’:1 Bj, is the intersection of H{;} Q; x B; x]1

?:j+10iforj:1,...,n.
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Notice that g,(P) is unique if Fp is strictly increasing in a neighborhood of g,(P) or
Fo(qp(P)") < p < Fp(q,(P)).

The definition of quantiles heavily relies on the order “<” in R. The lack of a
natural order in RY, d > 1, prevents a straightforward generalization of the notion
of quantiles and median to the multidimensional setting. In the last forty-fifty years,
several attempts have been made to provide a notion of multidimensional quantiles
that retains the same properties of unidimensional quantiles. An important appli-
cation of medians and quantiles is robust and non-parametric location estimation.
Indeed, unlike the mean, the median exists for all probability measures P € P; and
itis not affected much by perturbations, such as replacing Pby Py = (1 —€)P + €y,
forsome 0 < € < 1 and x € R, where J, is the Dirac measure at x.

A natural extension of quantiles and median to IR? is given by componentwise
quantiles and median, which are defined below. First, we provide some notation. Let
S9=1be the unit sphere in R¥ and {e]-};?:1 be the standard basis of R?. The orthogonal

projection onto the direction u € 5%~ is the function 77, : R? — R given by 71, (x) =
(x,u). In particular, the jN-coordinate of x is the projection onto ¢ T (x) = (x,¢j).
Finally, for a Borel measurable function T : RY - R and P € P, let Pr = Po T !
be the push-forward measure of P w.r.t. T, that is Pr(A) = P(T1(A)), forall A €
B For ease of notation, we also write P, for Py, , u € §i-1,

Definition 1.3.2 A quantile of order p for P € Py, 0 < p < 1, is any vector q,(P) €
Qp(P) = Qp(Pe,) x -+ x Qu(Pe,). A median for P is a quantile of order 1/2 q1,2(P) €
Q1/2(P)-

Reich (1980) uses componentwise median as a robust location estimate. In Galpin
and Hawkins (1987) (resp. Tyler (1987)), the componentwise median is used as an in-
termediate estimate for a robust (resp. non-parametric) estimate of scatter. However,
the componentwise median is not equivariant w.r.t. affine transformations. Indeed,
as the next example shows, it is not even equivariant w.r.t. orthogonal transforma-
tions. We begin with the definition of affine and orthogonal equivariance. To this
end, let 7 be the class of all Borel measurable functions T : R? — R? and A (resp.
U) be the class of functions S : R? — R? given by S(x) = Mx + b, for some invertible
(resp. orthogonal) matrix M and b € R,

Definition 1.3.3 Let S C T. An estimator {(P) is said to be S-equivariant if S({(P)) =
C(Ps) forall S € S. In particular, if S = A (resp. S = U), then {(P) is said to be
affine-equivariant (resp. orthogonal-equivariant).

Example 1.3.1 P = 9*1((5(0,0)T +23(9.9)7 +30(0,10)7 +30(10,0)7) € P2 has a unique com-
ponentwise median q1/2(P) = (9,9)". For v € [0,271), let

_ (cos(y) —sin(7)
Uy = <sin('y) cos(7y) >

be the rotation matrix corresponding to a clockwise rotation by angle v about the origin.
Then, Pu_,, = 97" (80 + 26(09v2)7 T30 _5ya57 T 305,257 has componentwise

median q1,5(Py,,,) = (0,5) " whereas Uy /4q1,2(p) = (0,9v2) .

Also, notice that g1,,(P) is a vertex of the quadrilateral with the point masses of P
as vertices. Hence, for d > 1, the componentwise median is not a good measure of
centrality. For d > 2, things are even worse. Indeed, the componentwise median
does not even belong, in general, to the convex hull of the measure support.
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Example 1.3.2 P - 771 ((5(0,0,0)T + 5(5,0,0)T + 5(0,5,0)T + 25(5,10,10)T + 25(10,5,10)T) S PB
has a unique componentwise median, i.e. q1,2(P) = (5,5,0) .

An advantage of componentwise median is its fairly low computational complex-
ity, and, despite these drawbacks, it is still used in applications involving high-
dimensional spaces, such as signal processing, gene expressions and functional data
analysis (Astola et al., 1990; Ohm et al., 2012; Kenne Pagui et al., 2017; Makinde,
2019; Ojo et al., 2019). Also, affine-equivariance does not play a role in sequence and
functional spaces.

Tukey (1975) proposes an alternative way to define multidimensional quantiles.
Instead of computing the left probability Fp, (77e;(x)) = Pe;((—00, 77¢;(x)]) along each
coordinate projection 7, (x), x € RY, he suggested to compute the left probability
over all projections 71, (x) and then take the infimum over u € $9-1. Notice that, by
taking the direction —u, the right probability is also taken into account. This lead
to the concept of halfspace depth (see also Donoho and Gasko (1992), Chen (1995),
Massé (2002), Massé (2004), Arcones et al. (2006), Dutta et al. (2011), and Kuelbs and
Zinn (2016)).

Definition 1.3.4 (Halfspace depth) The halfspace depth of x € R? w.r.t. P € P, is given
by
Dy(x,P) = inf Fp,(mu(x)).
uesi-1

Notice that Fp, (71, (x)) = P,((—o0, 7, (x)]) = P(Hy,), where Hy, = {y € R? :
mty(x) > 71, (y)} is the closed halfspace with outer normal u and x as boundary point.
Then, a (halfspace-)depth median for P is a point u € RY satisfying Dy (, P) =
max,cgs D (x, P) and (halfspace-)depth quantile sets are the regions Rp_,(P) =
{x € R : Dy(x,P) > a},0 < a < Dy(u, P). In Section 1.5 we provide a precise
definition of depth functions D, and provide further examples. Furthermore, we
give conditions on P that ensure that median and quantiles based on depth functions
are well-defined and enjoy reasonable properties. As we shall see an important role
is played by symmetry, which is further studied in Section 1.4. The broadest known
notion of symmetry is probably halfspace symmetry, which is naturally linked with
halfspace depth.

Definition 1.3.5 P € Py is said to be halfspace symmetric about y € R?if P(Hy,,,) > 1/2
forall u € SP=1. The subclass of P, consisting of halfspace symmetric measures is denoted
by Pd,H'

Notice that P is halfspace symmetric about # € R? if and only if Dy (u, P) > 1/2.
The constant 1/2 is, in general, optimal. Indeed, if P, is continuous, implying
that Py ({mru(1)}) = 0, and Fp,(7u(p)) = P(Hpu) = 1/2, then P(Hy,—u) = 1 -
Fp, (mt,(p)) < 1/2. 1t follows that Dy (u, P) = 1/2. For the same reason, Dy (x, P)
1/2, for all x € RY, implying that 4 € Rp_,,,(P) = {y € R? : Dy(y,P)
maxycr D (x, P)}. Finally, we notice that for P € P,

I IA

DH(X,P) = min(Fp(x),l — Fp(xi)).

The next proposition shows that u € R is a median for P if and only if it is a
halfspace-depth median.

Proposition 1.3.1 Let P € Py and u € R. The following statements are equivalent:
(i) P is halfspace symmetric about u,
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(i) Dy (u, P) > 1/2,
(iii) p € Q1/2(P).

Proof of Proposition 1.3.1. It is enough to show the equivalence between (i) and
(iif). To this end, notice that P is halfspace symmetric about y if and only if both
Fp(pu) = P((—oo,u]) >1/2and 1 — Fp(u~) = P([p,0)) > 1/2. In turn, this holds if
and only if u € Qy,2(P). ]

Let Py «m C P4 be the subclass of absolutely continuous distributions w.r.t. a Borel
measure m on R?, and P;,, C Py be the subclass of probability measures that assign
probability zero to all hyperplanes in R?. Notice that Py <, C P np- Furthermore,
A is the Lebesgue measure on RY. Finally, for a set A C R%, d* > 1, the indicator
function I4 : RY — Ris given by I4(y) = 1ify € A and I4(y) = 0 otherwise. Liu
(1990) proposes another notion of depth function, namely, simplicial depth.

Definition 1.3.6 (Simplicial depth) The simplicial depth of x € R? w.r.t. P € P, is

DS(XIP):/

(]Rd)dH IZS,x,m(xl, ey xd+1)dP(x1) Ce dP(xd+1),
where Zs v oo = {(y1, -, Yaz1) € RHF i x € Ay, ..., ya1]|y and Alxy, ..., x441] C
RY is the closed simplex with vertices x1,...,X441 € R%.°

Then, a (simplicial-)depth median for P is a point # € R? satisfying Ds(u, P) =
max, s Ds(x, P) and quantiles sets are the regions Rp, ,(P) = {x € R? : Ds(x, P) >
a},0 < a < Dg(u, P). The simplicial depth function is related to the notion of angu-
lar symmetry.

Definition 1.3.7 P € P, is said to be angularly symmetric about y € R? if Pr ap = P-Ty s
where Tay, : R? — RY is given by Tau(x) = (x — u)/||x — |2, if x # pand T pu(x) =
0, if x = p. The subclass of Py consisting of angularly symmetric measures is denoted by
Pia-

We show in Section 1.4 that angular symmetry implies halfspace symmetry and that
if P € Py is angularly symmetric, then P(H,,,,) = 1/2forallu € 5971, Also, notice
that, whend = 1, Zs o = {(y1,12) € R? : 3 < x < yporys < x < y;} implying
that

Ds(x,P) = 2Fp(x)(1 — Fp(x™)).

Corollary 1.3.1 Suppose that P € Py is angularly symmetric about y € R. It holds that:
(i) Du(p, P) > 1/2,

(i) Dg(u, P) > 1/2,

(iii) p € Q1/2(P).

Proof of Corollary 1.3.1. Since P is halfspace symmetric, (i) and (iii) follow from
Proposition 1.3.1. Also, halfspace symmetric implies that Fp(u) = P((—oo, u]) > 1/2
and 1 — Fp(p~) = P([p, 00)) > 1/2 yielding (ii). ]

Let P;. C P4 be the subclass of continuous probability measures. Notice that
Pd,<<A C Pd,hp C Pd,c and 731,5 = Pl,hp'

9A[x1, ..., X4,1] is defined as the convex hull of the points x1, ..., x;,1. If x1, ..., x4, 1 are in general
position, then Afxy, ..., xz41] is a simplex. For P € Py, this happens with probability one.
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Proposition 1.3.2 Let P € Py and yu € R. The following statements are equivalent:
(i) P is angularly symmetric about u,

(ii) Dy (u, P) = 1/2

(iii) Dg(u,P) = 1/2,

(iv) p € Qu1/2(P).

Proof of Proposition 1.3.2. P € P;. is angularly symmetric about y if and only if
P((—oo,pu]) = P([u,00)) = 1/2, that s,

Fp(p) =1—Fp(u~) =1/2. (1.3.1)

Therefore, (i) implies (ii), (iii), and (iv). Next, notice that Fp(x~) = Fp(x), for all
x € R. This shows that (1.3.1) is equivalent to Fp(y) = 1/2. The latter equality is
implied by either (ii), (iii), or (iv). |

Before concluding this section, we show alternative approaches for generalizing the
notion of quantiles and median to the multidimensional setting. We denote by
x|l = (Z;Ll |7r@j(x)])1/q, g > 1, the L7-norm of x € R?. Notice that, for d = 1,
the quantile set of P of order p is Q,(P) = Q, (P) N Q, (P), where Q, (P) = {x €
R : Fp(x) > p}and Q;(P) = {x € R : Fp(x7) < p}. Q, (P) is the set of all
points with distribution function at least p and it is referred to as lower quantile set.
Similarly, Q;(P) is the set of points with (left limit of) the cumulative distribution
function at most p and it is referred to as upper quantile set. Hamel and Kostner
(2018) uses tools from set optimization theory and defines lower and upper quantile
sets based on closed convex cones C C R?. We recall that C C R? is a convex cone if
az € C, foralla > 0and z € R?, and x + y € C, forall x,y € C. Suppose further that
0 € Cand C\ {0} # @. Lower C-quantile sets'’ of P € P, of order p are are given by
Q;;,C(P) = mweC\{O}Q;;,w(P)/ where Q;,w(P) = {Z € RY : pr/”sz(7Tw/||w”2(2)) > ]9}
Similarly, upper C-quantile sets are given by Q;C(P) = Nyec\ {0} Qpw(P), Where
po(P) = {z € RY Ep, 1, (/w2 (2)7) < p}. Notice that z € Q,(P) if and
only if 7, |, (2) € Q;at(Pw/Hsz)- Thus, the sets Q;C(P) are the intersection of all
unidimensional upper (resp. lower) unidimensional quantiles sets along every pro-
jection 7t /|, with w € C\ {0}. Lower and upper C-quantiles are related by

Q,c(P) =0, c(P). (1.3.2)

This follows from the fact that Fp, (7w, (2)) = P(Hy/|w),) is bigger or equal

topifandonlyifFp (7)), (2)7) = P(Ifl_w/nwuz) is smaller or equal to 1 — p.
In the case of unidimensional quantiles, it holds that

Q;l(P) N Q;l(P) = QP(P) and Q;_l(P) N Q;_l(P) = Ql—p(P)/ (1.3.3)

implying corresponding equalities for the cones C = [0,00) and C = (—o0,0]. De-
spite this, in general, the intersection Q, - (P) N Q;C(P) can be empty (see Example
3 in Hamel and Kostner (2018)). This is the case even for d = 1 and C = R. Indeed,
using (1.3.3), we have that Q;,C(P) N Q;C(P) = Qp(P) N Q1-p(P). Thus, lower and
upper C-quantile sets have to be considered separately. An interesting properties of
C-quantile sets is that there are affine equivariant, in a certain sense. Namely, for

10For simplicity, we define quantile sets directly via the dual cone of Hamel and Kostner (2018).
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S € A of the form S(x) = Mx + b, it holds that
Q,m1y7c(Ps) = S(Q,c(P)). (1.3.4)

Ideally, one would like to have the same cone on both sides of (1.3.4). By (1.3.2), it
is enough to show (1.3.4) for lower C-quantiles. To this end, we denote by g o i the
compositions of functions g and / and notice that

FPn w os(ni(z)) =Pr , OS(( 00, 7T_uw (Z)]) :PS(Hz, w

[w]ly Twllz [lwllo llwllp

) =P(STH(H,, = ),

implying that

Q;(M—l)TC(P) = {Z eR’: Ppnw/kuzos(ﬂw/Hsz(Z)) >p Ywe (M_l)TC\ {0}}
(2 € RY:P(S (Hopup) 2 p Ve (M)C\ {0}
=S({z e R : P(S_l(Hs(z)’((M—l)Tw)/(H(M—I)TwHZ))) >p YweC \ {0}}).

Next, we observe that Sil(Hs(z)’((M—l)Tw)/(H(M—I)Twnz)) is equal to

Ty € R oy Ty ) Tl (52) 2 (T ) ol (V)
=y € R 7oy ra syl (52) 2 - > w)/(l ) Tl (S))}
={y € R 7y (oia) (2) 2 e () (1)} = Hao ol
(1.3.4) follows. We show next that lower C-quantile sets are closed and convex. By
(1.3.2), the same holds for upper C-quantiles. To this end, notice that the function

z = P(H,4/|w|,) is upper semicontinuous since H, ||, is closed. It follows that
Q,w(P) is closed and Q;C(P) is closed because it is the intersection of closed sets.

We now turn to convexity: if x,y € R? satisfy P(Hy o /|jw|l,)» P(Hyw/w],) = P, then,
forallw € [0,1],

P(Hy(1-ay, ) = Pz € R e (2) > 7w (ax + (1 - a)y)}

Tolz
>P({zeR?: ﬁ( z) 2 max(7 « (x), 70 (y))}
> min(P(H, ( o ) > p.

This also shows that halfspace-depth quantiles RDH/“(P) are closed and convex. In-
deed, halfspace-depth quantiles are a special case of lower cone quantile sets when
the cone is C = R?. Specifically, Q rt(P) =Rp, 4(P).

Let S,(x) (or S¢~1(x)), B;(x) and B,(x) be the sphere, and open and closed ball
in RY with radius r > 0 and center x € R?. Chernozhukov et al. (2017) notice
that convexity of quantile sets is sometimes a drawback. This is the case for the
banana-shaped distribution in that paper. To address, this issue, they propose to
map an arbitrary probability measure P € P, to the spherical uniform measure U
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on B;(0)!! and define quantiles of P as the image of the halfspace-depth quantiles
of U via this map. Indeed, McCann (1995) shows that, for all P € Py, there exists
a convex function ¢ : R* — R U {400} such that P = Uyy. Although ¢ may
not be unique, Vi is unique U-almost everywhere (U-a.e.).'> Since such quantiles
are based on a transportation map, we call them transportation quantiles. They are
defined by

oi"(P) = V(Rp, . (U)), a€[0,1/2].

Notice that the function V¢ can be interpreted as the solution of the optimal trans-
port problem from U to P when the cost function is the squared Euclidean distance
(Villani, 2009). Indeed, suppose that P € 77(2), where, for j > 0, Pé]) ={PePy;:
[1Ix][2dP(x) < oo} is the subclass of P; of measures with finite j"-moment. Then,
by Theorem 9.4 in Villani (2009) (see also (2) in McCann (1995) and Knott and Smith
(1984)),
= inf / — T(x)||3dU(x) U-ae.

Vo= ot [lr- TRV U-ae
For d = 1 the optimal transport problem from U to P is solved by Fj ' o Fj, where
Fu 3 is the cumulative distribution function of U and Fy L. [0,1] — R, given by

Fp'(p) = min{x € [—o0,00] : p < Fp(x)},

is the generalized inverse of the cumulative distribution function of P that gives the
minimal quantile in Q,(P), p € (0,1)."* See Section 1.2 in Bonnotte (2013) for a
detailed proof.

For the rest of the chapter, we deal with depth functions, which itself are defined
in Section 1.5. Since the concept of symmetry is key when defining median and
quantiles via depth functions, in the next section, we study properties of angular
and halfspace symmetry, and define other notions of multidimensional symmetry,
such as spherical and central symmetry.

HEven though U is taken to be absolutely continuous w.r.t. the Lebesgue ‘measure and invariant
w.r.t. orthogonal matrices, it is not assumed that it has constant density (/\(Bl(O)))*llgl(O) (x). In-
stead, U assigns the same probability to spherical shells with the same difference in radii: U(By,(0) \
By, (0)) =rp —r, forall 0 < r; < rp < 1. Specifically, U has density

B 2711§1(0)(x)’ ifd=1
fulx) = {(Hdl(sﬁ):llz (0)))711§1(0) (x), ifd>2,

where, for s > 0, H® is the s-dimensional Hausdorff measure on RY. Finally, recall that, for all » > 0

andy € RY, A(B/(y)) = % and H (84" 1(y)) = 22 where T is the gamma function.

T(d/2)
12Notice that, since 1 is convex, it is locally Lipschitz continuous in the interior of the convex set
Cy = R?\ ¢~ ({c0}). It follows from Rademacher’s theorem that  is differentiable (hence, V¢ is
well-defined) A-a.e. in C’q,.
13For d = 1 the cumulative distribution function of U is given by

0 ifx < —1
Fy(x) =< (x+1)/2 ifxe[-1,1]
1 ifx > 1.

4Here it is used that Fp is non-decreasing and right-continuous.



Chapter 1. Depth functions 11

1.4 Multidimensional symmetry

In Section 1.3 we have seen that for d = 1, a point of angular /halfspace symmetry for
P is a median of P. We show that angular symmetry implies halfspace symmetry. To
this end, let S4=1 = {v € S~ : 71,(v) > 0} be the halfsphere given by the direction
u € $%~1 and notice that P(H,,,) = P_TA/#(Sffl U{0}), forall » € R and u € S%1.

If P is angularly symmetric about u# € RY, we have that
P(H,u/u) = PfTA,‘u(Szil U {0}) = PTA,]((Szil U {0}) = PﬁTA,p (Sij} U {0}) = P(Hﬂ/_u)

Since 1 = P(R?) = P(H,,u) + P(Hy,—u \ Huu) < P(Hyu) + P(H,,—y), it follows that
P(Hyuu) > 1/2,forallu € S9-1 Therefore, Pia C Pgp. As the next examples show
this inclusion is strict. Notice that, ford =1,

-1 ifx <y,
Tau(x) =40 ifx=y,
1 if x > .

Example 1.4.1 Let P € Py satisfy P({u}) > 0and 1/2 — P({u}) < P((—oo,u)) <
P((p,0)), for some p € R. Then, P is halfspace symmetric about u, but is not angu-
larly symmetric about any v € R. To see this, we use that P((—oo,v)) = Pr, ({—1}),
P((v,00)) = Pr, ({1}) and notice that P((—oo,v)) < P((v,00)), for v. < p, and
P((—oco,v)) >1/2 > P((v,00)), forv > p.

Nevertheless, it holds that Py 4 N Payy = Pau N Papp. Indeed, if P € Pypp, then
P(Hyu,—u N H,y) = 0 implying that P(H,,—, \ Hy,u) = P(Hy,—) and P(Hy, ) +
P(Hyy) = 1. It follows that, for P € Py, angular and halfspace symmetry are
equivalent, and, if angular/halfspace symmetry holds, P(H,,) = 1/2 for all u €
591 Next, we define central and spherical symmetry.

Definition 1.4.1 P € P, is said to be centrally symmetric about y € R4 if Pr., =Pt
where Tc,, : R?Y — R? is given by Tcu(x) = x — p. The subclass of P, consisting of
centrally symmetric measures is denoted by P c.

Next, we show that central symmetry implies angular symmetry. To this end,
let S : R? — R be Borel measurable, and P be centrally symmetric about u € R
Using the Borel measurability of S, we have that

Ps(1.,)(B) = Pr., (S7(B)) = P_1, (S (B)) = Ps(_1,)(B)- (1.4.1)
Now, the result follows by taking S = T4 .

Definition 1.4.2 P € P; is said to be spherically symmetric about y € R® if Pr,, =

Pry,,,» for any orthogonal matrix U, where Ts .,y : RY — R is given by Tsyu(x) =
U(x — p). The subclass of P, consisting of spherically symmetric measures is denoted by
Pas.

Letting U = —1I, we see that spherical symmetry implies central symmetry.
Hence, Pys C Pyc C Pya C Pyu. When d = 1, there are only two orthogonal
matrices, 1 and —1, yielding P; s = P;c. However, not every median is a point
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of spherical/central symmetry. Next, we study the uniqueness of the point of sym-
metry. To this end, let Ly, = {x+ru : r € R} be the line through x € R? with
direction u € §9-1, Page 409 in Liu (1990) and Theorem 2.3.1 in Zuo (1998) show
that, if it exists, the point of angular and halfspace symmetry is unique, unless, for
some x € R?and u € S, P(L,,) = 1 and, there exists uy, 4a € Lyy, th1 # Ha,
with 71, (1), 7 (2) € Q1/2(Py). We show that, if it exists, the point of spherical and
central symmetry is unique. To this end, let P € P; c with P(Ly,) = 1, x € R? and
u € S%71, and suppose that P is centrally symmetric about yq, 2 € Ly,. Letting
S =rm,and B = [a,b],a < b, in (1.4.1), we have that, fori = 1,2,

Pre, (70u(pi) + [a,0]) = P (1, ) ([0, b]) = P_r (1, ) ([8,0]) = Pr, (70 (i) — [a,0]).
By replacing a and b by a — 71, (y;) and b — 7, (u;), we see that

P, ([a,b]) = Pr, (270 (i) — [, b]).

It follows that
Pr, (27ty (1) — [a,b]) = Pr, (274 (p2) — [a,b]),

and, replacing a and b by 27, (p1) — a and 27, (1) — b, we conclude that

Pr,([a,0]) = Pr, (2704 (p2 — 1) + [a, b]).

Since this holds for all 2 < b, it follows that 7, (u2) = 7, (p1), and using pq, g2 € Ly,
we have that y; = uo.
An interesting feature of the point of spherical and central symmetry of a mea-

sure P is that it coincides with its mean, whenever P € 7751). We begin with the
definition of mean. The notation for covariance matrix and moments is needed in
the next section.

Definition 1.4.3 The mean of P € 7351) is u(P) = [ xdP(x), and the covariance matrix of
P e Pf) is Z(P) = [(x—u(P))(x — u(P))"dP(x). Thej -moment ofP c pU ),j >0,
is an f||x||]dP (x) and the j central moment is yc = [llx— ||]dP( ).

Notice that the mean is affine-equivariant, that s, for S € A (say, S(x) = Mx + b, for
some invertible matrix M and b € ]Rd), it holds that

y(PS):/deS /dep x) +b=S(u(P). (14.2)

Using this, for the covariance matrix, we have that

E(Ps) = [ (x = (Ps)) (x = pu(Ps)) TdPs(x)

(1.4.3)
= /(S(x) —S(u(P)))(S(x) = S(u(P))) "dP(x) = ME(P)M .

Finally, we show that the point of central symmetry of P & 7351) NPyc is u(P).
Indeed, suppose that P is symmetric about v, then, using central symmetry,
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implying that v = u(P).

1.5 Statistical depth functions

In this section, we define statistical depth functions (Liu, 1990; Liu, 1992; Zuo, 1998;
Zuo and Serfling, 2000a; Dyckerhoff, 2004). These are functions of points x € R4
and measures P € P;; C P,;,'° that satisfy certain properties. First, they should
not vary when changes of coordinates or translations occur in both x and P. Thus,
the result does not change if a transformation S : RY — RY of the type S(x) =
Mx + b is applied. Here, M is an invertible matrix and b € RY is a vector. Thus,
invariance is w.r.t. all affine transformations S € A. In some cases, M can only be
an orthogonal matrix, thus, S € U. Therefore, we define depth functions w.r.t. a
general class of transformations S C 7. S can be A or U, but other choices are
in principle possible. Second, for all measure in some class of symmetric measures
Pi2, the center of symmetry must be the point of maximum depth. Here, P;, can
be e.g. Pis, Pic, Pia, or Pyy. Clearly, if P, is broader, then depth functions
can identify multidimensional medians for a larger class. Third, depth function are
non-decreasing along any ray from the point of maximum depth, whenever it exists.
Fourth, depth functions are upper semicontinuous. This condition, although it was
not assumed by Zuo and Serfling (2000a), ensures that depth quantile sets are closed.
Fifth and last, depth functions vanish at infinity, thus ensuring a proper order of
points from the point of maximum depth outward. We are now ready to define
depth functions.

Definition 1.5.1 A non-negative and bounded function D : RY x Py, — R is said to
be a statistical depth function w.r.t. (S, Pg1, Pa2), where S C T is a class of invertible
transformations, Py 1 is a subclass of Py satisfying Ps € Py forall S € S and Pyy C Py
is a class of symmetric measures, if

(i) D(S(x),Ps) = D(x,P), forallx € RY,S € Sand P € Py,

(ii) D(p, P) = sup,.gs D(x, P), for any P € Py, that is symmetric about y € R?,

(iii) if D(v, P) = sup, gt D(x, P), where v € R? and P € Py, then D(v + aqu, P) >
D(v+ agu, P), forall 0 < aq < apand u € gi-1

(iv) for all P € Pyq, D(-, P) is upper semicontinuous,

(v) for all P € Py, limy—e0 SUP iy, 0) D (%, P) = 0.

We denote by D(S, Py, Pa2) the class of statistical depth functions w.r.t. (S, Py, Pan).

Clearly, (S, 75,1,1,75,1,2) C (S,P41,Py2) implies that D(S, 75d,1,75d,2) D D(S,Pi1,Pi2)

Remark 1.5.1 In some cases it is useful to have statistical depth functions that are un-
bounded below (see Sections 1.6 and 1.7 below). We denote by D' (S, Py1, Pay) the class of
functions D' : RY x Py — RU {—oo} that are bounded above, satisfy (i)-(iv) of Definition
1.5.1 and the condition

(@) forall P € Pyy, lim  sup  D(x,P) = —oo.
x€RY\B,(0)

Notice that the two formulations are equivalent in the sense that every D € D(S,Py1,Py2)
can be identified witha D" € D' (S, P41, Paz) and vice versa. The identification is done via
a continuous, increasing, and surjective function ¢ : [0,00) — R U {—oo} with inverse
¢~ L. For instance, Y(t) = log(t) and p~1(t) = e".

15Some depth functions, like Mahalanobis depth, are defined only w.r.t. some subclass Pa1 C Py
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The importance of statistical depth functions lies in that they enable the definition
of depth median and quantiles.

Definition 1.5.2 Let D be a statistical depth function w.r.t. (S, Py1,Py2) and P € Py».
The (D-)depth quantiles of P are the upper level sets Rp ,(P) = {x € R? : D(x, P) > a},
where 0 < & < a,,(D, P) and a,,(D, P) = max,ra« D(x, P). A (D-)depth median of P is
apointv € Rp 4 (p,py(P).

We show next that the properties (i)-(iv) in Definition 1.5.1 imply analogous proper-
ties for the depth quantiles Rp ,(P) (see Dyckerhoff (2004)). Specifically, (i) ensures
that depth quantiles are S-equivariant. Indeed, for S € S, it holds that

Rpa(Ps) = {x € R": D(x,Ps) > a} = {Sy € R? : D(Sy, Ps) > a} = S(Rp +(Ps)).

In particular, this holds for &« = a,(D,P), implying that depth medians are S-
equivariant. Definition 1.5.1 (iv)-(v) implies that the sets Rp,(P) are closed and
bounded (and thus compact) for all « > 0. Then, upper semicontinuity implies the
existence of a point of maximum depth, that is, a depth median. We now turn to (iii).
If v is a point of maximum depth and P € P, ,, then the sets Rp ,(P) are star-shaped
w.rt. v, thatis, (1 —f)v+tx € Rp,(P), forall x € Rp ,(P) and t € [0, 1]. Finally, (ii)
guaranties that the point of symmetry of P € P;, is a (D-)depth median.

Many depth functions (e.g. halfspace and simplicial depth) satisfy Definition
1.5.1 (i) with § = A. In general, the larger the class P, is, the more information
is obtained on quantiles of probability measures with a known center of symmetry.
Finally, the class P;; should be large enough to include finite discrete probability
measures (cf. Section 1.9).

Zuo and Serfling (2000a) divides depth functions into four types: Type A, Type
B, Type C, and Type D. The Type A depth of a point x € R? w.rt. a probability
measure P € Pj; is the integral w.r.t. Pk, k > 1, of a bounded and non-negative
function hyeo : (R?)* — [0,00). Similarly, Type B depth functions are obtained by
applying a function g : [0,c0] — [0,00), which is continuous, decreasing, positive
on [0,00), and zero at infinity, to the integral of an unbounded and non-negative
function iy : (RY)F — [0,00). A typical choice is the function g(t) = 1/(1 +1),
t € [0, c0]. Next, Type C depth functions are obtained by applying the function g to
a measure of outlyingness O : RY x P;; — [0, 0], where P;; C P;. Finally, halfs-
pace depth (Dy) seems to be the only example of Type D depth function. Theorem
2.1 in Zuo and Serfling (2000a) shows that, for the halfspace depth, one can choose
P;1 = P;and P, = Py p in Definition 1.5.1 yielding Dy € D(A, Py, Py y)- In the
next three sections we further analyze Type A, Type B, and Type C depth functions
and provide additional examples. We denote Type B depth functions by D (with a
possible subscript) and other depth functions such as Type C depth functions and
halfspace depth by D (with a possible subscript). We reserve the notation D (with-
out any tilde ~ or hat ") to Type A depth functions, which will be further analyzed in
Chapter 2. The subscript oo in the functions /iy « and iy« refers to depth, in contrast
to local depth (cf. Section 2.2).

1.6 Type A depth functions

Definition 1.6.1 A Type A depth is a function Dg : R? x Py — [0, c0) given by

D¢(x, P) = / G (X1, - 2 )AP(x1) ... dP (1),
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where hg o : (RY)¥6 — [0, 00) is a Borel measurable, non-negative and bounded function
depending on indexes G and x. kg > 1 depends on G.

The simplicial depth is a typical example of Type A depth function and is obtained
by taking G = S, ks = d + 1, and hs y 0 = Iz, . Liu (1990) shows that Ds satisfies
(i) with § = A, (iv) and (v), as well as (ii) and (iii) for the subclass Py 4 N Py np C Py
We notice that, in that paper, absolute continuity w.r.t. the Lebesgue measure can
be replaced by the condition that every hyperplane has probability zero. Upper
semicontinuity follows from the fact that Zs , « is closed for all x € R?. However,
Ds ¢ D(A, Pa, Pa,a N Pajp)- Indeed, (iii) needs to hold for all P € P, and not only
for P € Py 4 N Pypp. Counterexamples 1-2 in Section 3.2 of Zuo and Serfling (2000a)
show that (iii) fails even for the class P, c. Finally, Counterexample 3 shows that (ii)
does not hold for P, = Py g.

Example 1.6.1 (3-skeleton depth) The B-skeleton depth (Bremner and Shahsavarifar, 2018;
Yang and Modarres, 2018) is obtained by taking p € [1,00), G = Kp, kx, = 2, and
hKﬁ,x,oo = IZK/S,X,OO’ where

Zkyxoo = {(x1,%2) € (R%)? : i+ (2/B—1)x; —2 < lx1 — .
Kgx00 = {(x1,%2) € ( )(i,j)e{r(rﬁ))(,(z,l)}Hx”L(/ﬁ )xj —2/Bx|l2 < |lx1 — x2ll2}

Spherical depth (Elmore et al., 2006) and lens depth (Liu and Modarres, 2011) are
obtained by setting in the above definition § = 1 and B = 2, respectively. We let
B = Kj and L = K5 yielding Dg = Dk, and Dy = Dk,. Also, it is worth mentioning
that for d = 1 B-skeleton depth and simplicial depth coincide. We now turn to the
properties of statistical depth function. (iv)-(v) of Definition 1.5.1 hold true using
that, for fixed x1, x» € R?, the function x — I Zig oo (x1,x7) is upper semicontinuous

and vanishes when x lies outside a suitable ball.'” Using invariance of the Euclidean
norm w.r.t. orthogonal transformations we see that (i) holds for S = ¢/. Turning to
(ii) and (iii), Kleindessner and Von Luxburg (2017) notice that the proof of (ii) given
for Dy, is wrong. They also notice that the proofs of (ii) for Dp and Dk, contain
the same mistake. In particular, Liu and Modarres (2011) states that (ii) holds with
Pir = Pic. A counterexample for (ii) and (iii) and P € P, is given by Geenens
et al. (2021). Specifically, suppose that P, € P; «, has density function given by

fo(x) = 392(x —2) + 2ol +2),

where ¢, is the d-variate standard normal density and z € R? \ {0}. Then, P is
centrally symmetric about 0,'%, however, DKﬁ(-, P,) fails to satisfy (ii) and (iii). The
function fp, is plotted for d = 2 and z = (3,0)" in Figure 1.1. The corresponding
p-skeleton depth for f = 1,1.5,2, 4 is plotted in Figure 1.2. We conclude that Dk, is
not a statistical depth function as it does not satisfy (iii) of Definition 1.5.1.

One could ask whether Dk, satisfies (ii) and (iii) for P € P, s. A first step in this
direction is given by the following proposition, which shows that, if P is spherically

16For Type A depth functions the index G can be identified with a kernel function G : (R%)kc —
[0, 00) (see Section 2.2).

7Using the triangle inequality ||x; + (2/8 — Dxj —2/Bxlla = [[|x; + (2/8 — )xjll2 — 2/B||x]]2]
yielding that IZK}M’oo (x1,x2) = 0 whenever 2/||x[l2 > max; jye(1,2),21)3 1% + (2/B = D)xjll2 + [|x1 —
x2]l2.

18Using that ¢4 (y) = ¢4(—y), we immediately see that fp (Tco(x)) = fp.(—Tco(x)) yielding that
(Pz)1.,(A) = P2(A) = Po(—A) = (Pz) _1.,(A) forall A € B;.
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FIGURE 1.1: Density function fp_ford =2and z = (3,0)".

symmetric about # € RY, then all points that are equidistant from y have the same
B-skeleton depth. It follows that it is enough to check (ii) and (iii) along a single
direction u € S%! (for instance u = e;). For an orthogonal matrix U and y € R?
let Tru,y, : R? — R be the rotation matrix given by Tru(x) = p + Tsuu(x) =

p+U(x —p).

Proposition 1.6.1 Let P € Py s be spherically symmetric about u € R?. Then, for any
orthogonal matrix U, D, (Tr,uu(x), P) = Dk, (x, P).

Proof of Proposition 1.6.1. We first notice that spherical symmetry is equivalent to
PTRW = P for all orthogonal matrices U. Therefore,

DK/S(TR,U,“M(-X)/P) = Pz(ZKﬁ,TR/u/V(X),OO) = P%R,u,},(ZKﬁ;,TR,u,;,(X),OO)'

Next, we use the invariance of the Euclidean norm w.r.t. orthogonal matrices and
get that

{(x1,x2) € (Rd)(zi;)e{l(r}%>)<(21)}||xi +(2/B = 1)xj = 2/BTruu(x)|l2 < [[x1 — x2[2}

={(nx) € (R max - U(Tyl, (v) + (/B = )Tl () =2/

< N U(Tgy,p(x1) — RUV(xZ))HZ}

={(x1,x2) € (]Rd)( Lomax H jin (i) + (2/8 = 1Ty, (%)) —2/Bx|2

SM&AM—%mﬂMM

This ylelds that ZKﬁrTR,U/ﬂ (x),00 = (TR,U,;U TR,U,y) (ZKﬁ,x,oo)/ where for S, T € T, (S, T) :
R? x RY — R x R? is the function given by (S, T)(x,y) = (S(x), T(y)). We con-
clude that

D, (Truu(x), P) = PF (TR TRuu) (Zigxe0)) = P?(Zig ) = Diy (%, P).
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FIGURE 1.2: B-skeleton depth constructed with n = 5000 samples

from P, ford = 2and z = (3,0) '. From top to bottom, 8 = 1,1.5,2, 4.

From left to right, B-skeleton depth, corresponding heat map, and its
section along the line {x € R? : 7, (x) = 0}.
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We now turn to a general discussion on Type A depth functions. Zuo (1998) show
that (ii) and (iii) of Definition 1.5.1 are satisfied by Type A depth functions if the
function x — hg y (X1, ..., ka) is concave (see Theorem 3.3.1 and Theorem 3.3.2 of
Zuo (1998)). Unfortunately, the function x +— kg xeo(x1,..., X, ) is concave if and
only if it is constant (see the lemma below). In view of (v) of Definition 1.5.1, the
only Type A statistical depth function with concave function x — 1 xeo(X1,. .., Xk.)
is given by hig v = 0 for all x € R?. Indeed, by (v) Dg(x,P) = 0 for all x € RY,
yielding that hg e = 0 Pk-a.s. Since P is arbitrary, we conclude that hgye = 0.
Accordingly, Zuo and Serfling (2000a) does not provide a systematic study of Type A
depth functions. We now state and proof the lemma, which applies to the function
X > NG xe0(X1, . - -, Xk ) since it is bounded below by zero.

Lemma 1.6.1 Let ¢ : R — R be either bounded below and concave or bounded above and
convex. Then ¢ is constant.

Proof of Lemma 1.6.1. Suppose by contradiction that ¢(x) < ¢(y) for some x,y €
R?. If @ is concave, then for all & > 1

o) =0 (- v+ (1-1)y) 2 polt-n+n+ (1= o).

It follows that
pla(x—y) +y) <alelx) — o)) + o)

implying that ¢(a(x — y) 4+ y) becomes arbitrary small as « increases. Similarly, if ¢
is convex, we get that

p(a(y —x) +x) > a(e(y) — ¢(x)) + ¢(x)

and this becomes arbitrary large as « increases. [

Thus, to use concavity, the function x +— g ye(X1,...,Xr;) must be unbounded
below.

Proposition 1.6.2 Let D[, : R? x P; — R U {—oo} be given by

DL(x,P) = / My o (x1, 2 )dP(x1) . dP(xi.),

where b , o, : (R?)¥¢ — R U {—co} is a Borel measurable function that is bounded above
(uniformly in x). If the function x v hg . (x1,. .., Xk;) is concave for fixed x1, ..., Xx;,
then Dy satisfies (iii) of Definition 1.5.1. If, additionally, P € Py c and Dg(-, P) is sym-
metric w.r.t. the center of symmetry u of P,' then D, satisfies (iii) of Definition 1.5.1 with

Pir = Pac.

Proof of Proposition 1.6.2. For (iii) let P € P; and v € R¥ be such that Dg(p, P) =
SUp, cRd Dé;(x, P). Also, letu € S land 0 < a7 < wo. Using the concavity of

X — h/G,x/oo(xb...,ka) andv+aju = (1— %)v + %(v + apu) we have that

D¢ (v + aqu, P) > (1 — Z?) Dg (v, P) + %D&(v +apu) > Dg (v + agu).
2 2

That s, D-(x, P) = Df;(2u — x, P) for all x € R%.
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For (ii) let P € P; ¢ be centrally symmetric about u € R?. Using the concavity, we
have that

1 1
Di(, P) 2 5D0(x, P) + 3D (23 — x,P) = D (x, ).
]

If P € P is centrally symmetric about ¢ € RY, then by Proposition 1.6.1 Dk, (x, P) =

Dk, (2u — x, P) forall x € R??Y (cf. Theorem 2 of Yang and Modarres (2018)). How-
ever, the function x — I Zigeeo (x1, x2) is clearly not concave.

1.7 Type B depth functions

Definition 1.7.1 A Type B depth is a function Dg : R? x Py — [0, 00) given by

De(x, P) = g</ iGxpo(x1, .., 2 )dP(x1) . ..dP(ka)>,

where i x 00 : (RY)ke — [0, 00) is a Borel measurable, non-negative and unbounded func-
tion depending on indexes G and x. g : [0,00] — [0, 00) is continuous, decreasing, positive
on [0, c0), and zero at infinity. kg > 1 depends on G.

Convexity of the function x +— iG y e (X1, . .., Xk ) for fixed x1, ..., x;_ plays an impor-
tant role in showing that D¢ satisfies (ii) and (iii) of Definition 1.5.1 (see Theorems
3.3.4 and 3.3.5 of Zuo (1998)).

Proposition 1.7.1 Let D¢ bea Type B depth function. If the function X — ic,x,c0 (X1, Xkg)
is convex for fixed x1,...,x., then D¢ satisfies (iii) of Definition 1.5.1. If, additionally,

P € P;cand Dg(-, P) is symmetric w.r.t. the center of symmetry u of P, then Dg satisfies
(iii) of Definition 1.5.1 with Py, = Py c.

Proof of Proposition 1.7.1. For (iii) let P € P, and v € R? be such that D¢ (v, P) =
sup, gt Do (x, P). Fixu € S*"!and 0 < a; < a,. Using that v+ aju = (1 — v+
o (v + apu) and convexity, we have that

R « .
D¢ (v + aqu, P) > g<(1 — 06;) /1G,V,oo(x1, e X )AP(x1) ... dP(xx,)

44 .
+ (X—; / iGageo (X1, -, Xk )AP(x1) . .. dP(ka)>

> min Dg(y,P) = Dg(v + ayu, P).
ye{v,v+asu}

For (ii) let P € P, c be centrally symmetric about € R?. Since y = 3x + 3(2p — x),
we have that

A 1 /.
Dg(u, P) > g(2/zclx,w(xl,...,ka)dP(xl)...dP(ka)

1 7.
+ E /chzy,xloo(xl, Ce ,xkc)dP(xl) ce dP(ka)>

> min Dg(y,P) = Dg(x,P),
ye{x2u—x}

20To see this, take U = —I in Proposition 1.6.1 and notice that by central symmetry we have that
Pry o, =P.
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where we have used that D (x, P) = Dg(2u — x, P). [

Next, we give some examples of Type B depth functions and check if they satisfy
(1)-(v) of Definition 1.5.1.

Example 1.7.1 (L9-depth) The L9-depth (Zuo and Serfling, 2000a) is obtained by taking
in Definition 1.7.1 G = Ny, kn, = 1, and i, x,0 §iven by in, x,0(x1) = [|x — x1][4.

Notice that [||x — x1][4dP(x1) < oo if and only if P € P‘gl).m Thus, if P ¢ Ptgl), the
Li-depth does not provide any useful information about P although it is still well-
defined. As the next proposition shows, it is a statistical depth function. To this end,
let R be the class of transformation R : RY — RY given by R(x) = +Mx + b for
some permutation matrix M and b € R%.

Proposition 1.7.2 Forall ¢ > 1, DNq € D(R, P4, Pic) and DNq(-, P) is continuous for
all P € Py. Additionally, DNz € DU, Py, Pic).

Proof of Proposition 1.7.2. We verify (i)-(v) of Definition 1.5.1. Notice that for all
S € T of the form S(x) = Mx + b for some matrix M and vector b

J18(0) = xlgdPsxr) = [ 1M0x = 1) |ydP(xa).

Now, if M is a permutation matrix, then ||M(x — x1)||; = ||x — x1|4. Similarly, if M is
an orthogonal matrix, then || M(x — x1)||2 = ||x — x1]|2. This gives (i). Now, (ii) and
(iii) follow from Proposition 1.7.1 since the function x +— ||x — x|, is convex for all
fixed x; € R??? and Dg(+, P) is symmetric about y if P € Py ¢ is centrally symmetric
about p. Indeed, since T¢,, € R, we have that for all x € R4

DNq (x’ P) = DNq(TC/]'{(x)’PTC,}l) = DN{](TC,# (x)’ P_TC,;t)

= g [I7e(0) + Tey () P (1) ) = Dy, (20—, P).

Next, we notice that D(-, P) is continuous because the functions g and x — [||x —
x1|4dP(x1) are continuous.” In particular, (iv) holds true. Turning to (v), notice that,
if || x1][; <1 <7 < [|x[|4, then by the triangle inequality ||x — xq || > [|x[[; — [|x1][4 >
r — 1 yielding that

x = x1[|odP(x1) 2/ x = x1 [l dP(x1) > 7 — 1.
/ L {yeRe: || <1} !

We conclude that

lim sup DNq(x, P) <limg(r—1)=0.

r—r00 xE]Rd\Br(O) r—r00

2By the triangle inequality [||x1][qdP(x1) — [|x[l; < [llx — x1]lgdP(x1) < [|lx1][qdP(x1) + ||x]l4
and, since all norms on R? are equivalent, JlIx1ll4dP(x1) < oo if and only if [|xq]|2dP(x1) < co.

2By the triangle inequality ||tx + (1 — t)y — x1lq < tl|lx — x1[lg + (1 — )||y — x1]|4 for all t € [0,1]
and x,y € R.

BIf [||x1]l4dP(x1) < oo, then | [||lx — x7[|gdP(x1) — [|ly — x1[4dP(x1)| < [|x — yl| for all x,y € RY.
Otherwise, for all x € RY, [|lx — x1]|qdP(x1) > [||x1][qdP(x1) — ||x[|q = co.
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Example 1.7.2 (Simplicial volume depth) The simplicial volume depth (Oja, 1983; Zuo
and Serfling, 2000a) is obtained by taking in Definition 1.7.1 G = V, ky = d, and iy x
Qiven by iy y o (X1, ..., x3) = AA[x, x1,. .., x4]).

Next, we investigate (i)-(v) of Definition 1.5.1. It is known (Stein, 1966) that the
volume of the simplex A[x, x1, ..., x4] is

1 11 ... 1
)L(A[x,x1,...,xd]):d!|det<x P xd)|.

Furthermore, subtracting the first column to every other column, one has

det(l 1 ... 1>:det<1 0 ... 0 ):det(xl—x o xg—x) 2
X x| ... Xy X X|—X ... Xg—X

For S € A of the form S(y) = My +b,i =1,...,d, one analogously has

det(s(lx) 5&1) 5 S(}Cd)):det(S(xl)—S(x) . S(xg) — S(x))
=det(M)det (x; —x ... xg—x).
It follows that
A(A[S(x), S(x1), ..., S(x4)]) = det(M)A(A[x, x1, ..., x4]). (17.1)

In particular, if S € U then det(M) = 1 yielding

Dy(S(x),Ps) = g(/A(A[S(x),S(xl),...,S(xd)])dP(xl) . .dP(xd)> = Dy(x,P).

Thus, (i) of Definition 1.5.1 holds with § = Y. (ii) and (iii) are obtained from Propo-
sition 1.7.1 using the convexity of the integrand x — A(A[x, xq,...,x4]) for fixed
x1,...,%3.% For (ii) we additionally use that the simplicial volume depth is symmet-
ric about the point i € R? of central symmetry of P € P, c. Indeed, using Ty €U,
central symmetry, and (1.7.1), we obtain that

Dv(x,P) = Dy(Tcu(x), Pr.,) = Dv(Tcu(x), P-1c,)
_ g</A(A[—TC#(x),Tcly(x1),...,Tcly(xd)])dP(xl) . .dP(xd)>
= Dy(2u — x,P).

Next, we show (iv). Since g is continuous and decreasing, it is enough to show
that the function x — [ A(A[x,x1,...,x4])dP(x1)...dP(x;) is lower semicontinu-
ous. To this end, we first notice that the function x — A(Alx, x1,...,%4]). Indeed,

24|det(xq — x ... x4 — x)| is the volume of the parallelepiped spanned by x; — x,..., x4 — x.
25Usir1g Laplace expansion w.r.t. the first column we see that, forall t € [0,1] and x,y € RY,

1 1 ... 1 1 1 ... 1 1 1 ... 1
det(tx+(1—t)y X1 ... xd)_tdet(x X1 ... xd>+(1_t)det<y Xp ... xd)

yielding A(A[sx + ty, x1, ..., x4]) < tA(A[x,x1,...,x4]) + (1 — A(Aly, x1, ..., x4])-
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Hadamard’s inequality (Theorem 14.1.1 in Garling (2007)) gives

11 . i
|det (x N )] < (1 + [Ix]l2) T + [Ixj]l2), (1.7.2)
1 .- i=1
which implies that
d
AR x, o x]) = AMALY, 2, xa)) ] < dTTA A+ lIxll2) 1x =yl
j=1

Finally, using Fatou’s lemma we have that, for every sequence {yj}}?’;l converging to
x € RY,

liminf [ A(Alyj, x1,...,%4])dP(x1) ... dP(xy)

]—00

hmlnf/\(A[y], X1, ,xd])dP(xl) . dP(Xd)

j—oo
://\(A[x,xl,...,xd])dP(x1)---dP(xd)-

We now turn to (v). Surprisingly, Dy does not satisfy this property. Indeed, for all
r > 0, there exists x € R? \ B,(0) such that x, x1, ..., x; are not in general position,
yielding A(A[x, x1,...,x4]) = 0. To obviate the problem, one could take P € Py,
implying that x, x1,...,x; are in general position with probability one. We sketch
the proof of this. First, for € > 0let ¢,s > 0 such that g(0)(1 — P¥(Bs(0))) < €/2 and
¢(c)P?(Bs(0)) < €/2. Then,

Dy (x, P) < g(0)(1 — P*(B(0))) + /B Alx,x1, .. x%4]))dP(x1) . .. dP(xg)
<g(0)(1- Pd(Bs(O))) +g(c)P ( Bs(0)) +8(0)Pd(As,c(X))/

where Agc(x) = {(y1,---,v4) € (Bs(0))* : A(Alx,y1,--.,v4])) < c}. Since the first
two terms are bounded by ¢, to conclude it is enough to show that

lim  sup PY(Asq(x)) =0.
"% xeRA\B,(0)

Now, the condition A(A[x,y1,...,y4])) < c is equivalent to the fact that the vol-
ume |det(y1 — x,...,ys — x)| of the parallelepiped spanned by y; — x,...,y; — x is
bounded above by cd!. Since, forall j = 1,...,4d, [|y; — x||2 > r — s becomes arbitrar-
ily large, one of the ||y; — x||» becomes closer and closer to the space generated by all
the others. We conclude that, there exists §(r) (independent on x and) decreasing to
zero such that, for large enough r,

sup  PY(Asq(x)) < sup P((9H,,)"°(")%

x€R\B, (0) zER?
uesi-1

and the results hold under the condition lim, e sup , e P((QH)™")) = 0. A
ucsd-1

2For 6 > 0, (A)* := {x € RP : infycpllx — y[l2 < 6} and (A) ™0 := R\ (RP\A)" = {x e RV :
infycrmallx —yll2 > o}
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sufficient condition for this is that P € P, , has density fp that is bounded on
every compact set. Indeed, let t > 0 such that P(R?\ B;(0)) < € and suppose that
fp < bon By(0). Then, we have that

sup P((aHz,u)H(’)) <e+b sup A(B(0)N (aHz,L¢)+5(r))-
ZEIRd ZE]Rd
uesi-1 negi-1

Using the translation invariance of the Lebesgue measure, we see that

sup A(B¢(0) N (aHZ,u)”(”) = A(B:(0)N (8H0,81)+‘5(r)),27
zeR?
uesi-1
which converges to zero as r — oo.
Thus, even though simplicial volume satisfies (i) of Definition 1.5.1 with S = A,
(ii) with Py, = Py, (iii), and (iv), it fails to satisfies (v) and therefore it is not a
statistical depth function. Also, we notice that [ A(A[x, x1,...,x4])dP(x1)...dP(xy)
may be infinite, in which case, very little can be deduced from Dy (x, P) about P.
However, (1.7.2) ensures that [ A(A[x,x1,...,x4])dP(x1)...dP(x,) is finite for P €
P
Finally, we notice that Type B depth functions can be converted into Type A by
applying the function g directly to ig y; thus, computing the integral of hig v =
g 01G,x 00 WL P¥ (cf. Remark 3.3.2 of Zuo (1998)). However, because of the lack of
concavity of X — NG xeo(X1,...,%k.), G = V, Ny, (ii) and (iii) of Definition 1.5.1 do
not hold in general. To address this issue, one can replace g by a continuous, de-

creasing and concave function g’ : [0,00] — R U {—o0} and let Df\,q and Dy, be as in

Proposition 1.6.2 with h/G,x,oo = g’ 0iGxe G = Ny, V. Since for fixed x1, ..., x; the

functions x — i yeo(X1,..., Xk, ) are convex and g is decreasing and concave, the
functions x > hg . (x1,..., %) are also concave and (ii) and (iii) hold by Propo-
sition 1.6.2. For (ii) we additionally use that D}\,q (+,P) and Dy, (-, P) are symmetric
about the center of symmetry u of P € P, ¢, which can be obtained as before. (i)
can be shown as before for both D}\,q and Dj,. We now turn to (iv) and (v) for the

L9-depth. Since the function x +— hj

] q,x,oo(xl) is bounded by ¢’(0) and continuous,

by reverse Fatou’s lemma, we have that, for every sequence {y; i~y converging to
x € RY,

limsup Dy, (v, P) < [ Timsupg(|ly; — x1]l;)4P(x1) = Dy, (x, P).
j—roo

j—oo

Finally, using that ¢’ is decreasing and the triangle inequality, we have that

sup [ &'(llx —x1[lg)dP(x1) S/ sup & (|l|x[lg = [lxall])dP(x1)
x€R4\B,(0) x€R\B,(0)

< §'(0)P(R?\ B,/2(0)) +g&'(r/2)P(B,2(0)),

where the last term converges to —co as r — co. We conclude that Df\fq € D'(R, Pa, Pac),
q > 1,and Dy, € D"(U, Pa, Pac)-

B 27(dHy,, )90 is one of the enlarged hyperplanes yielding maximal volume when intersected with
B:(0).
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1.8 Type C depth functions

Definition 1.8.1 A Type C depth function is a function Dg : R x Py1 — [0,0) given
by
Dg(x, P) = §(Oc(x, P)),

where Py1 C Py, Og : R? x Pi1 — [0, 00] is Borel measurable, and g : [0, co] — [0, 00) is
continuous, decreasing, positive on [0, 00), and zero at infinity.

As for Type B depth functions, (ii) and (iii) of Definition 1.5.1 follow from convexity
(see Theorems 3.3.8 and 3.3.9 of Zuo (1998)).

Proposition 1.8.1 Let D¢ be a Type C depth function and P € Pyq. If the function
x — Og(x, P) is convex, then D satisfies (iii) of Definition 1.5.1. If, additionally, P € Py ¢
and Og (-, P) is symmetric w.r.t. the center of symmetry u of P, then D¢ satisfies (ii) of
Definition 1.5.1 with Pgo = Py c.

Proof of Proposition 1.8.1. The proof is similar to that of Proposition 1.7.1. |

The class 77‘52) of probability distributions admitting second moment can be par-
titioned into Péz’l) U 770(12’5), where P € 7352’1) has invertible covariance matrix and
7352'5) _ 7Dng) \Pa(]z,i)‘

Example 1.8.1 (Mahalanobis depth) The Mahalanobis distance (Mahalanobis, 1936) on
R w.rt. P € Péz’l) is dy,py : R? x R? — [0, 00) given by

dsp) (x,y) = (x —y)  (Z(P)) 7 (x —y).

The Mahalanobis depth (Liu, 1992; Liu and Singh, 1993) is obtained by taking in Definition
181G =M, Pay = P, and Opi(x, P) = d2 p (x, u(P)).

u(P) and X(P) can be replaced by any other affine-equivariant location estimator
and covariance measure satisfying (1.4.2) and (1.4.3) (Zuo and Serfling, 2000a).

Proposition 1.8.2 Dy, € D(A, Pa(lz’i),Pd,C N ?‘gz’i)) and Dy (-, P) is continuous for all
peP?

Proof of Proposition 1.8.2.  We verify (i)-(v) of Definition 1.5.1 for Dy. (i) fol-
lows from (1.4.2) and (1.4.3). For (ii) and (iii) we notice that O(-, P) is convex and
symmetric about y(P), which is the center of symmetry of P € P;c N 7752’1), and
apply Proposition 1.8.1. Next, Dy(, P) is continuous because g and the function

X dé( P) (x, u(P)) are continuous. In particular, this gives (iv). Finally, (v) follows
from lim,—;co inf, ey g, (o) dé(P) (x, u(P)) = o0 and lim; ;. g(t) = 0. ]

We now turn to the projection depth (Stahel, 1981; Donoho and Gasko, 1992; Liu,
1992; Zuo and Serfling, 2000a; Zuo, 2003; Dyckerhoff, 2004).

Example 1.8.2 (Projection depth) The projection depth is obtained by taking in Defini-
tion 1.8.1 G = ], Py = P\, and Oy (x, P) = sup, g1 (E(Py)) 2|7 (x) — u(P)| »
2BIf M is a positive definite matrix, then (x,y)y; = x| M~y is a scalar product on R? yielding that

[x[lm = (x,x)m is anorm. Then, dyp)(x,y) = [[x — y[|g(p) is the distance induced by this norm.
29Here, it is used the convention that

01— o ifa#0,
0 ifa=0.
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Proposition 1.8.3 D; € D(A4, Péz),Pd,C N 7352)).

Proof of Proposition 1.8.3. Let P € 7352). For (i), notice that, for S € A given by
S(x) = Mx+0b,

B((P)a) = [ t(Pryes) (t) = [ mu(S(x)AP(x) = m(S(u(P)))
and
E((Po)u) = [ (t=p((Ps)u)Pe(Pryes) (1) = [ (u(S(x = p(P)))dP(x)

implying that, replacing M "u/||M "ul|, by v,

-1/2
Dy(5(x),Ps) =g sup ([ (ralSCx = p(PI)PAP()) (G- p(P))])

ucsi-1

=g( sup ( [ (mu(M(x — p(P))))*dP(x) 71/2|7Tu(M(x—V(P)))|
(. )

uesi-1

o (sup (ftmto - uenaro) e o)

= D](X,P).

(i) and (iii) follow from Proposition 1.8.1 and the convexity of Oj(-, P). For (ii) we
also use that P € Py N P{gz) is centrally symmetric about y(P) and

() = ([ 3ap(3)) = [ m(ap() = wp),

which implies that Oj (-, P) is symmetric about y(P). Next, (iv) follows from the fact
that Oj (-, P) is lower semicontinuous (as it is a supremum of lower semicontinuous
functions) and g is decreasing and continuous.>’ We now turn to (v). Notice that, by
Cauchy-Schwarz inequality, for all u € S,

[1(Pu)] < /ItIdPu(t) = /|7ru(x)|dp(x) <1 (p)
and
Z(Pu) = /(t — p(Pu))?dPu(t) = /(nu(x — u(P)))2dP(x) < u® (P)
implying that

Oy(x,P) > (u (P))~V2( sup |mu(x)| — uia’ (P)) = (u (P))"V2(||xl|2 — uia (P))-

uesi-1

It follows from the continuity of g that

lim sup D(x,P) < lim g((u* (P)™V/2[r — iy (P)]) = g(0) = 0.

r—0o0 xE]Rd\B,(O) r—00

30Let for simplicity ¢ = Oj(-, P). The lower semicontinuity of ¢ implies that, for all a € [0,g(0)],
the set (g0 ¢) ' ([a,)) = ¢~ (37" ([a,00))) = ¢~ (0,8 " (a)]) is closed.
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It is usually preferred to replace mean and variance by other location and dispersion
estimators such as the median and median absolute deviation. However, they are
not, in general, unique. For instance, Zuo and Serfling (2000a) claims that, if P €
P, g is halfspace symmetric about a unique point v € RY, then the projection depth
based on median and median absolute deviation is maximized at v. However, for
this, it is used that P has a unique unidimensional median (namely, 7, (v)) for all
u € S%1. Part (ii) of Theorem 2.4 in Zuo and Serfling (2000b) (which is used in the
proof) gives only 77, (v) € Qi,2(Py) and not Qy,2(P,) = {m,(v)}. The following
example shows that uniqueness of unidimensional medians can easily fail even for
centrally symmetric probability measures.

Example 1.8.3 Let P(Y) € P, be the discrete measure assigning probability 1/4 to each
of the points (1,1)T,(~=1,1)T,(=1,-1)T,(1,—1)T € R2 Then PD € Poc PP is
centrally symmetric about v = (0,0) T implying that 7, (v) = 0 forall u € S*~'. However,

[t —Up, tp — 1] if Uy <y,
[ty — 0,y — Up]  if 1y > 1o,

Q1/2((PM),) = {

where @; = |11, (u)|, i = 1,2. Thus, Q1,2((PM),) = {m,(v)} if and only if
2u e {(V2,v2)",(-V2,v2)",(-v2,-V2)",(v2,-Vv2)"}.

For P € P, it seems that one can avoid the issue of non-uniqueness by defining the
median as the midpoint of the interval Q; /»(P,). However, as the following example
shows, 71, (v) is, in general, no longer the midpoint of Q; /»(P,) for P € Py i \ Pyc.
Example 1.8.4 Let P(*) € P,, where « € (0,1) U (1,00), be the discrete measure assign-
ing probability 1/4 to each of the points (a,&)",(—=1,1)7,(=1,-1)T, (¢, —a)T € R2
Then P®) € (Pya\ Pac) N 732(2) is angularly symmetric about v = (0,0)". A careful
calculation yields

E1y ifuy <y, 7'[31(1/[) >
E>. if iy < T, 7, (1) <
[Hz — ﬁl,tx(ﬂl — Hz)] Z'fﬂl > Uy, 7'[61(1/1) >
la(tiy —11), 100 — Un]  if Uy > U, 7, (1) <

Q2 ((PW)y) =

where 1; = |71, (u)| fori =1,2,

[a(iy — 1), (g +72)]  ifp > 12,0 < a < 1,

Evy = { [a(th — ), 1 — U] ifuy < ﬁﬁb
(= — T, Ty — Ty if iy > Hm, a0 > 1,

for u € SV satisfying wy < i, 7T, (u) > 0, and

[Dé(—ﬁl —ﬁz),lx(ﬁz —ﬂ1>] lfﬁz > %ﬁl,o <a<l,

Eyu = { [t — U, a(uip — 1y ifip < ‘}:WL
[ﬂl — Uy, Uq +ﬁ2] lfﬁz > %Hl,zx >1,

for u € SV satisfying uy < iy, 7T, (u) < 0.
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Notice that the above examples do not show that the projection depth with unidi-
mensional median as location estimator is maximized at the center of symmetry, but
they raise some questions about the definition of median and the proof.

1.9 Sample depth and quantiles

We now turn to the estimation of a depth function D € D(S,P;1, P42). To this end,
let {X;}$°, be a sequence of i.i.d. random variables with probability distribution
P € P;;. A natural estimator of D(x, P), where x € R?and P € P41, is obtained by
replacing P with the empirical probability distribution P, = % Y.ir10x,. The corre-
sponding estimator, D(x, P, ), is referred to as sample depth. We denote by P, 4 (resp.
P 4) the subclass of P; of discrete (resp. finitely discrete) probability measures. It is
desirable that Py is large enough to contain P ¢4. Indeed, this implies that D(-, P,;)
satisfies (i), (iii), (iv), and (v) of Definition 1.5.1. From Section 1.5 we deduce that
P, possesses well-defined depth quantiles and median for all # € IN. This condi-
tion is satisfied by many of the statistical depth functions of Sections 1.5-1.8, namely,
halfspace depth, projection depth, and L7-depth. However, since discrete distribu-
tion can have singular covariance matrix, it is not satisfied by Mahalanobis depth.
Furthermore, it is not satisfied by simplicial volume depth, which does not satisfy
(v), simplicial depth and p-skeleton depths, which do not satisfy (iii). Of course,
even if P is symmetric, P, is not in general symmetric. Thus, the depth median®' of
P, does not in general coincide with the depth median of P. Then, it is of interest
to study (uniform) convergence of D(x, P,) to D(x, P), the corresponding rate, and
convergence of quantiles and medians. The last question is addressed by Theorem
4.1 in Zuo and Serfling (2000C),32 which we now state. D, (x, P) denotes a general es-
timator of D(x, P) defined on a probability space (), X, IP) such that P = Py is the
probability distribution of a random variable X : Q) — R?. We use the abbreviation
P-a.s. (or a.s.) for almost surely w.r.t. IP.

Theorem 1.9.1 For P € P,, let D(-,P) : R? — [0,00) be continuous and D,(-,P) :
RY x Q) — [0,00) be such that sup,,_g«|D(x, P) — Dy(x, P)| 2% 0. For every sequence
{an }2_1 of positive scalars converging to « > 0, it holds that

Rp4(P) C liminfRp, ,, (P) C limsup Rp, 4, (P) C Rp4(P) a.s.

n— 00 n—00
and, if P(ORp «(P)) = 0, then

V}er.}o RDn,ﬂén (P) = RD,,X(P) a.s.
Proof of Theorem 1.9.1. Fork,n € N,let A,; = {x € R? : |D(x,P) — D,y(x,P)| <
1/k}. We first show that limy, e Ay = R? a.s. To this end, notice that, for k € N
and almost all w € Q), there exists ny(k, w) € N such that |D(x, P) — D, (x,P)| < 1/k
for all x € R, Tt follows that

liminf A, (w) = lim (2, Aye(w) D 072, 0 ALk = R

n—00

31Notice that by (i) and (iii)-(v) a depth median always exists even though it is not in general unique.

320ne needs to take some extra care in the statement and proof of this result. For instance, the
authors use that, if a sequence of random variables {X;}%°; converges almost surely to X then, for all
€ > 0, there exists ne € N such that |X; — X| < e almost surely for all i > n.. However, this is not in
general true because pointwise convergence does not imply uniform convergence. We provide here a
simplified argument.
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Next, let n; € N such that |a, —a| < 1/k for all n > ny. Then, for n > ny,
Rp, a+1/k(P) C Rp,a,(P) C Rp, a—1/k(P). Using Corollary B.1 (v), we have that

liminfRp, 4, (P) D lirr_1>inf(RDma+1/k(P) NAuk)
n—oo

n—00

D lim (Rp e i2/k(P) N Ank) = Rpata/k(P) as.
and

limsup Rp, 4, (P) C ®limsup(Rp, » 1/k(P) N Ayx)

n—oo n—oo

C lim (Rpa—2/k(P) N Ank) = Rpa—2/k(P) as.
Using the continuity of D(-, P) we conclude that

Rp+(P) = U Rpas2/k(P) C iminf Rp,q,(P) C limsup Rp, 4, (P)

n—oo

C ﬂ,ﬁ"leD,a_z/k(P) = RDIQ(P) a.s.

The last part follows from Rp ,(P) = Rp.(P) UdRp 4 (P) and P(X 1 (dRp,(P))) =
P(0Rp4(P)) = 0. ]

Thus, for convergence of depth quantiles it is enough to check continuity of the
depth function and almost sure uniform convergence of D(-, P,) to D(-, P), which is
also referred to as uniform consistency. By (iv) of Definition 1.5.1 for continuity it is
enough to check lower semicontinuity. For instance, halfspace and simplicial depth
are continuous if P € Py, (see Lemma 6.1 in Donoho and Gasko (1992), Theorem
2 in Liu (1990), and Proposition 12 of Francisci et al. (2019)). Furthermore, L7-depth
and Mahalanobis depth are continuous by Proposition 1.7.2 and Proposition 1.8.2,
respectively. Uniform consistency can be often obtained using tools from empirical
processes theory (see Section 1.11 below). For instance, it is well-known that the
uniform law of large numbers holds for VC classes of sets (see Definition 1.11.3).
Since closed halfspaces on R? have this property, we obtain that

sup | Dy(x, Pa) = Dyi(x, P)| < sup  |P(Hyu) = Pu(Hia)| =220,

x€R4 x€R4,uesd-1

which is given by (6.2) and (6.6) of Donoho and Gasko (1992). Uniform convergence
of sample projection depth is studied in Theorem 2.2 of Zuo (2003) under some con-
ditions on the unidimensional location and dispersion estimators. In the next propo-
sition we study uniform consistency of Mahalanobis depth (see Remark 2.2 of Liu
and Singh (1993)).

Proposition 1.9.1 For P € PéZ’i) it holds that sup . .ga|Dam(x, P) — Dp(x, Py :—s> 0.
n—oo

Proof of Proposition 1.9.1. We can assume without loss of generality (w.l.0.g.) that
det(%(P,)) > 0°* implying that d%(P”) (x,1(P,)) and Dy(x, P,) are well-defined. We
need to show that, for all € > 0, P(limsup, . Ase) = 0, where A, = {w €
Q : sup,ge|Dum(x, P) — Dy(x, Py)(w)| > €}. We first notice that, for all r > 0,

33Here, it is crucial that limy, e Ay i exists a.s. (c.f. Lemma B.1 (ii)).
3Notice that by (1.9.2) below {w € Q : det(Z(Py)(w)) = 0} C F,s and by (1.9.1)
P(limsup,,_,, Fys) = 0.
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Ane C Bn,%,, U Cn,g,r U D%,r, where

- - €
By, ={weQ: sup [Dm(x,P)—Du(x, Py)(w)| > 5}’

x€B,(0)

- €

Cuer={weQ: sup Dum(x,Py)(w) > 5}’

x€R4\ B, (0)

De, ={w€Q: sup Du(x,P)> E}.
x€R?\B,(0) 3

Now, by Proposition 1.8.2, there exists r; > 0 such that D
Lemma B.1 (iv) we have that, for r > rq,

= Q@forallr > r. By

wlm

P(limsup(B,,¢,UCy e ,)) = P((limsup B, ¢ ,) U (limsup Cy ¢ ,)))

n—o00 n—o00 n—oo
< P(limsup B, ¢ ,) + P(limsupC, ¢ ,).
n—o00 n—oo
Thus, it is enough to show that, for some r, > ry, P(limsup, . Bn,g,rz) = 0 and
P(limsup, ., Cy¢r,) = 0. To this end, we notice that, by the strong law of large

numbers, 4(P,) £% u(P) and
B(Py) = 3 3 XX — (u(Bu)) (u(B)T 25 [T dP) — (uP)) (u(P))T = E(P).

By continuous mapping theorem, we also have that (Z(P,))~! = (Z(P))~1.% Now,
ford > 0,1etE,5 = {w € Q : ||u(Py)(w) — u(P)|2 > 6} and F,5s = {w € O :

— _ M .
I(2(P) ™ (@) = (2(P)) w2 > 6}, where | Ml|ywy = Supyeqs (o) gL is the L7-

matrix-norm of a d X d matrix M. By the above results, we have that, for all § > 0,

P(limsup(E,s UF,s)) < P(limsupE, ;) + P(limsup F, 5) = 0. (1.9.1)
n—00 n—oo n—00
Let 0(M) = {A1(M),...,A3(M)} be the spectrum of a diagonalizable matrix M.
Since %(P,) and X(P) are symmetric, they are diagonalizable by orthogonal ma-
trices. By Bauer-Fike theorem (Theorem 2.1 in Eisenstat and Ipsen (1998)), for all
j=1,...,d, we have that

i AEP)) T = LEEP) T < NEEP)) T = &) Hme  (192)

Now, let 26 = min;_; _4(A;(Z(P)))~!. There exist orthogonal matrices U, such that
2(P,) = U, 'D(Z(P,))U,, where D(%(P,)) is the diagonal matrix with the eigenval-
ues A1(Z(Py)), ..., Ai(Z(Py)) on the diagonal. Now, if || (Z(P,)) ! — (Z(P)) | m2 <

35Here it is used that the function sending invertible matrices to their inverse is continuous. This
follows from the continuity of the functions sending a matrix to its determinant and adjugate, respec-
tively.

36That is, the set of its eigenvalues.
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,,,,,

A3 5, (2, 1(Pa)) = (x = u(P)) (Z(P) " (x — p(Pn))
= (Un(x — p(Py))) " (D(Z(Py))) (Un(x — u(Py)))
> 8[| U (x — p(Po)) |13
= 8]lx — u(Py) 3.

If also [[p(Pn) — u(P)[l2 < 6 and [[x[|2 = [[u(P)[|2 + 6, then
d p,) (6, 1(P) = 8([1xll2 = [1(Pu)ll2)* = 0(l|xll2 = 6 = [(P)]l2)%. (1.9.3)

Using that lim;_, ¢(f) = 0, letr, > 0be larger thatr; and ||#(P)||2 + 6, and such that
8(6(r2 — &6 — [[u(P)|2)?) < §. Then, using (1.9.3), we have that Cy ¢ ,, C Eys5U Fys
and, by (1.9.1), P(limsup,, ., Cy¢,,) = 0.

We are left to show that P(limsup, ., By,¢ ,,) = 0. Since g is uniformly contin-
uous (because it is bounded, continuous, and decreasing), there exists 7 > 0 such
that, for all s, £ > 0 with |s — t[ <, [g(s) — g(t)| < §, yielding that B, < ,, C Guy,r,,
where

Guyr, ={w € Q: Su}z )|dé(p)(er(P)) - d%(pn)(X,}l(an > 17}
x€B, (0

By adding and subtracting d%(P) (x, u(Py), we see that \dé(P) (x, u(P)) — dé(Pn) (x, u(Py))]
is bounded above by

|45 py (X, #(P)) — d5(p) (%, #(Pu))| + |5 py (%, 1 (Pn)) — d5p, (x, 1(Pu))],

where the first term is*®

[l — ﬂ(P)HZz(p) —llx— V(Pn)Hé(Pﬂ
<[p(P) = u(Pu)llz(p) (1% = w(P)lxpy + l¥ = #(Pu) | =(p))

and the second term is

[(x = 1(Pa)) T (R(P) ™! = (Z(Pa)) ™) (x = (Pw))]
<[lx = (Pl ((E(P) 7H = (Z(Pu)) ™) (x = (Pu)) 12
<llx = uP)IFIEP) ™ = (Z(Pa) " lmz

Using [ly[lxp) < cllyll2 for some ¢ > 0 and all y € R%Y lx — u(P)]2 < |lx —
U(P)|l2+ [|#(P) — u(Py)||2, and || x||2 < 17 in the above inequalities, we see that there
exists 6 > 0 such that, if ||p(P,) — u(P)|l2 < dand || (Z(P,)) ! — (Z(P)) Y| ma2 < 6,
then

sup |d%(P)(er‘(P)) - d%(Pn)(x/V(PH)” <1
X€By, (0)

As before, it follows that Gy, -, C Eys U F, 5, yielding P(limsup, _, Gy yr,) =0. =

37This ensures that the covariance matrix X.(P,) is invertible and the distance dy, (p,) is well-defined.
3BGee 28.
39This is because all norms on RY are equivalent.
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We now turn to the (uniform) consistency of Type A and Type B depth functions. To
this end, notice that they are given by (a function of)

Uy (h, P) = /h(xl,...,xk)dP(xl) ..dP(xy),

where k > 1 and & : (R?)¥ — R is Borel measurable and bounded below. A natural
estimate for Uy (h, P) is

Uk(h,Pn):/h(xl,...,xk)dPn(xl)...dPn(xk):nlk. Y (X, X))

However, when k > 1, the appearance of the same random variable multiple times
in the function / can be detrimental. Therefore, U (h, P, ) is replaced by

n—=k)! 1

( ) Z hG,x,oo(Xz'lr- . -/Xik)-
i1, k=1

i1,...,ix all different

Ugn(h,P) =

n!

Now, using the independence of Xj, ..., X,, we see that Uy, (h, P) is an unbiased
estimator of Uy (h, P), thus, a U-statistics for the estimation of Uy (h, P).*’ We study
U-statistics in Section 1.10. We notice that if /1 is bounded, as it is the case for Type A
depth functions, then Uy (h, P,,) and Uy , (h, P) are asymptotically equivalent because

nk(;!—k)! =1+ O(%) and

n!

Ui (h, Py) — muk,n(h,P)l < (1 - nk(nnl_k).)l

where 0 < I < oo is the constant bounding |h(-)|. Thus, results for Uy ,(h, P) carry
over to Ui(h, P,). Uniform consistency results for a class 7 of Borel measurable
functions 1 : (R%)F — R, such as,

sup| Uy, (1, P) — Ux(h, P)] = 0, (1.9.4)
heH

are studied in Section 1.11. For k = kg and H = {hgre : X € IRd}, (1.9.4) entails
uniform consistency for Type A depth functions (see Theorem 2.4.1 in Chapter 2).
Similarly, for H = {igre : ¥ € R?}, using that ¢ in Definition 1.7.1 is uniformly
continuous over [0, c0), (1.9.4) gives uniform consistency for Type B depth functions
with sup, e |Ui; . . (P)] < 0.

1.10 U-statistics

In this section we study U-statistics on a Hausdorff*! topological space E (Hoeffd-
ing, 1961; Hoeffding, 1963; Arcones and Giné, 1993; Arcones, 1995; Serfling, 2009;
Korolyuk and Borovskich, 2013). For Type A and Type B depth functions as well as
local depth functions (see Chapter 2) we take E = IRY. We begin with some notation.

40 (h, P,) is called a V-statistics for the estimation of Uy (, P).

41 A topological space E is Hausdorff if for all x,y € E, x # v, there are (open) neighborhoods Uy and
Uy of x and y that are disjoint, i.e. Uy N Uy = @. It follows that all points {x} C E = {x} UUycE Uy
are closed. In particular, they are Borel sets (cf. Harley and McNulty (1979)) and dy # ¢y forall x,y € E,
x # y, which prevents degeneracy of empirical measures.
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For k > 1, we denote by .7 the space of all Borel measurable functions / : EFk 5 R
and by M . (E¥) the set of all finite signed Borel measures on EF.*>*3 We will need to
integrate functions i € 7 w.r.t. signed measures Q € Mi(Ek). To this end, we let

e = {(h,Q) € 4 x Mi(Ek) : /h(xl,...,xk)dQ(xl,...,xk) exists and is finite}44
and define the function Ji : Zrx — R by
Je(h, Q) = /h(xl,...,xk)dQ(xl,...,xk).

We will also need some moment assumptions on the function k. For Q € P(EF) and
g>1,let

LA, Q) = {h € A : ||h|l gan,0) <}, where ||| 14,0y = k(17 Q)1

be the subclass of 7% of functions with finite g"-moment w.r.t. the distribution
Q. The seminorm ||-|| #1( o) induces a pseudometric®® d g4 o) on £7(H4, Q)
via ng(%{,@(hl,hz) = ||t — hall a(4,0)- Notice that Z'(4, Q) is precisely the
subspace of % where the integral J(h, Q) is well-defined and finite, that is, for
Q € P(EY), £Y(4,Q) = {h € /4 : (h,Q) € P }.*° We are now ready to give a
precise definition of U-statistics.

Definition 1.10.1 Let {X;}$°, be a sequence of i.i.d. random variables with probability dis-
tribution P € P(E) and h € L (4, P¥). A U-statistics for the estimation of Uy(h, P) =
t-7k(h/ Pk) is uk,n(hr P) = jk(hr P\L(), where

. (n—k)! “ k
Pk = — Y JIox.-
: =1 j=1

i1,...,ix all different

The function h is the kernel of the U-statistics and k is its order.

LMy(EFy ={Py —P_:P,,P_¢€ Mf(Ek)}, where /\/lf(Ek) C M(E¥) is the set of all finite Borel
measures on EX.

43 A natural question is whether the equality (B(E))®* = B(E¥) holds. We show that (B(E))®* ¢
B(E¥). In particular, this implies that P € P(EF) for all P € P(E). Moreover, (B(E))®* = B(EF)
provided that E is second countable, that is, there are countable many open set {U;}°; in E such
that every open set V C E can be written as the union of elements from {U;}$* ;. More generally, for
topological spaces {E;}°, we have that ®7 ,B(E;) C B(ITj., E;) for all n € INU {oo}. Indeed, by
definition, ®}_, B(E;) is the smallest o-algebra including {[T/_; B; : B; € B(E;}, whereas B([T_; E;) is
a o-algebra including {TT/_, B; : B; € B(E;}. In particular, this implies that [T/, m; € M (E¥) for all
my,...,m, € M(E). Suppose now that {E;}?°; are second countable. Using the proof of Lemma 1.2
of Kallenberg (1997), we see that ®} , B(E;) = B([T\L; E;) for all n € IN U {co}. Next, we notice that a
second countable topological space E is separable (see Proposition 4.5 of Folland (1999)), that is, there
exists {x,,}%7_; in E such that U N {x,,}$* ; # @ for every non-empty open set U C E. Finally, a metric
space is second countable if and only if it is separable (see Proposition 2.1.4 of Dudley (2018)).

“UWrite Q = Q. — Q_, where Q.,Q_ € Mf(Ek), and h = hy — h_, where hy =
max(h,0) and h— = max(—h,0). The condition (h, Q) € % is equivalent to the fact that
f By (%1, .., X )dQx, (X1, ..., X;) exist and are finite for all x1,*p € {+, —} and is automatically sat-
isfied if the function & is bounded.

Bl FxF — [0, c0) is a pseudometric on F if, for all x,y,z € F, (i) d}(x,x) =0, (ii) d}(x,y) =
de(y,x) for all x,y € F, and (iii) d¢(x,z) < dp(x,y) +dF(y,z) for all x,y,z € F. In this case, the pair
(F,dF) is said to be a pseudometric space.

46Use ¥ with Q = Q™.
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Thus, when estimating the integral J; (h, P¥), the product measure PF is replaced by
the empirical measure P.

Remark 1.10.1 In the following, we will restrict our attention to the class of Borel mea-
surable functions that are symmetric w.r.t. their arquments. There is no loss of generality
in doing so since every function is associated to a unique symmetric function via the map
7 A — H4 Y given by

a(h)(xq, ..., xx) k'Zh Xiyy oo, Xi),

where the summation is over all permutations (iy, ..., i) of (1,...,k). From now on, we
use the notation 74, for the class of Borel measurable, symmetric functions h : EX — R. This
implies a simplification in the empirical measure PX. Indeed, since the order of the elements
in (X, ..., X;,) does not matter, we take

-1

~ n

p=(}) & I,
1<ii<---<ix<n j=

In this section, we derive the law of large numbers (LLN) and central limit theorem
(CLT) for U-statistics. To this end, we use Hoeffding decomposition of U-statistics,
which we now state (see Lemma 1 of Hoeffding (1961) and (1.8) of Arcones and Giné
(1993)).

Proposition 1.10.1 For j = 1,...,k, define on Ek the product measure, Pk,j(xl, X)) =
[T._;(0x, — P) x P*J, where x1,...,xj € Eand P € P(E), and let py; : L' (4, P*) —
LV (A, PT) be given by

(Pk,]‘h)(x1, e /xj) = ﬂ(h, Pk,]-(x1, ... ,x]')).

Then, for all h € £ (4, P¥),
X k
Ji(h, Py) = T(h, P) +Z< )jf pijh, Ph).
j=1

Notice that the terms J;(px jh, P} ) Uj (px,jh, P) are U-statistics with kernel func-
tion py ;h and order j. Thus, Proposition 1.10.1 shows that

k. (k
Uk,n (h, P) = Uk(h, P) + 2 <]> uj,n(pk,jh/ P).
=1

Proof of Proposition 1.10.1. We show that, fors = 1,...,kand h € (4, Pk),

jk(h,Pk/S(XL. . .,xs)) = ‘Z((h’Héxi % Pk—s . Pk)

i=1

s—1
=YY TPl 1))

j=11<l<-<l;<s

(1.10.1)

#Notice that if b : E¥ — TR is Borel measurable, then also &(h) is Borel measurable, yielding
o(A) ={o(h) - h € A} C A

#8Using that P¥ is a product measure and the linearity of the integral we see that &(h) € £ (., P¥)
if and only if h € £ (4, P¥).
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It follows from (1.10.1) with s = k that

k
Ti(h, [ 16x) = Ji(h, PY) +Z Y. T Pj(xy, )
i=1 j=11<h < <l <k
implying that
k -1
Ti(h, BY) = Ji(h, P¥) +Z< > ) Y G Pi(Xyy,. e, X))
j=1 1<ip<--<ir<n 1§ll<~--<lj§k:

ll,...,lje{il,...,ik}

= Ji(h, P¥) +jé (’J‘) (”) B Y JilhPy(Xiy e X))

] 1§i1<'~'<i]'§71

We now show (1.10.1). Equality holds for all k € IN and s = 1. We show that if it
holds for s and all k > s then it holds for s +1 and all k > s + 1. To this end, let
1 <'s < k— 1be fixed. Using the symmetry of h € £ (.74, P¥) and (1.10.1) for s and
k — 1, we have that

t7k(hIPk,s+1(x1/-"/xs+l)) = \.7](( ( X541 _P) X Pk 1s(x1/---rxs))

= Ji(h, (Ox,yy = P ]—[5 x PEois — pity)

- Z 2 ‘-Tk( ( X1 ) X Pkfl,j(xllw”/xlj))'

j=11<h < <l;<s

The first term in the last equation is equal to
s+1 s
Ti(h, [0 x PE-CT) — PRy — Fo(h, T 05, x PE5 — PX) — Fie(h, P (x641)),
i=1 i=1
where the term in the middle is

_¥7k(h/1_[(5xi x pk=s _ Pk) = — Z Z jk(]’l,Pk’](Xll,. . .,xlj)).

i=1 ]:1 1§ll<<l]SS
Using symmetry we see that the second term is equal to
S
- ) Ti(h, Pjr (X, - -, X1, Xs41)).
]:2 1Sl]<"'<l]',1SS

(1.10.1) for s 4+ 1 and k follows. [

We now turn to the definition of rank of a U-statistics.

Definition 1.10.2 Let P € P(E) and 0 # h € L' (4, P¥). The rank of the U-statistics
Uk,n (h, P) iS

r=min({j € {1,...,k} : prjh # 0as.} U{k}).*
Uy (h, P) is non-degenerate if r = 1 and degenerate if r > 1. If r = k, then Uy ,(h, P) is
completely degenerate.

“Equivalently, r = min({j € {1,...,k} : Var(pyh(Xy, ..., X;)] > 0} U {k}).
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Thus, if Uy ,(h, P) has rank r, then Proposition 1.10.1 yields
k£ (k
U n (h, P) = uk<h, P) + Z <]> u]',n<pk,jh, P) as. (1.10.2)
j=r

Notice that the U-statistics U, (px,jl1, P) are completely degeneratg since p;ipx,ih =0

as.foralli=1,...,j— 1. To see this, use that Py j(x1,...,xj) = ]_E:l(éxi — P) x Pk-i
is a product measure and for all Borel measurable functions ¢ : E — RR,

[| [ st - mw|are) = [ seare - [swarw) o @103

Hoeffding decomposition can be used to compute the (asymptotic) variance of Uy, (1, P)
(see Lemma B, page 184, of Serfling (2009)).

Proposition 1.10.2 Forall P € P(E) and h € .£*(4, P¥),

Var[Uy,(h,P)] = i <k>2 (7) _1W07[Pk,jh(xlz s X))

j=r \J
k 2
= <r> }’!I’l_yVﬂf’[Pk,rh(Xll sy Xr)] + O(n_(r+1))50'

Proof of Proposition 1.10.2. Using (1.10.2) we have that

Var[U, (h, P)] = E[(Ugx (1, P) — Ux(h, P))?]

¥y (’J‘) (’;)muj,m,jh,P)uz,n(pk,zh, P)).

j=rl=r
Next, using (1.10.3) we see that E[U; ,(px jh, P)Uy, (pkih, P)] = 0 for j # 1, yielding
k k 2
Var[Uy,(h,P)] =) <]> Var([U; ,(pxjh, P)].
j=r
Using again (1.10.3) we have that

Var[U; ,(pxjh, P)] = (n) 72]]3 [( Y, peih(Xi, .,XZ-].)>2]

] 1§i]<---<ij§k

n -2 2
= () Z IE[<pk,jh(Xi1,...,Xij)> :|
] 1<y <--<ij<k

-(0) ] ) )

which gives the first equality. For the second equality, notice that (’]1) 1 = 0(n) for
allj=r+1,...,kand

tomTon " <! H—r—!+O(n—(r+1>)
n — \r Cnn...(n—r+1) ~n’ n onr ’

S¢(n) = O(f(n)) if there exists M, N > 0 such that |g(n)| < M|f(n)| foralln > N.
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where the last equality follows from binomial theorem. [

We are now ready to state the central limit theorem for non-degenerate U-statistics
(Hoeftding, 1948). The degenerate case is more complicated and it is studied in
Section 4.4 of Korolyuk and Borovskich (2013).

Proposition 1.10.3 Let {X;}$>, be a sequence of i.i.d. random variables with probability
distribution P € P(E) and h € £?(4, P*) with Var[py 1h(X1)] > 0. Then,

d
Vi (Uyu(h, P) — Ug(h, P)) = (W(P))(h),
where (W(P))(h) is normally distributed with mean zero and variance k*Var[py 1h(X1)].

Proof of Proposition 1.10.3. By Hoeffding decomposition (Proposition 1.10.1), we
have that

k & k (k
U, 2) = Ui, 2) = Y pah (%) + 5 () s
i=1 i=2

where

-1
" n
Tnj = \7j(pk,]'h, P;]1) = <]> Z Pk,]'h(Xi1/ .. -/Xi]-)-

1§i1<-~-<1’j§n

We show that /nr, ; converges in probability to zero. First notice that by Markov
inequality for all e > 0

“E[2 . (1.10.4)

P(v/nry,; > €) < =

Next, using (1.10.3) we have that

2
E[r;,] = (n) )y Y Elph(Xi, o X)) pih(Xay, - X))

] 1§i1<~~~<z‘j§n1§11<--~<Zj§n

= <n> - Y El(pih(Xi, .., Xi))?)

] 1<iy <—-<ij<n
- (’;) _11E[(pk,jh(xl,. X)),
Now, we apply Jensen inequality and, using that i € .£?(74, P¥), we obtain that
E[(prh(X1, ..., X)) < E[(h(X4, ..., Xk))?] < 0,

Since j > 2, we conclude that /nr, ; n—)% 0. Finally, we notice that £ Y7 | pj1h(X;)

is an average of i.i.d. random variables with mean 0 and variance k*Var[py 1h(X1)].
The result now follows from the central limit theorem for i.i.d. random variables. m

51]1’(\/ﬁrn,j > €) is a short notation for P({w € Q : \/nr, j(w) > €}). Using a common convention,
here and in the following, the full definition of subsets of (2 is shortened.
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Remark 1.10.2 By Slutsky theorem,” the CLT in Proposition 1.10.3 is equivalent to

n d
\/kZVW[Pk,1h(X1)] (uk.n(hrp) - Uk(h, P)) — N,

where N has the standard normal distribution. Since by Proposition 1.10.2
Var[Uy , (h, P)] = K*Var[pe 1h(X1)n ™' + O(n™?),

another application of Slutsky theorem yields that the CLT is equivalent to

(Var{Ug,(h, P)]) ™/ (Ugu(h, P) — Ug(h, P)) % N.

A straightforward consequence of the above CLT is the (weak) law of large numbers:

Uy (h, P) — Uy(h,P) 2 0. Indeed, by Slutsky theorem Uy, (h, P) — U(h, P) % 0
and convergence in distribution and in probability to a constant are equivalent (see
e.g. Section 1.2). The strong law of large numbers was proved by Hoeffding (1961)
using Hoeffding decomposition (Proposition 1.10.1). Of course, the conditions h €
L%(4, P¥) and Var|py 1h(X1)] > 0 are not required.

Proposition 1.10.4 Forall P € P(E)and h € £ (4, PX), Ui ,(h, P) — U (h, P) = 0.

For a simplified proof, which makes use of the backward martingale convergence
theorem, see Theorem 3.1.1 of Korolyuk and Borovskich (2013).

Next, we provide (without proof) some bounds on the deviations probabilities
of U-statistics from their means. For x € R, |x] is the greatest integer less than or
equal to x.

Proposition 1.10.5 Let P € P(E) and h € 5 be bounded (say a < h < b and let
I =b—a). Then, foralln > kand t > 0,

2
(i) P(|Ug (1, P) — U (h, P)| > 1) < 2exp<_2 Ln/licjt )

g |n/k|t?
(ii) P(|Ug  (h, P) — U(h, P)| > t) < Zexp<_2War[h(X1 LX) +2/3lt>'

If additionally Uy ,,(h, P) has rank v = 1, then

6P (et Vs ()~ Uil P)| = fogn >) o(==72)

() P (0, )~ Uih, P)| = 1) < sexp

kzvar[pklh Xl +Cnlt>

S 2
where ¢,, = N TN

(i) and (ii) provide upper bounds for the probabilities of large deviations of the U-
statistics Uy ,,(h, P) from its mean U (h, P). Notice that (i) gives a better bound for
large t.°° These are two-sided versions®* of Theorem 8.1.1 of Korolyuk and Borovs-
kich (2013) and Theorem A, page 201, of Serfling (2009) (see also Hoeffding (1963)).

52Gee for instance Theorem 1.3.6 and Example 1.4.7 of Van Der Vaart and Wellner (1996).
53This happens whenever t > 3 (f —Var[h(Xq,..., Xp)])-
54For (ii) it is used that both Uk(h P) —aand b — Uy (h, P) are non-negative and bounded above by
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(iii) is concerned with deviations of order \/log(#n) for the term

\/kZVW[Pk,lh(X1)] (uk,n<hlp) - uk<h/ P))/

which converges by Remark 1.10.2 to a standard normal distribution. Such devia-
tions are called moderate. See Corollary 8.2.1 of Korolyuk and Borovskich (2013).
Finally, (iv) is a Bernstein-type inequality for U-statistics and its given in Theorem 2
of Arcones (1995).

The following inequality will be used in Section 2.8 (see (2.1.16) of Korolyuk and
Borovskich (2013) and Theorem 1.5.1 of Lee (1990)).

Proposition 1.10.6 Let P € P(E) and h € .£9(4, P¥), where g > 2. Then, there is a
constant 0 < ¢ < oo depending on h and q such that

E[|Uy (1, P) — Ui(h, P)|7] < cn™ 772,

Furthermore, if |h| <1 for some 0 < | < oo, then ¢ can be chosen so that it depends on | and
q only.

We conclude this section by generalizing the CLT in Proposition 1.10.3 to multidi-
mensional U-statistics. To this end, let c%;j{m be the space of all Borel measurable
functions h : EF — R™ that are symmetric w.r.t. their arguments and

o = {(h,Q) € A" x M (E) : / h(x1,. .., x)dQ(x1,. .., x;) exists and is finite},
where the integral of a vector is the vector of the integrals and it exists and is finite if

and only if each of its components exists and is finite. Next, we define the function
T _@l’gc — R by

T (h,Q) = /h(xl,...,xk)dQ(xl,...,xk).
The subclass of #™ of functions with finite 4"-moment w.r.t. Q € P(EF) is given by
LA, Q) = {h € A"+ |1 ya(sm ) < 00}, where [[1] g zm o) = U113, Q)7

Then, for P € P(E) and h € L1 (A", P¥), Cl,’:fn (h,P) = J"(h, P) is a (multidimen-
sional) U-statistics for the estimation of U/ (h, P) = J"(h, P).

Proposition 1.10.7 Let {X;}, be a sequence of i.i.d. random variables with probabil-

ity distribution P € P(E) and h € L*(",PX) with Var[pe1h(X)] > 0 for all
I =1,...,m, where h; = 1, ohisthe lth—component of h. Then,

Tm "Tm d AT
Va(Uy, (b, P) = Uy (b, P)) = (W™ (P))(h),
where (W™(P))(h) = (W(P))(hy),...,(W(P))(hy)) " is normally distributed with mean
zero and covariance matrix whose (11, 1,)"-element is given by k*E[py1hy, (X) pr1h, (X)),
wherely, L =1,...,m.

Proof of Proposition 1.10.7. Let p}; : LA, PR — LA, P/) be given by

(ﬁijh)(Xl, .. ~/x]') = jkm(h, Pk,j(xl, . .,x]-)).
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By Hoeffding decomposition (Proposition 1.10.1) applied to every component,

Cl,’:jn (h,P) — U (h, P) =

where 77 = J! (P P]). Next, we notice that Vi L) 0. Indeed, the I''-
component of 7yl is TTe, (P ) Ji(px ]hl, ) and, as in the proof of Proposition 1.10.3,

we see that \/?17'[@,( ') —> 0. Finally, observe that £ Y, Prih(Xi) is an average of

ii.d. random Varlables w1th mean 0 and covariance matrix whose (Iy,l,)"-element
is given by

KE[me, (piah(X)) e, (Piah(X))] = KE[prahy, (X)prah, (X)].

Therefore, the result follows from the multivariate central limit theorem. [

1.11 U-processes

In this section, we use tools from empirical processes theory and make the conver-
gence results of the previous section (Propositions 1.10.4 and 1.10.3) uniform over
a class of functions H. This results are better understood for the case of sums of
ii.d. random variables, that is, U-statistics of order one (Van Der Vaart and Wellner,
1996; Dudley, 2014; Giné and Nickl, 2016). Extension to arbitrary order is due to
(among others) Arcones and Giné (1993). For most of the results in this section we
do not provide proofs as they are often quite lengthy and involved. Nevertheless,
proofs are provided in the above references. Throughout this section, we denote by
E a Hausdorff topological space. First, we extend the definition of expectation and
probability to non-measurable functions and sets. Specifically, given a probability
space (2, X, P), we define the outer expectation of X : 3 — R U {+o0} by

E*[X] = inf{]E[Y] 1Y > X,Y:Q — RU{£oo} is measurable and E[Y] exists}.

Similarly, the outer probability of an arbitrary subset A C () is given by
P*(A) =inf{lIP(B): AC B,Be€ L}.

We notice that the above infima are achieved. Indeed, by Lemma 1.2.1 of Van Der
Vaart and Wellner (1996), there exists a measurable function X* : 3 — R U {+oo}
such that (i) X* > X, (i) X* < Y as. for every measurable function ¥ : (O —
RU {£oo} with Y > X a.s. Thus, if E[X*] exists, then E*[X] = E[X*]. For the ex-
istence of E[X*] it is enough that E*[X] < oo. Next, Lemma 1.2.3 of Van Der Vaart
and Wellner (1996) shows that (i) the equality P*(A) = E*[I4], where A C (), con-
tinues to hold for outer expectation and (ii) there exists A C A* € X such that
P*(A) = P(A*) and 14+ = (I4)*. We refer to Section 1.2 of Van Der Vaart and
Wellner (1996) for further properties of outer expectation and probability. Next, we
extend the notions of convergence in distribution, convergence in probability, and
almost sure convergence to non-measurable maps (c.f. Section 1.2). Let (Q,, L, P,)
and (0, %, IP) be probability spaces and {X,}; ; be a sequence of random vari-
ables X, : ), — F, where (F,dr) is a metric space. We say that X, converges in
distribution* to a random variable X : QO — F if lim, o E*[H(X,)] = E[H(X)]



Chapter 1. Depth functions 40

for all bounded and continuous functions H : F — R (see Definition 1.3.3 of Van
Der Vaart and Wellner (1996)). In this case, we write X, 2, X. Notice that if Xy

are measurable, then X, Ly X if and only if Py, & Py, that is, X, 4, X, Next,
suppose that (Q,, X, P,) and (O, X, P). We say that X, converges in outer proba-
bility (or in probability*) if lim, . P*({w € Q : dp(Xy(w), X(w)) > €}) = 0 for
all e > 0 (see Definition 1.9.1 of Van Der Vaart and Wellner (1996)). In this case,

we write X,, - X. Finally, X,, converges outer almost surely (or almost surely*) if

P*({w € O : limye0 dp (X, (w), X(w)) = 0}) = 1. In this case, we write X, 50X,
We are now ready to define uniform convergence for a class of functions H C 7.

Definition 1.11.1 Let P € P(E) and H C £'(54,P¥). H is a (P-)Glivenko-Cantelli
class if supy, .y |Up n (h, P) — Ui (h, P)| %25 0.

Following Arcones and Giné (1993) we give necessary and sufficient conditions for
‘H to be Glivenko-Cantelli. To this end, we need some conditions allowing for mea-
surability and finiteness of suprema of functions & € H and their projections py ;h,
j =0,...,k where pro : L' (54, P*) — Ris given by proh = Ji(h, P¥) (see Ar-
cones and Giné (1993) page 1497). For this purpose, it is convenient to assume
that the underlying probability space is the countable product of probability spaces
(E,B(E),P), where P € P(E). Then, it is sufficient that the above measurability
conditions hold for the completion™ of this probability space (c.f. Van Der Vaart and
Wellner (1996) pages 108-110). A sufficient condition for this is that the class H is im-
age admissible Suslin (see Dudley (2014) page 186). We summarize these conditions
in the following definition.

Definition 1.11.2 For P € P(E), let (), %,P) = (E*®, (B(E))®%, P®) be the product of
countably many identical probability spaces (E, B(E), P) and {X,,}3°_; be the sequence of
random variables X, : Q — E that map w € Q) into its n-component. We say that a class
of functions H C L1 (4, P¥) is measurable in the sense of Arcones and Giné (1993) if (i)
supheH\pk,]-h(xh...,xj)] < ooforall xq,...,xx € Eand j =0,..., kand (ii) H is image
admissible Suslin, that is, there exists a Suslin measurable space (Y, y)56 and a surjective
function T : Y — H such that the map (x1,...,xx,y) — (T(y))(x1,...,xx) is measurable
in (E* x Y, (B(E))®* @ V).

Several steps are required to verify that the desired measurability conditions (cf.
page 1497 of Arcones and Giné (1993)) are satisfied by the class H in Definition
1.11.2. We refer to Appendix A for a thorough analysis. In particular, it is shown
there that sup,,.,, |Ux , (h, P) — Ui (h, P)|, the envelope function /3, and several re-
lated functions are measurable in (), %, P), where (Q,%,P) is the completion of
(Q), %, IP). Finally, Proposition A.5 shows that the outer expectation of functions that
are completion measurable is equal to the expectation w.r.t. the completion. Using
Proposition A.5, we suppress in the following the superscript * for sets and functions

55The completion of a probability space (Q), X, P) (w.r.t. P) is the probability space (Q), T, P), where
¥ consists of all the sets BUN, where B € Zand N C Qwith P*(N) = 0,and P is givenby P(AUN) =
P(A) (see Exercise 1.2.10 of Van Der Vaart and Wellner (1996)).

% A Polish space X is a separable, completely metrizable topological space, that is, there is a metric
dx on X such that (X, dx) is a complete (every Cauchy sequence of points in X has a limit in X) metric
space and the topology on X is generated by dx. A Suslin measurable space is a measurable space
(Y, ) such that (i) Y is generated by a countable subclass Z C Y and {y} € Y forall y € Y and (ii)
there is a Polish space X and a measurable, surjective map S : X — Y (see Dudley (2014) pages 179-180
and 185).
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that are completion measurable. Under the assumptions in Definition 1.11.2, neces-
sary and sufficient conditions for H (endowed with some pseudometric dy) to be
Glivenko-Cantelli can be given in terms of covering numbers. The e-covering num-
ber of a (non-empty) pseudometric space (F,dr) is the minimum number of dr-balls
with radius at most € needed to cover F, that is,

N(F,dr,e) =inf{j € N : 3z,...,zj € F : sup ‘rrllin‘d}(y,zi) <e}l”
yEF 1=1,...,]

Examples of (random) pseudodistances on a class of functions H C .77 are d0)

H.,q,P% :
H x H — [0,00) and dﬁ;:/}? :H X H — [0,00), where for g > 1

k, y
dé/gr)ﬁi‘ (1, h2) = d ga o, p5) (B2, h2)

Aot (i, ho) = | T = ho, K8y x P51 ()L aiom, -
and, fory € {Xy,..., Xy}, PX71(y) is the empirical measure P*"1 of Remark 1.10.1
based on the sample {Xj, ..., X, } \ {y} of size n — 1.

We introduce some more notation and define the envelope of a class H C 7 as
the function hy : EX — [0,00) given by hy (x1,...,xk) = sup,cq|h(x1,..., x)|. We
are now ready to state Theorem 3.1 of Arcones and Giné (1993).

Theorem 1.11.1 Let P € P(E) and H C £ (4, P*) be measurable in the sense of Ar-
cones and Giné (1993). If Ji(hy, P¥) < oo, then H is P-Glivenko-Cantelli if and only if

1log(N(H, dg’;{;),e)) LN 0 for all e > 0.

We notice that by Jensen’s inequality, for all /1, h, € H,

J—1 k,0
Byyay () < Ay (o)

yielding that, for all € > 0,

1,k-1 k,0
N(H,dyy o €) < N(H, dyy Dy e).

This immediately gives the following corollary (Corollary 3.2 in Arcones and Giné
(1993)).

Corollary 1.11.1 Let P € P(E) and H C L' (54, P*) be measurable in the sense of

Arcones and Giné (1993). If Ji(hy, P¥) < oo and Llog(N(H, dg’?ﬁk,e)) 7, 0 for all
€ > 0, then H is P-Glivenko-Cantelli. ’

k,0 Lk-1 11 o k,0 P
Fork =1, d~(H,1,)P5 = d%H, 1,155)58 yielding that the condition 1 log(N(#H, d~§-L,l,)PL" €)) — 0,

for all € > 0, is necessary (see also Theorem 3.7.14 and Corollary 3.7.15 in Giné and
Nickl (2016)). On the other hand, Arcones and Giné (1993), pages 1511-1512, show

that, for k > 1, the condition % log(N (%, dg’g)pk,e)) LN 0, for all e > 0, is, in general,

only sufficient.

57 As usual, the infimum over the empty set is infinity.
BFork =1, Koy x PE=1(.) reduces to 6.y ylelding that J (1 — ha, ké(.y % PE=1(2)) = hy — hy. Also,
notice that 13,1, =D,.
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k,0 PooA
%Hll?pﬁ,e)) — 0is

that H is a VC subgraph class of functions, that is, a class of functions whose sub-
graphs form a VC class of sets (see Section 2.6 of Van Der Vaart and Wellner (1996)
and Section 3.6 of Giné and Nickl (2016)). We give now a precise definition of VC
subgraph class. To this end, we denote by #A the cardinality of a set A.

As we will see, a typical sufficient condition for 1 log(N (%,

Definition 1.11.3 Let C be a collection of subsets of a set A. The VC index of C is

V(C)=inf{j e N: Zlma>éA#(C N{{z1},.... {z}}) < 2}.”

..... Zj
C is said to be a VC class if V(C) < oco. The subgraph of a function h : A — R is
G ={(z,t) € AXR:h(z) > t}.

A collection ‘H of functions h : A — R is called a VC subgraph class if the collection
Cy = {Gy, : h € H} of all subgraphs of functions in H is a VC class of sets in A x R.

We give several examples of VC subgraph classes of functions in Section 2.7. In
many of those examples it is used that the collection of indicators of a VC class of
sets is a VC subgraph class of functions. To see this, let H = {Ic : C € C}, where C
is a VC class of sets in a set A. Then, for C € C,

Gi.={(zt) e AxR:Ic >t} = Ax (—00,0]UC x (0,1],

yielding that
Cy={G.:CeC}=Ax(—00,00UC x(0,1].

It follows from Proposition 1.11.1 below that Cp is a VC class of sets. We summarize
therein several permanence properties of VC classes of sets (see Lemma 2.6.17 in Van
Der Vaart and Wellner (1996) and Proposition 3.6.7 in Giné and Nickl (2016)).

Proposition 1.11.1 Let C and D be VC classes of sets in a set A, ¢ : A — B be a bijective

function and ¢ : Z — A be an arbitrary function. Then, the following classes of sets are
VC:

(i) A\C={A\C:CeC(},

(i) CND={CND:CeC,D e D},

(iii) CUD={CuD:Ce(,D € D},

(iv) (C) ={¢(C):CeC},

(v) p1(C)={yp~(C): CeC},

(vi) C, whereC C C.
Finally, if C and D are VC classes in sets A and B, then the following class is VC:
(vii) CxD={CxD:Ce(C,D e D}

For VC subgraph classes of functions we have the following result (see Lemma 2.6.18
in Van Der Vaart and Wellner (1996)).

59For two collections of subsets of aset A, Cand D,CND = {CNnD:Ce(,DeD}.
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Proposition 1.11.2 Let H and Z be VC subgraph classes of functions ona set A, g : R —
R be a monotone function, and ¢ : A — Rand ¢ : Z — A be arbitrary functions. Then,
the following classes of functions are VC subgraph:

(i) min(H,Z) = {min(h,i): h € H,i € T},
(ii) max(H,T) = {max(h,i) : h € H,i € T},
(iii) g+ H={p+h:heH}

(iv) gH = {ph:heH},

() Hop={how:hecH}

(vi) goH ={goh:heH}.

The importance of VC subgraph classes lies in that their e-covering numbers are
bounded above by a polynomial in € (see Theorem 2.6.7 of Van Der Vaart and Well-
ner (1996) or Theorem 3.6.9 of Giné and Nickl (2016)).

Theorem 1.11.2 For Q € P(EF) and q > 1, let H C £1(74, Q) be a VC subgraph class
of functions with envelope hy that is measurable for the completion of (EX, (B(E))®¥, Q)
and satisfies ||y || 1.4 0) > 0.°° Then, forall 0 < e <1,

N(H,d g04,0) €1l 21 (5,0)) < 1672

for some constants c; > 1 and c; > 0 that depend on V (Cyy) but not on Q.

Remark 1.11.1 Under the assumptions of Theorem 1.11.2, we have that

cie” 12 if0<e<],

N(H,d g4(.0) €llhll 2105,0) < { a1 ifl<e<2,
1 ife > 2.

Indeed, since, for every pseudometric space (F,dr), the function € — N(F,dr,€) is non-
increasing, we have that, for all e > 1,

N(H,dg10,0) €l 200,0) < Ulij{[ a1 =1

Next, for all hy, hy € ‘H, we have that

sup mind g 5 0) (1, 1) < supl|h| ga(4,0) + min||hil gog,0) < 20l 2104,0),

hey =12 heH i=12
implying that N(H, ng(%,@, ellhall o(4,0)) = 1 for all € > 2. We finally notice that,
if |hull 2a(m,0) = O, then N(H,d z4(,0),€) = 1 forall e > 0.

By combining Corollary 1.11.1 and Theorem 1.11.2, we obtain that VC subgraph
classes of functions are Glivenko-Cantelli (Corollary 3.3 in Arcones and Giné (1993)).

Corollary 1.11.2 Let P € P(E) and H C L' (74, P) be measurable in the sense of
Arcones and Giné (1993). If Ji(hs, P¥) < co and H is VC subgraph, then H is P-Glivenko-
Cantelli.

01y |l 21,0 = © is possible, in which case, by definition of covering number,

N(H, qu(%{/Q)IEHthgq(ﬁwQ)) =1
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Proof of Corollary 1.11.2. By Corollary 1.11.1 it is enough to show that for all e > 0

%log(N(H,dgﬁ/)pﬁ,e)) 25 0. Recall that d~(7]{<:(1),)155 = ng(%,pﬁ). Using Theorem 1.11.2

with g = 1 and Q = Pf and Remark 1.11.1 we see that for all € > 0

. 1P| o (o, )\ 2
N(?—L,dgl(%,pﬁ),e)gclmax 1, f’” ) (1.11.1)

Since, by Proposition 1.10.4, [[li3|| 411 pry == B3]l 1(,p4), (1.11.1) yields that

a.s.”

1 -

We now turn to the uniform CLT over a class H C .£2(.74, P), where P € P(E).
We study only the non-degenerate case, that is, U, (k) is non-degenerate for all
h € H (Section 4 of Arcones and Giné (1993)). The degenerate case is studied in
Section 5 of Arcones and Giné (1993). We begin with the case k = 1 and define the
Gaussian limit process. We denote by f(A) the set of all real-valued functions from
aset A and by ¢*(A) C §(A) the subset of all bounded functions. We endow ¢*(A)
with the supremum norm.

Definition 1.11.4 Let P € P(E) and H C £?*(7A,P). A (P-)Brownian bridge is an
f(H)-valued Gaussian process {(B(P))(h) }pey with mean 0 € §(H) and covariance func-
tion®1-62 YB(p) : H X H — R given by

ve(p)(h1, h2) = J1((p11h1) (p11h2), P).

The name P-Brownian bridge is due to the fact that if P = A is the Lebesgue mea-
sureon E = [0,1] and H = {Ijg : t € [0,1]}, then vy(p)(Tjo5), Ljo) = min(s, t) — st.
By identifying H with [0, 1] via the bijection Ij 4 +— t, we see that {(B(P))(h) }nen
is indeed a Brownian bridge.

In general, the stochastic process { (B(P))(h) } ;e is not continuous nor bounded.
However, it is useful that { (B(P))(h) },c3 admits a continuous and bounded version
(see Definition 3.7.26 of Giné and Nickl (2016)). We recall that {Y(a)},c4 is a ver-
sion of the stochastic process {Y(a)},c4 if P(Y(a) = Y(a)) = 1foralla € A (see
page 116 of Van Der Vaart and Wellner (1996)). Fork € N, g > 1, and H C 74 we

define the pseudodistance d%:;) :H xH — [0,00) by dg:i;;)(hl,hz) = ||px1h —

Ptz za(m,p)-

Definition 1.11.5 Let P € P(E) and H C £*(J4,P). We say that H is (P-)pre-
Gaussian if the P-Brownian bridge {(B(P))(h) }ney admits a version whose sample paths

are all bounded and uniformly continuous w.r.t. the pseudodistance dg:gl)lj.

6ly . % x H — R is a covariance function if, for all m € N and hy,...,h,; € H, the m x m matrix
whose (i, j)!-element is given by 7y(h;, ;) is symmetric and positive semi-definite.

©2Existence of a Gaussian process with given mean and covariance function on some probability
space (Q), £, IP) is guaranteed by Kolmogorov existence theorem (see Theorem 2.1.5 in Oksendal (2003)
or Theorem 2.4.3 in Tao (2011)).

63 . T #{1k—1) 7(1,k—1) Ak .
Notice the similarity between d%quk and d Ha P However, P, is not a product measure, which

makes its expression seemingly more involved.
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Thus, if H is P-pre-Gaussian, then {(B(P))(h)},ey has a version that takes val-
ues in (*(H). We also suppose that the empirical processes {B,(P)(h) },c3, where
B, (P)(h) = /n(Uy ,(h, P) — Uy (h, P)), are bounded so that { B, (P)(h) } sc3 assumes
values in £*° (). For this, it is sufficient that (i) of Definition 1.11.2 holds (here k = 1).
Accordingly, the uniform CLT is given as convergence in distribution® in ¢*(#) (see
Definition 3.7.29 of Giné and Nickl (2016)).

Definition 1.11.6 Let P € P(E) and H C .£*(J4, P) satisfying (i) of Definition 1.11.2.
We say that ‘H is (P-)Donsker if it is P-pre-Gaussian and

B.(P) & B(P),

where B(P) is the bounded and uniformly continuous version of B(P).

Using Remark 3.7.27 of Giné and Nickl (2016), we see that H is P-pre-Gaussian if and
only if {(B(P))(h)} ey admits a version whose sample paths are all uniformly con-
tinuous w.r.t. the pseudodistance ‘j%g,)P and (H, %711{3)13) is totally bounded (cf. page
89 of Van Der Vaart and Wellner (1996)). We recall that a pseudometric space (F, dr)

is totally bounded if and only if for all € > 0 there exists xy,...,x, € F such that
Fc U" {y € F:dr(y x;) < e}. Next, we notice that, by the continuous mapping

theorem (Theorem 1.3.6 of Van Der Vaart and Wellner (1996)), B, (P) LR B(P) im-
plies convergence of the corresponding finite-dimensional marginal distributions.
Theorem 1.5.4 and 1.5.7 of Van Der Vaart and Wellner (1996) yield the converse of
this statement under an additional condition (see (iii) below), which entails that,
with high probability, B,(P)(h) and B, (P)(hy) are close to each other whenever
dg:gl)l)(hl, hy) is small and  is large. We thus obtain Example 1.5.10 of Van Der Vaart
and Wellner (1996) (see also Theorem 3.7.31 of Giné and Nickl (2016)).

Theorem 1.11.3 Let P € P(E) and H C £*(s4, P) satisfying (i) of Definition 1.11.2.
H is P-Donsker if and only if the following three conditions hold:

(i) the finite-dimensional marginal distributions of {(B,(P))(h)}nep converge weakly to
the corresponding marginal distributions of {(B(P))(h) }nen,

(ii) (H, diy3)) is totally bounded, and
(1.0

(iii) {(Bn(P))(h) }pey is asymptotically equicontinuous in probability w.r.t. d?i:g,P' that is,
foralle > 0,

lim limsup IP*( sup |(By)(P)(hy —hy)| > €) =0,
=0 4o hl*hzeHd{l,O) (P)
H,2,P”

where .
H o (P)={h1—hy:hy,hy € Hand dyyy(h, ) < 6}

H,2,P”

Actually, Example 1.5.10 shows that it is enough that (ii) and (iii) in Theorem 1.11.3
hold for any pseudodistance on H. As we will see below, a convenient choice is the

~(1,0 ~
L2 (A4, P)-pseudometric d;,z?p, which is defined as the restriction of d y2( 4 p) to H.

Similarly, if (i) of Definition 1.11.2 holds, then 67%(2))13 can be replaced in Definition

~(1,0
1.11.7 by d;,2?p (see page 89 of Van Der Vaart and Wellner (1996)). Finally, we notice

that, by the CLT (Proposition 1.10.7 with k = 1), (i) of Theorem 1.11.3 is satisfied
if and only if Var[pi1h(X1)] > 0 for all h € H, thatis, pjih # 0 P-as. and h
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is non-constant on a set of positive probability. In this case, we say that H is (P-
)non-degenerate. Using that E is a Hausdorff topological space and footnote *!, we
see that in this case Uy ,(h,P) = Ji(h,P,) = + Y, h(X;) is non-degenerate for all
heH.

As before, necessary conditions for a class to be Donsker can be given in terms
of covering numbers. To this end, we assume that E is second countable, which is
used alongside Definition 1.11.2 to obtain the desired measurability conditions (see
Proposition A.3 in Appendix A). We begin with Theorem 3.7.36 of Giné and Nickl
(2016).

Theorem 1.11.4 Suppose that E is second countable. Let P € P(E) and H C £?*(J4, P)
be measurable in the sense of Arcones and Giné (1993) and P-non-degenerate. If J1 (h%,, P) <
oo and

lim limsup E* / \/log (H, dgz 4,1y, €)de] =0, (1.11.2)

0=0"  yoseo

then H is P-Donsker.

Remark 1.11.2 Let Py¢(E) be the subset of P(E) consisting of all finitely discrete proba-
bility measures. By Theorem 3.7.37 of Giné and Nickl (2016) (see also Theorem 2.5.2 of Van
Der Vaart and Wellner (1996) and Theorem 6.3.1 of Dudley (2014)), a sufficient condition
for (1.11.2) is that

/ sup \/log(N(’H, ng((;ﬁ@,eﬂh;{ng(%i,@)de < oo, (1.11.3)
0 QePy(E)|

E): ‘hy||$2(%1,Q)>0

Notice that (1.11.3) holds if H is a VC subgraph class. Indeed, using Remark 1.11.1, we see
that the left hand side (LHS) of (1.11.3) is bounded above by

1
/0 \/log(cl) +2cplog(1/€)de + \/log(cl) < 00t

Now, we extend the above results to general k and class H C .£2(74, P¥). To this
end, we need some more notation. For j = 1, ..., k, we define the product measure

on Ek, Fk,j(xl, e Xf) = H?:l Oy, X Pk=i, where x1, . .. ,Xxj € E, and the function Pr):
2 (%(, Pk) — £ (%’ P]) by (ﬁk’jh)(xh .. ,x]') = jk(h,pk,j(xl, ... ,x]')). The limit
process is the f(#)-valued Gaussian process {(Wi(P))(h) }nep, where Wi (P)(h) =
kB(P)(py1h) and {(B(P))(Py1h) tnen is the P-Brownian bridge process indexed by
Pr1H. Next, the empirical process {By(P)(h)}ey is replaced, for general k, by the

U-process {(Win(P))(h) }nen, where (Wi (P))(h) = /n(Uyu(h, P) — Uk(h, P)). Fi-

1)

nally, for general k, the pseudodistances d~( )P and dH 2)p are replaced by d%1 k- o pr and

=(1k-1)

dy; 5 pr , respectively, where, for k € N and g > 1, dg o PP is defined before Defi-

1,
nition 1.11 and d; pk) H x H — [0,00) is given by d’(quk)(hl,hZ) = [|[Prin —

Pralzll 20(4,p). We begm with the definition of Donsker class for general k.

Definition 1.11.7 Let P € P(E) and H C £?(4, P¥) satisfying (i) of Definition 1.11.2.
We say that H is a (P-)Donsker class if py yH is P-pre-Gaussian and

a* 5
Wk,n(P) — Wk(P)I

64Get t — % and use that log(t) <t forall t > 1.
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where Wy (P) is the bounded and uniformly continuous version of Wy(P).

The condition that p, ;H is P-pre-Gaussian entails that {(W(P))(h)}ncy admits a
version whose sample paths are all bounded and uniformly continuous w.r.t. the

=(1k—1
pseudodistance dg_llzlpk). Indeed, for all hy,hy € Hand g > 1

~(1,0) B B B B ~=(1,k—1)
dﬁk,lH,q,P(pk,lhllpk,lhz) = ||Pk,1h1 - Pk,1h2||$q(,yf1,1)) = d%,q,zﬂf (h1, ha).

As mentioned before, boundedness of the sample paths is equivalent to total bound-
=(1k-1
edness of (H, df(lelpk)). Theorem 1.11.3 now takes the following form (see pages

1496-1497 of Arcones and Giné (1993)).

Theorem 1.11.5 Let P € P(E) and H C £*(4, P) satisfying (i) of Definition 1.11.2.
H is P-Donsker if and only if the following three conditions hold:

(i) the finite-dimensional marginal distributions of {(Wy ,(P))(h) }new converge weakly to
the corresponding marginal distributions of {(Wx(P))(h) }nen,

=(1k-1
(ii) (H, d(}[,zlpk)> is totally bounded, and

2(1k-1
(iii) { Wi (P)) (h) }nen is asymptotically equicontinuous in probability w.r.t. df(H,Z,Pk), that

is, for all € > 0,

lim lim sup IP*( sup |(Win)(P)(h1 —h2)| > €) =0, (1.11.4)
=0t e hl_hzeHE(lrk*U 5(P)
H,2,Pk

where

~(1k-1)
H-qx-1y (P)={h1—hy:hy,hy € Hand d’ELl,Z,pk (h1,hp) < 6}.

H,2,Pk s
Using Proposition 1.10.7, we see that condition (i) is satisfied if and only if Var[py 1h(X7)] >
0 forall h € H, thatis, px1h # 0 P-a.s. As before, in this case, we say that H is (P-
)non-degenerate. Thus, non-degenerate classes are Donsker if and only if (ii) and
(iii) of Theorem 1.11.5 hold.

Now, we briefly discuss convergence of finite dimensional distributions for depth
functions, which, by Theorem 1.11.5, is necessary for the uniform CLT. Specifically,
Proposition 1.10.7 yields convergence of the finite dimensional distributions of Type
A and Type B depth functions that, for a given P € P;, are (functions of) non-
degenerate U-statistics with finite second moment. In particular, Type A depth func-
tions possess finite second moments because they are bounded (see Definition 1.6.1).
Finiteness of the second moment for Type B depth functions depends on the distri-
bution P. For more details about the uniform CLT for Type A depth functions, we
refer to Theorem 2.4.2 in Chapter 2. Turning to the halfspace depth, uniform CLT
is studied by Massé (2004). In this case, convergence of finite dimensional distribu-
tions does not hold for a large class of probability distributions (see Theorem 2.4 and
Remark 2.1 of Massé (2004)). Nevertheless, Theorem 2.1 and Corollary 2.3 therein
shows that the uniform CLT holds under some additional conditions. Specifically,
it is supposed that P € Pyj,. Then, the function u P(H,,) is continuous by
Proposition 4.5 (i) and, since §i-1 g compact, it assumes a minimal value. Thus, for
all x € R? there exists u? € S9! such that Dy(x, P) = P(Hy,:). The CLT holds
uniformly on a closed subset A C R? such that D(x, P) > 0 and u} is unique for all
x € A



Chapter 1. Depth functions 48

We now return to the general theory of U-processes and provide in the following
necessary and sufficient conditions for a class to be Donsker. We begin with Theorem
4.1 of Arcones and Giné (1993).

Theorem 1.11.6 Suppose that E is second countable. Let P € P(E) and H C £?(4, P¥)

be measurable in the sense of Arcones and Giné (1993), P-non-degenerate, and such that
~(1k-1

limy 0 2P¥(hyy > t) = 0. H is P-Donsker if and only if (H, d'gi,z,pk)) is totally bounded

and for some (resp. all) 0 < g < 2

lim limsup E| sup |(Win)(P)(h1 — h2)|9] = 0. (1.11.5)
0707 neo R (P)
#,2,Pk

If lim;_,e0 t2P¥(hy > t) = 0 we say that the envelope function /3, possesses a weak
second moment condition. This condition is necessary for H to be Donsker (see
pages 129-130 of Van Der Vaart and Wellner (1996) and Proposition 3.7.32 of Giné
and Nickl (2016)) and, since £2P¥(hy, > t) < Ji(h3, Iy, -, P¥), it is satisfied when-
ever Ji (h%_l, Pk) < oo. Under the conditions of Definition 1.11.2, we can remove outer
probability in Theorem 1.11.5. Thus, the “if” part in Theorem 1.11.6 follows immedi-
ately from Theorem 1.11.5 and Markov inequality. The term “resp. all” in Theorem
1.11.6 means that if H is P-Donsker, then (1.11.5) already holds for all 0 < g < 2.
We know from Hoeffding decomposition (Proposition 1.10.1) that for all h € H

k
Win(P)(h) = vy <k> Uju(prh, P). (1.11.6)
=1\

Since H is P-non-degenerate, the finite dimensional distributions of {/nkUs , (px1h, P) bnen
converge to those of {Wi(P)(h)},c%, whereas, for fixed h, the other terms in (1.11.6)
converge to zero (cf. Proposition 1.10.7). Therefore, we see that H is P-Donsker

if px1H is P-Donsker and the remainder terms in (1.11.6) satisfy the asymptotic
equicontinuity condition (1.11.4) or (1.11.5). This shows that (ii) and (iii) of the fol-
lowing corollary imply (i) (see Corollary 4.2 of Arcones and Giné (1993)).

Corollary 1.11.3 Suppose that E is second countable. Let P € P(E) and H C £*(4, P¥)
be measurable in the sense of Arcones and Giné (1993), P-non-degenerate, and such that
lim; o0 t2P¥(hyy > t) = 0. The following are equivalent:

(i) H is P-Donsker,

(ii) Py H is P-Donsker and \/n supy, 5, |U; n(pi i, P)| Lo 0forallj=2,...,m, and

(iii) P H is P-Donsker and \/nE[supy,cq, |U; . (pxh, P)|7] — 0 forall j =2,...,m and
some (resp. all) 0 < g < 2.

The next result gives a simple necessary condition for convergence in (ii) and (iii) of
Corollary 1.11.3 in terms of covering numbers (see Theorem 4.4 of Arcones and Giné
(1993)). We say that H C # is uniformly bounded if for some 0 < I3y < oo and all
heMl|h <ly.

Theorem 1.11.7 Suppose that E is second countable. Let P € P(E) and H C . be mea-
surable in the sense of Arcones and Giné (1993), P-non-degenerate, and uniformly bounded.
Then, H is P-Donsker if p; 1 is P-Donsker and for all € > 0

lim E*[n~"?10g(N(H,d 41 1 pry, 1~ "/ %€))] = 0. (1.11.7)

n—oo
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Notice that (1.11.7) is satisfied by a uniformly bounded VC subgraph class of func-
tions H. Indeed, using (1.11.1) and HhHH_sfl(;ﬂ,ﬁg) < Iy, for some 0 < Iy < oo, we

obtain that for n > 1%2
H

. ) i . . z
n 1/210g(N(H,djl(%,p5),n 12¢)) <n12log(cy) +n 1/2C210g<n_1}§2€)'

which converges to zero as n — co. We thus obtain the following corollary.

Corollary 1.11.4 Suppose that E is second countable. Let P € P(E) and H C % be mea-
surable in the sense of Arcones and Giné (1993), P-non-degenerate, and uniformly bounded.
If H is a VC subgraph class, then H is P-Donsker.

Proof of Corollary 1.11.4. By Theorem 1.11.7, it is enough to show that p, ;H is
P-Donsker. This follows from Proposition 1.11.3 below. [

Proposition 1.11.3 Suppose that E is second countable. Let P € P(E) and H C L2 (4, PF)
be measurable in the sense of Arcones and Giné (1993), P-non-degenerate, and such that
Ti(h3,, P¥) < oo. If H is a VC subgraph class, then Py, H is P-Donsker.

Proof of Proposition 1.11.3.  We apply Theorem 1.11.4 to the class p, ; H. To this
end, notice that by Jensen’s inequality p,H C £(4,P) and ﬁ(h%klﬂ,P) <

jk(th,Pk) < 0. Next, using that H is measurable in the sense of Arcones and
Giné (1993) and py jh = p1,jp;,h for h € Hand j = 0,1, we obtain that p,  H satisfies
(i) of Definition 1.11.2. p, ;H satisfies (ii) of Definition 1.11.2 by Proposition A.1 in
Appendix A. To conclude the proof, it is enough to show that

0=0%  poeo

lim limsup E* [/05 \/log(N(?kll’H, J‘Zz(%,p%),e)de =0.
Now, by Jensen’s inequality we have that for all iy, h, € H
d g2 p1) (Prahn, Pah2) < dgag procpey (a, h2),
which implies that for all e > 0
NPt d g2 ,51),€) < N(H,d g2, 511, €)-

Using Theorem 1.11.2 with g = 2 and Q = P} x P*~! and Remark 1.11.1 we see that
foralle >0

~ ||h’]—[||$2(€%7c,plxpk—l) 2
N(H, d g2 5 pr« pe1y, €) < c1max| 1, - - :

Using thatlog(s) < sand \/c1 +t < ¢1 + Vtforalls > 0and t > 0, we obtain that

\/log(N(?k,lﬂfJzZ(%i,ﬁg)re) < \/Cl + 202/ ||| 251, 1 pr-1)€ !
1/2

<c+ \/ZCZHhH||zz((%7<,ﬁ,}ka*1)€_

Therefore, for all § > 0,

5 ~
E* [ /O VIog(N (7, 1, dgz(%/l,p%),e)de] < 18+ VBe2dE [ hullf2 e o)
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We finally notice that by Holder inequality

Elllmaell 22 pycpiry) < Ellalign g ey D' = (Tilliy, P < oo

[
Theorem 4.9 of Arcones and Giné (1993) provides a version of Theorem 1.11.7 for
unbounded classes, which we now state.

Theorem 1.11.8 Suppose that E is second countable. Let P € P(E) and H C £? (4, P¥)
be measurable in the sense of Arcones and Giné (1993), P-non-degenerate, and such that
Ti(h3,, PX) < co. If H is a VC subgraph class and limy e tP(Py (B3, > t) = 0, then H is
P-Donsker.

Notice that, under the assumptions of Theorem 1.11.8, Proposition 1.11.3 yields that

Pr1 M is P-Donsker. The moment condition lim; e tP(py 115, > t) = 0 is used by
Arcones and Giné (1993) to obtain (ii) and (iii) of Corollary 1.11.3 yielding that H is
P-Donsker. Assumption (i) of Theorem 4.9 seems unnecessary as p, ;# is already
P-pre-Gaussian by Proposition 1.11.3. ,

We conclude this section with a Bernstein-type inequality for the process { Wi (P) (k) }e-

This is a uniform version of (iv) of Proposition 1.10.5 and it is given in Theorem 5

of Arcones (1995). Notice that, if H is uniformly bounded by 0 < I; < oo, then, by
Jensen’s inequality,

03, = sup Var[p1h(X1)] < sup Var[h(Xy,..., Xp)] < supE[F*(Xy,..., Xy)] < 1,
heH heH heH

Theorem 1.11.9 Let P € P(E) and H C % be measurable in the sense of Arcones and
Giné (1993) and uniformly bounded. If H is a VC subgraph class, then there are constants
1 < c30, €31, CH,0 < 00 such that for all t > max (230, 2%4c0)

P (sup We (P) (1) > £) < 3" My (1)
heH j=1

where

Vnt? >
M ,t) =28 — ,
Ha () eXP< 25K2(\/noZ, + ty)
o 2c : 2 2tl’}.l 2 1’1072_[ \/Ht
Myo(n,t) = SCHEZ (JH + \/ﬁ) exp| — E + m , and
Vnt? >

26+kjck+1 ZH CH,0 ( \/EO'%L + tlH )

My 3(n, t) = 2exp <—
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Chapter 2

Local depth functions

2.1 Introduction

The notion of local depth, as first described by Agostinelli and Romanazzi (2011),
provides a framework to describe the local features of multidimensional distribu-
tions. Recently, Francisci et al. (2020) show that Type A depth functions originate
from a larger class of functions, which is referred to as Type A local depth functions.
Interestingly, this class not only contains depth functions but also kernel density
estimators. Therefore, it can be used for density estimation and many related ap-
plications such as clustering, mode estimation, and upper level set estimation (see
Chapter 3 for a through analysis). In this chapter, we provide a thorough analysis of
Type A local depth functions as contained in Section 2 and Appendices A, B, C, and
H of Francisci et al. (2020).
We recall from Definition 1.6.1 that Type A depth functions take the form

D¢(x, P) = /hG,x,oo(xl, o )dP(x1) ... dP(xi.) 2.1.1)

for some Borel measurable, non-negative, and bounded function hg . depending
on G and x. As we will see below, Type A local depth functions are obtained by
replacing /g v in (2.1.1) with a function kg yr, where T € [0, c0]. Specifically, Type
A local depth functions take the form

Lo(x,T,P) = / (31, 2 )AP(x1) ... AP(x ).

We denote by Hg = {hgxr: x € R?, T € [0,00]} the class of functions yielding L.
Notice that for T = oo local depth functions coincide with Type A depth functions. On
the other hand, we will show that, if P is absolutely continuous w.r.t. the Lebesgue
measure and 7 is small, then the local depth, under appropriate scaling, is close to
the density f of P. For this reason, 7 is called the localizing parameter. We will also
see that the index G can be identified with a kernel function, which coincides with
hc,0,1, and, vice versa, a suitable kernel function G generates all functions in Hg.
For simplicial depth and pB-skeleton depths, H is a class of indicators of appro-
priate Borel sets. Specifically, we recall from Definition 1.3.6 that for the simplicial
depth G is equal to S and his v = Iz, .., where Zg x oo = {(x1,...,%441) € (RT)4F1:
x € Alxy, ..., xz41]}- The local simplicial depth is obtained by replacing Zg y - with

Zspr = {(x1,...,x501) € (R x € A[x1,...,de],lSir?];aS);HHxi —xj[l2 < T}
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Similarly, for the local B-skeleton depth (see Example 1.6.1), we take G = K and
hKﬁ,x,T = IZKﬁM, where g > 1 and

Z = R%)?2: +(2/B—1)x;—2 < lag — <7T).
Kpxr = {(x1,2%2) € ( )(i,j)e{la%(z,l)}!!er(/ﬁ )xj—2/Bxll2 < |lx1 —x2/[2 < T}

In particular, local spherical depth and local lens depth are obtained by taking B =
Kj and L = K». Thus, local simplicial and B-skeleton depths are obtained by limiting
the sets Zg x0, G = S, Kg to a smaller region, which is obtained by imposing that
the norms ||x; — xj[|2,i,j = 1,...,kg, are bounded by 7. Clearly, if T = co no bound
applies and we retrieve simplicial depth and B-skeleton depths. We finally notice
that when d = 1 local simplicial depth and local B-skeleton depths coincide.

In Section 2.2 we define Type A local depth functions (LDFs) and study their
properties as the localizing parameter varies. Specifically, we show that, if the lo-
calizing parameter tends to infinity, LDFs converge to Type A depth functions. On
the other hand, if the localizing parameter tends to zero, then, under appropriate
scaling, LDFs converge to the k" power of the underlying density f. This suggests
that the k™ root of scaled LDFs (referred to as T-approximation) can be used to ap-
proximate f and it is therefore called T-approximation. Indeed, we show in Section
2.3 that the T-approximation and its derivatives converge uniformly to f. In Section
2.4 we define an appropriate estimator for Type A depth functions, called sample
local depth, which takes the form of a U-statistics. Using the theory developed in
Sections 1.10 and 1.11 we show that the sample local depth is a uniformly consistent
and asymptotically normal estimator of Type A LDFs. Finally, we obtain a Bernstein-
type inequality for Type A LDFs. Next, we use sample local depth functions to obtain
an estimate of the T-approximation (referred to as sample T-approximation). Using
the aforementioned Bernstein-type inequality, we show in Section 2.5 that the sam-
ple T-approximation is a uniformly consistent estimator of the density. In Section
2.6 we determine the correct centering and scaling for the sample T-approximation
to be asymptotically normal. Several examples of Type A local depth functions arise
both from the depth and kernel density estimator literature and are summarized in
Section 2.7. Finally, in Section 2.8 we derive a method for choosing the localizing
parameter T.

2.2 Local depth functions

In this section, we describe in detail Type A local depth functions. We begin with
some notation. First, the support of a function g : A +— toRis S; = {y € A :
g(y) # 0}. Next, L1((R9)*) = LI((RY)k,AF), 1 < g < oo, denote the space of
Lebesgue measurable functions g : (R?)* — R for which g7 is absolutely integrable,
and L®((R%)¥) = L= ((R%)¥, A¥) be the space of Lebesgue measurable functions g :
(RY)¥ — R that are essentially bounded. First, we describe the kernel function
G. Specifically, we assume that G : (RY)k¢ — [0,00) and satisfies the following
properties:

(P1) G is Borel measurable and Agy = [ G(x1,..., Xk, )dx1 ... dxg, < oo,
(P2) t + G(tv) is non-increasing on [0, o) for all v € S%c—1,
G(x1,..., %) — 0as max;—j,__ k.7 — o, and

(P3) sup (%1000 ) €TSS, (RP\ By, (0))
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(P4) Forany e > 0, there exist0 < 6 < eand c¢g > 0such that A((Bs(0))*¢ N Sg) > 0
and G > cg in (§5(0))kc NSg.

We denote by G the class of kernel functions G : (R?)%¢ — [0, ) satisfying the
properties (P1)-(P4). Some comments are in order. First, (P1) ensures that G is ab-
solutely integrable. Next, G is positive in a neighborhood of the origin of (R?)*c by
(P4) and is non-decreasing along any ray from the origin by (P2). Finally, (P3) entails
that G tends to zero as the distance from the origin increases to infinity. In typical
examples, such as simplicial and B-skeleton depths, G will have bounded support
implying (P3); i.e., for some p > 0,

Sc C (Bp(0))*. (2.2.1)

Additionally we assume, without loss of generality (w.l.0.g.), that functions in G are
permutation invariant. If not, apply to G € § the symmetrization function & of
Remark 1.10.1. We are now ready to give a precise definition of Type A local depth
function.

Definition 2.2.1 Let G € G, x € RY, T € [0,00], and let hg . : (R)k¢ — [0, 00) be
given by

G((-—x)/7) if T € (0,00)
hG,x,T(‘) = q im0+ G((- —x)/7) ift=0
limr oo G((- —x)/T) if T = o0.

The Type A local depth at localization level T € [0,00] of a point x € RY with respect to
P € P, is given by

Lo(x,7,P) = / he (31, )AP(x1) ... AP(xr ). (2.2.2)

The Type A depth of x with respect to P is obtained by setting T = oo in (2.2.2), that
is,
DG<X, P) = LG(X, OO,P).

At the end of Section 1.7 we notice that Type B depth functions can be converted into
Type A by applying the function g directly to ig y,. in Definition 1.7.1 and computing
the integral of i y e = § 0 iG,xc0 W.L.t. PX. In general, there’s no guarantee that the
resulting Type A depth is still a statistical depth function, but this observation allows
to define local depth functions even for Type B depth functions such as L7-depth
and simplicial volume depth. We discuss these and other instances of local depth in
Section 2.7.

We discuss now some consequences of Definition 2.2.1 and properties (P1)-(P4).
We first notice that, by (P2), G is maximized at (0,...,0) € (le)kG and let I =
G(0,...,0). Next, using (P2) and (P3), we obtain that hg o = Iy, )} is zero
unless all its kg components equal to x € R?. Also, hg1 = G, and using (P1) and
(P2), we see that

0< hG,x,’r < ZG/ (2-2~3)

forall x € RY and T € [0, 0], that is, the class Hg = {hg.: : x € R%, T € [0,00]} is
uniformly bounded by I/s. Furthermore, (P4) ensures that Ag; > 0 and hg g is non-
trivial for all T > 0. Indeed, there is a neighborhood of (0,...,0) € (R%)*c where
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h¢ o~ is positive. Since G is permutation invariant, we also have that
]’lG’x,T(Jq, ey xkc) = hG,x,T(xil, ey xikc) (224)
for every permutation (iy,...,i.) of (1,...,kg). Furthermore, notice that

hG,Hb,T(xl +b,..., Xke T b) = hG,x,T(xl, ceey ka), be ]Rd, (2.2.5)
and he—xr(=X1,. .0, —Xke) = hgxe (X1, Xig)- (2.2.6)

If P is absolutely continuous w.r.t. A with density f = fp, then, by (2.2.5) and (2.2.6),
for all x € R? and 7 € [0, o], it holds that

Lg(x,T,P) = /hc;lolr(x—x1,...,x—xkc)f(x1)...f(xkc)dxl...dxkG

= (hgo, * kaG)(x,. o, X),

(2.2.7)

where * is the convolution operator and f**¢ : (R?)k¢ — [0, 0) is the kg-fold prod-
uct of identical functions f, that is, f*¥¢ (x1,...x¢.) = f(x1) ... f(xke)-

When there is no scope for confusion we suppress the subscript G. Hence, we
also write e.g. k for kg, hyr for hg x, A1 for Ag ;. Since P is fixed in the following,
we write Dg(x) for Dg(x, P) and Lg(x, T) for Lg(x, T, P). Also, forj =1,...,d, we
denote by d;¢ the partial derivative of the function g : R? — R with respect to its
jh-component. Our first proposition summarizes several continuity and differentia-
bility properties of the LDFs. Specifically, the behavior of the LDFs when T — 0T

and T — oo are provided.

Proposition 2.2.1 (i) Forall x € R?, Lg(-, T) is monotonically non-decreasing with

lim Lg(x,7) = Ig(P({x}))¥and lim Lg(x, T) = Dg(x).
=0t T—

(ii) For T € [0, 00), lim,_c0 SUP, e Rd\ B, (0) Lg(x,T) =0.

(iii) If P € Py <, then, forall T € [0,00), Lg(+, T) is bounded and continuous.

(iv) Under assumption (2.2.1), if P € Py « with m-times continuously differentiable den-

sity f, then, for all T € [0,00), Lg(-, T) is m-times continuously differentiable and, for

,...,0n € {1,...,d},

aim e ailLG(X, T) = (l’lo/T * (aim ce ailek))(X, . ,x). (228)

When T = oo, part (ii) does not hold in general. For instance, if P € P, ., with
density function f, k = 1,and G = exp(—||-||3/2), then hy = 1 for all x € R and
(ii) holds for Lg(+, 00) if and only if it holds for f. Thus, not all Type A depth func-
tions satisfy (v) of Definition 1.5.1. Indeed, as noticed in Section 1.6, Type A depth
functions are not necessarily statistical depth functions.

Proof of Proposition 2.2.1. We start by proving (i). For the monotonicity, observe
that, by Definition 2.2.1 and (P2), for all x € R4, (x1,...,x) € (]Rd)k and 0 < 7y <
Ty < 00, hyr (x1,...,%k) < Nyry(x1,...,xx) and therefore Lg(x, 71) < Lg(x, 7). Us-
ing Lebesgue dominated convergence Theorem (LDCT) and Definition 2.2.1, we get
that

lim Lg(x,7) = [ Hm hyeo(xq,...,x0)dP(x1)...dP(x¢) = Io(P({x}))*

T—0t+ T—0t
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and
lim Lg(x,7) = [ lim hy,(x1,...,x¢)dP(x1)...dP(xx) = Dg(x).

T— 00 T—00
For (ii) let T € [0,00), 0 < € < 1, and r; > 0 such that P(B,,(0)) > 1 —e€. By
(P3), there exists 7 > 0 such that, if x; € R?\ By;(x), then iy - (x1,...,x;) < € for
all (x,...,x) € (R?)*1. Since, for r, > 77 and x € R?\ B,,1,(0), it holds that
B (x) € R?\ B,,(0), using (2.2.3), we conclude that, for all ¥ > r; + 15,

sup Lo(x, 7)< sup ﬁ I e(x1, ..., x)dP(x1) ... dP(x;)
x€R?\B,(0) XERA\B,, 1, (0) 7 Brr (x)x (R

+ sup / _
XE]Rd\By] +r) (0) (Rd\Bﬁ(x)) X (]Rd)k—l

<l sup  P(B(x))+e
x€R\B, 4, (0)
P(R?\ B;,(0)) +e

<Ig
< (g +1)e.

]’lx;((xl, ce ,xk)dP(xl) R dP(xk)

We now prove (iii). Let f be the density function of P with respect to A. By (2.2.3),
we have that

LG(X, T) < lG /f(xl),...,f(xk)dxl .. .dxk = lG,

which shows that Lg(+, 7) is bounded. Furthermore, by (2.2.7) and (2.2.5), it holds
that

k

‘LG(]// T) - LG(x/ T)’ = ‘/hO,T(X1/~ o X k) Hf(]/ — x]')dxl e dxk
j=1

k
—/holf(xl,..., ) If(x = xj)dxy ... dxi
i=1

k k
SZG/

[T/ —x)-T]f(x—x)
j=1 j=1

By Theorem 8.19 in Wheeden and Zygmund (2015), it follows that |Lg(y, T) — Lg(x, T)|

converges to 0 as ||y — x|[2 — 0.

We turn to the proof of (iv). We first observe that, by (iii) and (2.2.7), (iv) holds
when m = 0. Also, if T = 0 then Lg(x,7) = 0 for all x € R and the statement
is trivial. Let T > 0 and m > 1. We will show that, for all 0 < j < m, the partial
derivatives of L (-, T) up to order j exist and are given by

dx1 e dxk.

a,‘j e ailLG(X, T) = (l’lo/l— * gi].,m/il)(x, ce ,x), (2.2.9)

where, for (x1,...,x¢) € (R, iy (X1, -+, Xk) = 0j... 0y f(x1) ... f(xx). In par-
ticular, since f is m-times continuously differentiable, 8ij,... i is (m — j)-times contin-

uously differentiable. For h > 0 and i € {1,...,d}, we define the ith partial finite
difference of a function § : R — R by

sy S(x +hei) — g(x)
d!g(x) = - :

Suppose by induction that the partial derivatives of the local depth up to order j — 1
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(1 <j < m)exist and, for some choice of indices 7y, . . ., ij_l € {1,...,d} are given by
(2.2.9). Leti; € {1,...,d}. Then by (2.2.9) and the mean value theorem, there exists
0 < ¢ <1, such that

aga .9;Lg(x,T)

i
h
= / ho(xq, .. .,xk)aijgi/.flwil (x —x1,...,x—x)dxq ...dx;

= / ho(x1, .. .,xk)aijgi],_ll__.,il (x—x1,...,x+ cheij — X oo, X — Xg)dxy ... dxg.
(2.2.10)

Notice that, by (2.2.1), ghoﬁ C (ETP(O))"; by (2.2.3), ho. is bounded; and finally
0i8i; 1,..s = ij,...iy 18 (M — j)-times continuously differentiable (in particular, con-
tinuous). By taking the limit for # — 07 in (2.2.10) and using LDCT, we get (2.2.9).
By induction, (2.2.8) follows. To conclude, we show that 9;, ...0;, L(-, T) is contin-
uous. By (2.2.5) and (2.2.3), we have that, for x,y € RY,

Im

|8 ...ailLG(y,T) —a ...ailLG(x,TN

im im

:‘/hO,T(x1,...,xk)gimwil(y—x1,...,y—xk)dx1...dxk
—/ho,f(xl,...,xk)gim ..... Z-l(x—xl,...,x—xk)dxl...dxk’

<lg /§ |G (V= X1, Y — X%) — Qi (X — X1, 0 — X)) [dxg .. d .
h,

0,T

Since Sy, is compact by (2.2.1), the continuity follows from the uniform continuity
of g;. i over compact sets. [

If P € P; <) with density f, then Proposition 2.2.1 (i) entails that

Tlggl+ Lo(x,T) = 0.

A natural question is whether a suitable scaling yields a non-trivial limit and how it
relates with f. The behavior of Lg for T — 0, that is, under extreme localization,
is investigate in our next result. Specifically, we show there that, under appropriate
conditions, scaled versions of LDFs converge pointwise, uniformly, and in L4 (R?) to
the k™ power of the density f. Also, part (iii) of the following theorem is concerned
with the rate of convergence of scaled LDFs. It is worth noticing that, under the
assumption (2.2.1), for all x € R?\ S¢, f*(x) = 0 and TL¢(x,7) = 0 for small
values of T.

Theorem 2.2.1 Let P € P; ., with density f.
(i) Under assumption (2.2.1) at every point x of continuity of f, it holds that
lim T A Lg(x,T) = f¥(x). (2.2.11)

=0t

Furthermore, (2.2.11) holds uniformly on any set where f is uniformly continuous.

(ii) If f € L®(R?), then (2.2.11) holds at every point of continuity of f and the convergence
in (2.2.11) is uniform on any set where f is uniformly continuous.

(iii) Let f be twice continuously differentiable. Then, under assumption (2.2.1), for all x €
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Sy, it holds that

lim 72 (T‘deG(x, T)— Alfk(x)> = Ri(x) + Ra(x),

70t

where

k 4
Ri(x) = Efk L(x) /ho,l(xl,...,xk)xlTHf(x)xldxl...dxk and
k(k

2_1)fk2(x)/hO,l(xll'-'/xk><vf(x>,x1><Vf(X),XZ>dX1...dxk.

Ry(x) =
(iv) If f¥ € L1(R?), 1 < g < oo, then T *MA 'L (-, T) converges in L1(IR?) to f.

Before we prove Theorem 2.2.1 we state a couple of lemmas concerning the approxi-
mation of the identity for the function G (see Section 9.2 in Wheeden and Zygmund
(2015) and Section XIIL2 in Torchinsky (1995)).

Lemma 2.2.1 Let Gr = T ¥ A hg .. Then the following hold:

(i) /Gr(xl,...,xk)dxl codxe =1,

(ii) For all 6 > 0, Thjf)i A Ge(y1, - yk)dyr ...y = 0.

Proof of Lemma 2.2.1. (i) follows from a change of variable. Similarly, for (ii), we
have that

Ge(yr, ...,y )dyy ... dye = T AL G(yl,...,yk)d .d
/(Rd)k\(BW W iy dye = TN o o E T )
=A? G(yr, .-, yx)dy1 ... dyy,
T T R A R
and the last term converges to zero as T — 0" by (P1). |

Lemma 2.2.2 Let f : (R)¥ — R be Lebesgue measurable and suppose that assumption
(2.2.1) holds true. Then, at every point (x1,...,x;) € (RY)¥ of continuity of f

lim (Ge* f)(x1,..., %) = f(x1, ..., %) (2.2.12)

T—07t

Furthermore, (2.2.12) holds uniformly on any set A C (R%)K where f is uniformly contin-
Uous.

Proof of Lemma 2.2.2. Using Lemma 2.2.1 we obtain that
|(Grex f)(x1, .0, x5) — Fx1, .0, x5)]
§/]f(x1 — vy, X — k) — f(x1, ., x0)|Ge(ya, - vk dy - dyg.

Now, (2.2.1) yields that S5 C (Br(0))* and, if f is continuous at (x1,...,x;) €
(R%)*, then, for all € > 0, there exists § > 0 such that

|f(x1 — Y1, Xk —yk) —f(xl,. . .,xk)| S €, (2213)
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forall (y1,...,vyx) € (Bs(0))*. Therefore, for 0 < T < §/p, it holds that

(G f)(x1, .., x%) — flxg, ..., x0)| <e (2.2.14)
Finally, if f is uniformly continuous on A, then (2.2.13) and (2.2.14) hold for all
(x1,...,x) € A. ]

Proof of Theorem 2.2.1. We begin by proving (i). To this end, notice that, if f is
continuous at x € R?, then f** is continuous at (x,...,x) € (R?). Similarly, if f is
uniformly continuousin A C RY, then f <k ig uniformly continuous in (A)F C (R,
Now, the result follows from (2.2.7) and Lemma 2.2.2 with f = f*k.

We now prove (ii). We first notice that, since f € L°°(1Rd), there exists a constant
1 < ce < o0 such that f < co A-a.e. In particular, for all 1 < g < oo, it holds that
f1 < cl, A-ae., implying that f7 € L*(IRY). Then, we compute

LG(X T

|A1de — A (x) ‘/Hf x—x)G xl,...,xk)dxl...dxk—fk(x)‘

< /It
j=1

Next, we recursively apply the triangle inequality and obtain

(2.2.15)
- fk(x) Gr(xl, e Xp)dxq L. dxy.

k

Hf(x—x]

=1

—_

i—

k .
<Y TTfG=xplf(x—xi) — fF(x)[ S (x),  (22.16)

i=1j

I
—

thus implying that the right hand side (RHS) of (2.2.15) is bounded above by
k B
Z/fo—x] F(x —x) — F()F () Ce (2, - 1)
i=1

<ok 2 /\f(x — %) = F(0)Ge (2, ., x)ds - . .
i=1

Now, by Lemma 2.2.1 (ii), for all 6 > 0 there exists T(6) > 0 such that, for all 0 <
T < 7(6),

(]Rd)k\(g (O))k GT(xll oo /xk)dxl e Xk S €. (2'2.17)
)

If x € R? is a continuity point for f, then for all € > 0, there exists § > 0 such that

flx—y)—f(x)] <e (2.2.18)
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for all y € Bs(0). Using Lemma 2.2.1(i), (2.2.17), and (2.2.18), we conclude that, for
all 0 < 7 < 7(4),

o - ) |<C’”Z/ £l =) — F(0)[Gelxn, ., )y .

+ ko 2 /(Rd)k\(B (O))k|f(x —x;) = f(0)|Ge(x1, .., xp)dxy .. dxy
1= 3

(2.2.19)
Finally, if f is uniformly continuous on A C R?, then (2.2.18) and (2.2.19) hold for all
x € A.
For (iii), notice that, by (2.2.6) and a change of variable in (2.2.7),

k

T MLc(x,T) — ALff(x) /h01 X100, X [Hf(x — TXj) — R(x) |dxy ... . dx.
j=1
(2.2.20)
Since f is twice continuously differentiable, by multivariate Taylor’s theorem with
integral remainder, fori =1, ...k,

flx+1x) = f(x) +T(Vf(x),x;) + 7 /01(1 — z)xiTHf(x + Tzx;)x;dz.

Therefore,
k
flx+Txy) ... flx+1x8) = fk(x) + Tfk’l(x)<Vf(x), Z Xi)
i=1

1
/0 (1—z)x He(x + zTx;) xidz

'M”

N
Il
—_

+Tf )

M»

+T2fk 2

k
2 ), xi) (Vf(x),x;) + O(1?).

+1

N
Il
—_

j=
(2.2.21)

Since Sy is open, there exist T > 0 such that, for all T € [0,7], (x1,...,X%) € Sp,,
and z € [0,1], x +z7x; € Sf. The continuity of the second order partial derivatives
implies that, for T € [0, 7], the functions

1
(x1,...,x) — / (1-— z)xiTHf(x + zTx;)x;dz
0

are continuous (and uniformly bounded for all T € [0, 7]) with

1
lim | (1—2z)x] He(x + zTx;)x;dz = %xiTHf(x)xi. (2.2.22)

=0+ .J0
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Similarly, the remainder O(t?) is uniformly bounded for all T € [0, #] and continu-
ous with respect to (x1, ..., ;). By substituting (2.2.21) in (2.2.20), we see that

B

T ML (x, ) — AdfR(x) = T (x) / hoa (31, x0) (VE(x), Y x)dxy ... dxg

i=1
+T2fk_1(x)/hl(O;x1/~--/xk) [i /1(1 —z)xiTHf(x—kzrxi)xidz] dxy...dx
+Tsz’2(x)/h1(0;x1,..., [Z Y (VF(x), x)(Vf(x), ﬁ}dxl...dxk—l—O(Tz).
i=1j=i+1

By (2.2.6) and the change of variable —(x, ..., xx) for (x1,...,xx), it follows that
/h01 X1+, X <Vf( ) le->dx1...dxk

k
/h01 X1,...,X <Vf( ) Z i>dx1...dxk.

Therefore,

k r1
/holl(xl,. s Xk) [2/ (1- z)xiTHf(x + zrxi)xidz} dxy ...dx
i=170

1
Zk/hm(xl, e Xg) [/ (1— z)xlTHf(x + zrxl)xldz] dxq...dxy
0

and

/ho,l(xl,..., [2 Y (VF(x), %) (VS(x), j>]dx1...dxk

i=1j=i+1
_kk=1) F2(x) | hoa( v v d d
= 5 0,1 xl,...,xk)< f(x),x1>( f(x),x2> X1...0Xk.
By (2.2.22) and LDCT, we conclude that

lim 7 2(t MLg(x,7) — A1ff(x)) = Ry(x) + Ro(x).

=0t
We now prove (iv). We first notice that, since f € L'(R?) N L¥(IR%), then f € L1(IRY),
forall1 < g < kd. Indeed, it holds that

9(x)d :/ 9(x)d / 9(x)d
IRdf (x)dx {yele:f(y)<1}f () + {yeR%:f(y )>1}f (w)éx

< d +/ k(¥ )dx < oo.
_/{yele:f(y)d}f(x) * {yeR?:£( >1}f ()dx < oo

Next, we write in (2.2.15) G¢(x1,...,x) = Gl/q(xl, .. xk)Gl/q(xl, ..., Xx), where
j € (1,00] satisfies 1/g+1/4 =1(F = c0if g = 1), apply Holder inequality with
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exponents g and § and Lemma 2.2.1 (i), thus obtaining

k q

Hf(x - xj) _fk(x) Gr(xl,...,xk)dxl coodxg.

=1

Lot p s [

Now, Jensen’s inequality yields that (Y5_; a;)7 < k7' ¥, af for a; > 0. Using this
and (2.2.16), we obtain that

/’ LG(xr T) —fk(X)’qu < kqil ilr,il

kd
AT i=1

where
I ;= /(/ (ﬁfq(x —x)|f(x—x;) —f(x)\qf(ki)q(x)) Gr(xy, ..., xp)dxy . ..dxk) dx.
j=

Notice that I, ; are finite since f € L1(R%), 1 < g < kd, and, by (2.2.3),0 < G; <
Io/ATF. By Fubini’s theorem, we have that

IT,I':/]U-(xl,...,xk)éf(xl,...,xk)dxl...dxk,

where
i—1
Jealeroe) = [ TTFG =)l (=50 = F)FE ()
j=1

Now, we apply again Holder inequality with exponents s = k/(k —1) and t = k,
and see that

i—1 _ 1/s 1/t
JeiCorreeerm) < | [ TLG = mpr (x| | [1£00= ) - £l s
=1
S C]K(xl, . .,Xk),
where
— - s (k—i)sq d e
a= iI:I},a..)fq [/]I_{f "= x)f ) x]
and
1/t
Kl o) = | 1706 x) = )]
Notice that
1/t
K(x1,...,x) <cp =21 [/f(x)tqu] < 0, (2.2.23)

and, for all € > 0, by Theorem 8.19 in Wheeden and Zygmund (2015), there exists
5 > 0 such that, for all (xy,...,x;) € (Bs(0)),

K(x1,...,x¢) <e. (2.2.24)
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Using Lemma 2.2.1 (i), (2.2.23), (2.2.24), and (2.2.17), we conclude that, for all 0 <
T < 7(6),

Lo(x, T -
/\ Xngd) R ()| gclkq/K(xl,...,xk)GT(xl,...,xk)dxl...dxk

< c1(1+4cp)kle.

]
When d = 1 certain simplifications occur in Theorem 2.2.1. Specifically, for G =
L,S,B,Kg, A1 = 1 and the functions Ry and R; in (iii) take a simpler form. This is
summarized in the following corollary.

Corollary 2.2.1 Let G = L,S,B,Kg, d =1, and P € Py «, with density f. It holds that

Lo(x,7) =2 flx+x1)f(x — x2)dx1dxy, (2.2.25)
Tr,++
where Tr 44+ = {(x1,x2) : x1 > 0,x2 > 0,x1 + xp < T}. Furthermore, we have that (i) at
every point x of continuity of f

lim t2Lg(x, T) = f*(x), (2.2.26)

=0t

and (2.2.26) holds uniformly on any set where f is uniformly continuous.

(ii) If f € L®°(R), then (2.2.26) holds at every point of continuity of f and the convergence
in (2.2.26) is uniform on any set where f is uniformly continuous.

(iii) If f is twice continuously differentiable, then

lim ©2(2 Lo (x,7) ~ £2(x)) = 75 [2FEF () + [F ().

=0T
(iv) If f> € L1(R), 1 < g < oo, then T-2Lg(+, T) converges in L1(R) to f2.

Proof of Corollary 2.2.1. By a change of variable, it follows that

Lo(x,7) = /Z ) fte)and, .
= f(x+x1)f(x + x2)dx1dx;.

Zgox
In two dimensions Zg o, can be expressed as the union of two triangles T _, and
T: 4 —; thatis,
Tr—+ = {(x1,%2) €ER*:x1 <0,x2 >0,x0 — x1 < T}
Tro = {(x1,x2) €R*:x1 > 0,x <0, —xp < T}.

Now, by a change of variables in the integrals over the triangles it follows that

Lo(x,T) = flx+x1)f(x+x2) + f(x —x1) f(x — x2)dxydx;

T‘r,—+

= flx—x1)f(x+2x2) 4+ f(x 4+ x1) f(x — x2)dxqdx,

T4+

=2 flx+x1)f(x — xp)dx1dx;.

T‘r,++
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(i), (i) and (iv) follows directly from Theorem 2.2.1 (i), (ii) and (iv) and the fact that
Zgy,1 is bounded with area Ag; = 1. Finally, (iii) follows from Theorem 2.2.1 (iii),
where

Ri() =20(0f"() [ [ dde: = Lf(0f' (), and
x) =2f(x / /_x1 x1x2dx1dxp = 12[f( X))

In the next section, we will use Theorem 2.2.1 to approximate the density f.
Specifically, scaled LDFs converge to f* and, by taking the k™ root, we obtain an
approximation of the density. This leads to the concept of T-approximation.

2.3 T-approximation

Using (2.2.11) one can express f in terms of the limit of LDFs, for a given choice of G.
This leads to an important idea, namely the T-approximation. This approximation is
useful since in applications it enables one to provide alternate approaches for density
estimation. In Chapter 3, we will illustrate this idea in three distinct but related
contexts; viz. clustering, estimation of mode, and estimation of upper level sets.

Definition 2.3.1 (T-approximation) Forany T > 0,

1/k
fon(x) = (LG(’C”> | 23.)

Tkd Aq

Remark 2.3.1 From Proposition 2.2.1 (iii), it follows that when P has a density f then, fc -
is continuous. Additionally, Proposition 2.2.1 (iv) implies that f¢ , is m-times continuously
differentiable in Sy, .

We begin by studying the properties of Sy . First, we recall the definition of limits
of sets below. The limit inferior and superior of a sequence of sets {A,}5_; are
liminf, 0 Ay = Uy N2, Ajand limsup, , A, = N5, U2, Aj. If they are equal
we say that the sequence {A, }20:1 converges and write A = lim;,_,. A,, where A =
liminf, ;0 Ay = limsup, . A,. We summarize in Appendix B various properties
concerning the limit of sets.

Proposition 2.3.1 For all 0 < 71 < T, we have that S fq C S for- Additionally, if f is
continuous, then, for all T > 0, Sy C Sg.and lim¢_,o+ S~ D Sy. Under assumption

(2.2.1), lim;_o+ S, C Sy.

We observe that the assumption (2.2.1) is essential in the last part of Proposition
2.3.1. Indeed, if G is the Gaussian kernel, then S;. = RY, forall T > 0, implying
lim; o+ Sp, . = R?. Also, since 9S ¢ and Sg have arbitrary shape, it is unclear if
x € dSy belongs to lim g+ Sy or not.

Proof of Proposition 2.3.1. We first observe that x € Sg. if and only if fg(x) > 0
if and only if Lg(x, T) > 0. Proposition 2.2.1 (i) implies that for x € RY, Lo(x, 1) <
Lg(x, 72), from which it follows that S fo C Sf,- Next, suppose that f is continuous
and let x € Sy and T > 0. Since f is continuous, Sy is open and there exists € >
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0 such that Br(x) C S £ By (P4), there exist 0 < ¢ < 7e and ¢ > 0 such that
A((Bs(x))* N Sp,.) > 0and hyr > cin (Bs(x))k NSy, .. It follows that

Lo(x,7) = /hxlr(xl,...,xk)f(xl) o flr)dx . dxy
>

/(Bé(x))kmshm F(x1) ... flx)dxr . ..dxg > 0.
Thus, x € Sy, _and Sy C Sy, . Since the sets {S¢, _}+0 are monotonically decreasing
with 7, we have that lim,_,o+ S for = MNr>0Sg,. D Sy. For the last part, let x € R? \§f,
Since R? \ S is open, there exists € > 0 such that B¢(x) C R?\ ;. Let 0 < 7 < €/p.
By (2.2.1) it follows that S, , C (Bpr(x))F C (Be(x))* implying that Lg(x,7) = 0.
Therefore, x ¢ Nr>05f; . and Ne>0Sf;. C gf. ]

Our next result establishes that the analytical properties of L are inherited by its 7-
approximation f¢ ;. Specifically, f¢ - and its derivatives converge uniformly to those
of f. This plays a critical role in the properties of clustering investigated in Chapter
3.

Proposition 2.3.2 Let P € P; ) with density f. Then the following hold:
(i) If f is uniformly continuous and bounded, then

lim sup |fec(x) — f(x)| = 0. (2.3.2)

7—0 xeR4

(i) If f is continuous, then for all compact sets K C RY

lim supl fc,q(x) — £(x)| = 0.
T—0* xeK
In particular, for all x € RY, im0+ SUpycg, () | fo,c(y) — f(x)| = 0.
(iii) If f € LM(RY), g > 1, then fg . converges in LK (IRY) to f.
(iv) Suppose (2.2.1) holds and f is m-times continuously differentiable, then, for all compact
sets K C Sgand iy, ... iy € {1,...,d},

lim Sup‘a,‘m . ailfcr-f(x) — aim . ailf(x)] =0.
T—071 xeK

Before proving Proposition 2.3.2 we establish useful inequalities in the following
lemma.

Lemma 2.3.1 Let s, t > 0. The following hold: (i) |t* —s®| < |t —s|% forall0 < a <1,
and (ii) |t* — s*| > |t —s|%, forall a > 1.

Proof. It is enough to prove the statement for 0 < s < t. Let ¢ : (0,0) — R be given
by ¢(a) = (1 —s/t)" —1+ (s/t)". Notice that, lim, o+ ¢(a) = 1, lim,e ¢(a) = —1
and

@' (a) =log(l—s/t)(1—s/t)" +1log(s/t)(s/t)" <O.

Then, the equality ¢(1) = 0 shows that ¢(a) > 0, for 0 < a < 1, and ¢(a) < 0, for
a > 1. The same inequalities hold for t*¢(a) and the result follows. [
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Proof of Proposition 2.3.2. We start by proving (i). By Lemma 2.3.1, for T > 0,

(Lc(x,T)>l/k — (FA (),

rkd Aq

sup|fer(x) — f(x)] = sup

x€R4 x€R4

LG(X, T) 1

deAl - fk(x)

IN

sup
x€R4

= sup (Fg (x))

x€R4

1/k
’

where

F — | L[ : “(x)|dxy...d
G,T(x)—’/\l/ O,l(xl,...,xk){ﬂf(x—f—rxj)—f(x)] X1...dxg

Since the k' root is a continuous and increasing function, we have that

sup(FG,T(x))l/k = (sup Fg.(x))VE (2.3.3)

xeR4 x€R4

Hence, (2.3.2) follows, if we show that

lim sup Fg.(x) =0. (2.3.4)

+
7—0 xeR4

For this, observe that sup, .« Fg,-(x) is bounded above by

k

[T/ + ) = f4(x)

j=1

/ho,l(xl,...,xk) sup dxq ...dxg.

x€R4

Since f is uniformly continuous and bounded, for all (xy,...,x;) € (R%)¥, it holds

that
k

[T/ + 7)) = f5(x)

j=1

lim sup =0.

+
7—0 xeR4

(2.3.4) now follows from LDCT, since h; € L' ((IR%)¥) and the supremum is bounded.
Since a continuous function is uniformly continuous on a compact set, the proof of

the first part of (ii) follows from the proof of (i) with R4 replaced by K. For the second

part of (ii), notice that

sup |feo(y) = f()] < sup |fo(y) = f(W)|+ sup |f(y) = fF(x)].

y€Be(x) y€EBe(x) YEBe(x)

The result now follows from the first part of (ii) and continuity of f. Finally, for (iii),
notice that, by Lemma 2.3.1 and Theorem 2.2.1 (iv),

Vo) = )y < [1fe2 () = F)l'dy —o.

T—0%

Before we prove Proposition 2.3.2 (iv) we state without proof a result concerning
the partial derivatives of the composition of two functions (Proposition 1 in Hardy
(2006)). For any set R, we denote by #R the cardinality of R.

Claim 2.3.1 Let ¢ : RY — Rand ¢ : R — R be m-times continuously differentiable in
A C R¥and ¢(A) C R, respectively. Then, 1 o ¢ is m-times continuously differentiable in
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Aand, forx € Aand iy, ..., i, € {1,...,d}, it holds that

9, - up(0() = ¥ 0" yll(x)  TI 9, -..0 o),

ReRy {Z]] ..... ]

where Ry, is the set of all partitions of {1,...,m} and 31" denotes the (unidimensional) n'"
derivative.

The following lemma is also required for completing the proof of the proposition.

Lemma2.3.2 Let ¢, : R - R, ¢, : R - Rand A C R Suppose that ¢, and
Yy, converge uniformly on A to ¢ and , respectively. It holds that (i) ¢, + ¥, converges
uniformly on A to ¢ + ¢ and (ii) if A is compact and ¢, P, are continuous, then @,y
converges uniformly on A to @ip.

Proof of Lemma 2.3.2. Proof of (i) is standard. For (ii), we first notice that, by the
uniform limit theorem, ¢ and ¢ are continuous. Next, we use that A is compact and
let c, = max,eca ¢(x) and ¢y = max,eca P(x). For 0 < e <1, let 77 € N such that, for
all n > i, sup,_ ;| pu(x) — 9(x)| < e and sup, 4| ia(x) — $(x)| < . Then,

sup|u (x)¢n (x) = p(x)ip(x)] < Sl;};!qvn(X)H%(x) — ()| + SIQAPIIP(X)II%(X) — ()]

xeEA
< (T+cyp+cy)e.

]
We now turn to the proof of (iv). We first notice that, by Proposition 2.2.1 (iv), Re-
mark 2.3.1, and Proposition 2.3.1, Lg(+, T) and fg , are m-times continuously differ-
entiable in S¢. Since K C S¢, c1 = min,ex f¥(x) > 0and c; = maxyek f¥(x) < 0. By
Theorem 2.2.1 (i), there exists 7y > 0 such that, for all 0 < T < 11, sup, | f& . (x) —
f¥(x)| < &, implying that f§ (x) € [c3,c4], where ¢ = § and ¢4 = ¢ + §. Next,
we apply Lemma 2.3.1 with ¢ = ¥ and ¢ = (-)!/k, and obtain that

By 0 f(1) = 0hy 0 p(0(0) = X l(p(x)) [T -9, 0(x).

ReRm {Z]] ..... ijl}ER
(2.3.5)
Similarly, with ¢ = fé/T, we have that

9, 0 fer(x) = By (0 (x) = X 0" pl(pe(x) [T 9.9, ge(x):

RERy {ijymidjy JER

(2.3.6)
By Proposition 2.2.1 (iv), it holds that d;, ... d;, ¢r(x) = (Gr* (aih .. .Bii.lek))(x, ce,X).
We apply Lemma 2.2.2 with f = 9, ...ail.lek and A = (K)k, and obtain that
aij, e aijl @ converges uniformly on K to ai].l ... aih ¢. Next, notice that, for all j €
{1,...,m}, Bmtp is uniformly continuous on [c3, c4]: for all € > 0, there exists § > 0
such that supslte[%m:‘s_ﬂg\8[f]tp(s) —ally(t)| < e. By Theorem 2.2.1 (i), there exists
0 < » < 17, such that, forall 0 < T < 1, supxeK|fé,T(x) —fk(x)| < 4. Therefore,
we have that, for all 0 < T < 7, sup, x| [BUy](p-(x)) — [PY](p(x))| < € that

is, [0V1y](¢+(+)) converges uniformly on K to [dUl¢](¢(-)). Now, the result follows
from (2.3.5), (2.3.6), and Lemma 2.3.2 with A = K. |

We show that continuity is not enough in Proposition 2.3.2 (i). To this end, let for
simplicity d = 1 and G = L, S, B, Kg. Consider the function f : R — R with support



Chapter 2. Local depth functions 67

Sp=Un (n— 53,1+ 555 ) defined by

2n4(21?—x1) if0<x < -is
0 if L <x <1

f(”+x1)=f(”—x1)={

. . 2
Notice that, since Y5 5 = 7,

/f(x)dx - ,i /(n—13,n+

2n

>f(x)dx = 1;2112 =17

1
213

Letc = 7{—22 Then f : R — R defined by f(x) = 1f(x) is an unbounded, continu-

B
ous density function. The T-approximation of f is given by fg-(x) = 2/Lg(x, 1),
where, by Corollary 2.2.1,

Lo(x,T) =2 flx+x1)f(x — xp)dx1dxp

Tri+

= 2/0T [/()Txlf(x - xz)dxz] f(x+x1)dx.

Notice that f is symmetric about n € IN and for L <1< %

n

min(r,i> min('(fx],i> 20t 1 I 1
2n3 213 n n
Lo(n ) =2 [/0 i (23 - xz) ax2| = (23 - ’“) i

_2/2,13:12 IV D
T2 2 \o2m3 YT T gepd

Forall0 < 7 < % fixed there exists n € IN such that % < 7, and therefore

1 1
sup|for(x) — f(x)| > sup |for(n) = f(n)| = sup |- n'
reR ne]N:n]—zgf ne]N:nLZST TZ\/EC”
sup L —n| =00
ne]N:nizg’r Zﬂc

The boundedness assumption in Proposition 2.3.2 (i) prevents f to become arbitrar-
ily large and allows one to show that the above supremum is bounded. On the other
hand, uniform continuity ensures that the supremum converges to zero, thus allow-
ing to use LDCT and obtain the statement.

In the next proposition, we use Theorem 2.2.1 (iii) to obtain a uniform approximation
of fr = fc,r in compact sets. We need the following notation: for A C R? and 6 > 0,

(A)" = {x € R? :infycallx — y>» < 6} and (A)° =R\ (le\A)” ={xeR*:
infyernallx = yll2 > 6}
Proposition 2.3.3 Suppose (2.2.1) holds true and f is three times continuously differen-

tiable. Let K be a compact subset of S¢. Then, there are constants T(K),¢1(K),&(K) > 0
and a continuously differentiable function Ry : K — R such that, for all x € K and
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0 <1< #K), |[Re(x)] < &(K), [ VR(x)||2 < &(K), and

fr(x) = f(x) + Re(x)7?

Proof of Proposition 2.3.3. Notice that, since K C S fr K is closed and S f is open,
there is 6, > 0 such that (K)"*" C S;. Let 7y = 6/p and K = K*". Then, for

€ (0, ], we have that (K )+pT C (K)T0*+M and, by Remark 2.3.1, f; is three times
continuously differentiable in K. Since f is three times continuously differentiable,
by Theorem 2.2.1 (iii), we have that, for x € K,

fi(x) = fH(x) = Qe(0) 72,
where, for all T € [0, 7], Qr(x) = (R1(x) + Ra(x))/ A1 + o(7) is well-defined and

continuously differentiable with uniformly bounded derivatives in K. Let

&3(K) = sup sup [Q«(y)/f(v)|

yeK T€[0,1]

and 7(K) € (0,min(1,7,¢5 SV2(R), &;2(K))). It follows from Newton’s generalized
binomial theorem that, for T € (0, 7(K)],

Fol) = £() (14 7720/ ()2)
= £+ 1/KQe()/F ()T + PQe()

where Qr(x) = 1/7f(x) L2, (1§k) (QT(x)/fk(x)Tz)j and (1§k) = (1/k...(1/k —
j+1))/j!. Now, since T < T(K) < 1, we obtain that

001 < Y (1) (2 w) |
L1620, (014 (8) (14 721 £ ).

Hence, & (K) = sup, g sup,(o 11| G ()] < 0. Let Re(x) = 1/kQu(x)/ f(x) +
Q- (x). We need to show that, for all T € (0, %(K)], Qr is continuously differentiable
in K with uniformly bounded derivatives. To this end, let

Tt = (1) @0/ A we,
700 = (1) Q) ™ Qe /7 (e,

Sej(x) = Z{:Z T, (x) and S ( ) = Zl 5 ~r11( ). Notice that 9,5 ;(x) = S(Tli(x) and
let

&5(R) =sup sup [[VQc(y)/f W)l
yeR t€[0,7(K)]

We compute

sup  sup [Sreo(y) = Sei(y)| < Y (B(K)TA(K)) =
yeR 7€(0,7(K)] I=j+1
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and

0.

() G (7)

Hence, the series S;; and S ; converge uniformly to S;« and St 4. By the funda-

mental theorem of calculus (FTC), t}le uniform convergence of S”(L',lor and LDCT, we
have that, forallx € Kand 0 < h < I,

I
agk:

Ste0(X 4 he;) — Steo(x) (Tei(x + he;) — Try(x))

N
Il
N

) " &)
/ 2 (x A+ tey)dt = / Stro(x + te;)dt.
0 4 0

Il
agk

N
||
N

Now, using again FTC, we have that

‘ 4o Steo(x+hep) — Sreo(x)
0iSr.00(X) = hlggh I n—o+ h Jo

and

It follows that O is continuously differentiable in K with

VO:(x) = VF(x)(Ste0(x)/T) + f(X)VSreo(x)/T°.

Since &(K)%!/2(K) < 1 we obtain that

sup sup |[Sre(x)/T| < Z &3(K)#/2(K))! < oo,
y€K 7€[0,7(K)]

sup sup || VSre(x)/ 7|2 < &5(K) Y. (6(R)TV3(K))' < oo,
yeK Te(0,#(K)] =1

and 6 (K) = sup, g Supc( (k) HVQT( )||2 < oo. Let
&(K) =sup sup |(Qe(y)/f'(y))]

yeK t€[0,7(K)]

and

cs(K) =sup sup [|V(Qe(y)/f* ()l
yeK t€[0,7(K)]

Then, we conclude that

sup sup |Re(x)] < &1(K) = &(K)/k + 2(K)&(R) < o0
xeK e[0,7(K)]
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and
sup sup [|VR¢(x)[l2 < &2(K) = &s(K)/k + T(K)&(K) < co.
x€K 7€[0,7(K)]

2.4 Sample local depth functions

As noticed at the end of Section 1.9, typical estimator of Type A depth functions
are U-statistics. Since Type A LDFs have the same integral form (2.2.2), the same
considerations apply to them. Specifically, let { X;}?°, be a sequence of i.i.d. random
variables from P € P;. The estimate of L, called sample local depth, is the U-
statistics of order k

-1
n
Lgn(x,T,P) = <k> Yoo e (Xip, . X5, (2.4.1)

1< < <ix<n

where x € RY and T € [0,00]. In particular, (2.4.1) entails that the sample depth
Dgn(x,P) = Lgu(x,00,P) is an estimator of Dg(x, P). When there is no scope of
confusion, we will also write Lg ,(x, T) and Dg ,(x) for L, (x, T, P) and Dg ,,(x, P).
In the next proposition, we study the rank of the U-statistics L¢ ,(x, T, P) (see Defi-
nition 1.10.2).

Proposition 2.4.1 Let P € P, and x € R?. The following holds:

(i) If P(B,(x)) > O forall r > 0, then, for all T € (0,00), Lg(x, T, P) has rank 1.

(ii) Suppose (2.2.1) holds and P(B,(x)) = 0 for some r > 0, then there exists T > 0 such
that L, (x,T,P) = 0 P-a.s. and py jhx. = 0 Pl-a.s. forall T € [0, % and j =1,... k.

Notice that, if in Proposition 2.4.1 P € P,; <, with density f, then (ii) holds for all
x € RY \'S 7. Furthermore, if f is continuous, then (i) holds for all x € S;. The exam-
ple after Proposition 2.2.1 shows that (i) does not hold in general for T = oo.

Proof of Proposition 2.4.1. We begin by proving (i). We need to show py 15y # 0
P-a.s. To this end, suppose by contradiction that

/hx,r(y, X2 x)dP(x2) ... dP(x;) = / hae(x1, - x0)dP(x1) . .. dP (%)

forally € RY\ N, where N € B, and P(N) = 0. It follows that, for P¥~!-almost all
(x2,...,x) € (RHF1,

haor(y, X2, .., x5) = /hxlT(xl,...,xk)dP(xQ

and hy (-, X2, ..., x;) is constant for P¥~1-almost all (xy, ..., x;) € (R?)*~1. We show
that this contradicts (P3) and (P4). To this end, let § > 0 be as in (P4). Then, it holds
that P(Bs(x)) > 0 and (P3) and (P4) yield that (-, x2, . . ., xx) is not constant for all
X2,..., X € Bs(x).

We now prove (ii). Using (2.2.1), we obtain that S, C (Br,(x))¥. Let T = r/p. It
follows that, forall T € [0, %] and xy,...,x; € RY, hy (-, x2,..., %) = 0in R?\ B,(x).
Since P(B,(x)) = 0, we conclude that /1, = 0 P*-a.s. yielding that L ,(x,7,P) =0
P*-a.s.and pyjhy. =0 Pl-as. forallj=1,... k. n
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Several properties of L , can be deduced from the properties of U-statistics and U-
processes derived in Sections 1.10 and 1.11. The fact that H¢ is uniformly bounded
yields some simplification in the assumptions. In particular, the variance of L ,(x, T, P)
is given by Proposition 1.10.2 and it is equal to

k 2 -1
Var[Lgu(x,T,P)] =) (k) (n) Var(pyihy (X1, ..., Xj)]
=N (2.4.2)

k2
- ;Var[pkllhx,T(Xl)] +0(n?).

Each term on the RHS is in general non-zero, although it may be zero in some cases
(cf. Proposition 2.4.1). Importantly, Proposition 1.10.4 yields that L ,(x, T, P) is a
consistent estimator of Lg(x, T, P) for all P € P;. However, in typical applications,
the choice of x, T, and G varies and different choices of x, T and G may be inves-
tigated. Using Corollary 1.11.2, we show that L¢, is uniformly consistent over x
and 7. To this end, notice that RY x [0, %] can be identified with H¢ via the bijec-
tion (x,T) <> hyr. We assume that H is a VC subgraph class. We show in Section
2.7 that this assumption holds for local simplicial depth, local p-skeleton depth, and
other examples of LDFs.

Theorem 2.4.1 Let P € Py and Hg be VC subgraph. Then,

sup L (x,T,P) — Lg(x,T,P)| as g
(x,T)€RY x [0,00]

Proof of Theorem 2.4.1. Since H is uniformly bounded, using Corollary 1.11.2,
it is enough to show that # is image admissible Suslin (see Definition 1.11.2).
To this end, we show that the function S : (R%)F x RY x [0,c0] — R given by
S(x1,..., %k, %,T) = hyr(x1,...,x;) is Borel measurable. To see this, for T € [0, o0],
let hy : (]Rd)k x RY — R be given by flr(xl,...,xk,x) = hyr(x1,...,x¢) and R :
(R?)* x R? x [0,00] — R be given by R(x1,...,x, x,7) = (312,.., x";")T. Since
G is Borel measurable and R is continuous, /() (-) = G(R(:)) is Borel measurable.

In particular, hi; is Borel measurable for all T € (0,00) and hy and T are Borel mea-
surable because they are limit of Borel measurable functions. It follows that, for all
A€ By,

STHA) =(RTH(GTH(A) U (hg'(A) x {0}) U (R (A) x {oo})
eB((RHYF x RY x [0, 0]).

Hence, ¢ is image admissible Suslin via the onto Borel measurable map T : R x
[0, 0] — H¢ givenby T(x,T) = hyr. ]

In some examples, it is possible that G = Gy € § is indexed by a parameter 6 <
® C R, as is the case for B-skeletons. In such cases, one can strengthen the above
Theorem 2.4.1 to obtain uniformity in the indexing parameter, that is,

sup |Lgyn(x,T,P) — Lg, (x,7,P)| =2 0. (2.4.3)
(6,x,T)€E@X R x [0,00]

To this end, we make the following assumptions:

(A1) Gy satisfies (P1)-(P4), where k = kg = kg, is independent of 6.
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(A2) H§ = UpecoHg, is a VC subgraph class.
(A3) supy.q Go < I§ for some 0 < [ < oco.
(A4) G(,(-) isjointly Borel measurable.

The details for the B-skeleton are provided in Section 2.7.

Proof of (2.4.3). Using (A3), we obtain that Hg is uniformly bounded. Since Hg is
VC subgraph by (A2), the statement follows from Corollary 1.11.2 if we show that
H;, is image admissible Suslin. To this end, let RY), S : (R9)* x RY x © x [0, 00] — R
be given by R&(x1,...,x,x,0,7) = (2=, ""?‘,9)T and S§(x1,..., X%k, x,60,T) =
hGeye (X1, .., x). Also, for T € [0,00], let by . : (RY)* x R? x @ — R be given
by hg (X1, ., %6, %,0) = hgyxo(x1,...,%) and G : (R?)F x ® — R be given by
Go(x1,...,x,0) = Go(x1,...,x). Since, for & € ®@ and T € (0,00), hg () =
GH(RG(+, -, 0,T), where G§ is Borel measurable by (A4) and R§ is continuous, we
obtain that G§ o Rg, h*®,0’ and h*®,oo are Borel measurable. Therefore, for all A € By,

(56) 1 (A) =((Re) T ((G) ™1 (A)) U ((hg,0) ™ (A) x {0}) U ((Ig,06) " (A) x {e0})
€ B((R)* x R? x © x [0, 00]).

We conclude that Sg is Borel measurable and the class Hg is image admissible Suslin
via Tg : R? x @ x [0,00] — Hg given by Te(x,0,T) = hg, xr- n

We now turn to the uniform central limit theorem for L, over a suitable subset
A of R? x [0, oo]. Specifically, for P € P;, A is chosen so that that L¢ ,,(x, T, P) is non-
degenerate for all (x, T) € A (cf. Proposition 2.4.1). Notice that there is a one-to-one
correspondence between A and the class Hg 4 = {hy: € Hg : (x,T) € A}. Also,
if 7 is VC subgraph, then Hg 4 is VC subgraph by Proposition 1.11.1 (vi). We are
now ready to state the uniform CLT for sample LDFs.

Theorem 2.4.2 Let P € Pyand A C R? x [0, 0] such that Hg, 4 is P-non-degenerate. If
Hg 4 is VC subgraph, then

&'
Vn(Lonu(,+P) = Lo (- P)) = (Wi(P))(-, ),

where {(W(P))(x, T) }(x,1)c 4 is a Gaussian process with mean zero and covariance function

Twp) - A X A — Rgiven by

1) (57 09) = B f (i) 50) (s ()P Gr) = L, P, ) ).
(2.4.4)

Proof of Theorem 2.4.2. Let S, : (RY)¥ x A — Rbe given by S4(x1,...,x,x,T) =
S(x1,..., %, x,7), where S is defined in the proof of Theorem 2.4.1 and (x,T) € A.
Since S is Borel measurable, S 4 is Borel measurable on (R?)* x A and H 4 is image
admissible Suslin via the onto Borel measurable map T4 : A — Hg 4 given by
T4(x,T) = hyr. Since Hg 4 is VC subgraph and uniformly bounded, Corollary 1.11.4
yields that

V(Lo (- P) = La(-, - P)) S (We(P))(-, ),
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where (Wi (P))(x,7) = (W(P))(hye) = k(B(P))(?k/lhx,T). For (x,7),(y,v) € A, we
obtain that

p) (Piilxes Praliyw)
(1, 1Pr1lx T) (pl,lpk,lhyﬂ/)' P)

TB(P
T
/ (P11 ) (51) (P ) (52)dP (1)

[ Brali) (0) By ()P () ~ Lc<x,r,P)Lc<y,v,P>).

Ty (6,0, (0,0) =

Ky
K
K>

In the clustering applications discussed below, we will establish the consistency of
the sample clustering algorithm. This will involve approximating the T-approximations
of the depth functions and their derivatives via their sample versions. The quality

of this approximation will play a critical role in the consistency arguments. Our next
result enables this study by establishing a Bernstein-type inequality for local depth
functions.

Theorem 2.4.3 Let P € Py and 0% = SUP (y r)erix[0,00] YA [Pr1NGx7(X1)] If He is
VC subgraph, then there are constants 1 < cgp,cG1,cc2 < o0 such that, for all t >
max (230G, 2%cc ),

P(vn sup  |Lgu(x,T,P)—Lg(x,T,P)| >t) < Mg(n,t) ZMG] nt),
(x,7)ERYx[0,00] j=1
(2.4.5)
where

V/nt?
M () = Bexp <_215k2(\/ﬁa§; Ytlg))

. 2cc 2 % el nUG @
Mga(n, t) = 8cg <‘7G+ \/ﬁ) xp 212 + 4lc ) )’ nd
2
MG,3(”’ t) = 2exp (_ \/ﬁt ) .

26+kkk+1lGCG,0(\/ﬁ0'(2; + th)

Proof of Theorem 2.4.3. We apply Theorem 1.11.9 with E = R¥ and # = H;. For
ease of notation we use the subscript G in place of H¢. [

2.5 Sample T-approximation

Sample LDFs can be used to estimate the T-approximation via a plug-in approach.
The resulting estimator is given by

Lou(x, T) > H 25.1)

fen(x) = <deA1

and is called sample T-approximation. In this section, we use Proposition 2.3.2
and Theorem 2.4.3 and show that, if P is absolutely continuous with respect to the
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Lebesgue measure with density f, then the sample T-approximation is a uniform
consistent estimator of f. The precise statement reads as follows.

Proposition 2.5.1 Let P € Py ) with density f and suppose that H¢ is VC subgraph. Let
{T}5, and {€, }_, be sequences of positive scalars converging to zero with lim, e bg”( 7y T
oo. Then the followmg hold:

(i) If f is uniformly continuous and bounded, then

sup | fr,u(x) — f(x)| 2250.

x€R4

(ii) If f is continuous, then for all compact sets K C IRP

sup| fr,q(x) — f(x)] =0 23 0.

xeK
I particular, forall + € RY, 5up, ey, 1) frun(y) = ()] £ 0.

In the remaining of this section we prove Proposition 2.5.1. In Section 2.6, we study
the asymptotic limit distribution of the sample T-approximation. In Section 2.7, we
provide several examples of LDFs and verify that they satisfy the VC subgraph prop-
erty. We begin with a lemma concerning the quantity Mg in (2.4.5).

Lemma 2.5.1 Let Mg, oc, and cgyp be as in Theorem 2.4.3, {a,}$>_, be a sequence of

2
positive scalars converging to zero with limy, e 10’;% = o0, b > 0, and ty = /nayb.

Then, there are constants 0 < g < oo and fi € IN such that, for all n > i and
tn > max(230g,2%cp),
e
MG(n, tn) S 72.

n
Proof of Lemma 2.5.1. Since lim,,_o f;, = o0 and lim,,_e0 a4, = 0, there is n; € IN,
such that, for all n > ny, t, > max(230g,2%c,) and t,/+/n = a,b < 1. Then, for all
n > ny, it holds that

2 t
Mg (1, ty) < 8exp| ——=s—5— | +2 - "

2 ) . nog  +/nty
+8c51° (0 + 2ablc) G'zeXP(_<212 Tl ))

t t
< 16exp<—c> —|—CG4th exp(—m)
G3

G5

where cg 3 = (0% + 1) max(2'%k2, 26Tk kk oo ), cga = 8CG ?(2blg)~“c2,and ¢G5 =

2
4l¢. Next, we use that lim;, . | r;”(” Ly =0 and obtain that

| 2 log(n)\ (£
’ B p . g n _ =
r}g{}on exp( CG,3> 7}1_{20 eXp< < cGa > <log(n) 2cc,3>> 0.

2kd _
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2
In particular, there is n, € IN, such that, for all n > ny, exp <— Fi > < 1. Next,

cG3 — n2
notice that

n’a, “°* exp (— Vit > =exp <2 log(n) nanb> exp (—CG,Z log(an) — nanb>

2CG,5 2CG,5

b nay,
~om (1060 (gt =2))
b 2cG206,5 log(ay)
exp( @nan <1 + 2 na, .

nay

2
Now, lim,,_e0 I(Zg% = oo implies that lim,, = oo and limy,_,« 14, = oo yield-

log ()
ing that
- t
lim n?a, “°* exp (—\/ﬁn> =0.
n—oo CG,5

CG5

This show that there is 3 € IN such that a,, “°* exp <—\/ﬁt”> < % for all n > n3. Let

fi = max;=1, 3 1;. Then, for all n > 7, it holds that

16 + CGa

MG(n/ tl’l) S 1’12

7

and the result follows by letting ¢c = 16 4 ¢ 4. [

Proof of Proposition 2.5.1. For (i), observe that

sup | fr,n(x) = f(x)] < sup|fe,n(x) = fr,(x)[ + sup|fz, (x) — f(x)]

x€R4 x€R4 x€R4

and, by Proposition 2.3.2 (i), it is enough to show that

sup | fr,n(x) = fr, (x)| = 0. (2.5.2)

x€R?
Now, using Lemma 2.3.1, we see that

1/k
Len(x,T) —Lg(x, 7) /

sup | fr,n(x) — fr, ()] < sup

kd
x€R4 (x,7)ER?x[0,00] AT,
Lete >0,t, = \/HT,’;dAﬁk and notice that, since lim,,_, nrﬁkd = oo, lim,_, t,; = o0.

It follows from Theorem 2.4.3 and Lemma 2.5.1 with a, = 7/ and b = A;€* that
there are constants 1 < cgp < 00,0 < &g < o0, and 7i € IN such that, for all n > 1,
tn > max(230g,2%ccp) and

H’(Suplfrn,n(x)—fm(X)l ze) =1P(ﬁ sup  |Lon(x ) — Lo(x )| ztn)
xeR4 (x,7)ERY X [0,00]
cG

< Mg(n,t) < 5.
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Therefore, we obtain that
[0 [ee) o0 C
(510 fon(0) = fu (0 2 €) Si-14 5 Maln,t) 7 -1+ 1. 5§ <
n=1 x€RA n=fi

Now, (2.5.2) follows from Borel-Cantelli lemma. The proof of the first part of (ii)
follows from the inequality

sup|fz,n(x) — f(x)| < sup|fr,n(x) = fr,(x)| +sup|fr, (x) = f(x)],

xeK xelR4 xeK

(2.5.2), and Proposition 2.3.2 (ii). For the second part of (ii), let €* > 0 and n* € IN
such that e, < €* for all n > n*. Then, for all n > n* and x € R,

sup |fr,n(y) — ()| < sup |fon(y) — fr. ()| + sup |fr,(y) — f(x)].

YEBe, (x) yEBx (x) YEBe, (x)

Now, using the compactness of Be+(x) and the first part of (ii), we have that

nlgr.}o sup | frun(Y) = fu (y)] = 0.
yEBe*(x)

Finally, Proposition 2.3.2 (ii) implies that

lim sup |fs,(y) — f(x)] =0.

e yegfn (x)

2.6 Central limit results for sample T-approximations

It is well known that extreme localization is an important concept in depth analysis,
however, the fluctuations of f, are unknown. Our main result in this section char-
acterizes the asymptotic variance and establishes a related limit distribution. To this
end, let

A2 = / A2(x1)dxs,

where, for x; € R,

]\1(3(1) :/G(x1,...,xd)dx2...dxd.

Theorem 2.6.1 Let P € P; ., with continuous density f and suppose (2.2.1) holds true.
Let x € Spand {7}, be a sequence of positive scalars converging to zero.

Iflimy 00 \/ETV(I(Zkfl)d)/Z = oo, then

A2
\/ET;?/Z (fron(x) = fr,(x)) 4N <0, jt%f(@) .

Remark 2.6.1 We notice that, for k > 1, the limit distribution in Theorem 2.6.1 with f-,
replaced by f cannot hold. In fact, the deterministic term fr, (x) — f(x) is, by Proposi-
tion 2.3.3, of order O(t?), while the term fr, n(x) — fr,(x) converges to a normal distri-
bution at rate 1/(\/nt?/?). Since, necessarily, lim, e \/ET,SQkfl)d)/z = 09, fr,(x) —
f(x) is the dominant term. On the other hand, if k = 1, lim, e \/n72/? = o0 and
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limy, 0 /174242 = 0, then, by Proposition 2.3.3, lim, e /0722 (fr,(x) — f(x)) = 0.
Hence,

VT (fon(x) = f(x) % N (o, j\éf(x)) .
1

In the examples with uniform kernel, the constant A; appearing in the limiting vari-
ance in Theorem 2.6.1 can be calculated numerically using (2.2.1) by computing the
percentage of uniformly distributed random points in (B, (0) )¥ that lie in Zg g1 (e.g.,
for G = Kg, k = 2and p = v2min(1, 8/2)) and multiplying the result by its volume

k k ol k ”d/zpd ¢
M(B, 00 = (B0 = (71 )

where T is the gamma function. Similarly, the constant A2 can be calculated by ap-
proximating the integral with a sum. An alternative form for Theorem 2.6.1 without
the factor f(x) in the variance term is given in the following corollary.

Corollary 2.6.1 Under the hypothesis of Theorem 2.6.1,

ittt /1) 4 (0. 2% ).

We now turn to the proof of Theorem 2.6.1 and Corollary 2.6.1. To this end, notice
that, by Hoeffding’s decomposition of U-statistics, the limit behavior of Lg(x, T) for
T — 0" critically depends on the limit behavior of 2 Y7 | py1hy(X;) for T — 0F,
which has variance 1Var|[py1hy:(X1)]. Under the hypothesis of Theorem 2.6.1,
Proposition 2.4.1 yields that Var[py1hy.(X1)] > 0 for all T € (0,00). Using that
P € P« we also see that py1hyo = 0 P-a.s. and Var[pg1hyo(X1)] = 0. We begin
by studying the order of convergence of Var[py1hy(X1)] to 0,as T — 0.

Lemma 2.6.1 Suppose (2.2.1) holds true. If f is continuous, then

. Var[pgihy(X1)]
Tlggl+ T(2k-1)d

= AF1(x).

Proof of Lemma 2.6.1. Let T > 0. We compute

Varlpohs (X)) _ Var[pghe:(X0]  (Le(x 1)\ (2.6.1)
(2k—1)d - (2k—1)d ck=1/2)d | 7 o

where, by Theorem 2.2.1 (i),

Lo(x,T)

lim
ki

T—0t

=0.

. LG(X, T)
= A]fk(x) al’ld Tli)l'gkr m



Chapter 2. Local depth functions 78

We now focus on the first term in (2.6.1). By changing variables twice, we note that

k

Var|p, -hy (X 2
[zl((,zlk—l,)d( 1)] ~ Tk-1d /(/hxr X1,.-., Hf(x]')dxz...dxk> f(x1)dxq

j=2

2
1 Xy — X X —x\
= TZ(k—l)d/(/G(xll 2T Ly ey kT >Hf(x])dx2dxk> f(x+Tx1)dx1
=2

2
:/</G(x1,...,xk)ﬁf(x+ij)dx2...dxk> f(x+ 7Txp)dx;.

=2

Since f is continuous, it follows from the boundedness of G, (2.2.1) and LDCT that

=

lim G(Xl, ..,xk)Hf(x+ij)dx2...dxk

70t
k 1
/G X1,.--,X d.X‘2 .dx X

and

2
lim </G(x1,...,xk)ﬁf(x+rxj)dx2...dxk> f(x+Tx1)dx;

T
T—0 j=2

2
_f2k 1 /(/G X1y, dX2 dxk> dxq

Proof of Theorem 2.6.1. Using Hoeffding’s decomposition of U-statistics (Proposi-
tion 1.10.1 with E = R? and h = hy,), it follows that

k
Lon(x, ) — Lo(x, ) = Zpklhx T Z( )rn o (2.6.2)

j=2

where

-1
- n
Vn,]' = < ) Z pk’jhxlfn (Xilz ey Xij)-

J 1<iy <—<ij<n

Now, applying Lindeberg-Levy Theorem for triangular arrays (Billingsley, 2012, The-
orem 27.2) with

n
Fa =1, Sy = \/ﬁ\/Var[pk,1hx,T,,(X1)], and S, = Y prihg, (Xi),
i=1

it follows that

n
Var[px1hy, -z,

(X1)] ( Zpklhxn, ) i>N(0,1), (2.6.3)

provided the Lindeberg condition (Billingsley, 2012, Equation (27.8))

1

2 —
e i (] o, (Phafss (20 x) =0 (2.64)
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holds for all € > 0, where
Ape = {x1 €RY: (pihyy, (x1))* > e2nVar[pgihyr, (X1)]}-

Using (2.2.3), it holds that (pg1/ix,r, (x1))? < 1%, forall x, x; € RY. Also, dueto x € Sy

and lim,_eo 17> = 00, Lemma 2.6.1 implies that imy, ,co nVar|[px1hy -, (X1)] =

. Let fi € N be such that 12 < €2nVar|py1hyr, (X1)] for all n > i. It follows that
Ape = O forall n > 1. Thus, (2.6.4) holds true and we obtain (2.6.3). Next, we use
(1.10.4) with h, 7, ; and n replaced by hy 1, 7, ;, and m, and obtain that,
foralle > 0, '

ny—1

n n(’)
P Foi>e] < / E[(pg by (X1, ..., X:)?].
(T 2 ) = o El e i )2

Since j > 2 and limy, 0o 1V ar|py 1hx,5, (X1)] = oo, it follows that

n
Iim P 7., =€) =0. 2.6.5
=, ( Varlpeahne (X)) ™ ) (265)

From (2.6.2), (2.6.3), and (2.6.5), we conclude that

n d
\/k2var[r’k,1hx,rn (X1)] (Lon(® T) = Lo(x ) = N(O,1). (266)

Now, using the delta method we obtain

7
Var[px 1l (X1)]

(Lo )% ((Loalr )/ = (Lo(xw) ) & N (0,1);

equivalently,

n

Zy =
\/V“T[Pk,lhx,fn (X1)]

To complete the proof, since x € S ¥ and T, > 0, it holds, by Theorem 2.2.1 (i), that

(T ALFE (1)) (frm(x) = fr(x)) S N(0,1).  (267)

k(x) Lo(x, )
. T . G\As tn
L = — = 2.6.
A T A () 268)
and, by Lemma 2.6.1,
. \/VW[Pk,lhx,rn(Xl)] A gk-1/2
y}l_r}rolo =172)d = A\if (x) > 0. (2.6.9)
(2.6.8) and (2.6.9) imply that
Y, — VVar[pgihz, (X)) ) 1
n — A
Ty(lk—l/Z)d 1’5,:1(35) Alf%(x)
Ve 0] 1 ()

AT R A ) o
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From (2.6.7) and Slutsky’s Theorem it follows that
YZy 5 N(0,1),
completing the proof.

Proof of Corollary 2.6.1. We will show that

fron(x)  (Len(x, m)Y* 4
@ (Lol m)® "

For this, it is enough to verify that

LG,n (x/ Tn) i} 1.
Lo(x, )

Notice that
L n(x, ) T,]fd Lo n(x, ) — Lo(x, T)
- . Tkd L

LG(X, Tn) LG (X, Tn)
where, by Theorem 2.2.1 (i),

lim Le(x, T) ();{;Tn)
n—00 T

= Alfk(X) > 0.

On the other hand,

(2.6.10)

(2.6.11)

Lgn(x, ) — Lo(x, Tn) — \/War [Pz, (X1)] TZLG'n b, ) — L
= k 1/2)d Wz V' Var[pg1hyqz, (

4/2 — 0o, by Lemma 2.6.1,

where limy, e /174

. Var[piihez, (X1)] x4
nh—r& \/ Tgcll/z); — Alfk 1/2(x) >0,
n

and by (2.6.6)

n
Var [pkrl hxﬂ'n (Xl )]

(Len(x, 1) — Lo(x, ) 5 N(0,K2).

Now applying Slutsky’s Theorem

LG,n(xr Tn) ]; LG(x/ Tn) i> 0,
Ty

and, hence (2.6.11) and (2.6.10) hold. Now, (2.6.8) and (2.6.10) imply that

fan(X) _ frn(x) .an(x) d
&)~ fa0 f) T

By Theorem 2.6.1

2
— Vil f( e <>—fT,,<x>>$N(o,A1),

%)

(2.6.12)
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where we write fr, ,(x) — fr,(x) as

Frn) = f0) = (V@) = ) (V) + P

Also, by (2.6.8) and (2.6.12)

g, — Y + m \/ feun \/m

and, by another application of Slutsky’s Theorem,

proving the Corollary. [

An extension of Theorem 2.6.1 uniformly over S r namely,

VI o) = Fo () 5 L)

where {(W{(f))(x)}res, is a centered Gaussian process with the covariance function

v 1 Spx S — Rgiven by ywe (s (x,y) = \/f(x)f(y), requires an extension of the
results of Arcones and Giné (1993) to triangular arrays and it is beyond the scope of
the present work. A result in this direction, when the kernel is uniform, is given by
Schneemeier (1989), but this is not sufficient in this context since the sets { Z¢  z,
not only depend on x but also on 7.

[ee]
n=1

2.7 Examples

In this section, we provide additional examples of LDFs and verify that they satisfy
the VC subgraph property. We begin with local simplicial depth (Agostinelli and
Romanazzi, 2008).

Example 2.7.1 (Local simplicial depth) G = S = Iy, ,, where for x € R% and T €
[0, e

ZS,X,T = {(xll- . -1xd+1) € (le)d+1 tx e A[X1,. . 'de+1]’ max Hxi - xjHZ < T}'
1<i<j<d+1

Notice that that the last constraint max; <j<j<g41|x; — ;|| < T restricts the indicator
function hs . = Iz, . to simplices Alx1,...,x441] with side lengths smaller than .
Next, observe that the class of simplices in R? is VC, since they are given by the
intersections of d 4 1 halfspaces (see Lemma 6.6 and Corollary 6.7 of Arcones and
Giné (1993)). Finally, using that the set Zsg is closed, we see that Iz, is Borel
measurable.

Example 2.7.2 (Local B-skeleton depth) Forsome p > 1, G = Kﬁ = IZKﬁm, where for
x € R and t € [0, 0]

Z = R%)?: +(2/B—1)x;—2 < lag — <7T).
Kpxr = {(x1,2%2) € ( )(i,j)e{la%(z,l)}!!er(/ﬁ )xj—2/Bxll2 < [lx1 —x2/[2 < T}
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By taking p = 1 and B = 2 in the above example, we obtain local spherical depth
and local lens depth (Kleindessner and Von Luxburg, 2017), respectively. We will
now verify that this class of depth functions satisfy the VC subgraph property. Let
B = {B/(x) : x € RY,r > 0} be the class of balls in R? and, for § > 1, Kz =
By (3 + (1= 9)2) NBy (1= Par+ 5xa) + 11,22 € RY) be the
class of all B-skeleton sets. By Theorem 1 in Dudley (1979), B is a VC class of sets.
Applying Proposition 1.11.1 (ii), it follows that also the intersection BN B is a VC
class of sets. Proposition 1.11.1 (vi) implies that Kf; ) = Uge[1,0)Kg C BN Bisa VC

1,00
class. In particular, Kg is a VC class for all § > 1. We finally notice that the function
I Zk y01 (+) is jointly Borel measurable. Thus, assumptions (A1)-(A4) hold true.

As noticed before, Type B depth functions can be converted to Type A depth func-
tions. We use this observation and define Type A local depth functions for Type B
depth functions. To this end, let ¢ : [0,00) — [0, c0) be continuous, positive, and
decreasing with lim;_, g(t) = 0.

Example 2.7.3 (Local L7-depth) Let kg = 1 and
G=N;= g(”'”q)IZNq,o,l
and Zn, xr = {y € RY : ||y — x||; < T} is the closed LI-ball with center x and radius .

Notice that the VC dimension of L-balls in R? is finite for ¢ = 2,0 (see Dudley
(1979) and Despres (2017)). This is true also for ¢ = 1, since L!-balls are given by
intersections of halfspaces. Hence, the function ||-||, is VC subgraph for g = 1,2, co.
Since g is monotone, using Proposition 1.11.2 (vi), we see that g(||-||;) is VC subgraph
for g = 1,2, 00, and hence so is N;. We now turn to local simplicial volume depth
(Agostinelli and Romanazzi, 2008).

Example 2.7.4 (Local simplicial volume depth) In this case, kg = d and
G(xl, e ,xd) = V(Xl, e ,Xd) = g(/\(A[O, X1, ,xd]))IZV,M (xl, e ,xd)
where for x € R and T € [0, 0]

Ze = (5103 € (R 2 max v <7, max |lx; — x| < 7).

We show next that kernel density techniques can also be developed using Type A
LDFs. We begin with the uniform kernel (see Devroye and Gyorfi (1985)).

Example 2.7.5 (Uniform kernel) Let kg = 1 and

Since closed balls in IR? form a VC class of sets by Theorem 1 in Dudley (1979), it
follows that iy, . = Ig (,)) belongs to the VC subgraph class for all x € R? and
T € (0,00].

Example 2.7.6 (Gaussian kernel) Set k = 1 and

G = K = exp(~|-[3/2).
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It follows that Ag; = 1and g, . = exp(—||(- — x)/7||3/2). In particular, T~7hg .
is a Gaussian kernel with covariance matrix 721 (see, for instance, Chacén and Duong
(2018)). Also, the h-depth (Cuevas et al., 2007), used in functional data, can be ob-
tained by scaling hK,x,r by . As a last example, we consider LDFs generated using
continuous bump functions (see e.g. Section 13 in Tu (2011)). These are non-negative,
continuous functions G : R? — R with bounded support. From the continuity and
bounded support assumption it follows that G has finite integral. Under the addi-
tional assumptions that G(0) > 0 and G is non-increasing along any ray from the

origin 0 € RY, we see that (P2) and (P4) hold.

Example 2.7.7 (Bump functions) Let kg = 1and G = B, where B : R? — R is non-
negative and continuous with bounded support. Moreover, B(0) > 0 and B satisfies (P2).

Bump functions can be constructed, for instance, by the following procedure. Let
g1 : R — R be positive, continuous and increasing with lim;_,e g1(f) = oo. Set
9 (t) =1/g1(1/t) and

(1+t)g(l—t) if|t <1
t) =
8(t) {0 if ¢ > 1.

Finally, let G(x) = g3(||x||2). Alternative, one can let G(x) be the product [T%_; g3 (7., (x)).
Additional smoothness can be added by requiring that g; has continuous derivatives

of all orders and lim;_, g1(t) /" = oo, for all n € IN. This last assumption ensures
that G decays quickly to zero near the boundary of its support. For instance, by
taking g1(t) = e'/2, we get the classical bump function

G(x) = e M/ OIFIE)if a2 <1
o if |x]2 > 1,

which has continuous derivatives of all orders and decays exponentially fast as
|x]2 = 1.

2.8 Choice of localizing parameter

A key issue in the use of LDFs is that it requires a method to choose 7. A typical
approach, as for kernel density techniques, is to choose T so as to minimize the mean
squared error. This involves the integral of the square of the bias and the variance
term. We begin by calculating the squared error. To this end, notice that, by the
Newton generalized binomial theorem, for 0 < t < 1, (1 + )k = Lito (1]/.k)tj,

' ' i £ ()= f(x (1)~ fE(x
where (1§k) = (1/k...(1/k—j+1))/j!. Setting t = %andt: %,

respectively, we see that, for x € S fr

fi0) = 1 (M) Pk - ), and @8.1)

Fonl) = X (M) 250 Fralo) = ). 282

Now, using Proposition 1.10.6 with i = h,  and g = j > 2, we obtain that

E[|Lg,(x,T) — Lo(x, T)/] = O(n~1/2). (2.8.3)
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Notice that one can take, forall j > 2, x € R, and T > 0, the same constant in the

big O notation in (2.8.3). Now, (2.8.3) implies that

E [rfiinm —fi‘(X)If] —O(n72).

It follows from (2.8.2) and (2.8.4) that

Ellfonlc ZE[(lj"> 1793 (00— )|

< ) LB |Ifhar) - | < o
j=0
Now, using (2.8.2), (2.8.4), and (2.8.5) we obtain that

Elfen()] = 3 (V1) AL 0 - )

=0\ J

Next, using the unbiasedness of f¥, and (2.8.4), we have that

Elfon (0] = fo(3) + Sy X OEI(fEa() — )P o ):
In particular, the squared bias term is given by

(E[fen(x)] = f(x))* = (fr(x) = f(x ))2

F(felx) — £(2) 7 E o JE[(fe(x) = fi(x))%] +

Now, using (2.8.2), we can see that

Elf2, (x ;; (” (M) @) - Ay

n

= £+ 2 A B, ()~ £ ) o (1)
It follows from (2.8.6) and (2.8.7) that

Vﬂr[f"fr”( )] ]E[f%n( )] - (E[fr,n(x)DZ
= B () — fA(0)? +(1)

Thus, we conclude that

(E[frn(x)] _f(x))z + Var[fr(x)] = (fr(x) —f(x))2

(2.8.4)

(2.8.5)

(2.8.6)

/(i)

(2.8.7)

g (ff<x> + (1= k) (fe(x) - f<x>>) TR OB, (x) — fE(0))2 + (1>
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Notice that, by (2.4.2),

2
(5000~ 57 = () Varlpahss (0] 4o 1),

n
and, by Lemma 2.6.1, there exists Ay > 0 such that

lim Vﬂ”[f’k,lhx,r (X1)]

_ A2 21
e Lk—1)d = A fT (),

implying that
E[(ftn(x) = f£(x))?] = O(n~ '),

Next, using (2.8.1) and Theorem 2.2.1 (iii), we have that

Fe(3) = £ + A (R (1) + Ra()) 2 + 0(7).
Therefore, it holds that
(E[fen(x)] = f(x))* + Var[feu(x)] = O(t*) + O(n~'77).

By imposing the same order of convergence on the terms 7} and n~ 7, 4 for some
sequence {T,}% ;, we have that 7, = O(n_l/ (d+4)), and the rate of convergence
is n~#/(d+4) 1f the above calculations hold for mean squared error (MSE), then an
optimal choice for 7, is T, = n—4/(d+4) n the case of one dimension, it is not hard to
establish that the aforementioned calculation holds true for MSE using Type A LDFs.
The details on this derivation, extensions to d > 1 dimensions, and a related limit
distribution are provided in Francisci et al. (2021).
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Chapter 3

Applications to clustering, mode
estimation, and upper level set
estimation

3.1 Introduction

As described in Section 3 and Appendices A, D, E, F, G, 1, ], and K of Francisci et al.
(2020), the developments in Chapter 2 allow further applications to clustering, mode
estimation, and upper level set estimation. This is the main content of this chapter.
We suppose throughout that P is absolutely continuous with respect to the Lebesgue
measure with density f.

Under appropriate differentiability assumptions, Proposition 2.3.2 (iv) shows
that the derivatives of f; converge uniformly over compact sets to those of f, which
facilitates an inquiry into the modes of the density via a gradient system analysis.
This, in turn, allows one to characterize the related stable manifolds paving the way
for cluster analysis. Related ideas about clustering appear in Chazal et al. (2013),
Chen et al. (2016), and Genovese et al. (2016). Our methodology differs from the ex-
isting literature in that we take advantage of the local depth notion, specifically the
T-approximation f; and its properties, developed in Chapter 2, as an approximation
to the density.

We recall from dynamical systems that the stable manifold generated by a mode
m of a “smooth” density f is given by

C(m) = {x € S¢: }L%ux(t) =m},

where u,(t) is the solution at time ¢ of the gradient system

W (1) = Vf(u(t)) (3.1.1)

with initial value #(0) = x and Vf represents the gradient of f. If my, - - - my are
the modes of f, then the clusters associated with f are given by C(my),...,C(mp)
(Chacoén, 2015). We verify in Section 3.3 that these clusters are well-defined, non-
trivial and disjoint using Lyapunov’s theory in dynamical systems. Additionally,
we establish that

S¢ = U, Cmi) U C(u),

where pq,...,pu are the other stationary points of f. Hence, C(my),...,C(mypy),
C(p1),...,C(ur) form a partition of S;. Additionally, we show that the set S¢ \
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(UM, C(m;)) = UL, C(p;) has (topological) dimension smaller than d and the clus-
ters C(my),...,C(mp) are separated in S¢ by the lower dimensional stable mani-
folds C(u1),...,C(ur).

In real applications, f is unknown and is replaced by its estimate f. ,. For every
fixed 7, by the results in Section 2.4, f;, converges to fr. This raises the question
concerning the convergence of clusters associated with f; to that of f. Of course,
to get the clusters associated with f we would prefer to replace T by 7, so that the
sample T-approximation, fr, ,, converges to f (cf. Proposition 2.5.1). Hence, to use
the gradient system above, it is natural to replace the derivatives by their finite dif-
ference approximations. In Sections 3.5 and 3.6, we execute this strategy wherein
we establish the convergence of population clusters and empirical clusters. First, we
show in Section 3.4 that the stationary points and modes of f; converge to those of
f- Next, we replace f by f in (3.1.1) and consider the gradient system

u'(t) = Ve (u(t)). (3.1.2)

We show that the solution u, r of (3.1.2) with initial value u,(0) = x converges to
the solution u, of (3.1.1). We exploit this convergence in Section 3.5 to obtain con-
vergence of the clusters of f; to those of f. The convergence of empirical clusters
requires the uniform convergence of empirical finite difference approximations to
the appropriate derivatives which is established using the Bernstein-type inequality
described in Theorem 2.4.3. Convergence of empirical finite difference approxima-
tions is proved in Section 3.7, which also contains other preliminary results such
as a discrete Gronwall lemma. The proof of convergence of empirical clusters it-
self is contained in Section 3.8. To the best of our knowledge, these results seem to
be the first to provide strong theoretical guarantees for clustering in multidimen-
sional problems. We note here that since the clustering described above is based on
mode(s) of the density and upper level sets, the sample T-approximation can also be
used for mode estimation and upper level set estimation. While Section 3.6 includes
mode estimation, upper level set estimation is studied in Section 3.2. We provide a
detailed description of the clustering algorithm and its numerical implementation in
Section 3.9. Section 3.10 contains some examples illustrating the clustering algorithm
and the role of the localizing parameter 7. Specifically, we explain in detail how the
population and estimated clusters are computed and compare the estimated clus-
ters with those obtain via kernel density estimators (cf. Chacén and Duong (2018)).
A through analysis of the performance of the clustering algorithm is provided in
Sections 3.11 and 3.12.

3.2 Density upper level set estimation

In this section, we provide an application of LDFs to estimate the upper level sets.
We begin with the definition of level sets and upper level sets.

Definition 3.2.1 For « > 0, the level sets of f and frare L, = {x € R? : f(x) = a}
and Ly = {x € RY : fr(x) = a}, respectively. The upper level sets of f, fr and f-, are
Ry ={xeR¥: f(x) > a},Ryr = {x € R : fr(x) > a} and Ry = {x € R?:
frn(x) > a}, respectively.

The next proposition shows that in the limit the upper level sets induced by f: and
frn coincide with those induced by f.
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Proposition 3.2.1 Suppose that f is uniformly continuous and bounded. Let {a, }3> | and
{7 }5° 1 be sequences of positive scalars converging to o > 0 and 0, respectively. It holds
that
R, C liminfRy, 5, C limsup Ry, 7, C Ry, (3.2.1)
n—oo

n—00

and, if A(Ly) = 0, then

lim Ry, -, = Ry A-a.e. (3.2.2)

n—oo
Suppose additionally that Hg is a VC subgraph class of functions and lim, 10g”(n) 2k =
oo. It holds that

Ry C iminfRy, ¢, » C limsup Ry, 1,» C Ry a.s., (3.2.3)
n—eo 1n—00

and, if A(Ly) = 0, then

lim Ry, 7,0 = Ry a.s. (3.2.4)

n—oo

Proof of Proposition 3.2.1. Using lim;_, «; = « and Proposition 2.3.2 (i), we have
that, for all m € IN, there exists a constant n € IN such that |a; — a| < %, foralll > n,
and |f (x) — f(x)| < L+, forall] > nand x € R% It follows that

IminfR,, -, = Uy N2, {x € R? : fo(x) > ap}

n—oo

2 o o .
D{xERd:f(X)>lx+%}:R“+% Tm—}oo Uzlet)kF% :Ra
and

limsup Re, o, = Mg Ui, {x € R fr (x) > a}

n— 00

2
- {x € R* Zf(X) 20— %} = Rlx—% Lo ﬁomo:lRa—% =Ry,

establishing (3.2.1). For the second part, using R, = L, U R, and (3.2.1), it follows
that
liminfR,, , = R, U (iminfR,, 7, N Ly) and
n—oo

n—oo
limsup Ry, r, = Ry U (limsup Ry, , N L), where

n—oo n—oo

liminfR,, -, "Ly C limsupRy,,, "Ly C Ly

n—oo n—s00
are sets of Lebesgue measure 0. Therefore,

h,ﬂ g}f Ry,,, = limsup Ry, -, = R
n—oo

except for a set of Lebesgue measure 0 and we obtain (3.2.2). We now prove (3.2.3).
Let Ay = {x € R : |fr, n(x) — f(x)| < L}. We first show that lim, e Apm = RY
a.s. To this end, we use Proposition 2.5.1 (i) and notice that, almost surely, there exists
fi(m) € N (in general, different for different samples) such that, for all n > 7i(m),
sup, el fon(x) — f(x)] < L. 1t follows that

.. o - i~ _ mnd
h}gg}lfz‘lmm = nlgrolo N AL O ﬂ[:ﬁ(m)Al,m =R as.
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Next, using Corollary B.1 (v), we have that, for all m € IN,
liminfRy, ¢ » O iminf{x € R : fo () > &+ -, [fon(x) — f(x)] < 2}
e Xy, Ty N e « Jtun m’ Ty M m (325)
D) ;}EE)IO(RIX+%1 N An’m) - RDL‘F% a.s.,
and
. . d 1 1
limsup Ry, r,n C limsup{x € R?: fr ,(x) >a— —, |fr,a(x) — f(x)] < =}
n—00 n—00 m m
C nli_l;l;lo(Ra_% N An,m) = sz—% a.s.
(3.2.6)
Using (3.2.5) and (3.2.6), we conclude that
R, = U°m°:11°{a+% C lirllrr_1>i0£1fRaan,n C lil:ljoljp Ry, z,n C ﬂ,'f:lRa_% =R, a.s.
Finally, notice that, since P € P; <, A(Ly) = 0 implies that
P(lirginfRan’Tn,n ﬁ Lp‘) S ]I)(].im Sup RD‘II/ann m L[x) S P(LD() == 0.
n—eo n—oco
Thus,
liminf Ry, 7, » = limsup Ry, «,» = Ry ass.,
n—o0 n—s00

and (3.2.4) holds. ]

Remark 3.2.1 If we restrict Ry, Ry and Ry, to a compact subset of RY, then, using
Propositions 2.3.2-2.5.1 (ii), we see that Proposition 3.2.1 also holds for continuous f.

Although we will follow a different approach we notice that one can also define
clusters as the connected components of the upper level sets R, for some a > 0
(see Menardi (2016)). Once the connected components are computed, the remain-
ing points may be allocated to one of the clusters by using supervised classification
techniques. A common approach is then to study how the clusters change as the
parameter « varies, yielding cluster trees.

3.3 Mathematical background on clustering identification

In this section, we give a precise definition of modes and clusters and verify that the
latter are non-trivial and disjoint. To this end, we make the following assumption on
the density f. We denote by H, the Hessian matrix associated with a function ¢ and
by (-, -) the inner product on R%.

Assumption 3.3.1 f is a probability density function on R? that is twice continuously
differentiable with a finite number of stationary points in Sy. Additionally, the Hessian
matrix Hy has non-zero eigenvalues at its stationary points. Also, let R, = {x € R? :
f(x) > a} be a bounded set for every a > 0.

By continuity of f, R, is compact. We notice that R, is bounded if f vanishes at
infinity, that is, lim;_,e SUP e Re: x| > f(x) = 0, which is satisfied, for example, if S f
is bounded.
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Recall that the clusters are defined as the stable manifolds generated by the mode
and are obtained using the limiting trajectory of the gradient system. Specifically, for
any p € Sy, the stable manifold generated by y is given by

C(u) = {x € Sy lim u(t) = p}, (3.3.1)
where u,(t) is the solution at time f of the gradient system

u'(t) = VF(u(t)) (3.3.2)

with initial value u(0) = x. For any choice of , it is not required for the stable
manifold so-defined to be non-trivial; i.e. the Lebesgue measure of C () can be zero.
However, we will see below that if y is chosen as a mode of f then the resulting
manifold has a positive Lebesgue measure. We next turn to define the stationary
points type, and, in particular, the mode.

Definition 3.3.1 A stationary point y € Sy of f is said to be of type [, 0 < I < d, if
H¢(p) has | negative and d — | positive eigenvalues. In particular, m € Sy is said to
be a mode (resp. an antimode) for f if it is a stationary point of f and Hg(m) has only
negative (resp. positive) eigenvalues, that is, m is a local maximum (resp. minimum) for f.
If mq, ..., mpp are the modes of f, then the clusters induced by my, ..., mp are the stable
manifolds C(my), ..., C(mpm).

Since the clusters are obtained as limits of trajectories induced by modes, we now
summarize relevant properties of the gradient system (3.3.2) by using results from
the theory of ordinary differential equations and dynamical systems (Agarwal and
Lakshmikantham, 1993; Hale, 1980; Teschl, 2012; Perko, 2013). We first note that u,
exists and is unique for t in some maximal time interval (a,b) witha < 0 < b, where
a = —ooor b = oo is allowed. To see this, observe that, as f is twice continuously
differentiable, for every x € RRY there exists a convex neighborhood U(x) of x in
which the second order partial derivatives are bounded. By applying Lemma 3.2.1
in Agarwal and Lakshmikantham (1993) to V£, it follows that V f is Lipschitz in
U(x), and therefore V f is locally Lipschitz in S;. Now, applying Picard-Lindelof
Theorem (see Theorems 2.2 and 2.5 in Teschl (2012)), it follows that u, exists in some
time interval, which can be chosen to be maximal in view of Theorem 2.13 in Teschl
(2012).

We now show that, using the boundedness of R,, the solution u,(t) exists for
allt > 0and all x € S f- Furthermore, the solution starting in R, cannot leave the
set. To this end, notice that the equilibria of (3.3.2) are the stationary points of f.
Furthermore, the gradient computed at each point gives the direction of most rapid
increase of f. Hence, the trajectories {u,(t) : t € R} for x € Sy that are not stationary
points are curves of steepest ascent for f. More specifically, if u,(t) € L, for some
x € Syand t € R, then any vector v tangent to L, at u,(t) satisfies (v, u(t)) = 0 (see
Theorem 9.4.2 in Hirsch et al. (1974) and Lemma 6.4.2. in Jost (2005)). Hence, either
uyx(f) = x for all f is an equilibrium of the gradient system (3.3.2) or the trajectory
{ux(t) : t € R} crosses L, orthogonally. This also implies that u,(t) cannot leave
Ry for t > 0. Furthermore, this property shows that, for all x € Sg, the solutions
uy(t) exists for all t > 0, i.e. the maximal time interval in which u, is defined is
(a,00) for some a < 0, where a = —oo is possible. To see this, for x € S £r choose
a > 0 such that x € R,. Since u,(t) cannot leave R, for t > 0 and R, is compact by
Assumption 3.3.1, the result follows from Corollary 2.15 of Teschl (2012). Recalling
that our clusters are the stable manifolds generated by modes, we now link modes
to the gradient system. This requires the notion of w-limit which we now define.
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Definition 3.3.2 The w-limit of a point x € Sy is the set of points y € Sg such that u,(t)
goes toy as t — oo, in symbols

w(x) ={y € S¢: tli_}r?oux(t) =y}

We use the following definition of Theorem 9.3.1 in Hirsch et al. (1974) and Sec-
tion 6.6 of Teschl (2012). For any function W : U(y) — R, we use the notation
W (12 (£)) = SW (s (1)),

Definition 3.3.3 Let y € S¢ be an equilibrium point for (3.3.2) and U(u) C Sy a neigh-
borhood of . A differentiable function W : U(u) — R is a strict Lyapunov function if (i)
W(p) =0and W(u) > 0 for u # u, and (ii) W' (ux(t)) < 0 when u,(t) € U(p) \ {u}.

Let V = —f. If m is a mode for f, there exists a neighborhood U(m) of m such that,
forallu € U(m) \ {m}, V(u) —V(m) > 0 and

(V() = V(m)) = —(f(u))" = ~(Vf(u),u') = = Vf(u)|5 <0.

Hence, V(-) — V(m), restricted to U(m), is a strict Lyapunov function. By the Lya-
punov stability Theorem (see Theorem 9.3.1 in Hirsch et al. (1974) and Theorem
X.1.1 in Hale (1980)) m is asymptotically stable, that is, there is a neighborhood
U(m) C U(m) of m such that each solution starting from a point x € U(m) con-
verges to m, i.e., for all x € U(m), w(x) = {m}. As we will see below, the set of
points that have m as w-limit (that is, the stable manifold generated by m) is typically
much larger than U(m). For instance, if 0 < a < f(m) is such that the connected
component of m in R, contains no equilibria other than m, then, since each solutions
of (3.3.2) starting in that component cannot leave it, by LaSalle’s invariance principle
(see Theorem 9.3.2 in Hirsch et al. (1974) and Theorem 6.14 in Teschl (2012)) applied
to the strict Lyapunov function V(-) — V(m), all the points in that component have
m as an w-limit point. On the other hand, if m is an antimode for f, then there ex-
ists a neighborhood U(m) of m such that for all u € U(m) \ {m}, V(m) —V(u) >0
and (V(m) — V(u))" > 0. This implies that m is unstable (see Theorem X.1.2 in
Hale (1980)): for every neighborhood U(m) C U(m) of m, every solution u, starting
from a point x € U(m) eventually leaves U(m). Furthermore, any w-limit point of
gradient system (3.3.2) is an equilibrium point: that is, a stationary points of f (see
Theorem 9.4.4 in Hirsch et al. (1974) and Theorem X.1.3 in Hale (1980), and Lemma
6.4.4 in Jost (2005) in a different context).

For a stationary point y of f, recall from (3.3.1) that C() is the stable manifold in-
duced by p, that is, the set of points with w-limit y. The hypothesis that Hy has non-
zero eigenvalues at stationary points and Stable Manifold Theorem (see Section 2.7
in Perko (2013), Section 9 in Teschl (2012), and Theorem A, Remark 2.3 in Abbondan-
dolo and Pietro (2006)) indeed imply that the sets C(u) are immersed submanifolds
of R? with (topological) dimension equal to the number of negative eigenvalues of
H¢(u). As in Definition 3.3.1, let my, ..., mp be the modes and yy, ..., jir the other
stationary points of f. We are now ready to verify that the clusters C(m;y),. .., C(mp)
are non-trivial. We first observe that, by the uniqueness of the limit,

C(my),...,C(mum), C(u1),-..,Clur)

are disjoint and, since any w-limit point of gradient system (3.3.2) is an equilibrium
point,
Sp = UM, C(m;) U U C(py). (33.3)
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Hence, C(m1),...,C(mm),C(p1),...,C(ur) form a partition of Sg. Also, the set
S¢\ (UM C(m;)) = U[,C() has (topological) dimension smaller than d. The
next proposition provides a characterization of the boundaries of C(m1),...,C(mp).
In particular, it shows that the clusters C(my),...,C(my) are divided in S; by the
lower dimensional stable manifolds C(yu1),...,C(ur). We denote by dist(A,B) =
infyeayenl|x — |2 the distance between two sets A, B € R%.

Proposition 3.3.1 Suppose that Assumption 3.3.1 holds true. Then, foralli =1,..., M,
C(m;) is open and 9C(m;) C Sy U U, C ().

Proof of Proposition 3.3.1. Suppose by contradiction that C(m;) is not open. Then,
there exists x € C(m;) such that B¢(x) N (R \ C(m;)) # @ foralle > 0. Using (3.3.3),
we obtain that

(RT\ C(m;)) = (RT\ S¢) UM, Cm;j) U UL Clpy).
J#
Since x € Sy and Sy is open, there exists & > 0 such that Bs(x) N (R?\ S;) = @.
Hence, for all 0 < € < ¢, it holds that

Be(x) N (Uf:élc(mj) VU C(ur) # @
Nall

Therefore, there is a sequence {x;}7°, in (Uin1C(mj) VUL, C(py)) withlimy_,e x; = x

1
and f(x;) > a, where & = f(x)/2. Noti?é that, by Assumption 3.3.1, f is twice
continuously differentiable and R, is compact. In particular, V f is locally Lipschitz.
Denote by L the Lipschitz constant of V f on R, and let § = dist({m;}, R%\ C(m;)) /3.
Since C(m;) contains an open neighborhood U(m;) of m;,

6 > dist({m;},R?\ U(m;))/3 > 0.

Recall that the solution u, () of (3.3.2) exists forall t € (a,00),a < 0. Since x € C(m;),
there exists f > 0 such that, for all t > £, ||m; — uy,(t)][ < 6. Next, we use the

continuity of solutions of ordinary differential equations with respect to the initial
value (see Theorem 2.8 and (2.43) in Teschl (2012)) and obtain that for all t > 0

o0 (£) = 1, () [|2 < [l — x| €™

Now, let [ such that ||x; — x||2¢ < 6 for all I > I. Then, by the triangle inequality,
we have that ||m; — u,(f)|2 < 26. Hence, uy,(£) € C(m;). By the flow property of
autonomous ordinary differential equations (see (6.10) in Teschl (2012)), it holds that
Uy (t+ ) = LG (t), implying that

tlgg Uy (t+1) = lim uuxf(;)(t) = m;.
It follows that x; € C(m;). A contradiction. Hence, C(m;) are open for all i =
1,..., M. Now, using again (3.3.3) and C(m;) C S¢, we have that

9C(m;) €3Sy U UM, Cm;) U UL C(py).
j#i
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Since C(m;) and C(m;) are open and disjoint for j # i, we obtain that

aC(ml) C C(ml) C ]Rd \ C(m])
yielding that 0C(m;) N (UinlC(mj)) = Q. [

j#i

Remark 3.3.1 Since Hausdorff dimension is larger or equal to topological dimension (see
Theorem 6.3.10 in Edgar (2007)), the stable manifold C(y;) does not necessarily have Lebesgue
measure zero. However, A(C(y;)) = 0 whenever topological and Hausdorff dimension coin-
cide; and if they differ, the latter is smaller than n. Osgood curves (Sagan, 1994, Chapter 8)
are examples of one-dimensional embedded manifolds in R* with positive Lebesgue measure.
These examples also show that, in Proposition 3.2.1, the assumption that the level sets of f
have zero Lebesgue measure is, in general, necessary.

3.4 Identification of stationary points

The clusters and boundaries critically depend on the stationary points of f and their
type. In this section, we characterize the stationary points of f; and show that they
converge to stationary points of f. Notice that for small 7, the first and second order
derivatives are close (Proposition 2.3.2). Hence, one can pick a hypercube, centered
at the stationary point with directions provided by eigenvectors of Hessian matrix,
so that f and f; share similar properties within the hypercube. This idea is made
precise in the following theorem.

Theorem 3.4.1 Suppose (2.2.1) holds true. The following hold:
(i) If f has is continuously differentiable in By (1) C Sy, T > 0, then V fr(u) = 0 if and

only if
/holr(xl,...,xk)Vf(y +x1)f(p+x2) ... f(u+x)dxy...dxx =0, (34.1)

where the integral of a vector is the vector of the integrals.

(ii) If f is twice continuously differentiable in Bs(u) C Sy, 6 > 0, and p is a stationary
point of f of type I, then there exists h*,T* > 0 and a closed hypercube Fy:(u) C Bs(u)
with side length 3/2h* such that, for 0 < T < T, fr has a unique stationary point y in
B (1) and pr is of type 1. Moreover, lim_o+ ||tz — p||2 = 0.

(iii) If f is three times continuously differentiable, then ||y — u|j2 = O(T?).

Before we prove Theorem 3.4.1, we introduce few additional notations. The L7-norm
ofad x d matrix M is givenby || M|| x4 = sup,era 20l My|l4/ ||y]lg and the spectrum
of M, that is, the set of all the eigenvalues of M is denoted by ¢(M). Finally, the sign
function sgn : R — R is given by

-1 ift<O0
sgn(t) =<0 ift=0
1 ift > 0.

Before the proof, we provide a brief description of the idea. Proof of (i) is standard
and allows for a characterization of the stationary points of f: (see Theorem 3.4.2
below). As for the proof of part (ii), note that for each stationary point y of f, first a
closed hypercube centered at u with directions given by the orthogonal eigenvectors
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of Hs(p) is constructed. The side lengths of the hypercube are such that, for small
enough 7 and all points in the hypercube (i) the eigenvalues of Hy, and Hy corre-
sponding to the same eigenvector have the same sign and (ii) points on opposite “hy-
perfaces” have directional derivatives (w.r.t. the eigenvector that is orthogonal to the
two “hyperfaces”) of opposite sign. This follows using the convergence of first and
second order derivatives of f; to those of f. Now, (ii) implies that every straight line
connecting the two “hyperfaces” contains a point having zero directional derivative.
Thus, by intersecting all such sets of points along every direction, we find a point i,
having zero directional derivative w.r.t. all eigenvectors. Since these are orthogonal,
the gradient of . is zero, that is, j; is a stationary point of f;. Next, using (i), we
conclude that y; and p are of the same type. Finally, the convergence . — u fol-
lows by letting the side length of the hypercube converge to zero. For part (iii), we
use Proposition 2.3.3 to show that, in a compact set, |V fz(-) — V()| = o(1?). We
then infer the same order of convergence for y. to p.

Proof of Theorem 3.4.1. We start by proving (i). Notice that, if f is continuously
differentiable in Epr(x) C Sg, then, forj=1,...,d,

1—k a]LG (x, T)

342
deAl ( )

1
ajfr(x) = E(fr<x))
where, by Proposition 2.2.1, (2.2.4), and (2.2.6),

diLg(x,7) = /ho,r(xl,...,xk)aj(f(x ) flx— x))da . dx
= k/holr(xl,...,xk)ajf(x+x1)f(x+x2) oo f(x 4 xg)dxy .. dxy.

Hence, 9;f:(¢) = 0if and only if

/l’lo/r(xl, Ce ,xk)ajf(y + xl)f(y + XQ) .. f(]/l + xk)dxl .. .dxk =0, (3.4.3)

and hence (3.4.1) holds. We next turn to the proof of (ii). Since H¢(p) is symmet-
ric, it has orthonormal eigenvectors v; associated with eigenvalues A;, i = 1,...,d.
Notice that, since y is of type I, | eigenvalues are negative and d — I are positive. In
particular,

rrllind]/\i] > 0. (3.4.4)

Let 0 < 7 < 7y, where 1 = 6/(2(1+p)), and x € By (). Since x € B;/p(p),
(Br,(x))"PT C Bssa(x) C Bs(u). It follows that f is twice continuously differen-
tiable in B, (x) and its first order partial derivatives are given by (3.4.2). By uniform
continuity of the second order partial derivatives of f in B;(u) and Proposition 2.3.2
(iv), it follows that, fori,j =1,...,d,

sup |0;9;f (y) —9;9;f ()| ——= 0. (3.4.5)
yEBs (1)
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and, for0 < 7, D < 1,
sup sup [9;0;fr(y) —9:9if(y)| < sup sup [9:9;fr(y) —9i9;f (v)]
0<t<h yEEfl (V) 0<t<th y6§71 (]/l)
+ sup [0;0;f(y) — 0:9;f(y)| ——— 0.
yegﬁ (V) T ’[‘2—)0Jr
(3.4.6)
For y1,...,y4 € Bs(0), let
-
(Vorf(x+y)))"
Hy (501 ) = s
(Voaf(x+ya)"
and, for y1,...,y4 € B (0),
(Vorfe(x+y0))) T\ '
Hy (y1,-.ya) = :
(Voafe(x+ya)'
(3.4.5) and (3.4.6) show that,
sup  |[Hy(u;y1,-- -, va) —Hy(p)lmz —=0 (3.4.7)
Y1, Ya€B5(0) 00
and
sup  sup  |[Hy (yr-ooya) = He(p) e ——— 0. (3.4.8)
0<T<T2yy,..,y4€Bx, (0) 1%=0
In particular, (3.4.7) implies that, fori =1,...,d,
sup ||Hf(;4;y1,...,yd)vi—/\ivin —+>0
Y1,--Ya€B5(0) 00
and, for t; € R,
d
sup  |[(Hp(y1,-- -, va ( ) t]0]> —Aj e 0
Y1,---Ya€B5(0) j=Lj#i

By (3.4.4), there exists 0 < d, < J such that, fori =1,...,4d,
d
sgn((Hf(y; Y, Ya < Z tio ) ) = sgn(A;), (3.4.9)
j=Li#
forallyy, ...,y € Bs,(0). Similarly, by (3.4.8), we see that

sup sup HHfT(y;yL...,yd) — Aivj|, —— 0,

- — +
0<Tt<h yl,...,deB-fl (0) 7,5%—0
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which implies that
sup sup  [(Hp (v, ..., ya)vi,0) — Al ——— 0. (3.4.10)

= = +
0<t<h Y1,--Ya€B7 (0) 7,0

Moreover, by Bauer-Fike theorem (Theorem 2.1 in Eisenstat and Ipsen (1998)), for
all Ax(;y1,...,y4) € (T(HfT(y;yl, ..+,Y4)), we have that

min [Ac(uiyn, o ya) = Al < Hp (w0 va) = He () ma: (3.4.11)

By (3.4.4), (3.4.10), (3.4.11) and (3.4.8), it follows that, there exists 0 < 72 < 77 such
that, forall0 < T < ,and vy, ...,y € B, (0),

sgn ((Hy, (1591, - -, ya)vi, vi)) = sgn(A;) (34.12)

and o(Hy, (151, ¥a)) = {Aca (v, Ya), - Aca(ps v, -, ya) } with
sgn(Avi(p:y1, - ¥a)) = sgn(As). (34.13)
Now, let0 < T < 15, 0 < h < h*, where h* = min(é,, Tz)/(Z\/H), and t; € [—2h,2Hh].

By the mean value theorem, there exist 0 < Cij < 1 such that

d
Viuthoi+ Y, to) =He(y1,-..,ya) (ihvz Y tw )
j=Lj# J=Lj#

where y; = ¢; (j:hvi + 27:1,]-# tjvj), implying that

d
(Vfthoct ¥ to)od =y (0t 3 (5/09),00.
]

j=1j#i =L

==

Since [|y;||l2 < 2V/dh* < &, by (3.4.9),
sgn<(Vf(y +hoi+ ) tjvj),vi>> = sgn(+A;). (3.4.14)
j=Li#i

Now, let us define the hypercube Fy- (1) with center y, directions v;, and side length
3/2h* by

d
Fy:(n) = {V + )t tj € [—3/4h*,3/4h*]}
j=1

and its “hyperfaces” by

d
Ef(n) = {yj:3/4_h*vl 12# tiv —3/4h*,3/4h* ]}
j=Lj#

Since, by (2.2.1), for 0 < T < 7%, where T* = min(1, h*/(4p)),

Shos(-x2,.) C Bpr(0) {ZS]U] sj € [=1"/4, h*/4]}



Chapter 3. Applications to clustering, mode estimation, and upper level set

. . 97
estimation

we have that, for ‘uii € F;i’i(y) and x; € gh[],-r(‘/lemrxk)’

d
pE+x €pt {ihvi+ Y sjpjihe[h*/2,h"],s) € [—h*,h*]}.
j=1j#i

Now, by (3.4.14),
sgn ((Vf (" +x1),0;)) = sgn(+A,),

forall x; € gho,f(-,xz,...,xk) and t; € [-3/4h*,3/4h*]. It follows from (3.4.2) that
sgn ((Vfe(wi) vi)) = sgn(£As).

In particular, for all ;" € F_ (1) and p;” € F. (1),

sgn((Vfe(p"),vi)) = —sgn((Vfe(p; ), 01)) # 0. (3.4.15)

Notice that ;" € F. ;(u) if and only if p;” — 3/2h*v; € Fy. (u) and let a; : F7;(p) x
[0,1] — Fy«(u) be given by

ai(y,t) = (1 —t)y+t(y — 3/2h*v;) = y — 3/2h*tv;.

Using (3.4.15) and the continuity of V f, for all ;4;“ € F,j;/i(y), thereexists 0 < t; < 1

such that (Vfr(a;(i], t1)),vi) = 0. Next, we show that #; is unique. To this end, let
0 < t < 1be such that (V fr(a;(], t2)),v;) = 0. By the mean value theorem, there
exist 0 < ¢; < 1 such that

Vielai(pf 1) = Vfe(i(uf 1) + He, (6 y1,- - ya) " (ai(p t2) — ai(pif 1),
where y; = (1 —¢j)a;(;", t2) + cjai(p;", t1) — p, implying that
3/2h*(ta — t1)(Hy, (1591, - - -, ya)vi, vi) = 0.
Using (3.4.12) we obtain that t, = ¢;. Fori =1,...,d let
Zes) = (a0, ) £ (VF (ol 1)), ) = 0,y € FF () € [0,1]).

Notice that Z.;(y) are closed subsets of the hypercube Fy:(y) of dimension d — 1
and divide Fy-(p) into two parts with only the faces F| (1) and F,. () entirely

contained in the same part. It follows that N?_,Z.;(u) = {j<}, where . satisfies
(Vfe(pe),vi) = 0foralli =1,...,d yielding that V f-(yr) = 0. Finally, by (3.4.13)
and ||yur — pll2 < 3/4Vdh* < 7, it follows that i is of type I. Also, by letting
7 — 01, we see that ||ur — ulj2 — 0.

We now prove (iii). Since H( )1 is symmetric, it holds that

& = IH7 (1) g = max 1/[A > 0.

By (3.4.8) there exists 0 < 13 < 1 such that forall0 < 7 < m and y; € B, (0)

IHy, (151, - ya) = He () | m2 < 17(29). (3.4.16)
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It follows from (3.4.16) and the triangle inequality that, for all v € RY,

[oll2 < 28 (I[Hs (p)oll2 — 1/(22) [[2]l2)
< 28 (IHr(u)olla = [[(Hr (151, -, ya) — He(n))ll2)
< 20| Hy. (91, - ya)ol2-
By setting w = Hy, (1;y1, ..., y4)v we see that |[Hy (4591, ..., ya) w2 < 2Z||w||2
yielding that
IH (- ya) " laaa < 26 (34.17)

Moreover, by the mean value theorem, there exist 0 < ¢; <1,j =1,...,d, such that,

V() = V(u) = Vie(uo) = He (wyr, - ya) (0 — o),

where y; = G+ (1 = G)pr — p = (1= &) (i — pe). Since |lyjll2 < g — pel2 <
T2, He (4, Y1, - .., ya) is invertible by (3.4.13). We now apply Proposition 2.3.3 with
K = Bs(p) and get constants 7(K), ¢2(K) > 0 such that, forally € Kand 0 < 7 <
min(1, T(K)),

IVfe(y) = V W)z < &(K)T> (3.4.18)

Using (3.4.17) and (3.4.18), we conclude that, for all 0 < T < min(1, T(K)),

Vie(u) = VI(p)ll2 < 28e2(K)7>.

1= pelle < |Hp (91, - ya) " me

In the remaining of this section, we further develop the above results by providing
some conditions under which the stationary points (resp. modes, antimodes) of f
are exactly the stationary points (resp. modes, antimodes) of f; for T > 0. The key
criteria for the identification of the modes is the notion of symmetry proposed below.

Definition 3.4.1 Given T > 0, a density function f is said to be T-centrally symmetric
about y € S if, for all x € R with ||x||2 < T, f(u +x) = f(u —x).

In particular, for d = 1, f is T-centrally symmetric about y € Rif f(y —x) = f(u +
x) for all x € [0,7]. If f has a continuous derivative, a direct computation using
Corollary 2.2.1 shows that, for G = L, S, B, K, f;(‘u) = 0. Indeed, by (2.2.25), we see

that
1
felx) = 2 /Lol 1)
where
Lo(x,T) =2 . flx+x1)f(x — x2)dx1dxp
and

T ={(x1,x2) 121 >0,x0>0,x1 +x2 < T}

If f has a continuous derivative, we obtain that

fe(x) fx+x)f(x—x2) + fx+x1)f (x — x2)dxidoxs.

1
B Tv/Lo(x,T) JTT,

Therefore, the sign of f;(x) depends on the sign of f in the interval (x — T, x + 7).
In particular, if f is T-centrally symmetric about p, then f (4 — x) = —f (i + x),
yielding that f. (i) = 0.
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Our next result uses the above idea and gives sufficient conditions for a station-
ary point # and a mode m of f to be a stationary point and a mode of f.

Theorem 3.4.2 Suppose (2.2.1) holds true and let T > 0. Then the following hold:

(i) If f has continuous first order partial derivatives in B-(u) C Sy and f is T-centrally
symmetric about the stationary point u, then y is a stationary point for fr.

(ii) Suppose that f is T-centrally symmetric about a mode (resp. an antimode) m and has
continuous second order partial derivatives in B-(m). If, for all x1,...,x; € B(m), the
matrix

Tp(xt, ) = Hp(x) f(x2) o f(x) + (k= DV () V(x2) (). fxr)
is negative (resp. positive) definite, then m is also a mode (resp. an antimode) for f-.

Notice that J¢(m, ..., m) = H¢(m)f*!(m) is negative (resp. positive) definite and
therefore the last condition of Theorem 3.4.2 is satisfied by f, for T small.

Proof of Theorem 3.4.2. For (i) notice that if f is T-centrally symmetric about y, then,

forally € RY with |ly|l2 < 7, f(+y) = f(u—y) and 0;f (n — y) = =9 f (u +y). By
the change of variable —(x1, ..., x¢) for (xq,...,xx) on the LHS of (3.4.1) and (2.2.6)
it follows that, forall1 <j <d,

/l’loT X1, X)) V(A x10) f(p+2x2) .o f(u+ xp)dxy .. dxy
—/hoT X1, e, X)) V(e —2x1) f(p—x2) oo f(u— xp)dxy .. dxy
/hgT X1, X)) V(A x1) f(u+2x2) oo f(u+ xg)dxy ..o dxy,

and therefore (3.4.1) and V fz (1) = 0.
We now prove (ii). Since f is T-centrally symmetric about m, (i) yields that

dife(m)=0forj=1,...,d (3.4.19)
and m is a stationary point for f;. Moreover, (3.4.19) implies that, fori,j =1,...,d,

00 n) = 1 (= 1) CFelm) (@) @3 m) + ¢ () @,23Em)

L) @2 m),

where, by Proposition 2.2.1, (2.2.4) and (2.2.6),

k
aa]fT _ k/hOT xlt;.A.l-r {a a]f(m+x1)ll—£f(m+xz)
+(k—1)8jf(m+x1)aif(m+x2)ﬁf(m—|—x1) dxq ...dxy.
1=3

Using that the integral of a matrix is the matrix of the integrals, we get that

1 ho~(x1,...,
Hf'(( ) %(fr( )) /W]f(m+x1,...,m+xk)dx1...dxk.



Chapter 3. Applications to clustering, mode estimation, and upper level set

. . 100
estimation

Since the Hessian is symmetric, there exists an orthogonal matrix M € U such that
D = M"Hy, (m)M

- %(ff(m))k_l / WMT]f(m 1, ... m o x) Mdx .. dx
is a diagonal matrix. Now, since J(m + x1,...,m 4 x;) is negative (resp. positive)
definite, forall y € R\ {0}, yT]f(m +x1,...,m+x,)y < 0 (resp. > 0), and therefore
the diagonal elements of M"J¢(m + x1,...,m + x;)M are negative (resp. positive).
It follows that the diagonal elements of D (that is, the eigenvalues of Hg, (m)) are
negative (resp. positive) and m is a mode (resp. an antimode) for f-. n

3.5 Convergence of the gradient system under extreme local-
ization

In this section, we replace f by f; in (3.3.2) and consider the gradient system

w'(t) = Vfe(u(t)). (3.5.1)

Then, we study the relationship between the gradient systems (3.5.1) and (3.3.2) un-
der extreme localization. To this aim, notice that the sets {Sy, }+~0 contain S¢ by
Proposition 2.3.1. Under Assumption 3.3.1, Proposition 2.3.2 (iv) shows that the
gradient and the Hessian matrix of fr converge to those of f. Recall that, by Re-
mark (2.3.1), if f is m-times continuously differentiable, then, f; is m-times con-
tinuously differentiable in S for If it exists, we denote by u,(t) the solution of
(3.5.1) with initial point uy.(0) = x. Since fr is continuous, for « > 0, the sets
Ryr = {x € R? : fr(x) > a} are closed. The next lemma along with the bound-
edness of R, for all &« > 0 shows that they are also bounded. As shown in Section
3.3 for the gradient system (3.3.2), we conclude that, for all x € S s Uy, €Xists and is
unique in a maximal time interval (a, c0), for some —oco < a < 0.

Lemma 3.5.1 Under assumption (2.2.1), (Ry)P* C Ry C (Ry) ™7, forall T > 0 and
« > 0. In particular, if Ry is bounded for « > 0, then Ry ¢ is also bounded for any T > 0.

Proof of Lemma 3.5.1. Since x € (Ry) ¢" satisfies inf cga\g, [[x — y[l2 > pT, we have

that By (x) C Ra. By (2.2.5) and (2.2.1), we also have that S, . C (Bpc(x))* C (Ry).
It follows that

Tkd A

1/k
Folx) = ( / Mae 10 gy f(xk)dxl...dxk) > 4, (35.2)

and therefore x € Ry .. Next, let x € R,. Then, there exists (x1,...,x;) € S, .
such that f(x1)... f(xx) > af. In particular, since Sj,, C (Bor(x))*, there exists a
point z € B,r(x) with f(z) > a. Hence, z € R, and, since |x —z|2» < pT, we ob-
tain that x € (R,)**". Finally, suppose that R, is bounded for « > 0. Then, there
exists r > 0 such that R, C B,(0). It follows that, for T > 0, x € R, C (R,)™"
satisfies ||x||2 < infyer, (|lyll2 + |y — x]|2) < r+infyer,|ly — x||2 < 7+ pT. Hence,
Ryr C §r+pr (0) is bounded. n
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We have shown that, under Assumption 3.3.1, the gradient system (3.5.1) has a
unique solution u, -. For a stationary point y, € S f of fr, the stable manifold gener-
ated by p. is

Ce(pr) ={x € Sf, tlgf}o“x,f(t) = pr}.
We exploit the differentiability properties of fr to show that the solutions of the
gradient system (3.5.1) converge for T — 07 to those of the gradient system (3.3.2).

Under Assumption 3.3.1, let Ms = {mq,...,my} and Nf = {mq,...,mpm, p1,..., UL}
denote the set of modes and stationary points of f, respectively.

Theorem 3.5.1 Suppose that (2.2.1) holds true. (i) If f is continuously differentiable in RY
and, for all « > 0, Ry is compact, then, forallt > 0and x € S r

lim ||ty - (£) — uz ()] = 0.

T—0*

(ii) If Assumption 3.3.1 holds true, then, for all m € Mg and x € C(m),

lim  sup [Juxc(t) — ux(t)[]2 = 0.
7—0 tG[0,00)
(iii) If Assumption 3.3.1 holds true, {Tj}]f”zl is a sequence of positive scalars converging to
zero, and m € My, then there are T* > 0 and {m, }J?O:LT]- <o SUCh that m; is a mode of f-,
and
C(m) C liminf Cy (my;) C limsup Cq;(my;) C C(m) UUyen,\m,C(p) U Sy
j—oo oo

In particular, if \(C(p)) = Oforallp € Ng\Mgand A(9Sy) = 0, then lim; oo Cy; (1) =
C(m) A-a.e.

The proof of Theorem 3.5.1 (i)-(ii) is based on Proposition 2.3.2 (iv) and Gronwall’s
inequality. We use (ii) to obtain convergence of the stable manifold Cy (mTj ).

Proof of Theorem 3.5.1. We start by proving (i). Fix x € Sy and let « > 0 be
such that x € R,. Since R, C Sy is compact, R4 \'S  is closed, and these two sets
are disjoint, we have that dist(R,, RY \ Sf) > 0. Lets = dist(R,, R \ S¢)/(3p) and
notice that

dist((R,) T, R\ Sf) = inf —zl[, = inf inf —zllo.
(( a) \ f) ye]R”’\Sf,ze(R,x)*‘sHy ||2 yG]Rd\Sfze]R"’:infweRawazﬂzﬁéHy H2

By the triangle inequality, we have that, for w € R,,
ly = zllz > lly = wllz — o —zll2 > ly — w]l2 6.
It follows that
dist((Rs) ™, IR?\ S7) > dist(Ry, R?\ Sf) — 6 =25 > 0. (3.5.3)

Let 0 < T < §/p. Using Lemma 3.5.1 we see that R, C (R,)™" C (R,)™ C S¢.
Also, for all s > 0, uy(s) € Ry and uy+(s) € Ry 7; as shown in Section 3.3, the solu-
tions of the gradient system (3.3.2) cannot leave the regions R,, and the same is true
for the gradient system (3.5.1) and R, 7. In particular, for all s > 0, u,(s), uy-(s) € K,
where K = (R,) ™ is a compact subset of Sy.
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Now, noticing that the integral of a vector is the vector of the integrals of its compo-
nents, we obtain, for t > 0,

ael) =) = [ Y fo (e (5)) —  f(11a(5) ).

Next, by adding and subtracting V f-(uy(s)) inside the integral and taking the norm
on both sides, we see that

||ux,T(t) - Mx(t)HZ < /Ot||vf'f(ux,r(s)) — va(ux(S))szS
+ /OtHVfT<ux(S>) — Vf(ux<5))”2ds,

Since V f7 is locally Lipschitz in Sg, it is Lipschitz in the compact subset K; that is,
there exists a constant L; < oo such that forally,z € K

IVfe(y) = Vfe(2)ll2 < Lelly — 2|2 (3.5.4)
It follows that
t t
2(8) = ux() ]2 < Lr/o 3, (s) = ux(S)!lzdS+/0 IV fe(ux(s)) = V f(ux(s))|2ds.
We now apply Gronwall’s inequality (see Corollary 6.6 in Hale (1980)) with a = 0,

Bs) =L, 0 <s < t,a = [([|[Vfelu(s)) = V(ux(s))|ods and @(t) = [Jur(t) —
1y (t)||2, and obtain that

e = ) € [ IVfela(6) = VS (a)lads.  (359)

To prove (i) we need to show that this converges to 0 as T — 0. To this end, since
V£ is also locally Lipschitz in S, there exists a constant L < oo such that, for all
y,z€ K

IVf(y) = V()2 < Llly —z|2. (3.5.6)
By (3.5.6) and Proposition 2.3.2 (iv), it follows that, for all y,z € K with y # z,
tim VW) = V@) V) = V)] <L (3.57)
0% ly —zll2 ly —zl2

Hence, {L¢}o<r<s/p in (3.5.4) can be chosen in such a way that lim_,o+ Ly = L. In
particular, there exists 0 < T < §/p, such that

L: <L+1, (3.5.8)
for all 0 < T < t*. Therefore, from (3.5.5), it follows that
lm ||uy . (t) — ux(t)|l2 =0,
T—071

if we can show that

lim /OtHVfT(ux(s)) — Vf(ux(s))||2ds = 0. (3.5.9)

=0t
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To show this, we first enlarge the compact set K by J in such a way that it is still
contained in S; by considering the set (K)** C (R,) ™. As in (3.5.3), we see that

dist((Ry) ™, R\ S;) > dist(Ry, R?\ Sf) —25 =6 > 0,

and (K)™ is indeed a compact subset of Sy. Furthermore, for all y € K, Bp(y) C
Bs(y) C (K)™ C Sy, and, in particular, by (2.2.5) and (2.2.1), Shy. C (Bs(y))* c
(S f)k. Now, by (3.4.2), we see that for y € K, the j-th partial derivative of f; at y is
given by

hy,'[(xl, oo ,xk)

9jfe(y) = (fely)' " </ T/\l(ajf(xl))f(xz) o f(xe))dxy --dxk>

and

k—1
3 (v)] < (;) ar, < oo,

where g = max,¢ gy f(z), Bo = min,¢ gy f(2), and a1; = max,¢ gy 9;f(z) sat-
isfy 0 < &g, Bo, 1, < 0. It follows that for y € K

IV£(y) = VW2 < IVEW 2+ V()2
< (1+ (ao/Bo) M1, - a1,4) |2 < eo.

Therefore, for all 0 < s < t, ||V fr(ux(s)) — Vf(ux(s))||2 is bounded and by Propo-
sition 2.3.2 (iv), for all 0 < s < t, im0+ ||V fz(ux(s)) — Vf(ux(s))|]2 = 0. Now,
(3.5.9) follows using LDCT completing the proof of (i).

We now prove (ii). We first show that for all « > 0 such that Ny C R,, there
exists T > 0 such that, for 0 < 7 < 7", {jir}en, are the only stationary points
of fr in R,. To this end, let 0 < § < dist(N £ R¥ \ f{a) and notice that, by Remark
2.3.1 and Proposition 2.3.1, f; is twice continuously differentiable in R, C S FC Sy,
By Theorem 3.4.1 (ii), for all 4 € Ny, there exist ", 7 > 0 and a closed hypercube
Fy«(u) C Bs(p) with side length 3/2h*, such that, for 0 < T < 7¥, f; has a unique
stationary point i in F« (1), pir is of the same type as y, and lim,_,o+ ||z — pt||2 = 0.
Let K = R, \ UP,ENjﬁh*(y) and # = min,ek||Vf(z)|2 > 0. By Proposition 2.3.2 (iv),
there exists 0 < 7" < 7" such that |Vf:(y) — Vf(y)|2 < 5 for all y € R, and
0 <17 < 7. Hence, forall z € K,

IVfe(2)ll2 2 [IVf(2)]l2 = [V f2(2) = V£(2)[l2 > 0.

It follows that {yir}en;, are the only stationary points of fr in R,. Let0 < e < ¢ <
min;,,veNf,#VHy —vl||2/3. Using Lemma 3.5.1 and Theorem 3.4.1 (ii) with § = ¢, let

0 < T(¢) < v and &(&) > 0 such that, forall 0 < T < ¥(&), m¢ € Be(m) is the only
stationary point of f; in Bz(m) and

§2€(m) C (R&(é))_pT N C(m) C R&(g)’f N C(m)
C (Ry(e)) ™" N C(m) C Bz(m) C Ry N C(m).

¢(m)} be the first time that u, reaches the ball
7(¢) such that

Let f(e) = inf{t € [0,00) : uy(t) €
Bc(m). Using (i), there exists 0 < T <

[ux2(E(€)) — ux(E(e)) 2 <€,
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forall 0 < T < %. Therefore, uy - (F(€)) € Bae(m) forall 0 < T < £. Since u, r cannot
leave the connected components of the level set Ry ¢) -, it follows that

{uy.(t) : t € [F(e),00)} C Ry, NC(m) C Bz (m) (3.5.10)
and
tlgg Uy () = me. (3.5.11)

Using (3.5.5), (3.5.8), and (3.5.9), we obtain that

tim sup () (Bl < e tim [V folua(5)) — 9 f(ua(5)) s = 0

T—0" te[0,(e)] 70T
It follows from (3.5.10) that
lim  sup [Jugc(t) —ux(t)[l2 < lim  sup [Juxc(t) — ux(t)]2

0% te[0,00) =07 b (0,(e)]

+ lim  sup |Juxr(t) — ux(t)]2 < 2¢.

207 e [F(e) 00)

We now prove (iii). Notice that My, is a mode of ij forall ; < v < 7*. (3.5.11)
yields that
C(m) C liminf Cy; (my).

j—oo
Next, using the definition of Cr,(my;), Proposition 2.3.1, and (3.3.3), we obtain that
lim sup Cr,(my) C ]hj?o Sfr]- CSp= Uven,C(v) U9Sy.

]—roo

Suppose by contradiction that limsup;_, Cr,(my) NC(v) # @ for some v € My \

{m}. Then, there exist x € C(v) and a subsequence {7;}7*; of {7;};*, such that

limy_yeo ux,f].(t) = mz. In particular, lim;_,, lim; e Mx,f-j(t) = m. On the other hand,
by (ii), Uy, CONVErges uniformly on [0, %) to uy. Therefore,

fiog i e (1) = i elt) =

By Moore-Osgood theorem (see Theorem 7.11 in Rudin (1976)), it follows that

m = lim lim uyz (f) = im lim w7 (t) = v.
j—ro0 t—00 ] t—00 j—00 /

We conclude that lim sup;_, , Cy, (my) N C(v) = @and

lim sup Cy,(my;) C C(m) U UyeNf\MfC(y) UaSy.

j—o0
Finally, notice that, if A(C(u)) = 0 for all # € N¢\ Mf and A(dS5) = 0, then

liminf Cy, (m+) = limsup Cq,(my,) = C(m)

up to a set of Lebesgue measure zero. [
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As an application of Lemma B.4 in Appendix B, we also have that lim; e (Cr; (117,)) + =
(C(m))*¢ A-ae. forall & > 0 and lim;_,e, Cy (1m5,) = C(m) A-ae.

3.6 Algorithm and consistency of empirical clusters

In this section, we describe the algorithm for the numerical approximation of the
clusters induced by the system (3.5.1) and establish its consistency. Proofs are de-
ferred to Sections 3.7 and 3.8.

Since the sample T-approximation is not differentiable in x, we use a finite dif-
ference approximation that converges to the directional derivative. For & > 0, the
finite difference approximation of the directional derivative of g : R? — R, in the
direction of v € $%71, is given by

_ 8(x+hv) —g(x)
Vig(x) = , :

Notice that, if g is differentiable at x RY, then

Jim Vg (x) = Vug(x),
where V,¢(-) = (Vg(+),v) is the directional derivative of g.
Our first result shows that under the condition lim;—seo nhﬁkrgkd = o0, the finite
difference approximation to the directional derivative of f, , converges uniformly
on compact sets, in probability.

Theorem 3.6.1 Suppose (2.2.1) holds true. Let K be a compact subset of S¢, {hn};_; and

I~ ” : o - cd—1
{Tn}5 sequences of positive scalars converging to 0 and {v,}_, be a sequence in S

converging to v € S4=1. (i) If f is continuously differentiable, then
lim sup| V5 fr, (x) — Vof (x)] = 0.
n—oo xeK

2k 2kd __
hif i = oo

(ii) If, additionally, Hg is a VC subgraph class of functions and lim,_,. 1
then, for all e > 0,

4

n—o00 xeK

The first step towards identifying the modes is finding a local maximum of a
function. To this end, we use the steepest ascent or gradient ascent idea; that is,
starting from a point in the space, the next point is chosen in the direction given by
the gradient of the function at that point. This procedure is repeated until conver-
gence to a local maximum is achieved. When clustering using modes, this procedure
is often combined with kernel density estimators to find the modes of the density
underlying the given data points, and the clusters associated with them (Fukunaga
and Hostetler, 1975; Menardi, 2016). In the following, we propose a similar tech-
nique (using instead sample T-approximation), which does not require existence of
gradients, and considers data as potential candidate points for the next move. This
yields a computationally efficient procedure (see Theorem 3.6.2 below).

Turning to the consistency result, we need arguments that allows one to approx-
imate uniformly the directional derivative of points over (i) a compact set, (ii) the
step-size, and (iii) directions. The next lemma addresses this issue and critically uses
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the Bernstein-type inequality developed in Theorem 2.4.3. Part (iii) of the lemma be-
low also provides a upper bound on the uniform approximation mentioned above.

Lemma 3.6.1 Suppose (2.2.1) holds true. Let K be a compact subset of S¢ and let h* > 0
be such that (K)™" C Sy. Also, let {7}y and {h,}$_; be sequences of positive scalars
converging to 0. Assume also that f is three times continuously differentiable. Then

(i) the finite difference approximation of the directional derivative of fr converges uniformly

to that of f. That is,

lim sup sup sup|V!f. (x) — VIf(x)| =0.

"7 e[y b7 vesi-1 xeK
(i) If, additionally, H is a VC subgraph class of functions and lim,_,e nh2* 2k
then, for all € > 0,

:OO,

lim 1P< sup sup sup|Vif .(x) — Vif(x)] > e> = 0.

" \helhyh*] vesi-1 xeK

(i) Let limy 0 120 h2k 2k = oo and Hg be a VC subgraph class of functions. Then, for

all € > 0, there are constants 0 < & < oo and i € IN such that, for all n > i,

1P< sup sup sup| Vg fr,q(x) — Vof(x)] > €> <5

5-
hE[hn,h*} UGSd_l xeK n

We are now ready to state the main result of this section, namely, consistency of
the empirically chosen clusters.

Theorem 3.6.2 Suppose that Hg is a VC subgraph class of functions, Assumption 3.3.1
and (2.2.1) hold true and f is three times continuously differentiable. Let X, = {X1,..., Xu}
be a sample of i.i.d. random variables from P with density f and {h,};>_, and {T,}5>_, be
sequences of positive scalars converging to zero with lim, e nh?t2* = co. For x € S f
and r > 0, define

Xyp(x) ={X € Xy hy < || X—x|2 <1},

Yy 0 = x and, recursively, if

X) = founYurj) > 0, 3.6.1
XEXn,r(IYl:,?]‘))(U{Y,WJ}an’n( ) an,n( n,r,]) ( )

then

X) — Y, ,;
Yy j+1 = argmax fan(X) = foun o ) (3.6.2)

XEXn,r(Yn,r,f) ||X - Y?l,?’,j”Z /

else stop and let j* = j. It holds that j* < n. Furthermore, if x € C(m;), and given
O0<ny<la*<a<f(m)and0 <r <r* forsomea*,r* >0, then there exist n* € N
such that, with probability at least 1 — 1, Y, € Ry N C(m;), for all n > n*.

Using the above theorem, one can estimate the mode using the last iterate, namely,
Yy~ The Corollary 3.6.1 below provides strong consistency of this estimate. The
proof of Theorem 3.6.2 and Corollary 3.6.1 is given in Section 3.8, whereas Section
3.7 contains the proof of Theorem 3.6.1, Lemma 3.6.1, and other preliminary results.
Turning to the proof of Theorem 3.6.2, it is divided into four distinct but connected
steps. For the first step, let j* be a non-negative integer and define {y, ;} recursively
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as follows: let y, o = x and
Yrjr1 =Yrj+ho;, 0<j<j—1,

where 0 < hj < r for some small » > 0, and where v; is “close” to the normalized
gradient of f at y, ;. We show that the sequence {y,,} is close to the solution u, of
(8.3.2). This is achieved, using a version of the discrete Gronwall lemma (Lemma
3.7.1in Section 3.7). Next, we show that {Y;,,;} in (3.6.2) behaves like the sequence
{y,,} described in Step 1, with probability 1 — #. This is achieved in Step 2 using
Lemma 3.6.1. The proof of this step requires the existence of sufficient number of
data points in a small neighborhood of all points in the direction of the normalized
gradient. We establish that this is indeed the case usmg compactness arguments in
Step 3. Finally, we apply the results of Step 1 to { Y}, ., Y =0 yielding that this sequence
is close to the solution u,. Since for all points that are not close to a mode, there
exists, by Step 3, data points yielding a positive finite difference approximation of the
directional derivative, (3.6.1) occurs with the desired probability. This observation
allows to conclude, in Step 4, that V), , ;- is close to the mode.

As a consequence of the above theorem, setting J,, = I[an L¢R.nC(m)], 0 € (0,1],

and {1, }5°_; be a sequence of scalars in (0, 1] with lim,_,« 77, = 0 one can show by
Theorem 3 6 2 that

. S 5 — i < _
P P 2 0) = Jig P = 1) < Jim e =0,

implying that J,, converges in probability to zero. Since Y}, ;- is the estimate of the

mode, we obtain weak consistency of the mode. Furthermore, using (iii) of Lemma

3.6.1, one can strengthen the conclusion to almost sure convergence. We summarize

this observation as a corollary.

th de

Corollary 3.6.1 Suppose that lim;,_,c
3.6.2 hold. Then J,, == 0.

fog ( i = oo and the assumptions of Theorem

It is important to note that one can weaken some of the conditions in the above
Theorem. Indeed, it follows from the next proposition shows that, for d > 6k 41, the
conditions involving {h,}$> ; can be removed provided that the sequence {7}
does not converge to zero too fast.

n=1

Proposition 3.6.1 Let X, = {Xy,..., Xy} asample of i.i.d. random variables from a proba-

bility distribution P with bounded density f, x € S¢, and hy = min, ;¢ x, 1),y 1Y — 2|2

Then, (i) hy > 0 as., (ii) by == 0, and (iii) ford > 6k +1and 0 < 6 < 1— %
1 thk _) 00.

Proposition 3.6.1 shows that the distance /1, between all sample points and a point
x € Sy is positive a.s. for all n € IN and converges to zero a.s. as n — co. However,

d > 6k + 1 is needed for nh2t2@ % o, for some sequence of positive scalars
{’L’n >_; converging to zero Spec1f1cally, by Proposition 3.6.1 (iii) we can take 72 =

—d for some 0 < 8 <1— % thatis, T, = n %/ This shows that, ford > 6k + 1,
by choosing a suitable sequence {7, }%_,, we can replace h, by h, in Theorem 3.6.2.
In turn, this allows replacement of the set X, ,(x) = {X € X, : hy, < || X —x|] < 1}
by X, (x) = {X € Xy : [|X—x|2 <1, X #x}.
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3.7 Proof of preliminary results

This section contains the proof of Theorem 3.6.1, Lemma 3.6.1, and other lemmas for
the proof of Theorem 3.6.2.

Proof of Theorem 3.6.1. We begin by proving (i). Let #*,n* > 0 be such that
(K)*" c Srand 0 < hy < h* for all n > n*. Notice that fz, is continuously dif-

ferentiable in (K)*"" (see Remark 2.3.1). By the mean value theorem, there exist
0 <c1p,c2n <1such that

f(x+hyvy) — f(x) = hy(Vf(x + c1uh1000), 00) (3.7.1)

and
fr, (X + hyvy) — fr,(x) = 1y (V fr, (X 4+ c2,n100n), Un). (3.7.2)

Using the triangle inequality, we have that

sup| Vi fr, (x) = Vof (x)| < sup| Vi fr, (x) — Vi f(x)| +sup| Vi f(x) — Vo f (x)].
xeK xekK xekK

We show that each term converges to 0 as n — oo. First, by (3.7.1), the uniform
continuity of V£ in (K)™" and lim, ||y, — v||2 = 0, it follows that

lim supl V42 (x) ~ Vo (x)| = lim sup|{VF (x-+ evton),on) — (Vf(x),2)]

n—o0 xeK
< lim sup|(Vf(x + c1,,11,0,), vy — V)|
n—oo xeK

+ nlgr(}o sup|[(V f(x + c1,nhnvn) — Vf(x),0)]

xeK
< sup V@) lim o — o]l
ye(K)™*
+ lim sup||V f(x + c1,,1,vn) — Vf(x)|l2 = 0.
= yeK

Also, by (3.7.1) and (3.7.2), it holds that

sup|VZZan (x) — Vng(x)’ = sup|(V fz, (x + conhtnon) — Vf(x + c1,uhn0n), 0n)|

xeK xeK

< sup||V fr, (x + co,nhnvn) — Vf(x + c1hn00)||2-

xeK
Finally, Proposition 2.3.2 (iv) and the uniform continuity of V£ in (K)™"" imply that

lim sup| V' fr, (x) — Vi f(x)] < lim sup||V fz, (x + conhnvn) — Vf(x + conhnvn) |2
=% yekK

n—o0 xeK

+ lim sup||V f(x + conhnvn) — Vf(x + c1,nhnvn) |2
n—oo xeK

< lim sup [[Vfr,(y) = VI(y)l2

n—oo yE(K)+h*

+ sup lim sup  |IVf(y) = Vf(z)ll2=0.
ye(K)+ " 2€By, ()N (K)

We now prove (ii). Since

SUP‘VZZan,n(x) = Vof(x)| < SUP|VZZan,n (x) — VZZan (x)] + SUIE|VZZan(X) = Vof(x)l,
xe

xeK xeK
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using (i), it is enough to show that
im P (sup| V% f (1) = Vi ()] = 5 ) = .
n— 00 <K n n 2
Notice that, by Lemma 2.3.1,
frun(x + havn) — fr, (x 4 hpvn) _ frn(x) — fr, (x)

hn hn
1/k

SUP‘VZZan,n(x) - VZZan(x)‘ = sup

xeK xeK

LG,n(x + hnvn/ Tn) - LG(x + hnvn/ Tn)
hﬁT,’fdAl

<sup
xekK

k
LG,n (X, Tn) - LG(x/ Tn) v

+ sup
HETRIA

xeK

We now use that lim,,_eo \/?lhﬁrffd = oo and apply Theorem 2.4.3 with t = t, =
Vhk Tk Aq (e /4)F. Tt follows that there are constants o > 0and 1 < cg,cc1,cc2 <
oo such that, for all n > n**, t, > max(230g,2%cg ) and
1 ;k e)
— 4

=P <\/ﬁ sup  |Lga(x,T) — Lg(x, 1) > tn>

(x,7)€R? % [0,00]
S MG (nl tn )I

LG,Tl (x/ T) - LG (x/ T)
HEHIA,

]P<sup|V§Zmen(x) - VQZan(x” > ;) < lP( sup
(x,7)

xek €R?x [0,00]

where M is defined in (2.4.5). Now, the result follows from lim;, .o Mg(n,t,) = 0. m

Proof of Lemma 3.6.1. We begin by proving (i). By Proposition 2.3.3 there are
constants #((K)*""),&((K)*") > 0 such that, forally € (K)™ and 0 < 7 <
T((K)™),

fely) = f(y) + Re(y)7?

and ||VR:(y)||2 < &((K)™"). Let n* € N such that 7, < #((K)™"") forall n > n*. It
holds that, for all n > n*,

Vo () = Vhf(r) = Rl 0) “Relx) 2

Now, by the mean value theorem, there are constants 0 < ¢, < 1 such that

Ry, (x +ho) — R, (x)

h = (VR (x + &,hv),v),

implying that

Ry, (x +ho) — Ry, (x)

p < |IVRg, (x + Eaho) |2 < &2((K) ™).

It follows that

lim sup sup sup|Vif (x) — VIif(x)] < &((K)™) lim 72 = 0.

"R e [, h*] vesi-1 xeK n—00



Chapter 3. Applications to clustering, mode estimation, and upper level set

. . 110
estimation

We now prove (ii). By (i), it is enough to show that

im P sup sup sup|VAfiu () — Vifo (0)] = § ) =0,
"m0 \hehy,h*] vesi-1 xeK 2

Notice that, by Lemma 2.3.1,
frun(x +hv) — fr,(x + ho) _ frun(x) = fr, (%)
h h
1/k
Lo u(x+hv, 7)) — Lg(x + hv, Ty)
hktkd A4

L n(x,t) — Lo(x, )
hktkd A
Lon(x,T) —Lg(x, 7)
hlszylfdAl

|V frun (%) = Vi fr, (x)| =

S ‘

1/k

+

1/k
<2 sup
(x,7)€RYx [0,00]

We apply again Theorem 2.4.3 with t = t, = /nhkt5 A (e/4)*. Then, there are
constants 0 > 0and 1 < cg,cG1,cc2 < oo such that, for large enough n,

€
P( sup sup suplVEfou(x) - Vif ()] = )
he[hy,h*] vesi-1 xeK

§1P<\/ﬁ sup  |Lga(x,T)— Lg(x,T)| > tn>

(x,7)€RY % [0,00]
SMG (n/ tl’l )/

where Mg is defined in (2.4.5). Since limy,_,o £, = 00, limy, 0o 1, = 0, and lim;, o T, =
0, we conclude that lim,,_,.c Mg (n,t,) = 0. Finally, for (iii), we apply Lemma 2.5.1
with a, = h5tf and b = A;(e/4)* and get constants 0 < & < co and i € IN such
that Mg(n, t,) < n% for all n > 1. m

A version of discrete Gronwall lemma (see e.g. Holte (2009)) 1s needed in Theo-
rem 3.6.2 to evaluate the difference between the sequence {y,, , ]} . (defined in the
proof) and the solution u, of (3.3.2). Discrete Gronwall lemma is a suitable tool for
this scope. Indeed, it is often used to compare the solution of ordinary differential
equations with the approximation given by Euler method (see e.g. Theorem 2.4 in
Atkinson et al. (2009)).

Lemma 3.7.1 (Discrete Gronwall lemma) Let {a,}5 o, {bn}or and {c,}5, be non-
negative sequences. If ag = 0 and a, < (1+ cy—1)ay—1+ by—1 forall n > 1, then,

< (210 by) exp(XI )

Proof of Lemma 3.7.1. By applying recursively the inequality for {a,,}?* , and using
ap = 0, we see that

a, < Zb H (1+¢).

=0 I=j+1
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Now, using 1 + s < e® with s = ¢;, we get that
n—1 n—1 n—1 n—1
ay < Y _biexp(( )] ) < ()_bj)exp()_¢j).
j=0 I=j+1 j=0 j=1
[

The next lemma is used to control the finite difference approximations of the di-
rectional derivative of f over certain compact sets. For a differentiable function
¢: R = R, let

o) = {Vg(x)/HVg(x)Hz it vg(z) 0 (373)

0 if Vg(x) =0.

Lemma 3.7.2 Suppose that f is continuously differentiable and K is a compact subset of S¢
with KN Ny = @. Then, there exist #(K), &(K) > 0 such that (K)tK) ¢ Sy and, for all
x € Kand (h,v) € (0,7#(K)] x (841 N By k) (wr(x))), Vif(x) > &(K).

Proof of Lemma 3.7.2. Let g: [0,c0) — R be given by
g(h) = min (f(y +hwy(y)) = f()-

By the mean value theorem, it holds that g(1) = hmin,cx (Vf(y +chw¢(y)), we(y)),
for some 0 < ¢ < 1. Let i(K) > 0 such that (K)*t"K) ¢ Sy. Since, by Remark 2.3.1,
V f is uniformly continuous in (K)**(X), we have that

g'(0) = lim g(h)/h = min||V£(y)ll2- (3.7.4)

Now, by multivariate Taylor’s theorem with integral remainder, we have that, for
veS’landh >0,

Flx+ho) = f(x+hwp(x)) + h(VF(x + hwp(x)),0 — w(x))
+ 1 /01(1 —5) (0 —wg(x)) "He(x + hs(v — wg(x))) (0 — wy(x))ds.
It follows that, for 0 < h < i(K)/2,
flx+hv) = f(x) +8(h) + h{Vf(x +hwg(x)), v —wg(x))

+ I? /01(1 —s)(v— wf(x))THf(x + hs(v — wf(x)))(v - wf(x))ds

> f(x) +g(h) = hllo — we(x)[]2| Vf(x + hwg(x))]]2
1
— o - Wf(x)H%/O (1= s)[[Hp(x + hs(v — wg(x))|[ m2ds

> f(x) +g(h) = hllo = wy(x)2cr = H*|Jv — wg(x)l3c2/2,

where

= max [[Vf(y)l2
ye(K) s
and

Cr = H 3
2 yefﬁf‘ﬁmu FW)llme
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Therefore, we have that
Vif(x) > g(h) = g(h)/h— |lo —w(x)|lacy — hljo — w(x)|13c2/2.

Since f has no stationary points in K, min,cg||Vf(y)[|2 > 0, and the result follows
from (3.7.4). u

3.8 Proof of consistency of empirical clusters

In this section, we prove Theorem 3.6.2, Corollary 3.6.1, and Proposition 3.6.1.

Proof of Theorem 3.6.2. First, notice that, forall j = 1,...,J%, YW,]- € &, and, by
(3.6.1), Yy,j # Yy, for alll < j. Hence, j* < n. The proof of the remaining part
is divided into four steps. In the first step below we introduce few notations and
preliminary calculations.

Step 0. Let oy = f(x) and 0 < ay < ay. We recall from Section 3.3 that the
solution uy(t) of (3.3.2) exists for t € (a,00), a < 0, and define G, = {u,(t) : t €
[0,00)}. Since x € Ry, and f(uy(-)) is monotonically non-decreasing, we have that
Gy = Gy U {m;} € C(m;) "Ry, C C(m;) NRy,. C(m;) is open by Proposition 3.3.1
and therefore there exists ¢1 > 0 such that (i) a3 = Sup, () (c(m))21) f(¥) <
f(m;) and (ii) (Gyx)*21 C (C(m;) NRy,) %1, Let max(ap, a3) < a* < a < f(m;) and
0 < ¢ < ¢7 such that

B4§(mi) CRyN C(ml) (3.8.1)

Let Kz = Ry, N (C(m;))=¢. Tt holds that (G,)*¢ C Kz, which implies that, for all
€ >0,
(Gx)+§ \ Be(mz') C K@’ \ Be(mz')~ (3.8.2)

Also, since & > a3, R, N C(m;) = Ry N (C(m;)) =2, implying that
§4¢(mi) C Ké- (383)

Recall (3.7.3) and for 0 < r < ¢ and j* > 0 let

Gyjrr = {{]/r,j};*:o : Yro = x and, recursively, y, ;11 = Y, + h;v;

(3.8.4)
for some (h], U]') S (0, 7"] X (Sd_l ﬁBr(Wf(yr,j))}-

Step 1. We show that, for small 7, every sequence {yr,]»};lo € Gx,]»*,r either remains in

(Gx) "¢\ Be(m;) or, for some j € {0,...,j*}, yr,; € Baz(m;). To this end, we suppose
w.lo.g. that

||x — min > 2¢. (3.8.5)
If (3.8.5) does not hold, then y,0 = x € Bys(m;) C Baz(m;). We now define some
quantities that are used in the proof of this fact. Specifically, let ) = 0 and, recur-
sively, tj;1 = Z{:o h/ IV f(yr)ll2- Also, let 0 < &4(8) < f(m;) such that Ry, ) N
C(m;) C Bg(m;), t*(&) = inf{t € [0,00) : ux(t) € Ry, ey}, F(8) = inf{t € [0,£*()]
ux(t) € Boz(mi)}, Ke = Kz \Rye), €1(¢) = infeg [[VF(y)ll2 > 0 and &(¢) =
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SUPy g, IV f(y)|l2 > 0. Since V{ is differentiable, it is locally Lipschitz; hence, Lips-

chitz in K. Denote by L the Lipschitz constant. Let j* = max{j € {0,...,j*} : t; <
F*(¢)} and, using the continuity of uy, let 0 < r; < &, such that

rt(¢) (52(6) + [Slgp( )]\\uﬁé(f)\!z/<251(€>)> exp(LE(§)) < ¢ (3.8.6)
te[0,F (¢

and, forall 0 < r <y,

lux (E(E) —r/1(8)) —ux(E(E) ]2 < €. (3.8.7)

We show that, for all j = 0,...,f* and 0 < r <1, Yy, € (G2) T8\ Bg(m;). We
recall that, by (3.8.2), since Ry, N C(m;) C Bg(m;), (Gy) ¢\ Bg(m;) C K. First,
notice that uy(tg) = x and, by (3.8.5), it holds that y,o = x € (Gx) "¢\ Bz (m;). We
now suppose by induction that, for j > 1, y,,j-1 € (Gx) ™ \ Bs(m;) and show that
Yrj € (Gx)™¢\ Be(m;), thus proving the statement. Since u}(t) = Vf(u,(t)) and
f is three times continuously differentiable, then so is uy. By Taylor theorem with
Lagrange’s form of remainder, there exists t; 1 < fj,l < t; such that

iy
IVf(yri-1)ll2

ey
2|V f(yrj-0)ll3

ux(tj) = ux(tji—1) + Vf(ux(ti-1)) + H(fj—l)-

It follows that

Yrj — ux(t)) = (Yrj-1 — ux(ti-1)) + hj—1(vj-1 — ws(yr,-1))

m (VF(rj1) = VF(ux(ti)))

h2
j—1 //(t 1)
2V ()3 Gl

Now, we use the Lipschitz property of V f and get

hi_1L
ri— Ux(E; < 1—|—]> i1 — Ux(fi— +rhj_
ey =)l < (14 e oy ) nen = ettt
2

+ h] ! sup ||uy () ]|2.
2|V f(yri-)l3 te[0,F(¢)] '

We now apply Lemma 3.7.1 with a; = [|y,; — ux(t;) |2,

2

b':?’lh""— su HM;'@)HZ/
j J ZHVf(yr])Hz te[Ot*p @)
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hj . . :
¢ = m and, using (3.8.6) and t; < #(¢), we get that |ly,; — ux(t;)[|2 is
bounded above by

h2 h
<ZZO ' Z VTR by ) ”2> =P (LZ HW(%;IIz)

<rit; (5z(€)+ sup Huéé(t)Hz/(%l(é))) exp(Ltj) < ¢.
tel0F ()

It follows that y,; € (Gx) ™. Moreover, t; < F*(Z) implies that [|m; — u.(t;)|l2 > 2¢.
Hence,

Imi = yrjllz = llmi = ux ()2 = Nux(t;) = yrjll2 = €,
that is, y,; ¢ Bz(m;). In particular, if * = j*, then y,; € (Gx)*¢ \ Bz(m;) for all j =
0,...,j*. Next, we show that, if /* < j*, then Y € Byg(m;). Since () —r1/¢1(¢) <
byt —11/61(8) < £ < F(2), by (3.8.7) it holds that [Jux(t:) — uy(F)||2 < & Since
uy(F(¢)) € 9Bye(m;), we conclude that

1Y, 7 = milla < ||y, 5 — ux(t — e (F2) |2+ [Jux () — mil2 < 42.

Step 2. Notice that Kz N Ny = @. We apply Lemma 3.7.2 with K = Kz and get

constants r* = min(rl,f’(g,;)) > 0and c* = &(Kz) > 0 such that, for all x € Kz and
(h,v) € (0,7] x (891N B, (we(x))),

Vif(x) > ¢ (3.8.8)

For X € X, and x € Sy let hxx = || X — x||2 and 9xx = (X — x)/hx . We show the
existence of 0 < r, < r* such that, for all 0 < r < ry, there exist 11,1, € IN such
that, with probability at least 1 — 7, for n > max(nq,n2) and x € Kg, we have that

Xor(x) # O,

xead A }f #(X) = frn(x) >0 (3.89)
and
X*(x) = argmax frun(X) = frn(x) = argmax V o fran(x)
XE Xy, (x) 1X = x]l2 XeX,, (x)
satisfies
(- (x) 00 O (x)x) € [, 7] % (ST 1N Bye (W (x)). (3.8.10)

To this end, suppose w.l.o.g. that r* < ~1 Letd(r*) = infy g, infycsi1\5.. (w, () (wrly) —
v,Vf(y)) > 0and choose 0 < d* < d(r*)/(SmaxyeKéHVf( )||2). Notice that, since
d(rv) < minyEKEHVf(y)Hzr*, we have d* < r*/5 < 1/5. By the mean value theo-

rem, there exists 0 < ¢ < 1 such that V! f(x) = (v, Vf(x + chv)), x € Ks. Next,
by the uniform continuity of V f over compact sets, we have that V/ f(x) converges
to Vo f(x) uniformly over v € S~ ! and x € Kz. Let r3 > 0 be such that, for all
he(0,r3],ve S and x € K,

V5 f (x) = Vof (x)] < min|[V£(y)2d".
YEK:
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Then, forall x € Kz and v € S71 N By (wf(x)), it holds that
Vof(x) Z [IVF(0)ll2(1 = [lws(x) = 2ll2) = [Vf(x)[l2(1 = d7),
which implies that, forall x € Kz, i € (0,73] and v € 71 N By (wg(x)),
VEF() 2 Vof ()~ min ) o 2 [ V()01 -24). @8
A

On the other hand, by definition of d*, we have that, for all x Kér and v € §9-1 \

Er* (W ( ))’
f Vof () < (1= 58) [V

which implies that, forall x € Kz, i € (0,73] and v € S*71\ B« (w¢(x)),

VE(3) < Vf () + min|[ V() [2d" < [ V()01 ~ 44") (3:812)

Now, let r, = min(rs3,d*) < r* and 0 < r < r,. Notice that (K)*™" c (K)™" C
(K)trKe) S¢. Using Lemma 3.6.1 (i) with K = K and h* = r, we choose n; € N
such that, for all n > ny, with probability at least 1 — /2,

sup sup sup|Vfr,n(x) — Vif(x)] <d* min|[ V£ (y)ll2- (3.8.13)
yeke

he[hn,r] vesd=1 xeksq

It follows from (3.8.11), (3.8.12) and (3.8.13) that, with probability at least 1 — 7 /2,
forallx € Kg, h € [y, 7] and v € S*71 N B (wy(x)),

Vi frn(x) > (1-2d4%) [V f(2)]|2 — d* ;relikrglllvf(y)llz > (1=3d%)[[Vf(x)ll2, (3.8.14)

and, forall x € Kz, h € [hy,r] and v € S* 1\ B,» (we(x)),

Vi frn(x) < (1—4d") ||V f(2)]|2 +d* ;relikr}llvf(y)llz < (1=3d9)[[Vf(x)]l2- (3.8.15)

Since d* < 1/5, (1 —3d*)||Vf(x)|]2 > 0 forall x € Kz. We show in Step 3 below that
there exists a constant 711 such that, with probability at least 1 — 17/2, for all x € K¢
and n > ny, there exists X € &, ,(x) such that

(hx,x, Ox,x) € [, 7] X (Sd’l ﬂE(wf(x))) : (3.8.16)

In particular, since P(ANB) > P(A) +P(B) — 1 for all n > max(ny,n7), (3.8.13) and
(3.8.16) hold simultaneously with probability at least 1 — #. It follows from (3.8.14)
and (3.8.15) that, with probability at least 1 — , for all x € Kér,

hix x
sup Vi frn(x) < Vg frn(x) < sup Vi fron (%)-
(h,0) € [l 1] % S4I\Bys (W (x)) (h,0) € [hn,r]xS4"1NB, (Wy(x))

Thus, we have shown that the finite difference approximation of f;, , with step
hx » and direction @y , is larger than all finite difference approximations with step
h € [hy,r] and directions v € S9!\ B,+(w(x)). (3.8.10) follows. Also, (3.8.14) and
(3.8.16) imply (3.8.9).
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Step 3. We show (3.8.16). To this end, let 0 < s; < s, < r and n3 be such that i, < s1
for all n > n3. It is enough to show that there exists n; > n3 such that, for all n > n3,

P([X, N Dy, 5,(x) #DVx € Ke]) >1-1/2,

where DSI/SZ (x) = ASLSz (x) N CSz (x)/ AS1,Sz (x) = §Sz(x) \ BS] (x)/ and

Calw) = {y e RN\ (o} s [ 2 w2 < s

[
ly
Let 0 < €1 < 2571, We first notice that

A51+€1152—€1 (x) - mzeBe1 (x)AS1,52 (Z) (3-8-17)

Indeed, y € As 1e,5,—¢ (¥) satisfies s; + €1 < ||y — x||2 < s» — €1. Therefore, for all
z € Be, (x), it holds that

s1 < [ly = xlla = lx = zlla < [ly = zll2 < lly = xll2 + [|x = 2][2 < 52,

that is, y € As,5,(z). Now, let i* > 0 such that (Kz) ™ does not contain stationary
points of f. Since wy is uniformly continuous in (Kz)™, there exists e, € (0,h*]
such that, for all x € K,

sup [[wr(x) —wr(y)ll2 < e1/2. (3.8.18)
yeBeZ(x)

Suppose w.l.o.g. that e, < min(1, —Slfl )€1. We show that
Ds;+e1,5—e, (%) C ﬁzeBeZ(x) Dy, 5,(2). (3.8.19)

To this end, let y € Dy, te,5,¢,(2). By (3.8.17), it holds that y € Nycp_(x)Asys,(2)- We
need to show that y € N.ep, (1) Cs, (x). Since, for all z € Bg, (x),

-z y— ||z —x||2 2€y
2 = < <e€1/2,
My =2k ~ =+ <2y Ssite <°
using the triangle inequality and (3.8.18), we have that
y—z= y—z y— y—x
—wWe(z S —— — WX
Iy=2 @k < Iy =g~ =gl Iy = @)
+ [|wr(x) —wg(z)][2 < s2.

(3.8.19) follows. Notice that, for all x € Kz, A(Ds,te;,5,—¢, (X)) = A(Ds; 11,5, (0)) =
A > 0. Now, by the compactness of Kg - UxeK:Bez(x)' there exist x1,...,x; € Kg
such that Kg - Ul 1Be, (x7). It follows from (3.8.19) that, for all z € Kg, there exists x;
such that z € B, (x;) and Dq, y¢, 5,—¢, (X;) C Dy, 5,(z). Therefore, it is enough to show
that there exists n; > n3 such that, for all n > n;,

P([Xy N Dy, sepmye, (1) 2DV € {1,...,k}]) > 1—1/2.
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To this end, notice that U;(:1D51+e],52t€] (x) C (Ke)™ C Spandletag = min, ¢ (g fy).
Then, p; = P(Ds, +e,,5,—¢, (%1)) > ap/A > 0. Observe that

]P(mllczl[xn N D51+€1152*€1 (xl) 7é @]) =1- ]P(U;(:1 [Xﬂ N D51+€1152*€1 (X[) = @])
k
>1- Z]P([Xn N Ds; ey 55—, (X1) = Q).
=1

Let G; have the geometric distribution with parameter p;. Since {X;} are indepen-
dent, it holds that

o]

P([Xy N Dy, 4ep5—e, (1) =@]) =P(G>n) =Y 1—p)p = 1—p)",

j=n

which implies that

.

P(Nf_1[ X N Dsy4epsp—ey (1) #Q@]) 21— Y (1 —p)" > 1— k(1 —aoA)". (3.8.20)
=1

The statement follows by taking 17 > n3 such that 17/2 > k(1 — apA)™.
Step 4. Let n* = max(ny,np) and n > n*. Notice that, by Step 2, {Yn,r,j}§:0 €

Gy,n j*r~ with probability at least 1 —#. Since, r < r* < r; < (, by Step 1 ei-
ther (i) {Yn,r,j};.*:o remains in (Gx) "¢\ Bg(m;) or (ii) Yy,+; € Baz(m;) for some j €
{0,...,j*}. We show that (i) is not possible. Indeed, if Y, - € (Gx)™¢ \ Bz(m;) C K¢,
then, by (3.8.9), there exists X*(Yy,j<) € Xyur(Yy ) such that fr ,(X* (Y, 5)) >
fron(Ynr ). However, since j* is the last iterate, by (3.6.1) it holds that fz, (Y.<) >
maxXeer(anr,j*)men (X) Let j() = min{j € {0, . ,]*} : Yn,r,j S B4§(mi)}. By (3.8.1),
Yo, iy € RaNC(m;). We show by induction that Y, . ; € Ry NC(m;), forall jo < j < j*.
First, notice that, if Y;,,; € Ry, N C(m;), then Yy, ;11 € Bgyr(m;) C Bae(m;) C
R, N C(m,) Second, if Yn,r,j € B4§(mi) \ (RM(C) N C(mz)), then by (383) Yn,r,j S Kg
and by (3.8.8) it holds that f (Y, i+1) > f(Yy,,). Using the induction hypothesis, we
conclude that Y, , ;11 € Ry N C(m;). This completes the proof of consistency of the
algorithm. [

Proof of Corollary 3.6.1. Leté > 0. We show that there exists n* € N and {#,}7",
such that

[ee]

ZP(JHZ(S)S”*_1+ i H)(anl)gn*_l+ i M < 00.

n=1 n=n* n=n*

Then the result follows from Borel-Cantelli lemma. To this end, we explicitly express
the constant 7 in Theorem 3.6.2 as a function of n and observe the convergence of
the series. We first notice that, for n > 11, we can choose 77,,/2 > k(1 — apA)" in
(3.8.20). Next, we apply in (3.8.13) Lemma 3.6.1 (iii) with K = Kg, h* = r, and
€ = d"min, g |V f(y)|2 and get constants 0 < & < oo and 7i € IN such that, for all
n>1,

. C
P( sup sup sup|Vyfr,q(x) — Vif(x)| <d min|Vf(y)]2) <1- .
he[hy,r] 0€Si-1 xeR; yeKe n
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Therefore, for all n > n* = max(ny, i), we can choose 77, /2 = max (k(1 — agA)",&/n?),
yielding Y77 .« 17, < 0. n

Proof of Proposition 3.6.1. We first prove (i). Since P € P; ., with density f, it
holds that

P(h, = 0) = P(UL[[|X; — x[la = 0] U UL, UL, 4 [1X; — X;ll2 = 0])
n
<Y P(IXi —x[2 =0) + Z Z P(]|X; — Xj|[2 = 0)
- i=js

= (%= 2l = 0)+ (3 ) [ PUIX: ~ ylla = 0)(s)dy = .

For (ii), observe that, for all e > 0,

P(hy 2 €) < P(min [|X; —x|l2 > €) = (P(|X1 — x[]2 = €))".

Since x € Sy, it holds that IP(||X; — x[|» > €) < 1and

Y P > €) < Y. P(|X —x]2 > €)' < oo,
n=2

n=2

By Borel-Cantelli lemma, it follows that f1,, == 0. We now prove (iii). To this end, let
M > 0 and notice that P(n' 12k < M?) is equal to

(U 1% — xlla < Ma= (/@)U U, U (11X — Xl < Ma(0-9/@9)),

which is bounded above by

n
Y P — xlla < M= 0=9/@) LY 37 P(|X, - X[l < Mn~0-0/2)
i=1 i=1j=i+1

= nP(By,-a-s/e0 (X)) + n(nz_l)/P(Ban)/uk) W) f (y)dy. (3.8.21)

Now, since f is bounded, we have that & = sup, g f(y) < o0. Fory € RY, it holds
that

P(By,- s () < @A(Byg,--ayian (x)) = aen 1170/, (3.8.22)
where ¢ = M7%/2 /T (d/2 + 1). Using (3.8.22) in (3.8.21), we obtain that
]I)(nlfai;l%k S MZk) S acnzfd(lf(S)/(Zk)‘

Therefore, using d > 6k +1and 0 < § < 1 — %, we have that

i P(n' =02 < M%) < ac i n?~401-0)/(2k) oo,
= n=1

By another application of Borel-Cantelli lemma and Theorem 5.2 in Billingsley (2012),

we conclude that n! =072k 2% oo, |
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The next result shows that, the normalized gradient of f converges uniformly to the
normalized gradient of f in a compact set not containing the stationary points of f.

Proposition 3.8.1 Suppose that f is continuously differentiable and (2.2.1) holds true. Let
K C Sy be a compact set with KN Ny = @. Then,

lim sup|lwg (x) —wg(x)[|2 = 0. (3.8.23)
K

=07 ye

Proof of Proposition 3.8.1. We use Proposition 2.3.2 (iv), which shows that, as
T — 0%, Vf; converges uniformly in K to Vf. Since KN Ny = @, there exists T*
such that minyex ||V fr(x)||2 > ¢/2 forall 0 < T < 7%, where ¢ = min,ex||Vf(x)]2.
Then, using triangle inequality, we see that

sup|lwy, (x) —wy(x)[la < 4/csup||V fr(x) = Vf(x)]l2,

xeK xeK

which gives (3.8.23). ]

3.9 Clustering Algorithm

In this section, we provide a detailed description of the algorithm for clustering. As
a first step, starting from a point x € R, we search, in a given neighborhood of x,
for the point y that yields the largest directional derivative V/ f. , with h = ||y — x||,
and v = (y — x)/||ly — x||2. Since

(Lg(x + ho, T))V/% — (Lg(x, 7)) /¥
h
(Lgu(x + ho, ©))V* — (Lg u(x, 7))k

(deAl)l/kVZfr,n(x) = I ,

(T ARV f(x) = and

the constant (7°A1)!/* does not influence the choice of the point y which maximizes
both finite differences V! f;(x) and V! f ,(x). This allows one to ignore the constant
in the specification of the algorithm. That is, the finite difference approximation of
the directional derivative of the k' root of the local depth can be computed avoiding
the computation of the constant A1. We show, in fact, that the constant (¥ A;)'/* also
does not influence the clusters induced by the system (3.5.1). Since 7, A1 > 0, if, for
x € R% uyr : R — R? is a solution of the system (3.5.1) with u, -(0) = x, then
fyr: R — RY given by iy ¢ (t) = (T A1)/*t) also satisfies 7, - (0) = x and it is
a solution of the system

7(t) =V ((Lc(ﬁ(t),r))l/k) . (3.9.1)

Moreover, since lim;_yeo iy 7 (t) = lim;_eo iy~ (t) for all x € RY, the clusters in-
duced by (3.5.1) and (3.9.1) are the same. Hence, for x,y € R? with y # x and
h = |ly — x||2 < r small enough, we consider the finite difference approximation
of the directional derivatives of (Lg(x,7))'* and (Lg ,(x,7))/¥ along the direction
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V= ﬁ given by
Le(y, t)VE — (Lg(x, 7))k
do(x;y) = (Lo (y ))Hy—ﬁfllzc( D7 and (3.9.2)
v (Lon(y, D) = (Loa(x,1)'*
drn(x;y) = V= . (3.9.3)

We now summarize the procedure for computing the clusters in Algorithm 1.

Algorithm 1: Clustering with local depth

Input: {x1,...,x,}, {y1,..., Y0} (optional), T, s,

Output: Local maxima for input points: {z1,...,Zn+0}
1 Compute the local depth of {x, ..., x,, } with localization parameter T
2 Store {x1,...,xn}, {y1,...,Yo} in new variables

fori =1tondo

f —

|z =x
end
fori=1toodo
‘ Z;’k—o—n = yi
end

3 For all points, compute the corresponding local maxima
fori=1ton+odo

repeat

4 zi =z

Store the data points (different from z;) at distance from z; smaller
than r or the s closest data points if they are less than s in new
variables wq,...,w; (I > s)

6 z; = argmax;_; ;dru(zi;wj)

Ay

until L, (2}, T) > Lgu(zi, 7)
end

The algorithm requires as input, data points {xi, ..., x,}, the localizing param-
eter 7, and two additional parameters, r and s. Additional points {y1,...,y,} may
also be provided as input. Starting from any point x € {xq,...,x,} U{y1,.-., Yo},
based on the finite difference (3.9.3), the algorithm moves to another data point
y € {x1,...,x,} (hence, except for the initial step, only data points are involved
in (3.9.3)). The parameter r gives a bound on the norm ||y — x||2 in (3.9.3) in order to
choose only those points that are close to each other. The parameter s, representing
the minimal number of directions at each step of the algorithm, is exploited to en-
sure that the number of directional derivatives taken into account is not too small.
Based on these choices, the steps 5, 6 and 7 of Algorithm 1 are repeated until the
local maximum is achieved. The resulting data points are returned as output.

We now turn to the choice of the parameters r, s, and 7. We notice that for a good
approximation to the directional derivative, the parameter r cannot be too large.
This is also seen in several exploratory analyses. Hence, we fix r = 0.05 in all our
numerical work.

Turning to s, it is a good idea to consider a large number of various directions.
The parameter s ensures that a sufficient number of directions are evaluated to get
close to the maximum (over v € S%~1) of the directional derivative. This is partic-
ularly important in regions where data are sparse. The quantity s can also play the
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role of a smoothing parameter. If T is small with a small sample size 1, then the sam-
ple local depth can be noisy and have local peaks with a small basin of attraction
that were not present in the original distribution. In this case, the choice of a larger s
helps to avoid these local maxima.

We now describe a general method for the choice of s. Letw(x) = Vf(x)/||Vf(x)||2
and V;,i = 1,...,s be independent according to the uniform distribution Py on the
unit sphere S7~!. We take uniform distribution on S%~! because directions of the s
data points close to x are, in general, unknown. Then, for a given precisione € (0,1),
with probability at least 1 — 1 (7 € (0,1)), we require that

Py ( min Vi —w(x)]2 < €) > 1.
i=1,...s

Using the independence of V;s and due to the uniformity on S?~1, we see that this is
equivalent to
(1 =Py(V1 —edll2 <€) <,

wheree; = (0,...,0, 1)T € RY. Therefore, s can be taken to be the smallest integer
greater than or equal to

8a(11,€) =1ogy _, (&) (1),

where t;(€) = Py(||Vi — e4]]2 < €). Next, we compute the quantity t,(¢e). Ford =1,
Py is the Rademacher distribution yielding t;(¢) = 1/2. For d > 2, t;(e) is the
probability (i.e. the area) of the hyperspherical cap Ci. = S9! N Bc(ey). Li (2011)

shows that this is given by
1 d—11
ti(e) = Elrz(e) (2, 2)1

where I («, B) is the cumulative distribution function of a beta probability distribu-
tion with parameters o, > 0 and r(e) is the radius of the hyperspherical cap. By
Pythagoras theorem,

r?(€) =12 — (1 — h(e))? = 2h(e) — h?(e),

where h(e) is the height of the hyperspherical cap. To compute 72(€), we first com-
pute h(e). Since every point x € C; . satisfies (x,e;) = 1 — €?/2, we conclude that
h(e) = 1— (x,e;) = €*/2 and r*(¢) = €? — €*/2. For d = 1, by choosing 7 = 0.05
and any € € (0,1), the above procedure yields s = 5. For d = 2, = 0.05, and
€ = 0.3 (thus h(e) = 0.045), one obtains s = 30. Similarly, if d = 5, = 0.05, and
€ = 0.7 (thus h(e) = 0.245), then s = 71. We notice that, for fixed 17 and €, g;(77, €) is
increasing in d as 1,2 (%451, 1) is decreasing in d. This implies that a larger sample
size is required to obtain the same precision in higher dimensions.

We now turn to the parameter 7. Convergence of the clustering algorithm (cf.
Theorem 3.6.2) requires that lim,, nr,%kd = o0. Thus, we can take 1, = n(~119)/(2kd),
for some § > 0. More specific choices are possible for some depth functions such as
p-skeleton depth (G = Kp), lens depth (G = K; = L), spherical depth (G = K; = B),
and simplicial depth (G = S). For these depth functions, T is chosen as a quantile
of order g € [0,1] based on distances between data points x, ..., x,. Specifically,
for B-skeleton depth, g is chosen as a quantile of the empirical distribution of the
(5) distances ||x; — xj||2, i,j € {1,2,...,n}. For simplicial depth, g is a quantile of
the (,;) maxima of the form max; 1, 441||x; — Xi; |2 for all (%) combinations of
indices 7y, ...,i541 from {1,2,...,n}.
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We now turn to the computational complexity of B-skeleton and simplicial depth.
To this end, we recall that Lk, is a U-statistics of order 2, while Lg , is a U-statistics
of order d + 1. This means that the computational complexity of Lk, is of order
O((3)), while the computational complexity of the L, is of order O((;},)), which
makes a significant difference, especially in high dimensions. For large d and n,
an approximation to Ls can be made by considering a large number of simplices
sampled with replacement amongst all the () simplices that define Lg ,; in our
simulations (see Sections 3.11 and 3.12) we sample 108 simplices to reduce the com-
putational cost.

3.10 Illustrative examples

In this section, we illustrate with some examples the role of the localizing parame-
ter in the T-approximation and the clustering methodology proposed in this chap-
ter. We begin with a one-dimensional example showing the flexibility of the -
approximation for different values of 7. As described in Chapter 2, for small values
of T, fr “resembles” the underlying density, while for larger T it becomes unimodal,
as depth functions are decreasing from the median of the distribution. We take this
univariate distribution to be a mixture of four normal distributions with means —2,
0, 3, 4, standard deviations 0.5, 0.8, 0.5, 0.2 and weights 0.25, 0.5, 0.15 and 0.1, respec-
tively. The resulting density is quadrimodal and is depicted in Figure 3.1 along with
its sample T-approximation for T = 0.5,1,2,4. For reproducibility, we use the seed
1234 for all figures that are based on one-sample and appearing in this section and
Sections 3.11 and 3.12 below. As can be seen from Figure 3.1 for T = 0.5 the approx-
imation has a similar shape to the density with approximately the same number of
modes. For T = 1, the clusters corresponding to the modes at x = 3 and x = 4 merge
yielding only three clusters. As we increase T from 1 to 2, we notice that one can still
identify two clusters, while, for T = 4, the T-approximation has a unimodal shape.

| Density
=05
=1
=2
4/ =_
T T T
3 4 5

0.20
Il

1

0.10
Il

1

0.00
|

T T T T T T T T
-5 -4 -3 -2 -1 0 1 2

FIGURE 3.1: In black the quadrimodal mixture density and in red,
green, blue and cyan its sample t-approximation f;, for T =
0.5,1,2,4, respectively, and n = 6000.

Turning to two-dimensional examples studied in the literature (see Chacén (2015)),
we consider mixtures of bivariate normal distributions with the following character-
istics: a two-mixture with equal weights (Bimodal) and identity covariance matrix
and the mixtures investigated in Wand and Jones (1993) and Chacén (2009) referred
to as (H) Bimodal IV, (K) Trimodal III and #10 Fountain. Their analytical expression
is given below.

(i) The Bimodal density is a two-mixture of normal distributions with equal weights,
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identity covariance matrix and means (—2,0) " and (2,0) .
(ii) The (H) Bimodal IV density is a mixture of two normal distributions with equal
weights, means 1 = (1, —1)", uo = (—1,1) " and covariances

4 /1 L 4/(1 0
Y= 10 d ,=- .
1 9<170 1) an 2 9(0 1)

(iii) The (K) Trimodal III density is a mixture of three normal distributions with

weights w1 = wy = 2 and w3 = %; means y; = (—1,0)7, up = (1,2~ é)T and

ps=(1,-2- @)T; and covariances

2 .2 2 0
Y= (72'59 14925) and Yo =X3= (205 49>,
1025 100 100

(iv) The #10 Fountain density is a mixture of six normal distributions with weights
wy = sand wy = w3 = wy = ws = W = 15; means py = pp = (0,0)7, yz =
(-1, 1), uy=(-1,-1)",us = (1,-1)" and ug = (1,1)7; and covariances

10 L0
21=<0 1>, 22223224225226:<106 116>

The true clusters corresponding to these densities are in Figure 3.2 (first row). They
are constructed as follows. First, we compute the gradient of the densities. Next, we
use the R package deSolve to solve the (negative) gradient system

w(t) = =Vf(u(t))

with initial value very close to the saddle points of f (see Chacén (2015)). In this
way, we build the "borders" of the clusters (i.e. the curves in black). Finally, we plot
modes in red and draw each cluster with a different color.

We apply our algorithm to analyze these models and identify clusters using lo-
cal lens depth (LLD); these results are displayed in Figure 3.2 (second row). A com-
parison of our results with the clusters obtained using the kernel density estimator
(KDE) are provided in Figure 3.2 (third row). Specifically, clusters are obtained via
the kernel mean shift algorithm as implemented by the function kms in the R pack-
age ks (Duong, 2018). We set maximum number of iterations to 5000 and tolerance
to 1078, The plug-in estimator of the bandwidth matrix is given by the function Hpi
with pilot option "dunconstr" and derivatives of order one. The bandwidth ma-
trix is obtained via minimization of the asymptotic mean integrated squared error
(AMISE) of the gradient of the estimated density. For more details on the bandwidth
matrix selection procedure see Sections 3.6 and 5.6.4 in Chacén and Duong (2018).
For more details on the mean shift clustering algorithm see Section 6.2.2 of Chacén
and Duong (2018). By a visual inspection of Figure 3.2, LLD performs a better clus-
tering estimation than KDE. A more detailed analysis of the performance of LLD
and KDE is provided in the next section.

3.11 Numerical experiments

In this section, we compare the performance of clustering Algorithm 1 based on
LDFs with kernel density estimator. We evaluate the performance in three different
ways: (i) true number of clusters identified by the algorithm, (ii) empirical Hausdorff
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Bimodal (H) Bimodal IV #10 Fountain

True
clusters

LLD
estimated
clusters

KDE
estimated
clusters

FIGURE 3.2: Clusters associated with the Bimodal (left), (H) Bimocal

IV (middle) and #10 Fountain (right) densities. True clusters (first

row). Local depth clustering based on n = 1000 samples from these

densities and parameters ¢ = 0.05, s = 50 and r = 0.05 (second row).

Kernel density estimator clustering (third row). The true modes (first

row) and the predicted modes (second and third rows) are plotted in
red.
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distance between the “true” cluster and the estimated cluster, and (iii) empirical
probability distance (see Chacén (2015), for instance). We recall that the symmetric
difference between two subsets A and B of R¥ is AAB = ((R?\ A)NB)U (AN (R%\
B)). Let P, = 1 YI' | 6y, be the empirical probability distribution of 7 ii.d. samples,
Xi,..., Xy, from P € P;. The empirical probability distance between the clusterings
C={C,...,C}and D = {Dy,...,Ds} with ] < s is given by

. 1 ) 1 s
i,y (€,D) = 3 min (LR (CDay)) +1 Y Pa(Day)),
§ \i=1 i=I+1

where P; is the set of all permutations of {1,...,s} and # > 0 is a penalization
coefficient for clusters that do not match with any other. If | = s the second term in
the above expression is zero. In our numerical experiments, we choose 7 = 1. Next,
the empirical Hausdorff distance is given by

du,p, (C,D) = in _P,(CADj), in P,(CGAD;) .
i €0) = mex{ s i PACAD), s i, oG )

In numerical experiments and data analysis, C is taken to be the set of true clusters
while D is the set of estimated clusters, produced by the algorithm. If the estimated
clusters coincide with the true clusters, then both these distances, viz. the clustering
errors, are zero. Thus, small values of these distances suggest a good performance.
As explained before, we consider the following distributions commonly used in the
literature: Bimodal, (H) Bimodal IV, (K) Trimodal IIT and #10 Fountain. To test the
performance of our methodology in higher dimensions, we also consider a bimodal
and a quadrimodal density in dimension five. We refer to these distributions as
Mult. Bimodal and Mult. Quadrimodal. Specifically, the Mult. Bimodal and Mult.
Quadrimodal densities are obtained as mixtures of normal densities with identity
covariance matrix and equal weights. In particular, the Mult. Bimodal density is a
mixture of two normal distributions with means (—2,0,0,0,0) " and (2,0,0,0,0)"
and the Mult. Quadrimodal density is a mixture of four normal distributions with
means (—2,2,0,0,0)", (-2,-2,0,0,0)7, (2,-2,0,0,0)" and (2,2,0,0,0)". The true
clusters for the Mult. Bimodal density can be deduced from those of the Bimodal
density. Similarly, the true clusters for the Mult. Quadrimodal density are deduced
from those of the two-dimensional density given by a mixture of four normal dis-
tributions with means (—2,2)", (=2,-2)T, (2,—-2)" and (2,2) ", and again equal
weights and identity covariance matrix.

Our simulation results are based on a sample size of 1000 and 100 numerical ex-
periments and we choose T so that the corresponding quantiles g are given by 0.01,
0.05 and 0.1 (see Section 3.9). We compare the results of Algorithm 1 based on lo-
cal lens depth (LLD) and local simplicial depth (LSD), with hierarchical clustering
(Hclust) and Kernel density estimator (KDE). The hierarchical clustering requires
a pre-specification of the number of clusters while the other methods do not, and
it is reported here since it is one of the widely used methods for clustering. Thus,
we compute it making use of the true number of clusters, which implies that the ob-
tained results are not comparable with those of the other methodologies. Specifically,
we use the R function hclust based on the L?-distance between the observations and
the default complete linkage method, i.e. the clusters distance is the maximum dis-
tance between the points in each cluster. Next, we apply the function cutree, based
on the true number of clusters, to the output of hclust, yielding the final clusters.
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For more details about the numerical implementation and the quantiles for LLD and
LSD we refer to Section 3.9.

Tables 3.1 and 3.2 provides clustering errors based on the Hausdorff distance and
the probability distance. The best results are highlighted in bold. From these results
we see that clustering errors based based on the KDE, LLD, LSD, and Hclust are sim-
ilar for the distributions (H) Bimodal 1V, (K) Trimodal III, #10 Fountain, and Bimodal.
However, LLD outperforms all the competitors for the distribution in dimension five
as can be seen from the columns Mult. Bimodal and Mult. Quadrimodal. Table 3.3
provides a comparison of the number of times the correct number of clusters is de-
tected. The number of times the procedure identifies a lower number of clusters (on
the left) and a higher number of clusters (on the right) is also provided. Again we
notice that the proposed methods perform as well as the competitors. It is possible
to improve the performance of LSD for distributions in dimension 5, by choosing
smaller values of g, as described in Section 3.12.

Clustering errors (Hausdorff distance)

(H) Bimodal IV (K) Trimodal III #10 Fountain
KDE @ 0.00 (0.03) 0.10 (0.15) 0.08 (0.05)
LLD' 0.05 (0.10) 0.01 (0.15) 0.06 (0.01)
LSD * 0.05(0.11) 0.10 (0.15) 0.06 (0.01)
Hclust 0.05 (0.09) 0.15 (0.09) 0.29 (0.05)

Bimodal Mult. Bimodal Mult. Quadrimodal
KDE ® 0.01 (0.05) 0.38 (0.17) 0.16 (0.08)
LLD"’ 0.01 (0.03) 0.01 (0.04) 0.02 (0.01)
LSD * 0.00 (0.00) 0.23 (0.18) 0.38 (0.18)
Hclust © 0.06 (0.05) 0.05 (0.03) 0.07 (0.03)

4 pilot="dunconstr"

s = 50.

4 7 =0.05,5 = 30.

1g=01,s=30.

2 4 =10.01,s = 30.
" The true number of clusters is given in input.

Sg=01,

TABLE 3.1: Mean of the clustering errors based on the Hausdorff dis-
tance for the densities (H) Bimodal IV, (K) Trimodal III, #10 Fountain,
Bimodal, Mult. Bimodal and Mult. Quadrimodal. In parentheses the
standard deviation. The true number of clusters is specified as input

for the hierarchical clustering algorithm.

Clustering errors (distance in probability)

(H) Bimodal IV (K) Trimodal III #10 Fountain
KDE ? 0.01 (0.07) 0.06 (0.08) 0.21 (0.31)
LLD ! 0.13 (0.28) 0.06 (0.07) 0.06 (0.01)
LSD 0.12 (0.27) 0.07 (0.09) 0.06 (0.01)
Hclust ~ 0.05 (0.09) 0.16 (0.09) 0.35 (0.07)

Bimodal Mult. Bimodal Mult. Quadrimodal
KDE ? 0.01 (0.04) 0.12 (0.13) 0.57 (0.33)
LLD? 0.01 (0.02) 0.01 (0.01) 0.03 (0.01)
LSD* 0.00 (0.00) 0.20 (0.17) 0.45 (0.17)
Hclust ~ 0.06 (0.05) 0.05 (0.03) 0.10 (0.04)

TABLE 3.2: Mean of the clustering errors based on the distance in

probability for the densities (H) Bimodal IV, (K) Trimodal III, #10

Fountain, Bimodal, Mult. Bimodal and Mult. Quadrimodal. In paren-

theses the standard deviation. The true number of clusters is specified
as input for the hierarchical clustering algorithm.
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Number of times the true clusters are detected correctly

(H) Bimodal IV (K) Trimodal III #10 Fountain
KDE # (099 (1) (15) 77 (8) (0) 79 (21)
LLD'! (0) 83 (17) (14) 79 (7) (0) 100 (0)
LSD? (0) 85 (15) (13) 75 (12) (0) 100 (0)

Bimodal Mult. Bimodal Mult. Quadrimodal
KDE @ (0) 97 (3) (0) 18 (82) (0) 25 (75)
LLD? (0) 99 (1) 0) 99 (1) (0) 100 (0)
LSD * (0) 100 (0) (12) 63 (25) (77) 18 (5)

TABLE 3.3: Number of times that the procedure identifies the true

number of clusters for the densities (H) Bimodal 1V, (K) Trimodal

IIT , #10 Fountain, Bimodal, Mult. Bimodal and Mult. Quadrimodal.

In parentheses the number of times the procedure identifies a lower

number of clusters (on the left) and a higher number of clusters (on
the right).

3.12 Data analysis

In this section, we evaluate the performance of our methodology on two datasets
taken from the UCI machine learning repository (http://archive.ics.uci.edu/
ml/), namely, the Iris dataset and the Seeds dataset. For the sake of complete-
ness we provide more details concerning the datasets. The Iris dataset consists of
n = 150 observations from three classes (Iris Setosa, Iris Versicolour, and Iris Vir-
ginica) with four measurements each (sepal length, sepal width, petal length, and
petal width). We compare our results to those based on KDE (with built-in band-
width) and Hclust. Our algorithm, based on both lens and simplicial depth, correctly
identifies all three clusters (see Table 3.4); furthermore, the Hausdorff distance and
probability distance from our algorithm are smaller than those of the competitors.

Seeds dataset consists of n = 210 observations concerning three varieties of
wheat; namely, Kama, Rosa, and Canadian. High quality visualization of the in-
ternal kernel structure was detected using a soft X-ray technique and seven geomet-
ric parameters of wheat kernels were recorded. They are area, perimeter, compact-
ness, length of kernel, width of kernel, asymmetry coefficient, and length of kernel
groove. All of these geometric parameters were continuous and real-valued. Table
3.5 contains the results of our analysis. The best results are highlighted in bold and
correspond to LLD. We notice that both of our methods, LLD and LSD, correctly
identify the true number of clusters.

It is worth mentioning here that Hclust was given as input the true number of
clusters, three, as required by this methodology. However, the Hausdorff distance
and probability distance of our proposed methods are smaller than those of Hclust.
KDE, in both the examples, overestimates the true number of clusters.

Clustering errors for Iris data

Number of clusters | Distance in prob. Hausdorff distance
KDE # 7 0.37 0.31
LLD* 3 0.10 0.10
LSD” 3 0.10 0.10
Hclust - 0.16 0.16

> g=10"%5=20.
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TABLE 3.4: Mean of the clustering errors based on the Hausdorff dis-
tance and distance in probability for the Iris data. The true number of
clusters is specified as input for the hierarchical clustering algorithm.
Clustering errors for Seeds data
Number of clusters | Distance in prob. Hausdorff distance
KDE # 25 0.75 0.33
LLD * 3 0.10 0.10
LSD ° 3 0.17 0.17
Hclust - 0.20 0.20

6 q= 1073, s = 20.

TABLE 3.5: Mean of the clustering errors based on the Hausdorff dis-

tance and distance in probability for the Seeds data. The true number

of clusters is specified as input for the hierarchical clustering algo-
rithm.
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Appendix

A Measurability in the sense of Arcones and Giné (1993)

In this section, we show that the assumptions in Definition 1.11.2 yield the suffi-
cient measurability conditions required by Arcones and Giné (1993) at page 1497,
allowing for randomization by Rademacher and normal random variables and for
the use of Fubini’s theorem for several classes of functions constructed from H C
LY(4,P¥), where P € P(E). These classes include pyoH, (Prx — Pro)H, prjH,
Py, and (Ek/j — Pko)H, which are used in the proof of the uniform law of large
numbers, as well as the corresponding “J-classes” (see Proposition A.3 below), which
play an important role in the uniform central limit theorem. Specifically, we show
that, if H is image admissible Suslin, then all these classes and their composition via
a measurable function are image admissible Suslin. Next, we show that this prop-
erty yields measurability w.r.t. the completion of (E*, (B(E))®®, P*) of suprema
over these classes. For this purpose, we make use of results from Dudley (2014).
We begin by showing that if H is image admissible Suslin, then the classes pxoH,
(Prk — Pro)H, pijH, P jH, and (py ; — pro)H are image admissible Suslin.

Proposition A.1 Let P € P(E). If H C L'(4, P¥) is image admissible Suslin, then the
classes proH, (Piy — Pro)H, prH, Py i, and (py ; — pro) H are image admissible Suslin
forallj=1,...,k

Proof of Proposition A.1. Since H is image admissible Suslin, there exists a Suslin
measurable space (Y,)) and a surjective function T : Y — H such that the func-
tion ¢ : E¥ x Y — R given by ¢(x1,...,x,y) = (T(y))(x1,...,x;) is measurable
on (EX x Y, (B(E))®* x V). It is enough to show that the maps (x1,...,xj,y) —
J(T(y))(x1,...,xk)dP(xj41) ... dP(x;) are measurable on (E/ x Y, (B(E))®/ x V) for
allj =0,...,k (when j = 0 the corresponding term is missing). We suppose w.l.o.g.
that i is non-negative (if not apply the same argument to " and ). Let {¢, },
be a sequence of simple functions® with ¢, 1 ¢ (see Theorem 2.10 of Folland (1999)).
For x1,...,x; € Eand y € Y, let ¢ny,, .y ° EF/ — R and Wry,xy EFi -5 R
be given by qon,xll,“,x].,y(xjﬂ,...,xk) = ¢n(xq,...,x;) and l/)xll_n,xj,y(x]'_;'_l,...,xk) =
P(x1,...,x;). By Proposition 2.34 of Folland (1999), Py and ¥x,,...xjy aT€ Mea-
surable on (EX~7, (B(E))®*-1)). Next, by using a monotone class argument (see for
instance the proof of Theorem 2.36 of Folland (1999)), we see that the functions
(x1,...,%,y) = f(pn,xl,_”,xj,y(xjﬂ,...,xk,y)dP(xjH)...dP(xk) are measurable on

A function ¢y, is called simple if ¢, = Y™, c,,I A,; for some my, € N, ¢,; > 0,and A,; €

(B(E)®* x ¥
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(E/ x Y, (B(E))® x ¥).2. It follows from the monotone convergence theorem (The-
orem 2.14 of Folland (1999)) that the functions

(x1,...,%),y) / oo (X1, -, X AP (xj41) - .. dP(x)
— [ Pstemu 51, x0dP(40) . dP(x,)

= lim / (pn,xl,m,xj,y(xjﬂ, ey xk)dP(xl) . dP(x])

n—00

— lim / Pry (K41, -, Xe)AP(x1) ... dP(x))

n—oo

are measurable on (E/ x Y, (B(E))®/ x ))). ]

The next proposition shows that the composition of image admissible Suslin classes
of functions is image admissible Suslin (see Theorem 5.3.6 of Dudley (2014)).

Proposition A.2 Let Hi, ..., Hy be classes of functions from EF to R and ¢ : R™ — R be
Borel measurable. If H;,i =1, ..., m, are image admissible Suslin, then ¢(H1, ..., Hm) =
{o(h1,..., hy) : hi € H} is image admissible Suslin.

Proof of Proposition A.2. Let (Y;, );) be Suslin measurable spaces and T; : Y; — H;
be surjective functions such that (xi,...,x, i) — (T;(yi))(x1,...,xx) are measur-
able on (E¥ x Y;, (B(E))®* x );). Since (Y;, );) are Suslin measurable spaces, we have
that (i) ); are generated by countable subclasses Z; C ), and {y;} € Y;forally; € Y;
and (ii) there are Polish spaces X; and measurable, surjective maps S; : X; — V;.
It follows that ®",)) is generated by [T'2; Z; and {(y1,...,ym)} € ®",); for all
(Y1, ym) € [T~ Yi. Since the product of separable spaces is separable and the
product of completely metrizable spaces is completely metrizable via the product
metric,® we obtain that [T"; X; is a Polish space. Next, let S : [T, X; — [1",Y;
be given by S(z1,...,zm) = (S1(21),. .., Sm(zm)). Notice that S is surjective because
S; are surjective. Also, since S; are measurable, we have that ;0 S : [ X; — Y;
are measurable, where 7; : T[], X; — X; is the projection into the i"-component.
Measurability of the components 77; o S implies measurability of S (see Proposition
2.4 of Folland (1999)). We conclude that ([T, Y;, ®,);) is a Suslin measurable
space. Next, notice that T : [T, Y; — @(Hi,..., Hm) given by T(y1,...,Ym) =
@(T1(y1), ..., Tm(ym)) is surjective because T; are surjective. To conclude the proof
we need to show that themap (x1,..., Xk, Y1, -, Ym) — (T(y1, ..., ym))(x1,..., xx) 1S
measurable on (EX x [T, Y;, (B(E))®* x @ | )). This follows from the measurabil-
ity of ¢, the measurability of the components (x1, ..., X, Y1, .-, Ym) — (Ti(yi))(x1, ..
on (EX x [T, Y;, (B(E))®* x ®™,));), and Proposition 2.4. n

We show next that, if E is second countable (see *?), then “J-classes” are image
admissible Suslin. We begin with two lemmas. The first lemma is about sepa-
rability of classes of functions 7 C L9(J%, P/) endowed with a pseudodistance
d: LI(, PI) x L1(, PT) — [0, 00) withd < cdlq(%;lpj) for some ¢ > 0. In particular,

2To see this, choose in Theorem 2.36 (X, M, 1) to be (EX—7, (B(E))®k=1), Pk=7), (Y, N) to be (E/ x
Y,(B(E))®’ ® ), and E to be A,; € (B(E))®* x Y. Notice that we do not use the measure v of
Theorem 2.36 as we are interested in measurability w.r.t. one variable only.

31f (X1,dx,),...,(Xm,dx,) are complete metric spaces, then Xm = [T, X; endowed with

the product metric dg,, : X" X X™ — [0,00) given by dg,,,,q((xl,...,xm),(yb...,ym)) =

[(dx, (x1,91), - - -, dx,, (Xm,ym)) " || is a complete metric space.

- Xk)
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JLi-1
F2,P
iting Gaussian process in the uniform central limit theorem (see Definition 1.11) and

for the asymptotic equicontinuity conditions in Theorems 1.11.5, 1.11.6, and Corol-

lary 1.11.3. Indeed, by Jensen’s inequality, it holds that dgf’j ;11)2 < ZJLq(C%?,P/)‘l and
=(1j-1) =

j/
Asty,q,01 = Aa(o6,pi)-

~(1,j—1
this holds for the pseudodistance and d;é,p;) used for continuity of the lim-

Lemma A.1 Suppose that E is second countable and let F C L1(J4, P, where j € N,
q > 1and P € P(E/). Then, if for a pseudodistance d : L1 (7, P/) x L1(;, P/) — [0, 00)
and some ¢ > 0,d < cd L9(4,Pi) then (F, d F) is separable, where d F 1s the restriction of d
on F.

Proof of Lemma A.1. Since E is second countable, E/ is second countable, and, there
exists a collection of open sets {U;}$*, in E/ such that every open set V' C E/ can be
written as union of elements from {U;};;. Thus, {U;}{*, generates all open sets
and, therefore, it generates B(E’). Next, we appl_y Theorem 4.13 of Brezis (201 1) and
obtain that the standard L7-space {h : (E/,B(E/)) — (R,B(R)) : J(|h|7, P!) < oo}
endowed with the usual L7-metric is separable. Using Proposition 3.25 of the same
book, we have that the subspace (L7(.7], P!), d #,Pi) ) of symmetric functions is also
separable. Since d < cd L1(,Pl) s the topology induced by d on L1(, Pl) is coarsest
than the topology induced by d L9(#,Pi) O L(#, P).°> Thus, by definition of separa-
ble space (see **), we obtain that (L7(.%, P/), d) is separable. Finally, we apply again
Proposition 3.25 of Brezis (2011) and obtain that (F,dr) is separable. [

The second lemma is a version of Theorem 5.2.5 of Dudley (2014) and it is about
measurability of closed subset of an image admissible class of functions.

Lemma A.2 Suppose that E is second countable and let F C lﬂ(%ﬁ, P/), where jeN,
q > land P € P(E/), be image admissible Suslin via (Y, Y) and surjective map T : Y —
. . P =(1,j-1

F. If C C Fis relatively closed in F w.r.t. d , where dr is either dg; ’P%) or d(f,; ,P]_), then
T-1(C) e V.

Proof of Lemma A.2. Let U = F\ C. Since T'(C) = T"/(F\U) = Y\ T (U),
it is enough to show that T-!(U) € ). By Lemma A.l we have that (F,dr) is
separable. Using the proof of Proposition 2.1.4 of Dudley (2018) there are sequences
{fi}24 and {r;}°,, where f; € F and 0 < r; < co, such that

U=UZ{feF:dr(f fi) <ri}.
Therefore, it is enough to show that, for alli € IN,
{yeY:de(T(y), fi) <ri} =T '({f € F:ds(f, fi) <ri}) € V.

1,j-1 7
*Recall that d'y ) (i, ) = [|pjahs = piahall s g pry and dis gy (1, 2) = s = s
Since pj1 = P;1 — Pjo, we have that forall iy, hy € F

Ipjal = piahallieoe,piy < P50 = Piahalle e, iy + 1Pj,0m = Bjoh2lliLa e piy < 20101 = hallpo (e pi)-

5U is open in (L(A, P/),d) if and only if for all i € U there exists 7 > 0 such that { f € L9(, Piy:
d(f,h) < r} C U. Using thatd < cds( 4 pi), we have that {f € LT(, PI) : d e pi) (f, ) < [} C
{f e Lq(,%ﬁ,Pj) :d(h, f) <r} C U. Thus, U is open in (L'?(,%ﬁ,Pf),th(jfj/P,)).
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To this end, we show that the maps

y = AT W), £) = Ipia(T(W)) = piafilliacn py and
=(1,j-1) _ _
y e dpgp (TW), f) = 15;(TW)) = B fill o,

are measurable. We first notice that, by the proof of Proposition A.1 and Proposition
2.34 of Folland (1999), the map

(x1,y) = (pja(T(y)))(x1) — (pj1fi)(x1) and
(x1,y) = (P;1(T(y))) (x1) — (P;1fi) (x1)

are measurable on (E x Y, B(E) ® )). The result now follows from Fubini-Tonelli
theorem (see Theorem 2.37 of Folland (1999)). |

We are now ready to show that “4-classes” are image admissible Suslin.

Proposition A.3 Suppose that E is second countable and let F C L1(;, P/), where j €

N, g > 1and P € P(E/), be image admissible Suslin. Then, for 0 < § < co and dr equal

. A1,j-1)  =(Lj-1)
to either d Fap ord Fq,Pi s

Fis(P)={f—fa: fi,fo € Fanddr(f1, f») < 6}.

is image admissible Suslin.

Proof of Proposition A.3. Using Proposition A.2 withk = j, H1 = Hy = F, m = 2,
and ¢ : R2 — R given by ¢(t1,t2) = t; — t», we obtain that F — F = {fi — f> :
fi, f2 € F} C L1(, P/) is image admissible Suslin. Let (Y, )) be the corresponding
Suslin measurable space and T : Y — F — F be surjective and measurable. Notice
that

fJ;,&(P) :{fef_f:fcf;,f,é(P)(f/O) <0}

is the closed ball of radius & in (F — F,dr_7). Using Lemma A.2, we obtain that
Yo = T~ (Fz, ;(P)) € Y. It follows that the restriction of T to Yo, namely, Ty : Yp —
Fi,s(P) given by To(y) = T(y), is surjective and measurable on (Yp, )s), where
Yo = Y NYy. The result follows if we show that (Yp, )y) is a Suslin measurable
space. To see this, we use that (Y,)) is a Suslin measurable space. Specifically, (i)
Y is generated by a countable subclass Z C Y and {y} € Y forally € Y and (ii)
there is a Polish space X and a measurable, surjective map S : (X, B(X)) — (Y, ).
It follows that {y} € ) forall y € Yy and )} is generated by Zy = Z N Y,.> Next, let
Xo = S71(Yy) € B(X). Then, the restriction of S to Xy, namely, Sy : (Xo, B(Xo)) —
(Yo, M) given by Sp(x) = S(x), is surjective and measurable. Finally, we notice that
Xp € B(X) is itself a Polish space (see page 388 of Dudley (2018)). ]

The next proposition shows that the envelope of an image admissible class of func-
tions is measurable in (E*, (B(E))®®, P®), where, forn € NU {co}, (E", (B(E))®", P")
is the completion of (E", (B(E))®",P"). In particular, it applies to the classes H,

6To see this, it is enough to show that the smallest o-algebra generated by Zj contains ). Let B €
Vo. Then B € Y can be obtained starting from elements of Z via countable union and complementing.
Using that B = BN Yy and for arbitrary set A; C Y a) (U, A;) N Yy = U, (A;NYp) andb) (Y\ A1) N
Yo = Yo \ (A1 NYp) we see that B can be obtained starting from elements of Zj.
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PioH, (P — Pro)H, pjH, PrjH, and (Py; — pro)H of Proposition A.1 and to the
classes obtained from these classes via composition as in Proposition A.2. If E is
second countable, then it also applies to the corresponding “d-classes”.

Proposition A.4 Let P € P(E) and F C L'(, P/) be image admissible Suslin. Then,
sup ;. 5 f and the envelope function fr = sup ;. z|f| are measurable in (E/,(B(E))®I, PJ).

Proof of Proposition A.4. There exists a Suslin measurable space (Y,)) and a
surjective function T : Y — F such that (xy,...,x;,y) — (T(y))(x1,...,%;) is mea-
surable on (E/ x Y, (B(E))® @ V). The result is given by Corollary 5.3.5 of Dudley
(2014) and the definition of universally measurable (u.m.) at page 186 (see also Ex-
ample 1.7.5 of Van Der Vaart and Wellner (1996)). |

Remark A.1 Notice that measurability in (E", (B(E))®", P") canonically yields measura-
bility in (E®, (B(E))®%®, P®). That is, if  : E" — R is measurable in (E", (B(E))®", P"),

then p : E® — R given by ¥ (x1,x2,...) = P(x1, ..., x,) is measurablein (E®, (B(E))®%, P®).

Indeed, using the notation oo — n to denote countable product from n + 1 to oo, we have that,
forall B € B(R),

§1(B) =971 (B) x E¥7" € (B(E))®" x E®7" C7(B(E))®™.

Remark A.2 Let P € P(E). By choosing m = 1 and Hy = F C L' (5, PV) in Proposi-
tion A.2, where F is image admissible Suslin, we see that the class of functions

{(x1,...,%0) — ) o(f(xiy,.., %))« f € F}

1§i1<~-~<ij§n

is image admissible Suslin. By Proposition A.4, the envelope function

(X1,...,%,) > sup ) o(f(xiy, oo xi)) s f EF

f€.7: 1§11<<l]§7’l

is measurable in (E", (B(E))®",P"). In particular, we can take ¢ : R — R of the form
¢(t) = ay...ajt, where ay,...,a; € R. Then, measurability in (E",(B(E))®", P") and
Proposition A.5 below allow for randomization by Rademacher and normal random variables
and the use of Fubini’s theorem (cf. Arcones and Giné (1993) page 1497 and Van Der Vaart
and Wellner (1996) pages 85 and 109-111).

When computing expectations and probabilities, measurability w.r.t. the completion
is, in some sense, equivalent to measurability w.r.t. the original probability space.
Specifically, Proposition A.5 shows that the outer expectation of a function that is
completion measurable is equal to the expectation with respect to completion of the
probability space. We begin by showing that the expectation of a random variable
w.r.t. the completion is equal to the original expectation.

Lemma A.3 Let (Q),%,P) be a probability space, (Q), %, P) be its completion w.r.t. P, and
Y : Q — R be a random variable on (Q,%,P). Then, E[Y] = E[Y], where E denotes
expectation w.r.t. the completed space (Q), %, P).

"Let AUN € (B(E))®", where A € (B(E))®", N C N* € (B(E))®", and (P")*(N) = P*(N*) =
0. Then (AUN) x E*" € (B(E))®®. Indeed, (AUN) x E*™" = A X E® " UN x E®", where
A x E°1 ¢ (B(E))®® and (P®)* (N x E®—1) < P®(N* x E®~") = 0.
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Proof of Lemma A.3. By definition of integral on a general probability space, E[Y]
is the supremum of integrals of the form E[¢], where ¢ < Y is a simple function,
thatis, ¢ = 2;-‘:1 cjlzj for some k > 1,¢j > 0,and A; € X. Notice that A; = AjUN,
for some N; C O with P(N;) = 0. This yields that P(A;) = IP(A;), which, in turn,
implies that E[¢] = [E[¢], where ¢ = Z?:l ¢jla;. By taking the supremum over all
such @ and ¢, we obtain that E[Y] = [E[Y]. [

Proposition A.5 Let (Q, %, P) be a probability space, (Q, X, P) be its completion w.r.t. P,
and X : QO — R be a random variable on (Q,%,P). Then, E*[X] = E[X*] = E[X] and
X = X* P-as.

Proof of Proposition A.5. We apply Proposition 2.12 of Folland (1999) with g
replaced by ¢ 4+ oIy (¢ and N are defined there) and obtain a random variable
Y : QO — RU{+£oo} such that (i) Y is measurable on (Q),%,P), (ii)) Y > X, and
(iii) Y = X P-a.s. It follows from the definition of X* that Y > X* and Y = X* P-a.s.
Finally, we apply Lemma A.3 to the random variables Y and X* and conclude that

E[X*] < E[Y] = E[Y] = E[X] < E[X"] = E[X"]

yielding that E[X*] = E[X] and X = X* P-a.s. n

B Convergence of sets

In this section, we summarize with proofs various properties concerning the limits
of sets.

Lemma B.1 Let {A,} 4, {Bn}i be sequences of sets in RP. Then, it holds that

n=1’
(i) liminf(A, N B,) = (liminf A,) N (liminf B,),
n—o00 n—o00 n—oo
(i) limsup (A, N By,) C (limsup A,) N (limsup B,),

n—oo n—oo n—oo

(iii) liminf(A, U B,) D (liminf A,) U (liminf B,), and
n—00 n—oo n—oo

(iv) limsup(A, UB,) = (limsup A,) U (limsup B,).

n—oo n—00 n—o0o

In particular, if A = limy,_ye0 Ay and B = limy,_,« By, exist, then
(v) lim (A, NB,) = ANBand (vi) lim (A, UB,) = AUB.
n—oo n—oo
Proof of Lemma B.1. We begin by proving (i). It holds that

x € liminf(A, NB,) ©3n* e N:x € N;_,.(A, N By)

n—oo
<dn* e N:x e (A,NB,) Vn >n*
Sdng,nmpeN:xe€ A, Vn>npand x € B, Vn > np
Sdng,npeN:x € ﬂ,;”:nAAn and x € ﬂ;’f’:nBBn

&x € liminf A, and x € liminf B,

n—00 n—oo

<x € (liminf A,) N (iminf By,).
n—oo n—oo
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For (ii), we have that

x € limsup(A, NB,) ©Vn* € Nx € Uy_,.(A,NBy)

n—00
eVn* e N3in* >n*:x € (Az N Bj+)
&SVn* e N3Ji* >n*:x € Ap< and x € By
=Vna,ng € Ndiig >nyandiipg > ng:x € Aj, and x € By,
SVny,np € Nx e Uy, Apand x € Uy, By

&x € limsup A, and x € limsup B,

n—o0 n—o0

<x € (limsup A,) N (limsup By,).

n—oo n—oo

We now prove (iii). We have that

x € liminf(A, UB,) &3n* e N:x € N;_,.(A, UBy)

n—co
<dn* e N:x e (A, UB,) Vn > n*
<dnpeN:xe€ A, Vn>nyordng € N:x € B, Vn > ng
Sdng e N:xeny, Ayordng € N:x €Ny, By
&x € liminf A, or x € liminf B,
n—oo n—oo

<x € (liminf A,) U (liminf By,).
n—oo n—00
For (iv), we notice that

x € limsup(A, UB,) ©Vn* € Nx € U;,_,. (A, UB,)

n—oo
&Vn* € N3n* >n*:x € (Az UBjr)
sSVn* e N3I* >n*:x € Az orx € By
&Vng € NJiig >np:x € Aj, orVug € IN Jdiig > np : x € By,
eVng € Nx e Uy, AyorvVng € Nx € Uy, By

&x € limsup A, or x € limsup B,

n—oo n—oo

&x € (limsup A,) U (x € limsup By,).

n—o00 n—oo

Finally, using that A = liminf, , A, = limsup, ., A, and B = liminf, ;. B, =
limsup, _, . By, (v) follows from (i) and (ii) and (vi) follows from (iii) and (iv). |

Corollary B.1 Let {A,}7°, be a sequence of sets in RP and B C IRP. Then, it holds that
(i) iminf(A, N B) = (liminf A,) N B
n—oo n—oo

(ii) limsup(A, N B) = (limsup A,) N B,

n—00 n—r6o
(iii) liminf(A, UB) = (liminf A,) U B, and

n—00 n—oo
(iv) limsup (A, UB) = (limsup A,) U B.

n—oo n—oo
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In particular, if A = limy,_,c Ay exists, then

(v) lim (A, NB) = AN Band (vi) lim (A, UB) = AUB.
n—o0 n—oo

Proof of Corollary B.1. (i),(iv),(v) and (vi) follow directly from Lemma B.1 (i),(iv),(v)
and (vi) with B, = B for all n € IN. We now prove (ii). It holds that

x € limsup(A, NB) ©Vn* € Nx € U,_,.(A, N B)

n—oo
<Vn* e N3Ji* >n*:x € (A NB)
SVn* e NIi* >n":x€ Ap~and x € B
eVn* e Nxe U, ,.A,and x € B

&x € limsupA,and x € B
n—oo

<x € (limsup A,) N B.

n—oo

For (iii), we have that

x € liminf(A,UB,) <3dn" e N:x € N;_,.(A, UB)

n—oo
sIn*eN:xe€ (A,UB)Vn >n"
SIn*eN:Vn>n*xe€ A,orx € B
edn*e N:xen,_A,orx €B
@xeliﬂio?fAn orx €B

&x € (liminf A,) UB.
n—oo

Lemma B.2 Let {A,}$, be a sequence of sets in RP and B C RP. Then

lirrEnf(B \ A,;) =B\ (limsup A,) and limsup(B\ A,) = B\ (linliann).

n—oo n—oo

In particular, if A = lim,,_,c Ay exists, then

lim (R” \ A,) = R? \ A,

n—oo

Proof of Lemma B.2. We use that, for a sequence of sets {C,, }9" ; inIR” and D C R?,
itholds that D \ (U*_,Cy) = N1 (D\ Cy) and D\ (NS, Cp) = U (D \ Cy). Then,
we have that

lirginf(B \A;) =U;_1(B\ (U2,4;)) = B\ (limsup A,), and

n—oo
limsup(B\ A,) =N5_1(B\ (N2,4;)) = B\ (liminf A,).
n—oo n—oo
Finally, the last part follows from A = liminf, ,. A, = limsup,_ . Aj. [

Lemma B.3 Let {A,}_ beasequence of sets in R and A C RP. Then, lim, o Ay = A
if and only if lim, o (AnAA) = @.
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Proof of Lemma B.3. First, suppose that lim,_,,, A, = A. Using Lemma B.2 and
Corollary B.1 (v)-(vi), we have that

@ = (AN(RP\ A))U((R"\ A)1)
= ((lim A,) N (R?\ A)) U ((lim (R”\ A,)) N A)
(lim (4, 1 (R?\ A))) U (lim (R”\ 4,) N A))
= lim (AN (R?\ A)) U (R”\ A,) N A)) = lim (A,AA).

A)

Second, suppose that lim,,_,e(A,AA) = @. Then, by Lemma B.1 (iv), Corollary B.1
(ii), and Lemma B.2, it holds that

D = limjogp(AnAA) = limjogp((An N(R7\A))U((RP\ Ay) N A))
n = (IZTjogp(An N(RF\A)))U (lirnnjoljp((lRP \ An) NA))
= ((limsup A,) N (RP\ A)) U ((limsup(IRP \ A,)) N A)
((11;2; AN (RP\ A)) U ((Rﬁ?lﬂgf@)) NA).

n—o0

Therefore, (limsup, ., Ay) N (RP\ A) = @ and (R”\ (liminf, e A4)) NA = O,
which imply that limsup, ., A, C Aand A C liminf, ;. A,. Hence, lim, .o Ay =
A. ]

Lemma B.4 Let {A,}$ , be a sequence of sets in R¥ and ¢ > 0. Then,

(hmmfA )T c hmmf(An)Jrér C limsup(A,)™¢ C (limsup A,)*"¢

n—oo n—oo

In particular, if A = lim,, o Ay exists, then lim, e(An) T = (A) T and lim, 00 A, =
A. Finally, if A, and A are open, then lim,,_,., 0A, = 0A.

Proof of Lemma B.4. For the first part, it is enough to show the first and third inclu-
sion. With this aim, let x € (liminf, ,. A,)*¢. Hence, dist({x}, U;?il ﬂfl":j Ay) < ¢.
Therefore, there exists a sequence {y;}{°; in U2y MiZj An such that limy eof|x —
yi|| < ¢. Then, for some n* € N, the sequence {]/l}l | is m Ng - An, thatis, {y;}72 is
in A, for all n > n*. It follows that, for all n > n*, dist({x}, A,) < lim;_,||x —y]| <
&. Hence, for alln > n*, x € (A,)*¢, thatis, x € N°_.(A,)*¢ C liminf, . (A,) "
We now prove the third inclusion. To this end, let x € limsup,, . (A,)"¢. Then, for
all j € IN, there exists a constant n > j such that x € (A,)7¢, that is, dist({x}, A,) <
¢. It follows that dist({x}, Ui/ A¢) < dist({x}, Ay) < ¢. Hence, x € (U;2;Ax) =

le U®, Ag)™¢, for all j € N, which implies that x € (limsup, .., Ax)"¢. For
the second part, notice that, by definition of limit of sets, A = liminf, . A, =

limsup, .. An. It follows from the first part that liminf,_,c(A,) T = limsup,, . (A,) ¢

(A)7S. Next, notice that, for all @ # B C R”, x € Bif and only if dist({x}, B) = 0. In
particular, B = (B)*°. Hence, lim, ,oo A, = A. Finally, if A, and A are open, then,
using Lemma B.1 (v) and Lemma B.2, we have that

lim A, = lim (A, N (R \ A,)) = (lim A,) N (lim (RP\ A,)) = AN (RP\ A) = A.

n—o0 n—oo n—oo n—00
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Lemma B.5 Let {A,}$ ; be a sequence of sets in RP and & > 0. Iflim, 0 Ay, = A, then
there exists n* (&) € N such that, for all n > n*(¢), A* C Aand A, C (A€

Proof of Lemma B.5. Since lim; o U2, Aj = A C (A)*¢, there exists nj(e) € N

such that U, A, C (A)*¢. Hence A, C (A)*¢, for all n > n}(g). On the other
hand, by Lemma B.4, we have that lim,_,« ﬁ;?‘; ; (A]-)Jr [ (A)Jré O A. Hence, there

is n3(¢) such that N2_,.(A,)*® D A, which implies that (A,)™¢ D A, foralln >
n3(E). .
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