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Abstract

Fermi-Dirac integrals appear in problems in nuclear astrophysics, solid state
physics or in the fundamental theory of semiconductor modeling, among others
areas of application. In this paper, we give new and complete asymptotic
expansions for the relativistic Fermi-Dirac integral. These expansions could
be useful to obtain a correct qualitative understanding of Fermi systems. The
performance of the expansions is illustrated with numerical examples.
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1 Introduction

Fermi-Dirac integrals play a key role in different problems in applied and theoretical
physics. For a few examples in stellar astrophysics, plasma physics and electronics,
see [1], [2], [15], [6], [21] and [24].

We use the following notations. The classical nonrelativistic Fermi-Dirac integral

is defined as
$q

[ee]
Fy(n) = /0 Wd% q>0, neR, (1.1)

and the relativistic integral is

® x9y/1+ Bx/2

It is interesting to note that of particular importance in numerous applications
are the cases where ¢ is a positive integer or ¢ = %, %, %, ... (some fundamental
thermodynamic variables in a Fermi-Dirac gas are, for example, expressed in terms
of such integrals). Several analytical and numerical studies of the nonrelativistic
and relativistic Fermi-Dirac integrals can be found in the literature; among others,
[16], [13], [9], [7], [23], [14], [11], [20] and [19].

An extensive study of these integrals can be found in Chapter 24 of [3]. In
many of these publications the case of half-integer values of ¢ is considered. In
our approach we derive results for general values of ¢, and we find that half-integer
values of ¢ need special analytical forms of the asymptotic results.

In the present paper, we take q as a fixed parameter and we derive new asymp-
totic expansions for large values of 1 or 8 of the relativistic Fermi-Dirac integral
F,(n,B) defined in (1.2). The new expansions are complete in the sense that all
coefficients of the infinite expansions are defined in terms of computable analytic
expressions.

Numerical examples illustrate the performance of the expansions. As mentioned
in [10], complete asymptotic expansions of the Fermi-Dirac functions are important
in order to have a correct understanding of Fermi systems.

2 Properties of the relativistic Fermi-Dirac integral

First we take n < 0, then we can expand

1 e—T+n
e 1 e vt 41

= S (e, (2.1)
n=1



and obtain

Fy(n, ) =Y (~1)"tem /OOO e ""z9\/1+ Bz/2dz, n<O. (2.2)
n=1

We use the integral representation of the Kummer function (for details on Kummer
functions we refer to [17])

1
I'(a)

Ul(a,b,z) = / e P 1+ )P dt, Ra >0, Rz >0, (2.3)
0

and obtain

2\ ¢+t > o s 2n
Fy(n,B) = <5> I'(q+1) Z(—l) e"y (q—l— Lg+3, ﬂ) , n<0. (2.4)
n=1

An asymptotic expansion of the Kummer function for large values of z is

> —b 1
Ula,b,z) ~ z az (a=b+1) B(—z)7%, |phz| < 37 -3, (2.5)
=0

where 0 is a small positive number. We introduce

g+1 —3

where s # 0, |[phs| < 7, > 0, with limiting value Ug(s,0) = 1.
We summarise the result for negative values of 1 in the following lemma.

Lemma 2.1. We have the convergent expansion

oo n e
Fyn,8)=T(g+1)) (- lanrl ¢(n,B), <0, (2.7)
n=1

in which Ug(n, B) =14 O(1/n) for large values of n.

The asymptotic estimate of the positive function Uy,(n, ) follows from (2.5) and
(2.6). Hence, Uy(n, B) is a slowly varying part of the terms of the expansion in (2.7),
in particular for larger values of n.

As in [22] (see also [5, p. 39]) we prove the following representation of Fy(n, 3)
as a contour integral.



Lemma 2.2. We can write the relativistic Fermi-Dirac integral in the form

F(q + 1) /c—I—ioo ens
2i . s4t1sin(7s)

Ff](na 5) = Uq(S,ﬂ) dS, (28)

where Uy(s, B) is defined in (2.6) and

g>0, 0<ec<l, |Sn <. (2.9)

Proof. We introduce

(I)Q(na ﬁ) =

I'(g+1) /CHOO e’ U, (s, B) ds, (2.10)

2i Cioo STt1lsin(ms)
with the condition on ¢ and 1 as in (2.9). First we assume that, in addition, n < 0,
and move the contour to the right, picking up the residues at s = 1,2,3,.... This
gives

o)

2 nm _
@0, )=~ (g + >zeqﬂ(g%;n(7;) Uy, 8)
n=1

L (2.11)

o
e
D(g+1) Y~ (=1)"Uyg(n, B),
n=1

which is the expansion in (2.7) when n < 0. We have to prove that, when we take a
finite sum of residues with the shifted contour integral, that this integral vanishes
as N — oo, which can be verified easily.

It follows that ®,(n, 5) of (2.8) and (2.10) is the same as Fy(n,3) of (1.2) and
(2.7) when n < 0. But ®4(n, 8) and F,(n, 5) of (1.2) are analytic functions of 7 in
the strip |Sn| < 7. This proves the lemma.

A different proof follows from using a Mellin transform. We write F,(n, ) as

F(z) = /000 ety + B/2 de, z=e", (2.12)

z+e

and take the Mellin transform with respect to z:

F(s) = / 2R (2) dz. (2.13)
0
Using N B
/ A=Y 0<Rs<1, (2.14)
0o z+a sin(7s)



we find (see (2.2)—(2.4))
F(s) = sz;s)/ e " 29\/1+ Bz /2dx = SQHS‘JHEZ)U (s, B). (2.15)

Upon inverting the Mellin transform we find again (2.8).
For the standard Fermi-Dirac integral the integral representation in (2.8) be-

comes Dlg41) for s )
F, = — _ 2.16
() 2i /Cioo 59t sin(7s) % (2.16)

and the expansion in (2.7) becomes the well-known result ([5, p. 20],[10])

o
Fy(n) =T(g+1)> (-1 +1, n < 0. (2.17)
n=1

Remark 2.3. In [3, §24.7b] the expansion given in Lemma 2.1 is derived for ¢ =
%, %, ..., in which case the Kummer functions Uy (s, 3), see (2.6), can be expressed in
terms of modified Bessel functions K, (z). In addition, still with n < 0, this reference
gives expansions for large 8 by expanding the K-Bessel functions for small values

of the argument z.

3 Expansions for large values of n

First we summarise a result for 5 = 0.

Lemma 3.1. We have from [4], [5, p. 20] and [10]

Fy(n) ~T(g+1) <nq“ ) T(q+ 2T2_n2n) o COS(Wq)Fq(—n)> ; (3.1)
n=0

as n — oo, |phn| < %W. The coefficients are defined by

1. 3.2
Sn(r ZTQnS |s| < (3.2)
We have 1o = 1, 70 = éﬂ'Q, Ty = %71’4, and in general
o0
_ (=ym*t 1-2n _ n—1 1—ony (2)%"
TQn_Q;W_Ml—Q )¢(2n) = (—1)"7t (1 —2172) i B
(3.3)

forn > 1, where By, are the Bernoulli numbers.



The expansion in (3.1) has been studied in detail in [10], where in particular the
role of term cos(mq)Fy(—n) has been explained. Observe that this term vanishes if
q= %, ;’, ..., and that, when ¢ assumes other values, it gives an exponentially small
contribution compared to terms of the series in (3.1). For the convergent series
expansion of Fy(—n) for n > 0 we refer to (2.17).

For n < 0 we have given in Lemma 2.1 a convergent expansion of Fy(n, 3). For
numerical application we can use that expansion for, say, n < —%.

For large positive positive values of 1 we use the integral representation given
in Lemma 2.2, equation (2.8), written as
F(q+ 1) c+100 ens s

2mi /C S‘Hzf( s)ds,  fls) = sin(7s)

For the asymptotic behaviour of a F,(n, ) we need information about f(s) near the
origin. This means that we need to express Uy (s, §) in terms of the | F-function.
We use the relation (see [17, Eqn. 13.2.42])

I'(1-0) (b—1) a—b+1
U(a,b,z):mlFl <b’ >+F()1F1< 9_p ,z), (3.5)

and with (2.6) we obtain for ¢ # 1 % 2,2,... and 5 >0

+1 .3
Uq(s,B) = <2S>q MIFI <qu %, 28) +

FQ(n)/B) = UQ(S’B)‘ (34)

—100

8 '(-3) a+3 B
<25>—§F(q+g) . ( _% 25) (3.6)
) T+1) " '\~a—3 8)
We introduce the functions
s q+1 2s
W= (115 ) 37
s P —% 2s (3.7)
B (o1 5)
Thus, we can write, for g # 1 3 % g,...,
NI (—g—3)T(¢g+1
w=(5)" R R+
) 2
<ﬁ) r(q+§) F®(n,p), .
1 c+ioco d :
Fq(l)(naﬁ):m/ 6775f1(3) j7
1 c+io00 d
R0 =g [l



The asymptotic expansions of these functions are given in the following lemma.

Lemma 3.2. For fized 8 and q, q # %, %, %, ... we have the expansion
- +1 —-2n
FOG,6) = S (-1 Ry (q L ) , (3.9)
n=0 q + 2 B

which converges for all n > 0, and

@ . ZOO 1 an
F s ~ 2 _—
sin(rg) S (1" By ( E _%) |
- 1> )
T SR A

where the first series is an asymptotic expansion for n — 400 and the second one
converges for all m > 0. The coefficients a, are defined by the expansion

fols) = ans™, |s| <1, (3.11)
n=0
with fa(s) defined in (3.7). The first coefficients are
el a2 G_TQ(ﬁ2(4q2—1)—2
T T T B2 T P-4 (3.12)

B?12(2q —1)(2¢ — 3) +2
B3(4q? —1)(2¢ —3)

where the coefficients oy, are defined in (3.3).

a3:2

In Figure 1 we show two sets of data, the relative errors of the expansions in
(3.10) with or without the series in the second line of the equation. We see the effect
of including the exponentially small convergent series in the interval 4 <n < 14: a
better performance when we use the full expansion. The expansions are compared
to values of the integral in (1.2) calculated with the Matlab adaptive numerical
integration function.

Proof.  The expansion in (3.9) follows from shifting the contour of the integral
of Fq(l)(n,ﬁ) in (3.8) to the left, and picking up the residues of the poles at s =
0,-1,-2,...

The coefficients a,, in the first series in (3.10) follow from a Cauchy product
of the coefficients 79,, defined in (3.2)— (3.3) and those of the Kummer function
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Figure 1: The blue set (circles) of the relative errors show better results in the
interval 4 < n < 14 than the single asymptotic expansion in the first line of (3.10).
The results are obtained for ¢ = 3/4 and g = 4/3.

in fao(s), see (3.7)). When we compare the expansions in this lemma, we see that
all terms in the second series in (3.10) have exponentially small terms for n > 0,
whereas those in the first series have negative powers of 7.
The results of the lemma can be derived by using the approach of [4] and [10]
for the standard Fermi-Dirac integral, and we sketch a few steps of their method.
The first series in (3.10) can be obtained by using Watson’s lemma for loop
integrals (see [18, Page 16]), which says that the integral

(0+)
Ca(n) = — / 7 ALens 15 ds (3.13)

can be expanded in the form

> 1 A,
G/\(n) NZQF(l—A—n) nn+)\7 n — oo, (314)

by using the loop integral of the reciprocal gamma function

! ! o “Fetd C 3.15
F(z)—m/_ooses, z e C. (3.15)

[ee)
The coefficients a,, are those in the expansion f(s) = E aps”™. Olver assumes in
n=0

Watson’s lemma for loop integrals that f(s) in (3.13) is analytic inside the loop
around the negative axis. The function fy(s) defined in (3.7) has simple poles



at s = —1,—2,—.,3,.... However, just as in the standard Watson’s lemma for
Laplace-type integrals, only a small compact domain around the origin of the present
function fa(s) is sufficient to obtain the first asymptotic series in (3.10). The second
series in (3.10) follows from the method of [4] and [10], and we refer to these papers
for more details. For numerical purposes the second series is of no use for n large,
because of the exponentially small contributions compared with those of the first
series in (3.10). A similar observation can be made about the term with F,(—n) in
(3.1).

Remark 3.3. In the literature the expansion in Lemma 3.1 (without the term
containing F,(—n)) is also obtained by using Sommerfeld’s Lemma; see [3, Page 794],
[8] and [7]. For the relativistic Fermi-Dirac integral [3, Page 826] gives large-n
expansions, which are summarised in [19] and [12]. These expansions are different
from the ones given in Lemma 3.2, and are given for ¢ = %, %,% in terms of a
parameter y defined by 1+ 32 = (14 n3)?; y should be bounded, with implies that
5 =0(1/n).

4 The case q = %,

N
»

5
29

In this case the relation in (3.6) of Ug,(s,3) in terms of the Kummer F-functions
cannot be used, and we need the following representation for m = 0,1,2,... (see
[17, Eqn. 13.2.9])

m+
U(a,m+1,2)=

1 o0
k
m'Fa— Zk' m+1 .
(lnz—i—l/}(a—i—k) V(A +k)—Y(m+k+1) + (4.1)

1 S (k- (1—a+k), .
F(a)z (m — &) v

k=1

where ¢(z) = I'(2)/T'(z). This gives for Uy(s, 3) defined in (2.6), with ¢ = m — 3,
a=q+1=m—1 and z = (25)/B, the new form

Uqy(s,B) = 23U (m - %,m + 1,z> . (4.2)

For the representation of F,(n,3) in (3.4) we write

(4.3)

1 7S Uq(s,ﬁ)_<2>m; s U(m—%,m—i—l,z)

5912 (s) = sin(mws) gmt+3 5 sin(ms) s

B



Using (4.1) we obtain

U (m —5.m+ 1/) = AmPy(s, 8) + AmQq(s, B) + Ry(s, B),

o0
P,(s,B)=Ins Z PmJgsk,
k=0

o0 (4.4)
Qq(5,8)=>_ Qmns",
k;b()
Rq(‘g?B):ZRm,ks_ka
k=1
where
_ eyt _(2)’“ (m = 3),

T (<L) T AB) K(mr )y
Qm,kzpm,k(ln(z)+¢(m—;+k)—¢(1+k>—¢<m+k+1>>, (45)
P 2 *k(k—l)!(%—m+k)m_k
m’k_<5> F(m—%)(m—k)! '

The two infinite series in (4.4) converge for all finite complex s.
After these preparations we can write for the product in the right-hand side of

(4.3)

s U(m—%,m—i—l,z) o0 R -
. :Am hlszpm,ks B +ZQm,k5 B +
sin(7s) s
k=0 k=0 (4.6)
s Ui k—1
Ry is™ 7,
sin(7s) Z kS
k=1
where the coefficients p,, , and ¢y, . are obtained from Cauchy products
k k
Pm.k = Z Tij,k—ja qm.k = Z Tij,k—j- (47)

j=0 7=0

The coefficients 7o, are given in (3.3), and 7; = 0 for odd index j. The two infinite
series in (4.6) converge for |s| < 1.

We see three contributions for the asymptotic expansion of Fy(n, 5) that follow
from the expansion in (4.6) and we write

Fyn.8) =T (m 1) (;)m (FP0.8)+ FO0.0) + FPm.6).  (43)

10



We have the following result.

Lemma 4.1. For fized § and q, ¢ = m — %, m = 2,3,4,... we have for n = +00

the asymptotic expansions

Fq(P) (777 B) ~ A, <_(7 +1In U)pm,O + Z(_l)kpm,k(k - 1)! 77_k> ) (49)

k=1
FéQ) (77, 6) ~ AQO,Oa

where «y is Euler’s constant. The finite series in (.6) gives a relation in terms of
the standard Fermi-Dirac integral:

Atwo=r(n-1)(3) X mHa0
m—1 A 1)3 1 (4.10)

i <2> et

In addition, we have the convergent expansion for alln >0

Fy(n,8)=1 (;)m_é (=1 (m - 3) i(_l)n—le—nn x

= ey D)
2ne~ T 2ne™™
(0 (1.2 L (1,227,
Proof. As in Lemma 3.2 we use a modification of Watson’s lemma for loop

integrals. We substitute the two infinite series expansions given in (4.6) and observe
that for £ > 1 all integrals corresponding to the second series vanish, and for k£ = 0

we have

1 [0+
— sl ds = 1. (4.12)
21 J_
Although all higher terms with coefficients ¢,, j, vanish, we cannot write Fq(Q) (n,B) =
Apngm,0, because the expansions in (4.6) converge only for s inside the unit circle.

For the first series we have
1 0 .
Inse”s " ds =—y—1Inn. (4.13)

21t J_ o

This follows by using the relation

z—1 1 (0+)
T~ / s *ds, (4.14)




and the reciprocal gamma function in (4.14). We differentiate with respect to z and
take z = 1 afterwards. This gives (4.13). For k > 1 we evaluate the integrals related
to the first series by integrating along the negative axis, with ph s = —7 below the
axis and phs = 7w above the axis. The singularity at the origin is integrable. This
gives

1 (0+)

— Inse®sF1ds =
21 J_
1 /O -
i) (In|s| —mi) e”s* " ds + 5 /0 (In|s| + mi) s ds.

(4.15)

Separating the terms, we see that the integrals containing In |s| cancel each other and
the remaining parts give (—1)*I'(k)n~*. This gives the terms of the infinite series in

(4.9). The finite expansion for Fq(R) (n,B) in (4.10) follows from the finite series in
(4.6) and the contour integral of the standard Fermi-Dirac integral in (2.16). The
expansion in (4.11) can be obtained by the method as described for the convergent
series in (3.10) of Lemma 3.2. To evaluate the Kummer U-functions the relation in
(4.1) may be used.

5 Expansions with respect to 3

We start with the following result for 5 — 0:
Lemma 5.1. For fized n and q,
= n (_%)n 1 "
Fyn,B) ~ 3 (=122 (38)" Fynlm), 80, (5.1)
n=0
where Fy(n) is the standard Fermi-Dirac integral defined in (1.1).

A straightforward verification is based on using the expansion

[e’e) 1 n
J1+ 18z = Z(—1)"( nQ!)” (%5:5) . |Bz] < 2. (5.2)
n=0

A rigorous proof with an error bound included follows from the representation in
Lemma 2.2 by using the expansion in (2.5) with its error bound. For this we refer
to [17, §13.7(ii)]; see also Remark 5.4.

For large values of 5 we write Fy(n, 3) as in (3.8):

Fy(n, B) = <2>q+1 P_(_q;(g_);)(q = @ (5.3)
()

N|=

B
r(q+3) FPm.8),

12



and we have the following result.

Lemma 5.2. For fized n and q, with q # %, %, g, . and 0 < c<1 we have
o N
1 k
(b A 7
53 - St
k(_1
o= 2k (g+ 1) = 2 (_§)k
5 = 1y
k! (g +,§)k kU (=a = 3), (5.4)
CT100
q)(l) (77) — i ensskids
k 20 Jo—ino sin (7s)’
1 c+1i00 d
(I)](f) (77’ Q) —— / eﬂssk—q—% : S ’
20 Joino sin (7s)
as  — oo.
For ¢ =1,3,5, ... we write Fy(n, 8) as in (4.8):

Fy(n,B)=T (m— é) (Z)m_% (F(P (n,8) + F{@ (1, 6)) F®(n,8),  (5.5)

and we have the following result.

Lemma 5.3. For fired n and q, with q :m—%, m=2,3,4,..., and 0 < c <1, we
have as 3 — 00

FP) (n, 8) ~ k), F9m,8) ~ Ap ZQ’"’“ ), (5.6

and Fq(R)(n, B) is the same as in (4.10). The function @,gl)(n) is defined in (5./)

and

1 c+i0o d
\Ifk(n):,/ Inse™sk — i

20 Jo—ioo sin (7s)’
K,
FUR(mA Dy T miT (<L)

Qi =Pk (111(;) +w<m—%+k> —¢(1+k)—zp(m+k+1)>.

(5.7)

Proof. The proof of Lemma 5.2 follows from using the expansions of the Kummer
functions in (3.7) that occur in the functions fi(s) and fa(s) used in (3.8). For the
proof of Lemma 5.3 the approach of §4 can be used.

13



The auxiliary functions defined in (5.4) and (5.7) can be written as

~

O () =Fpr(m), 07 (1,0) = Fpa (),

e B (5.8)
\Ilk’(n)__ a*qu(U)‘q:#hla k_07172737"' )
where (see also (2.16))
2 Fy(n) 1 *° at
B = = o | e
(¢+1) Tle+1)Jo e+
1 c+ioo ehs (59)
= — PP TR R dS, 0<e< 1.
20 Jo_ino $IT1sin(ms)

Observe that in (5.8) functions ﬁq(n) are used with ¢ < —1. In the Appendix
we give details of the interpretation of Fy(n) for such cases.

Remark 5.4. The expansion given in Lemma 5.1 for small values of 3 is also given in
[3, §24.7c], complete with error bound of the remainder in the finite expansion. For
large values of 8 this reference derives the expansion by using a similar procedure,
which means that /1 + (8z)/2 is written as \/Bz/2+/1 +2/(Bx) and the second
square root is expanded in powers of 2/(fz). By using this expansion in (1.2)
(which is a dubious way to proceed, because Sz is not large for all z in the interval
of integration) an expansion is obtained which is related with our expansion of

Fq(Q) (n,B) in (5.4). That is, the following expansion of F,(n, 3):

k=0

follows from [3, §24.7c|, where it is given as an infinite expansion and where in our
notation K, is the largest positive integers for which ¢+ % — K, > —1. The authors
give a warning that Fy(n) is not defined for ¢ < —1, and that in their infinite
expansion only the terms with g+ % —k > —1 can be retained. We observe that the

finite sum in (5.10) equals the result for Fq(R) (n,5) in Lemma 4.1, equation (4.10)
and it shows up in Lemma 5.3 as well. Compared with our Lemma 5.3, we conclude
that the large-f expansion given in [3, §24.7c] is incomplete.

6 Numerical testing

In this section we demonstrate the performance of the expansions given in the
previous sections, without proposing an algorithm that can handle all cases of the

14



Rel Error

n U

Figure 2: Test of the expansion (2.17) for 8 = 0, ¢ = 3/4 and different values of
n. Left: Relative accuracy obtained with the expansion. Right: Number of terms
needed in the expansion to obtain the accuracy shown in the left figure.

parameters. In the literature many details can be found on numerical evaluations
of the Fermi-Dirac integrals. Sometimes these algorithms use analytical expansions,
for example asymptotic approximations with a limited number of terms, but many
papers concentrate on numerical quadrature.

The most extensive numerical methods for the evaluation can be found in [16],
which paper shows tables with 10720 relative precision with values of n up to 5 x 10%.
The main method is based on the trapezoidal rule for the standard integral after
several transformations are used and the influence of the poles is taken into account.
Gauss quadrature has also been used in several papers, and for an overview we refer
to [16].

We first consider a numerical test of the expansion (2.7) (n < 0) implemented
in Matlab. We sum terms in the expansion up to a precision of 1074, In Figure 2
we show the results obtained for 5 = 0 (the standard Fermi-Dirac integral) and
q = 3/4; for comparison, we use (1.1) calculated with the Matlab adaptive numerical
integration function. We see (Figure 2, left) that the relative accuracy obtained with
the expansion was, as expected, ~ 10714 for moderate/large values of 1. We also
show (Figure 2, right) the number of terms needed to obtain this accuracy. As
can be seen, just four terms are needed when n < —15 and less than 10 terms
for —15 < n < —5. Figure 3 shows similar results for two other values of 8 (the
relativistic Fermi-Dirac integral); for comparison, we use (1.2) evaluated with the
Matlab numerical integration function.

For large positive  and q # %, %, %, ..., a test for (3.8), by using the expansions
(3.9) and (3.10), is shown in Figure 4. The same values for ¢ and § used to generate
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Figure 3: Test of the expansion (2.7) for § = 4/3, 10.5, ¢ = 3/4 and different
values of 7. Left: Relative accuracy obtained with the expansion. Right: Number
of terms needed in the expansion to obtain the accuracy shown in the left figure.

the results in the previous figure (8 = 4/3, 10.5 and g = 3/4) have been considered
in the calculations. We take n = 10 in the expansions. In the figure we also show
the results obtained without considering all the exponentially small terms in (3.10).
It is interesting to note that these terms have a very minor effect on the accuracy
of the expansion for large values of n. However, as we mentioned in Section 3, the
effect can be appreciated for smaller values of 1 (see Figure 1). The figure shows
that an accuracy better than single precision ~ 10~® can be obtained when 1 > 15
for the two values of 5 considered in test.

Figure 5 shows examples of the accuracy of the expansion (4.8) for large positive
n and ¢ = %, %, %, The expansions in (4.9) and the series (4.10) have been
used in the calculations. For the evaluation of the standard Fermi-Dirac functions
appearing in (4.10) we consider the expansion (3.1) with n = 8 terms. Note that,
in this case, there is no contribution from the cos(mq) term in (3.1).

For g8 large and ¢ # %, %, g, ..., a first test for a couple of values of n (n =
1.6, 10.5) and ¢ (¢ = 1.2, 10.3) is shown in Figure 6, where we consider the ex-
pression (5.3) using the expansions given in (5.4). We sum terms up to k = 5 in
the expansions. It is interesting to note that for ¢ = 1.2 the auxiliary function
@;2) (n,q) in the series in (5.4) has to be computed by using the function ﬁq(n) de-
fined in (5.8) with negative gq. Therefore, this is an example where the result given
[3, §24.7¢] is incomplete. For details about ﬁq(n) we refer to the Appendix; see also
Remark 5.4 about the incomplete result in [3, §24.7¢c|. As can be seen in the figure,
when 1 = 20.3 an accuracy near double precision is obtained for 1 > 20.

Another test is shown in Table 1, where we show (for 5 = 50, 100) the relative
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Figure 4: Test of (3.8) by using the expansions (3.9) and (3.10) for g = 4/3, 10.5
and ¢ = 3/4. The results obtained without considering all the exponentially small
terms in (3.10) are also shown.
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Figure 5:  Test of (4.8) by using the expansions (4.9) and the series (4.10) for
B =4/3,10.5 and q = 3/2, 9/2.
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Figure 6: Test of (5.3) by using the expansions (5.4) for n = 1.6, 10.5 and ¢ =
1.2, 10.3.

Table 1: Relative errors in the computation of the relativistic Fermi-Dirac integral
by using (5.3) with the expansions (5.4) evaluated with different number of terms
(Nterms = k +1). We take ¢ = 2.4, 7 =9/2.

B =50 B = 100

42x107% 21x1073
1.1x107° 28x107°
9.8x107% 1.2x1078
47%x107% 2.9x10710
1.7x 10712 53x 10714
85x 1071 2.2x 10716

T = W N = O

errors in the approximations when we take different number of terms in the expan-
sions. We take ¢ = 2.4, n = 9/2 in the calculations. As shown in the table, for
the two values of 3 it is possible to obtain an accuracy better than single precision
(1078) in the computation with four terms in the expansion. Finally, similar tests
for (5.5) by using the expansions (5.6) (case of 3 large and ¢ half-integer) are shown
in Figure 7 and Table 2. The results given in this table show that, just one term is
needed to obtain an accuracy better than single precision.
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Test of (5.5) by using the expansions (5.6) for n = 1.6, 20.3 and ¢ =

Table 2: Relative errors in the computation of the relativistic Fermi-Dirac integral
by using (5.5) with the expansions (5.6) evaluated with different number of terms

(nterms =k+ 1) We take ¢ = 3/2’ n= 9/2

kmaz B =20 B =50

0 2.5x107% 6.7 x 10710
1 3.1x10710 35x 10712
2 46x10712 22x107
3 5.9 x 10714 2.2 x 10716
4 8.9 x 10710 4.4 x 10716
5 22x 1071 4.4 %1076
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7 Concluding remarks

We have derived new and complete asymptotic expansions of the relativistic Fermi-
Dirac integral Fy(n,3) for large values of n or . The expansions have a different
form for half-integer values of g, a case that is very relevant in applications from
physics. By concentrating on delivering full expansions, we have discovered and
repaired an omission in the literature for the case that asymptotic expansions con-
taining the standard Fermi-Dirac function F,(n) with ¢ < —1 could not be handled
appropriately.

A Interpretations of ﬁ‘q(n) for g < —1

In the relations for the auxiliary functions given in (5.8) functions ﬁq(n) occur with
g < —1. One possible interpretation is based on integration by parts. We have

~ 1 0 dpdtl 1 T=n
Fyfo) = |- [
Llg+2) Jo e n+1 T(q+2) Jo (er=1+1)
because the integrated terms vanish. The new integral converges at oo in the same

manner as the original one and the right-hand side is defined for Rq > —2. Con-
tinuing this we conclude that Fy(n) can be defined for all complex values of ¢. For

dx, (1.1)

~

F,(n, B) the same approach can be used.
A different method is based on writing the integral as a loop integral around the
positive axis. We have

~ o F(_q) (0+) 24
Fy(n) = —e mqm/-i_oo mdz, q#0,1,2,..., (1.2)

where the contour of integration starts at +oco with ph z = 0, encircles the origin in
the anti-clockwise direction, and returns to +oo with phz = 2w. The contour cuts
the negative axis, where phz = m, and should not contain the poles z, = 1 + kmi,
k€ Zof 1/(e*~"+1). A similar representation can be given for Fy(n,8); in that
case the contour should cut the negative axis inside the interval (—2/43,0).

We prove this integral representation first for g > —1. In that case the sin-
gularity at the origin is integrable, and we can take the contour along the positive
real axis, with the proper choice of the phase of z. This gives

CT(— 04+) ()4 (= . +oo q
I [ el [
400 0
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By using the definition of ﬁq(n) in (5.9), this can be written as

_ e—ﬂ'iq F(_q)

5 (™4 — 1) (g + 1) Fy(n) = Fy(n), (1.4)

where we have used I'(1 — ¢)I'(1 + ¢) = wq/ sin(7q).

In this way, we have shown that ﬁq(n) has the integral representation in (1.2)
for Rg > —1. However, the right-hand side of (1.2) is an analytic function for all
Rq < 0 and ﬁq(n) is an analytic function for all ¢ € C, as follows from the second
integral in (5.9). Hence, using the principle of analytic continuation, we conclude
that (1.2) holds for all ¢ with the exception of the nonnegative integers.

When we use one of these these forms of analytic continuation the function ﬁq(n)
can be used for the auxiliary functions as in (5.8).

When 7 > 0, the functions CIDI(:)(U) defined in (5.4) can be evaluated shifting the

contour across the poles at s =0,—1,—2,.... For example,
1) N 1
oV () =Y (~1)me ™ = . 1.5
o0 =D = (15)

The same result can be obtained for n < 0 by shifting the contour in (5.4) to the
right. The functions <I>,(€1) (n), k > 1 also follow from

d
o) (n) = %@21)(n), k=0,1,2,.... (1.6)

The relation in (5.8) for Wi (n) defined in (5.7) easily follows from (2.16).

A.1 Further details on the evaluation of the auxiliary functions

We give more details on the function ﬁq(n) for ¢ < —1. As we have observed,
for ¢ < —1 the numerical evaluation of ﬁq(n) can be based on the integration by
parts method (repeatedly applied), as shown in (1.1). Here we suggest a numerical
quadrature method. We split up the contour of integration in (1.2), writing

E,(m) = () + B2 (),

1 q _ (0+) q
(1) 1 x —rigL(=q) / z
¢ )= 5D /0 1=y ) e ()
7(2) 1 =t
F, = .
q (77) I‘(q + 1) /1 ex—n + 1 dl‘

ﬁq@) (n) can be computed by numerical quadrature for all complex ¢, and vanishes
for g = —1,—2,—3,.... Details on the path of integration in the z-integral of F\q(l)(n)
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are similar as in (1.2). Because there are no singularities inside the contour when
g = 0,1,2,..., the integral vanishes for these values of ¢, but the product with

I'(—q) gives for these values the first integral of ﬁq(l)(n) in (1.7).

In particular for Rg < —1 we consider the second integral of ﬁél)(n) in (1.7).
We use the substitution z = €. This gives, with = ¢+ 1,

~ . I'(—q) 2 Li(g+1)0 (—q) [™ eind
F) () = o-milat1) / ‘ _ / _ GE
q (T,) € 27I_ 0 620_77 + 1 da 271_ 67619,77 + 1 d@ ( 8)

After algebraic manipulations we find that the real part of the integrand is even
and the imaginary part is odd, and we obtain

o =52 [ a0 =222 [ 0y an (1.9)
0

g s T

where
e—n—cos(0) (g (Me + Sin(G)) + cos(u0)

f) =
1) 1 4 2e=1=<059) cos(sin(f)) + e=2n—200s(0)’

p=q+1. (1.10)

As remarked earlier, the integrals in (1.8) and (1.9) vanish when ¢ = 0,1,2,..., that
is, when = 1,2,3,.... However, in that case, the first integral in (1.7) can be used
for ﬁq(l)(n).

We observe that the integral of F\q(l)(n) in (1.9) is quite convenient for large
positive values of n. For large negative values we can multiply the numerator and
denominator by e?7 to obtain again a convenient representation.

For the function W (n) defined in (5.7) we can use a similar numerical algorithm
using the relation of (5.8) and writing
gﬁ(j)(n)

i) = 0 ) + 070, ) = - 5 Ff

. j=1,2. (1.11)
q=—k—1

We have, using the integral representation in (1.9),

o) =2 (ot 1) [" @y~ ["a0)a0). (112)

where
4(6) = 6 e—n—cos(0) sin(pf + sin()) + sin(ub) ' (1.13)
1 4 2e=17¢0509) cos(sin(f)) + e=21—20s(6)
For \I/,(f) (n) we use (1.11) and the third line in (1.7). First we evaluate
d 1 1d
— = —— (i I'(—q)) = (—1)kk! =—k—1. 1.14
LT T D) = g (REOT(0) = (DML g (1.14)
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Then we have
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