Noname manuscript No.
(will be inserted by the editor)

State error estimates for the numerical approximation
of sparse distributed control problems in the absence of
Tikhonov regularization

Eduardo Casas - Mariano Mateos

the date of receipt and acceptance should be inserted later

Abstract In this paper, we analyze optimal control problems of semilinear elliptic
equations, where the controls are distributed. Box constraints for the controls are
imposed and the cost functional does not involve the control itself, except possibly
for a non-differentiable sparsity-promoting term. Under appropriate second order
sufficient optimality conditions, first we estimate the difference between the dis-
crete and continuous optimal states. Next, under an additional assumption on the
optimal adjoint state, we prove error estimates for the controls and improve the
estimates for the states.
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1 Introduction

In this paper, we continue the investigation started in [9,10] about the numeri-
cal approximation of problems without Tikhonov regularization term. In the first
work, we provide second order conditions for problems with distributed controls
and a term in the cost functional that promotes sparsity of the solutions. In the
second one, appropriate second order sufficient conditions and error estimates for
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the numerical approximation are provided for optimal control problems governed
by semilinear parabolic equations when the control acts only in time.

In [10], both the state and the adjoint state equation are discretized using
continuous piecewise linear functions in space and piecewise constant functions in
time, while controls are discretized by piecewise constant functions. This coinci-
dence in the time discretization of the state, adjoint state and control, and the fact
that the L? projection onto the space of piecewise constant functions preserves the
admissibility of the controls, leads to some simplifications in the proofs, see [10,
Eq. (4.4)]. In the current work, those properties do not apply. Nevertheless, we are
able to modify the proofs and to obtain the same kind of error estimates, both for
piecewise constant and continuous piecewise linear approximations of the control.
Moreover, this is carried out including a nondifferentiable term in the functional
that promotes the sparsity.

To our best knowledge, there are two references where the discretization of
optimal control problems without Tikhonov regularization term and governed by
elliptic equations is studied, [14,15]. In the first one, error estimates for the control
variable are derived under a structural assumption on the solution, cf. (6.1) for
~ = 1, which assures that the control is bang-bang. As the authors themselves
notice, due to the fact that they study a bilinear control problem, this assumption
does not hold in 2D or 3D problems if the control acts in the whole domain, so
they chose to restrict the control to act on a subdomain. We are able to derive
error estimates for the control and also for the state in the case v < 1, so that
the structural assumption will hold naturally for bang-bang controls in 2D and 3D
domains; see Theorem 9. In [15], the authors study the variational discretization
of a control problem governed by a linear elliptic equation. Our result for this
kind of discretization and problems governed by semilinear elliptic equations, see
Remark 7, is comparable with Corollary 3.3 in [15], and slightly generalizes this
result, even for the case of linear equations.

We also provide error estimates in the state variable for control problems whose
solution is not bang-bang; see Theorem 7. This situation, not studied in [14], is
taken into account in [15] for the variational discretization of the problem.

One of the key points to deduce error estimates when the problem is non-
convex, as is the case where the equation is semilinear, is the obtention of appro-
priate second order sufficient conditions. We obtained such conditions for strong
local minimizers in [9]. In that reference we wrote all the details of the proofs to
obtain the second order sufficient optimality condition for a problem governed by
a parabolic equation, the translation to the elliptic case being immediate. Though,
in the paper at hand, we give the details of the numerical analysis for a problem
governed by an elliptic equation, the translation to the parabolic case is straight-
forward.

The plan of this paper is as follows. In the next section, we introduce the
problem, formulate the main assumptions and establish some auxiliary results. The
first and second order optimality conditions are studied in section 3, although the
details of the proof of Lemma 2 are moved to Appendix A. In section 4 we discretize
the control problem, and in section 5 we prove convergence of the discretizations
and derive error estimates for the states. In section 6 we prove error estimates
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for the controls and improve the estimates for the states under the additional
assumption (6.1). Finally, we present some numerical results in section 7.

2 Main assumptions and auxiliary results

Let us consider a domain 2 ¢ R", n < 3, with ¢! boundary I. We will study
the following control problem

i P
Join J(u), P)

where

Usg ={u € L®(2) :a<u(x) <P for ae. z € 2}

with —oco < a < 8 < 400, and, for pu > 0,

J(u):/QL(x,yu(:c))d:rdt—i—,u/Q|u(:r)\d:r.

Above y, denotes the state associated to the control u related by the following
state equation

Ayu + f(x,yu) = v in 2,
{ yu =0 on I. (21)

On the data A, f, and L we make the following assumptions

(A1) A denotes the elliptic operator

n
Ay = — Z 856]‘ (ai,j(x)axiy)7

ij=1
where the coefficients a; ; € C%1(02) satisfy the uniform ellipticity condition

n
Iaa>0: 24082 < D aij(2)&g; for all ¢ € R™ and aa. z € 2.
ij=1

(A2) We assume that f : 2 x R — R is a Carathéodory function of class C? with
respect to the last variable satisfying the following properties:

8L(z,y) > 0 vy € R, f(-,0) € L=(12),

2
VM >0 3Cs 0 >0 ‘%(x,y)‘ + ]g—yﬁ(z,y)‘ < Cpa Yyl < M,
Vp > 0 and VM > 0 Je > 0 such that

% f

5% .
a—yf(x,yn — O L )| < V| el < M with [y — el < e

for almost all z € 0.
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(A3) L: 2 xR — R is a Carathéodory function of class C? with respect to the last
variable satisfying the following properties:

L(-0) € L}(2)
oL 9*L
M 3 h that |— —
VM >0 3Cf p such that 8y(ae,y) +‘8y2 (z,v)
Vp >0 and VM > 0 Je > 0 such that

%L %L
W(xayl) - Tyg(xva)

<CpmVyl <M

< p Yyl ly2|l £ M with |y1 — y2| <e,

for almost all z € 0.

Concerning the state equation, we have the following result on existence,
uniqueness and regularity of the solution.

Theorem 1 For every u € LP(2) with p > n/2 there exists a unique yy, € Y =
H§(02))NC(02) solution of (2.1). Moreover, there exists a constant T > 0 independent
of u such that

lyull a0y + lvullo@y < Tp(llullpe @) + 1 0) L= (2))-

If up, — u weakly in LP(£2), then the strong convergence
lyur. — yulloay + 1Yue — Yullgi o) = 0

holds. If, further, u € L°°(£2) we have that yu, € WP (82) for all p < co and

lyullwz ) < Mop(llull Lo () + 17 Oll=(s)) (2:2)
holds for a constant My independent of u and p.

This is a well known result. See, for instance, [4]. The continuity property
follows directly from [12, Theorem 2.2] taking into account that for p > n/2,
LP(£2) is compactly imbedded in W~19(02) for ¢ = pn/(n —p) > n if p < n and
all ¢ < o0 if p > n. The regularity follows from [16, Theorem 9.9] and (2.2) can
be deduced from [2, Theorem 2.2]. As a consequence of (2.2) and the continuous
embedding H?(2) < C(£2), we can deduce the existence of a constant Mo, > 0
such that

lyullo(ay < Moo Vu € Uaq. (2.3)

Given p > n/2, let us denote G : LP(£2) — Y the mapping associating to
each control the corresponding state G(u) = yu. The next theorem states the
differentiability of G, whose proof can be obtained in the standard way by using
the implicit function theorem; see e.g. [5, Theorem 1].

Theorem 2 The control-to-state operator G is of class C? and for every u,v,w €
LP(£2), p > n/2, we have that zy = G’ (u)v is the solution of

of -
{Az + 8—y(x,yu)z = in £, (2.4)

z=20onT,
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and zyw = G (u)(v,w) solves the equation

d 9? :
Az + a—z(myu)z + a—yg(m,yu)zvzw =0 in £,
z=0onlI.
Lemma 1 Let u,v € Uyq. Then, we have
1

v = Yol o) < EH“*”HH*(Q), (2.5)
Iy — wollz2(2) < Cllu—vlir1(0), (2.6)
lyu = yolloay < Collu = vllw-10(2), (2.7)

for p > n and some constants é, ép > 0 independent of u and v.

Proof Define z = y, — yu. Subtracting the equations satisfied by y, and y, and
using the mean value theorem, we deduce the existence of a measurable function
0 < 0(x) < 1 such that, setting § = yu + 0(yv — yu), we have

AZ+%£(x7g)Z:U—UiHQ, z=0on I.

Inequality (2.5) follows from the standard variational formulation, the ellipticity
of A and Assumption (A2).

Let us prove inequality (2.6). From [23, §9] we know that for every ¢ < n/(n—1)
there exists Cy > 0 such that

llzllwa(2y < Cqllu —vllp1(0)-

Using the Sobolev imbedding W%(2) — L?*(2) for ¢ > 2n/(n + 2) and fixing
g = 6/5 for instance, we have

Izl L2y < C|\Z||W1,g(m < CoCllu =l

and (2.6) follows for C' = CCs.
Inequality (2.7) is a classical result; see, for instance, [16, Theorem 8.30] and

[23, Theorem 4.2].

Next, we state the differentiability properties of the objective functional. We
decompose J in two summands

J(u) = F(u) + pj(u) with F(u) = /Q Lz, yu(z))dz and j(u) = |lullL1(o)-

To every u, we relate the adjoint state ., that satisfies

{A put g (@ y)eu = o (2,yu) in 2, (2.8)

ou =0o0n T,



6 Eduardo Casas, Mariano Mateos

where A* denotes the adjoint operator of A. Assumption (A3) together with The-
orem 1 imply that . € H}(2) N C(2) and analogously to (2.2) we have

leullw2r2) < MopCr pr,,  Yu € Uaa VP > 2,
where My is introduced in (2.3) and Cp ps,, is introduced in Assumption (A3).

Again using Sobolev embeddings, we deduce the existence of a constant Tso > 0
such that

loull i 2y + lvulle@y £ Too VY € Uaa. (2.9)

The next theorem follows from the chain rule, Theorem 2 and assumptions

(A2) and (A3).

Theorem 3 Given p > n/2, the functional F : LP(2) — R is of class C* and for
every u,v,w € LP(£2)

Flluyv= [ puvdz,
/Q (2.10)

8L 82
F(u) (0, w) = /Q (872@,%) - wu#u,yu)) -

where @y is the solution of (2.8).

Remark 1 The functionals F’(u) and F”(u) can be extended to continuous linear
and bilinear forms, respectively, in L'(£2). Notice also that assumptions (A2) and
(A3), Theorem 1 and (2.9) imply the existence of some Mz > 0 such that

|F" (u)(v,w)] < Ma|lzollr2()l|l2wlr2c2)  Yu € Uaa, Yo,w € L'(£2).

Finally, we notice that, for given u € L'(£2), if we denote
QF ={ze: ux)>0}, 2, ={reR: ulx)<0}and 29 ={z e 2: u(z) =0},

then, the directional derivative of j at u is given by
3 (u;v) :/ v(x)dmf/ v(x)dx+/ lo(z)|dz Yo e L'(02).
F 2 0

As usual 9j(u) stands for the convex subdifferential of j at u. In the sequel, we
will also denote J'(u;v) = F'(u)v + uj’ (u;v).

3 First and second order optimality conditions

Existence of a global solution of (P) follows in a standard way. Since (P) is not a
convex problem, we have to consider local solutions as well. Let us state precisely
the different concepts of local solution.
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Definition 1 We say that « is an LP-weak local minimum of (P), p € [1, +o0], if
there exists some ¢ > 0 such that

J(a) < J(u) Yu € Usq with [|a —ullpr0) <e.
We say that u is a strong local minimum if there exists some ¢ > 0 such that
J(u) < J(u) Yu € Usq with [lya — yullp=(0) < €.

We say that @ is a strict (weak or strong) local minimum if the above inequalities
are strict for u # u.

Strong local optimality implies weak local optimality. For more details about
these definitions, see [9, Lemma 2.8]. First order optimality conditions read as
follows.

Theorem 4 Suppose  is a local solution of (P) in any of the senses given in Defini-
tion 1. Then,

J(@u — ) > 0 Yu € Upq. (3.1)
Moreover, there exist § and @ in H§(£2) N C(2) and X € 8j(u) such that

Ay + f(z,9) = u in 2,
{ y=0onl, (3.22)
w=, Of, ___ 0
A*p+ 9y (z,9)p = 5 (z,7) in £2, (3.2b)
p=0o0nlIT,
/ (@ 4+ pX) (u —@)dz > 0 Yu € Uanq. (3.2¢)
2

The proof of (3.1) is classical. The optimality system (3.2a)—(3.2c) follows easily
from (3.1), (2.10), and the fact that the convexity of j implies that j(u) — j(a) >
3 (3w — ).

From the conditions (3.2a)—(3.2¢), the following relations can be deduced; see,
e.g., [4]. For p =0

p(x) > 0 = a(x) = o,
{é(x) < 0= i(x) = 8. (3.3)
and for pu > 0,

lg(x)| < u = a(zx) =0,

SB(I) >+ = ﬂ(l‘) = q,

P(z) < —p = a(zx) = B, (3.4)
P(x) = +p = au(z) <0,

@(z) = —p = u(z) > 0.

Notice that, if meas({z € 2 : H@(x)\ - u| = 0}) = 0, then, for p = 0, we recover
the classical bang-bang structure of the control, while for p > 0, the control will
only take values in {«, 3,0}, being a so-called bang-bang-bang or bang-off-bang
control.
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Now, we establish the second order optimality conditions. In what follows, «
will denote a control of U,q satisfying (3.1), along with the associated state y and
adjoint state @, solutions respectively of (3.2a) and (3.2b).

We say that a function v € L?(£2) satisfies the sign condition if
@ {20 it =5 @)
We define the cone of critical directions
Ca = {v € L*(1) satisfying (3.5) and J'(@;v) = 0}.
Following [4] we know that the following identities hold
Ca = {v € L*(R) satisfying (3.5) and v(z) = 0 if |@(z)| > 0} if u=0, (3.6)

Cu = {v € L*(22) satisfying (3.5)
>0 if p(z) = —p and a(z) =0, )
and v(z)d <0 if $(z) = +p and @(x) = 0,y if p>0. (3.7
=0 if [|¢(a)] — 4| >0,

xT
xT

It was proved in [6] that F”/(a)v? > 0 Vo € Cf is a second order necessary condition
for local optimality of w. However, to formulate a second order sufficient condition
we need to extend the cone of critical directions; see [9] for a discussion on it. We
have two possible extensions of Cy. First

G7 = {v € L*(Q) satisfying (3.5) and J'(;v) < ll2vll L1 (2) }-

On the other hand, using the characterizations of the cone Cy given by (3.6) and
(3.7) the following extensions appear in a natural way as well.

If u =0, D} ={v € L*(R2) satisfying (3.5) and v(z) = 0 if |@(z)| > 7}.

If u>0, Dj :{U € L?(2) satisfying (3.5)

>0 if g(z) = —p and u(z) =0
and v(z) ] <0 i 5(e) =+ and a(z) = 0 }
=0 if [|5()] — | > 7

In [9], it is proved that the cone
Ci =DiNGE
is enough to formulate second order sufficient conditions.
Theorem 5 Let @ € Unq satisfy (3.1) and
36 >0 and 3r > 0: F"(@)v” > dl|20]|720) Vv € CF, (3.8)

where 2z, = G'(@W)v is the solution of (2.4) for yu = ¥, the solution of (3.2a). Then,
there exist e > 0 and k > 0 such that

_ aY _ _
J(@) + 5 lyu = Gliz0) < J(u) Vu € Vaa + lyu = Glli=(o) <e  (3.9)
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In Section 6, we will also use the following result.

Lemma 2 Let u € Uyg satisfy (3.1) and (3.8). Then, there exists k > 0 such that for
all p > 0 a number €, > 0 can be found so that

_ _ . o _ _ _ K _
p [F' (@) (u— @) + pi(u) — pj (@) |+ F" (@+6(u—a)) (u—u)* > §|Iyu—y||2m(n) (3.10)
for all 6 € [0,1] and all u € Uaq satisfying ||yu — Ullpee 2y < €p-

Proof Following the same scheme of proof as in [9, Theorem 3.1], we can show the
existence of k > 0 such that

pJ (@ — ) + (@ + 0u— 1) (u—)° 2 §lyu — Hla ) WO €01 (311)

The details of the proof of (3.11) are provided in Appendix A; see [10, Remark
3.6] for a similar situation. Now, using the convexity of j, we know that
F'(u)(u — @) + pj (u) — pi(a) > J' (@50 — u)

and the proof is complete.

4 Numerical approximation of the control problem (P)

In this section we discretize the control problem (P). To this end, we assume
that 2 is convex and consider a quasi-uniform family of triangulations {7} }r~0
of 2, cf. [1, definition (4.4.13)]. We denote 2, = Urc7; T. We assume that every
boundary node of §2;, is a point of I". Additionally we suppose that there exists
a constant Cp > 0 independent of h such that the distance dp(x) < Crh? for
every z € I}, = 942, which is always satisfied if n = 2 and I" is of class C?; see,
for instance, [20, Section 5.2]. Under this assumption we have that there exists a
constant C; > 0 independent of h such that

12\ 2] < Ch?, (4.1)
where | - | denotes the Lebesgue measure.
Now we consider the finite dimensional space
Vi, ={zn € C(2): zpp € PI(T) VT € T, and 2z, =0 on 2\ 2;,}.
Along this paper P;(T) denotes the polynomials in T of degree at most i.

For every u € L?(f2), we define its associated discrete state as the unique
element yp, (u) € Y}, satisfying

a(yhuzh)"'/ f(I,yh)ZhdIdt:/ uzpdr Vzp € Y, (4.2)
2 2p

where .
a(y,z) =Y / 4§02, yOn, zdx Yy, z € H'(2).
ij=1"9%
The proof of the existence and uniqueness of a solution for (4.2) is standard; see
e.g. [7].
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Lemma 3 there exists a constant ¢ > 0, which depends on the data of the problem but
is independent of the discretization parameter h, such that for every u € U,q

lyn (u) = yull 22y < ch?, (4.3)
lyn (u) = yull L= () < ch®|logh|*.
Proof Estimate (4.3) follows from [7, Lemma 4] and (2.2).

Let us prove (4.4). First of all, notice that from [7, Theorem 1] and (2.3), it is
straightforward to deduce that for A > 0 small enough

lyn (Wl Lo (@) < Moo + 1. (4.5)

Consider y" € H3(£2) the unique solution of the linear equation

Ay" = u— f(z,yp(u)) in 2,
yh =0on I

Using Theorem 1, Assumption (A2) and (4.5), we know that y" € W2P(£2) for all
p < oo and

Iy lw=s(2) <Mop (max{lal, 18} + £, Ol (2) + Cparm 41 (Moc +1))
=Cop. (4.6)

The difference y, — y" satisfies

{A(yu - yh) - _f($7yu) + f(l',yh(u)) in Q?
yu—y" =0on I

From the results in Stampacchia [23], Assumption (A2), (2.3), (4.5) and estimate
(4.3), we have

g — 5" |z (2) SC1lf (@ 9u) — fz, 90 (W)l L2
<C1Of 41 llYu — yn (W)l p2(2) < C2h®. (4.7)

We notice now that y, (u) satisfies
a(yn, zn) = /Q (u— f(z,yn(u))znde Yz, €Yy
h

and hence it is the finite element approximation of yh. Define I hyh the continuous
piecewise linear Lagrange interpolation of y”. Applying [22, Theorem 2.1] (see also
[19]), the interpolation error (see e.g. [1, Equation (4.4.22)]), and (4.6) we deduce
that for all p < oo

" = yn (W)l e (2) <Cshlloghllly" — Iny" llw. (o)
<Cah|log hlh" /P ly" w0 )
<CoCsh?> 2/P|1og hp.

Taking now p = |log h| and using that R—1/1eghl — ¢ for b < 1 we have
Iy = yn ()|l < C5h?[log h|>.

Finally, (4.4) follows from (4.7) and the previous inequality.
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The control is discretized using piecewise constant functions, namely

Up = {un € L™(21) : upp € Po(T) VT € Tn},

Since the elements uj, of U;, are not defined on all 2, we have to specify what
we mean when we say that uj, — u weakly* in L°°(£2). It means that

/ upvdr — / wvdz Vv € L'(02).
o Q

Due to Assumption (4.1), this is the same as saying that the extension to 2\ 2,
of up, by any fixed function in L*°(£2) converges weakly* in L*°(£2).

We denote 7, the linear projection onto Uy in the LQ(Qh) sense:

1
(Thu)|, = m/Tudx, VT € Tp.

Abusing notation, we will sometimes write mpu = w in 2\ £2;,. With this notation,
we know that mpu — u in L?(£2).

We will denote

i = [ Jula)iae
On
The following approximation results will be useful.

Lemma 4 For all u € Uy,
dn(mnu) < §(u) ¥ho> 0 (4.8)
and
Jim ji (ep) = 3 (u)- (4.9)
—0

Moreover, given 1 < p < oo there exists a constant Kp > 0 that depends on p and {2
but it is independent of h such that

lu — mhullyy—10(0,) < KphllullLr (o) Vu € LP(22). (4.10)

Proof The first estimate follows from the definition of 7. The convergence j(mpu) —
j(u) is an immediate consequence of the well known convergence property |lu —
7Thu||L2(Qh) —0as h—0.

Set p' = p/(p — 1) the conjugate exponent of p and consider V}, = {v €
1,p’ .
WO P (‘Qh) . ||U|‘W01’p/(ﬂh)

erty of my,, [1, Lemma (4.3.8)] (Bramble-Hilbert’s Lemma) and the quasi-uniformity
of the family of triangulations, we have

= 1}. By definition of dual norm, the orthogonality prop-

= mullw e 2,) = SUP {4 =0t Vg ) it (1)

= sup / (u — Tpu)vdr = sup (v — mpu) (v — Tpv)de
veVr J 2y veVh J 2y

= sup [ u(o=mo)ds < sup ool = mhollor e,
vEVR J 2, veVh

= o ' h=K h.
= oevn pllollyyae g Il ) pllullLr (2
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Finally, we define

Fp(u) = / L(z,yp(u)(z)) dz, and Jy(u) = Fp(u) + pjp(u).

h

and formulate the discrete problem as

min  Jp (up), (Pn)

Un €UR ad

where Uj, oq = Up N Uaq. Since this set is compact and nonempty, existence of a
global solution of (P},) follows immediately from the continuity of Jj, in Up,.

For every u € L'(£2), we define the related discrete adjoint state ¢y, (u) € Y}, as
the unique solution of

a(zh,gah)—l—/ g—]yc(x,yh(u))gohzhdm:/ g—j(m,yh(u))zhdm Vzp €Yy (4.11)

2 2p

With this notation, we have that for every u,v € L'(£2)
Fp (w)v = / op(u)vdz.
2n

If uy, is a local solution of (Py,), then

Fy(an) (up — an) + pjn(un) — pin(@n) > Jp(@psup — ) >0 Yup, € Up aa. (4.12)

5 Error estimates for the optimal states

In this section, we first analyze the convergence of the approximations (Pj,) of (P)
in a sense to be precised below. Then we prove error estimates for the difference
between the discrete and the continuous optimal states.

Before stating the convergence theorems, we establish an auxiliary result.
Lemma 5 Consider {up}n>o C Uaq such that u, = u in L>(2) as h — 0. Then,
lim Fy,(up) = F(u), (5.1)
h—0

j(u) < Liminf jp (up). (5.2)
h—0

Proof We first write

|Fp(up) — F(u)] < |Fp(up) = F(up)| + |F(up) — F(u)].

The convergence to zero of the second term follows from Assumption (A3) and
Theorem 1.

For the first term, by the mean value theorem, we know that there exists a
measurable function 0 < 0y (x) < 1 such that, if we name g5, = yp, (up) + 0 (Yu, —
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yn(up)), then, using Theorem 1, assumptions (A3) and (4.1) together with (2.3),
we obtain

|F(up) — Fp(up)|

| [ (B @) = D)@ ot [ Lo ) o

2\
o
25

5y (2 01(2)) (v () = w1 () ()| e
s [ L0+ M) b
2\

The second summand converges to zero due to assumptions (A3) and (4.1). For,
the first one, using the finite element estimate (4.3) we obtain

| [5E i) (@) = ) )
2y

oL, .
<|| ==(.
_H 8y(’yh)‘ L2(2y)

1
<Cr,m.. |07 ch®,

oL

yun = yn(un)llLz(ey)

which also converges to zero.

To prove (5.2), we notice that if we define u"® = uy, in 2, and " = 0 in 2\ 25,
we have, due to Assumption (4.1), that «® = w in L% (£2) and also jp, (up) = j(u”).
Since j(+) is convex and continuous, it is weakly lower semicontinuous, so
. <1"f‘h:1"f'
j(u) < liminfj(u®) = lim inf js (un)
and inequality (5.2) follows.
Theorem 6 Let u be a strict strong local minimizer for (P), i.e.,
dp>0: J(I_L) < J(u) Yu € Uuq \ {ﬂ} : Hyu — gHLoc(Q) <p. (53)

Then, there erists a sequence {up}p of local minimizers of (P}) such that up, — u
weakly* in L°°(82). Moreover, there exists ho > 0 such that

Tn(in) < Jn(un) Yup € Upaa with |y (up) — Gallpe(2n) < & 5 Vh<ho.  (54)

Conversely, let {uy}p be a sequence of local minimizers of (P},) satisfying (5.4) for
some given p > 0 and such that up, RNTRTS L°° (). Then @ is a strong local solution
of (P) satisfying

J(@) < () Vu € Ut llyu = Fllree) < 5. (5.5)
Proof Part I: Consider the set

Vad,h,p = {un € Unada * lyn(un) = 9llze 2y < p}-
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From (2.7) and (4.10), we have that there exists h1 > 0 such that
17 = ymallo=(o) < § VA< b

From the finite element error estimate (4.4) we deduce the existence of ha such
that

[yrna — yn(Tr@)|| Lo (@) < g Vh < ha.

So we have that for 0 < h < hg := min{h1, ha}

19 — yn(mrw)ll L= 2y < P,
and we conclude that mpu € Voygp, Yh < ho. Hence, Vyqp , is compact and

nonempty. Therefore the problem

min  Jp(u
uhGVad,h,p h( h)

has a solution uy, for every h < hg. We can extract a subsequence, denoted in the
same way, such that @, — @ in L*(£2). Since Uhad C Uaq and U,q is weakly™
closed in L>(£2), we deduce that @ € U,q. We also have that g, = yp,(4r,) — ya in
L°°(£2). To check this we write

l9n — vallLe 2y < lyn(@n) = vanllpe (@) + llva, — vallL(o)- (5.6)
From (4.4) and Theorem 1 we infer that both terms converge to 0. Since uy, €
Vad,h,p> We have that
lya — YllLe(2) < llva — Unllze (@) + 19 — Ullz=(2)
<llya —Unllze(2y +p—p ash—0.

Hence |lyg — 9l () < p holds. Now we use Lemma 5, the optimality of @, and
Lemma 4 to infer that

J(@) < liminf Jy (uy) < limsup Jy(4y,) < limsup Jy, (mpa) = J(u).

Due to the strict strong local optimality of @, cf. (5.3), this is possible only if
@ = u, and so (5.6) implies that [|g, — gllp~(o) — 0 as h — 0. Let us take ho
such that ||, — §||Le () < p/2 for any h < hg. Then for any uj, € Uy aq such that
lyn(un) = UnllLe= (o) < p/2, we get

lyn (un) = 9llLee 2y < lyn(un) = Gnllnee (o) + 19n — llLe(2) < p Vh < ho.
Then uy, € Vaq p,, and, hence, Jy,(ay,) < Jp,(up) for every h < hg, which proves the
first part of the theorem.

Part II: We denote, as above, g; and y the discrete and continuous states
associated with u; and u, respectively. Let us take an arbitrary element u € Uyq
such that [|yu — 9L (2) < p/2. We have to prove that J(ua) < J(u).

First, we observe that, proceeding as in (5.6), ||gn — ¥l () — 0 as h — 0.
Next, we consider the discrete controls mju. It is obvious that mpu € Uy, 54 and,

we have, from (4.4), (2.7) and (4.10), that

lyn(mhu) = yullL () < llyn(mat) = Ymyull Lo (@) + |Yrnu — Yull Lo (@) = 0
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as h — 0. Therefore, we get
lyn(mpu) — GnllLee () = lyu = llLe (@) < g as h — 0.
Hence, there exists hs with hs < ho such that
lyn(Trv) = GnllLe (@) < g Vh < hs.

Thus, from the convergence @, — @ in L*>(£2), Lemma 5 and the local optimality
of @y, stated in (5.4), we infer

J(w) < liminf Jp(uy) < limsup Jy (i) < limsup Jy (mpu) = J(u),
h—0 h—0 h—0

which concludes the second part of proof.

Remark 2 For any fixed @ strict strong local minimizer of (P), and any sequence
{ap, }1, of local minimizers of (P},) converging weakly™ in L°°(2) to u, we will define
without ambiguity u;, = @ in 2\ §2;,. This is consistent with our abuse of notation
for 7, and our definition of weak® convergence in L°°(£2). Also we can define
without problem j(uy) and using (4.12), we can write

Fy, () (mpii — i) + pj (i) — pg (dg,) > 0.

Remark 8 Let us observe that if {iy,}}, is a sequence of global minimizers of (P},),
then there exist subsequences converging to elements «. Any of these controls u is
a global minimizer of (P). This is an immediate consequence of the second part of
Theorem 6. Indeed, it is enough to take p sufficiently large.

To obtain error estimates, we will assume in what follows that, bqsides (A3),
there exists a constant Cr, o > 0 and some h > 0 such that for all h < h

[L(z,0)| < CLo for a.e. z € 2\ 82, (5.7)

Assuming the second order optimality conditions we can prove some error
estimates for the difference between the continuous and discrete optimal states.

Theorem 7 Let u be a local solution of (P) satisfying the second order sufficient
conditions (3.8). Let {up}p be a sequence of local minima of (Py) such that (5.4)

holds and @j, = @ in L°°(§2). Then, there exists a constant C > 0 independent of h
such that
I9n — Gl r2(2) < CVh,

where § is the solution of (3.2b) and gy = yp(uyp), the solution of (4.2) for ay,.
Proof By the triangle inequality we have

9n — 9llLz(2) < 19n — vanllzz(o) + lvan — llzz()-

The first term in the right hand side is of order O(h?); see (4.3). We just need to
study the second term.
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From Theorem 1 we know that yz, — ¥ strongly in L°°(£2), and hence there
exists ho > 0 such that for all 0 < h < ho, |lya, — ¥llL~(2) <€, where e > 0 is the
one given in (3.9). From Theorem 5, we deduce the existence of k > 0 such that

IN

J(ap) - J()

< [J(@n) — Jn(@n)] + [Jn(un) — Jn(mpa)]
+ [Jn(mpa) — J(mpa)] + [J (rpa) — J(a)]

= I+4+II4+III+1IV.

K —12
5 lyan = 9llze(2)

N

Let us estimate the first term. By the mean value theorem, there exists a measur-
able function gy = g + 0(ya, — yr) with 0 < (x) < 1 such that

L=J(up) = Jp(n) = pjun) — pin(tn)
+ /A’Z\Qh L(z,ya, (z)) dzv + /Qh (L(z,yay, (z)) — L(z, §p(2))) dz

z oL, i
B /Q\Qh (pla(@)] + Lz, ya, (x))) dz + /Qh 87;(967 gn(2)) (va, () — Gn()) da

oL , . _
<(pmax{|al, 8]} + Cp o + Moo Cp .. )Coh® + "@("yh)‘ lya, — UnllLz(o,)

L2(82n)

< (# max{|al, ||} + Cro + MscCL 0., )Co + CL M |Q|%6) 2,

where we have used assumptions (4.1) together with (5.7) and (A3), Theorem 1,
the bound (2.3) and the finite element estimate (4.3). Term III can be estimated
exactly in the same way, taking into account that, due to our notation mpu = @ in
2\ 2y, and hence

/ |7rhﬂ|dx:/ |lu|dz < max{|a|, |3]}Coh?
.Q\.Qh, Q\ F

h

thanks to Assumption to (4.1).

Since ay, satisfies (5.4), we have that I < 0 for h small enough. Indeed, we can
argue as in the second part of the proof of Theorem 6 to deduce the existence of
h1 such that 7, € Uy, aq and |y, (mpt) — Gpllpe () < p/2 for h < hi.

To estimate term IV, we use again the mean value theorem, together with (2.5),
(4.10), our abuse of notation 7,4 = w in 2\ £, and the fact that |7l 11(0) <
H{LHLI(Q), to obtain

J(mpu) = J(u) = /Q (L(z, ymya(2)) — Lz, 4(2))) da + pj (mpit) — pj (@)

OL N _ _ _
:/Q @(w,yh(ﬁ))(ywhﬁ(x) — () dz + p(llmptll o) — |l 2))
oL . _
SH@T/(" nyh)’ Lz(mﬂyma —ylr2 (@)
1 1
CLm 1922 K>Cr v 1902|?
<——=——|mu—illg-1o < —3"h
Aa Aa

Collecting all the estimates, we achieve the desired result.
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Remark 4 (Approzimation by continuous piecewise linear functions.) If we take
Up = {vn € C(24) : vy € PI(T) VT € Tp}

and Uy qq = Up, N Uyq, we do not improve the order of convergence. The proof
follows the same lines as before, replacing 7, u by Carstensen’s quasi-interpolate;
see [3] and [21, Lemma 4.5]. Notice that estimate (4.10) for p = 2 is still of order
O(h), and although for p > 2 the order of convergence is smaller, this case was
only used in Theorem 6 to prove convergence, so the proof is still valid.

Remark 5 (Variational discretrization.) If Uy, = L*(£2), then the projection is the
identity and mpu = @ in £2. So in the proof of Theorem 7 the term IV disappears and
we obtain order O(h). Notice that, unlike the case where the Tikhonov parameter is
positive, we cannot express in general the variational optimal control as a function
depending on a finite number of parameters.

6 Bang-bang-bang control and control error estimates

In the last section we have used the quadratic growth property of the states (3.9)
to prove error estimates between discrete and continuous optimal states. The
reader can wonder whether it is possible to get an analogous condition involv-
ing a quadratic term for the controls. The answer is negative in general. In [13],
the authors prove that if @ is a local minimizer of (P), which is not bang-bang,
then there do not exist € > 0, K > 0, v > 0 and r > 1 such that the inequality

K _ _
J(u) + §Hu - “”}m) <J(u) Yu€Usq: llu—alpio) <e

holds. However, if we make a certain structural assumption on the associated
adjoint state with @, which implies the bang-(bang-)bang property of @, then we
can get the desired inequality. Following [13], the next hypothesis will be assumed
in the rest of the paper.

JK >0, 3y € (0,1] : meas{z € 2: ‘|g5(x)| - p‘ <e} <K, Ve > 0. (6.1)

Notice that a control u satisfying first order optimality conditions and (6.1) is
a bang-(bang-)bang control. In some papers, the above condition is assumed to
be satisfied with v = 1. Nevertheless, for dimension n > 2 and p = 0, the case
v = 1 may not hold in certain common situations; see the explanation after [18,
Eq. (3.5)] for an example in a polygonal domain.

Assuming that u = 0, if @ satisfies the first order optimality conditions and
(6.1), then it was proved in [13, Theorem 2.5] that @ is a local minimum in the
L°°(£2) sense. However, this is not enough to deduce error estimates for the con-
trols. We are going to show that the second order condition (3.8) along with the
structural assumption (6.1) are sufficient to obtain some error estimates for the
controls. To this end, we first establish the following lemma.
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Lemma 6 Let u € U,q satisfy the first order condition (3.1) and the structural as-
sumption (6.1). Then

_ _ ) i _ 1+
F'(a)(u — ) + pj(u) — pj(a) > v|u— Ul Yu€Ua (6.2)

1 -1/~
holds, where v = 5 (2”/3 - aHLoo(m)

1
Proof The inequality F'(#)(u — ) + pj('t;u — @) > v|u — 11||1LT(}2) was proved in
[17, Lemma 6.3]. Then, it is enough to use that j(u) — j(%) > j('#; u — 1) to obtain
(6.2).

Theorem 8 Let 4 be a solution of (P) satisfying the second order sufficient condition
(3.8) and the structural assumption (6.1). Then there exist € > 0 and x > 0 such that

_ v 1+ K _ _
J(u) + 5”“ —ullpa iy + ZHyu —ll72(2) < J(u) Vu € Uaa : |lyu — §llLe(o) <c.

Proof First, we make a Taylor expansion and to use (6.2) as follows

J(u) =F(u) + pj(u) (6.3)
=F(@) + (@) + F'(@)(u — ) + i) — i (@) + 3 F" (ug) (u — )

=)+ 5 [F (@) (u — ) + i) — 1 (@)]
+ 3 [F@) @) + i)~ wi(@) + P (ug)(u ~ )]
>0 (@) + % u il oy + 5 [F @) — ) + () — (@) + B (g) (u — )%]

Now, it is enough to estimate the last term with (3.10), taking p = 1, to conclude
the proof.

Next, we consider the discrete control problems (Pj,) defined in section 4. Let
u be a local minimizer of (P) satisfying the second order condition (3.8) and the
assumption (6.1). Then, from Theorem 6 we get the existence of a sequence {uy,};,
of local minimizers of problems (P},) such that @, = @ in L°(£2), ||z —llLe(2) —
0 as h — 0, and (5.4) is fulfilled. The goal is to provide error estimates for u; — .
To this end we will need the following approximation properties of m,u. Recall
that we are defining mpu = @ on 2\ (2.

Lemma 7 Let 4 € U,q satisfy the first order condition (3.1) and the structural as-
sumption (6.1). Then there exists Cy > 0 independent of h such that

@ —mpall L,y < CyhY (6.4)

and
|F' (@) (mpa — @) + pj(mpa) — pj(a)| < Cyh' 7. (6.5)
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Proof Consider an element T where |@(z)|—p changes sign if © > 0, or @(z) changes
sign if y = 0. Since ¢ is continuous, there exists g € T such that |¢(zo)] = p or
@(x0) = 0. We also have that ¢ € W2P(£2) for some p > n, so @ is Lipschitz, and
hence there exists a constant Lz > 0, independent of 7', such that for all z € T

12(2)] = u| = [1¢(@)] = 1@ (z0)l| < Loh if 1> 0,

|¢(z)| = |¢(z) — B(z0)| < Lgh if p=0.
Denote

S =U{T: |p(z)| — p changes sign in T} if u>0,

S =U{T: @(z) changes sign in T} if u=0.

We have just proved that
S c{ze 2 :||p()] - u| < Lgh}

and by Assumption (6.1) we have that measS < KLZhY. From (3.4) we get that
@ is constant in every triangle T where |@(z)| — 1 has a constant sign if y > 0 or
¢(z) has a constant sign if 4 = 0. Hence, the identity @ — 7,4 = 0 holds in 2\ S.
Therefore

@ = mnallpr 2, = 1t — mptllpisy < (B — ) KLIRY,
and (6.4) follows.

Let us prove (6.5). If = 0, we have

|F' (@) (rpa — @) :‘/nh @(mpu — u) de| = ‘/Snﬁ(ﬂ'hﬂ—ﬂ) da

<@l oo ()l — mhitl| L2y < Lph(B — o) KLLRY < CyhM 7.

For the case u > 0, we proceed as follows. For h < L‘—; we have @(z) #0 Vz € S.

Then, for every element T C S, either @(z) > 0 or @(x) < 0 for all z € T. Using
(3.4), we deduce in the first case, that both 4(z) < 0 and mpu(z) <0 for allz € T
and in the second case that 4(z) > 0 and mpa(z) > 0 for all z € T. Thus, we have

|F' (@) (mpt — @)+ (mp ) — ()] = ‘/ @(mptt — u)dz + u/ |[mhulde — u/ |uldz
n Q [7)
= ‘/ @(rpu — u)dr + ,u/ |7palde — u/ |u|dz
S S S
/ @(rpu — u)dx — p/ mpuds + ,u/ udx
Sn{@>0} Sn{g>0} Sn{g>0}

+/ o(mpu — u)dr + u/ Tpudr — u/ udx
Sn{p<0} Sn{g<0} Sn{e<0}

[ Gmwma-ades [ (- p)@-mad
Sn{g>0} Sn{g<0}

<@l — pll Loy lE — Thill sy < Loh(B — a) KLLRY < CyhM,

and (6.5) is satisfied.
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The next theorem provides an estimate for the difference u;, — u and improves
the estimate for the differences of the states provided in Theorem 7 for v > ¢~ ! ~

0.6180..., where ¢ = 1+72\/g is the so called golden ratio.

Theorem 9 Let @ be a solution of (P) satisfying the second order sufficient conditions
(3.8) and the structural assumption (6.1). Let {uy} be a sequence of local minima of
(P},) such that (5.4) holds and @y, = @ in L°°(£2). Then, there exists a constant C' > 0
independent of h such that

2
lan —all 10, < ChT,

(v+1)
15 — Fll2oy <Ch ™ 2.

Proof Since @, — @ in L*°(42), using Theorem 1, we deduce that for any ¢ > 0
there exists ho > 0 such that [|g; — 9|l (@) < € for every h < hg. We extend 4y, to
2 by setting up(z) = u(z) if x € 2\ 2. The same extension is considered for 7.
Thus we have jj,(mpu) — jp(up) = j(mpu) — j(uy). Now, using (6.2), (6.5), the fact
that 7,u € Uy, 4q and the first order optimality condition (4.12) (see also Remark
2) for the discrete problem (P;) we get

n — - iy + 5 [P @)@ — )+ g () — i ()]

< F'(@)(ay, — a) + pj(an) — pj(a)

< [F'(@) (i — @) + pg(an) — pi (@)] + [Fy (an) (mntt — ) + pi (mp@) — pi ()]

= [F'(a) - Fy,(un)(an — mp@) + [F' (@) (mpt — @) + pj(mp,@) — pj ()]

< [F'(@) — Fy, ()] (an, — wp) + Cyh* ™7

= [F'(w) = F'(@p)) (@, — mnu) + [F () — Fy, ()] (@, — mp@) + Cyh' 7

=T1+11+Cyh' 1. (6.6)
Let us estimate the terms I and II.

First, we notice that there exists a constant Cyp > 0 independent of h such that

¢ — wanllLe(2) < Colla — unll11(0,)- (6.7)

To prove (6.7), define z = @ — pg, . Subtracting the equations satisfied by @ and
©vay,, we obtain that z satisfies

A%z + 8—f(:v, 9)z

dy
9 9 oL oL ,
- L‘T]yc(x’y“h) B 3%;(1”17)} Py, + [a—y(x,g) - Fy(mvyﬂh)} in 2,

z=0onI.

From assumptions (A2) and (A3), Theorem 1, (2.9) and using the mean value
theorem

2l Lo (2) < C1ll§ — yan L2 (02)
where C1 = T2(TooC a1, +Cr 0., ). Now, (6.7) follows from (2.6), and Co = o C.
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For the first term, using the mean value theorem, (6.7), (6.4), and Young’s
inequality

L=(F'(u) - F'(ay))(an — mpa)
=(F'(u) — F'(ap))(an — a) + (F'(a) — F'(ap)) (@ — m,a)
= — F"(ug) (@, — 1)* + Y (¢ — euy)(u — mput)de
< — F"(ug) (@, — )% + |6 — @ | Lo () 17— mal| 11 (2
< — F"(ug) (@, — )% + Coll — tip |1 (2, Cyh”
F

v+l

"(uo) (@ — 0)* + Gl = anll 1, + O, (6.8)

>

v

y+1 ol
where C' = % (COCW%) (ﬁ) .

For the second term, taking into account that ¢, =0 in 2\ 2}, we can write
IT= / (pun — @n)(Uup, — mpu)de.
2

Let us estimate oz, — @,. To this end, we introduce the function " € WP ()
for all p < oo as the solution of

e L Of 0L, _ .
{A @+ gy (@ I)e = 5 (@ 51) n 2,

p=0onI.
Obviously, estimate (4.4) can be applied to estimate aph — @5, hence we have
h _
" — @nll Lo () < ch®|loghl>.

Now, we estimate the difference 2" = g, — ¢". Subtracting the equations
satisfied by ¢a, and ¢" we obtain

A*Zh + %(m7yﬁh)zh

= [%(xvyh) - %(x,y’ah)} SDh + [%(l‘yyﬂh) - %(I,gh)} in Q,

M =0onT

From assumptions (A2) and (A3), Theorem 1, and using the mean value theorem
we infer

h _
12" ILoe 2y < Cillyan — Unllz2(2)-

Now, (4.3) and the definition of z"* imply

h 2
lpan — " [lLo(2) < Crch™.
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Altogether, and using Young’s inequality for p = v+1 and ¢ = (y+1)/v along with
estimate (6.4), we deduce the existence of constants Cz, C3,Cy > 0 independent of
h such that

IT <C2h?|log hl*(|[an — ll L1 () + 18— Tl L1 (0,))

_ 144
gcg(h2| logh|2)'y+1 + %HU - uhHLl(}Zh) 1 Cah® | log h|2. (6.9)

From (6.6), (6.8) and (6.9), we have that there exists Cs > 0 independent of h
such that

v, _ 141 1 N _ o o _ _
glan =l i o, 5 [F @) (@n — a) + pi(an) — uj(@)] + F" (ug) (un — u)®
< Cs((h?[log h)*) ! + 12| log h|* + A + YO (6.10)

From Lemma 2 we deduce the existence of x > 0 such that for ¢ as above sufficiently
small

K _ 1 N _ o o _
5 llyan —3lZ200) < 5 [F' (@) (@, — ) + g () — i (@)] + F" (ug) (ap, — 0)>  Vh < ho.
(6.11)
Combining (6.10) and (6.11) and taking into account that v < 1, we get

v, _ _ 1+ K _
Flan =l (o, + 5y, = 3llZz) < Ceh?FY

for some C¢ > 0 independent of h.
The proof concludes observing that ||ya, — ¥ullz2(2) < ch?; see (4.3).

Remark 6 (Approzimation by continuous piecewise linear functions.) If we take
Up = {vn € C(24) : vpp € P1(T) VT € Tp}

and Up, qq = Up N U,sq, we do not improve the order of convergence. The proof
follows the same lines as before, replacing 7@ by any control uj, € Uy, 4q such that
up,p = o if p(x)>pforallz €T, up, i = B if ¢(x) < —p for all z € T and upr =0
if |p(z)| < p for all z € T.

Remark 7 (Variational discretrization.) If Uy, = L*(£2), then the projection is the
identity and mpu = w in 2. So in the proof of Theorem 9 the terms of order
h*t 7| log h|?, K'Y and K7 in (6.10) disappear, and finally we get

1@ — tnll 112,y < C(h1logh))*Y, 117 — Gnllr2(2) < C(hlloghl)' 7.

This order of convergence was obtained for problems governed by linear equations
in [15, Lemma 3.3] assuming that =0, v = 1, and @ € W>°(02).
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7 Numerical experiment

Consider n =1, 2 = (=1,1), A = —A = —94,. We will take f(z,y) = yly|>, p=0
and L(z,y) = 3(y — yq(z))?, where y4 is defined later. The state equation is given
by

—0%ey +ylyl® = win (=1,1), y(-1) = y(1) =0,

and the adjoint state equation is given by
—2rp +4lylPe =y —ya in (-1,1), p(=1) = p(1) = 0.

We define a = —1, =1 and

(z) = (1 - 2*)(wo — z)lwo —2|*" ",

where the switching point zg is zg = 2_‘5/3 for some § > 0 and ¢ > 1. We test
examples for § = 9, ¢ = 1 and § = 3, ¢ = 2. This function clearly satisfies the
boundary conditions of the adjoint state equation and Assumption (6.1) holds for

v=1/q € (0,1].

Taking into account the sign of ¢, we define

() = aif z < xo,
T\ Bif x> x0.

Using this control, we compute § = yz. Since we cannot solve the state equation
exactly, we solve it for a uniform mesh with constant step size h = 2715/3, so that
zo is a mesh node.

Finally, we define yq(z) = @’ (z) — 4|5(z)|3@(z) + g(x).

With this data, we have that first order optimality conditions are satisfied and
Assumptions (A1), (A2), (A3) and (6.1) hold for ¢ =1 and all ¢ > 2. Experimen-
tally, it is clear that %(x,g(m)) - @(ac)%(m,g(m)) > 1 for all z € 2, so second
order sufficient condition (3.8) is also satisfied; see (2.10).

We discretize the problem using a family of uniform meshes with constant

step size h; = 27%, i = 3,.... To solve the discrete problems, we do a Tikhonov
regularization, cf. [17], i.e., we solve the finite element approximation of

L v,
(Puj)ufélll}ald Ju; (u) = J(u) + §]HUH%2(Q)~
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Fig. 1 Experimental order of convergence.
Piecewise constant approximations of the
control. v =1

-35

-16 -14 12
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—&— state L2 error

o) . .
’ om?) Fig. 2 Experimental order of convergence.
Continuous piecewise linear approximations

of the control. v =1

30t

-35

-16

a sequence v; \, 0. This problem is solved using a semismooth Newton method

as described in [8, Section 14]. We use algorithm 7.1, with parameters vo = 1,
r=0.1,e=10"" and vy, = 107,

Algorithm 7.1: Optimization algorithm

1

© 00 N o s wWN

Set 7 = 0, an initial v9 > 0 and an initial guess ug, yo, po. Fix 0 <r <1
and a tolerance ¢ > 0

Solve (P"7) with initial guess u;, yj, ¢;

Name the result w; 1, yj+1, ©j+1

Set Viy1 = rnax{ryj, Vmin}

if Jluji1 —wjilloiory + 1541 — yilleze) + llej+1 — @jllL2(e) < e then

stop

else
‘ Set =7+ 1 and go to 2

end

For v = 1, we obtain the results summarized in Figure 1 (piecewise constant

approximations), Figure 2 (piecewise linear approximations) and Figure 3 (varia-
tional approximation). The experimental results are quite in agreement with the
results in Section 6.

For v = 1/2, we are only able to observe the predicted error estimate for the

error control in the variational approach. See Figure 4. For the other approximation
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Variational Discretization
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—6— state L2 error
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Fig. 3 Experimental order of convergence.

18 16 14 12 10 8 6 4 2 Variational approximation of the control.
logy (hi) y=1

Variational Discretization y=1/2

Fig. 4 Experimental order of convergence.
10 s 5 4 Variational approximation of the control.
logy (h;) ¥ = 1/2

-16 -14 -12

we observe O(h), despite expecting only O(h'/*) for the controls and O(v/A) for
the states.

A Appendix: sketch of the proof of equation (3.11)

For a given 6 € [0, 1], we denote ug = @+ 0(u—@). We will use the following property, proved
in [10, Lemma 3.5-2]. For every v > 0 there exists ¢ > 0 such that if ||yu — gl () < &, then

[(F" (ug) — F"(@)z5] < vllzvll32(g) Yo € L*(£2). (A1)

Firstly, we prove that there exists a constant C' > 0 such that
pJ (@0 — @) + F/ (ug) (u = )2 > Cllzu—alZ - (A2)
As in [9, Theorem 3.1], we distinguish three cases
Case 1: w— @ € CZ. On one hand, from [6, Lemma 2.5], we have that
J'(@;u — @) > 0.

On the other hand, taking € small enough, using (A.1) with v = §/2 and the second order
condition (3.8), we have

_ é
F"(ug)(u — u)z > 5qu—ﬂ”2L2(Q)

and (A.2) follows.
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Case 2: w —u ¢ GT. In this case it is the first derivative the one that dominates. For any
given p > 0, it is proved as in [9, eq. (3.8)] that for ¢ > 0 small enough and ||yu — gl () < &,
we have o7

I . 2
p‘] (uv u— ’LL) > 278”2’“4*“”[‘2(9)-

By continuity properties of the second derivative, there exists M > 0 such that
—\2 2
F"(ug)(u —u)* < MHZU*EHLZ(Q)'

So for € > 0 small enough (and maybe depending on p), equation (A.2) holds.

Case 8: uw—u ¢ Dj, and u — u € G7. First of all, let us define Cpp 1 as the continuity
constant of the mapping v — z, in L1(2), i.e.,

lzoll1 () < Caallvll(g) Yo € LH(£2),

and 7* = 7/max{1,Cp1}. Ifu—u ¢ G}L*, then Case 2 applies. Otherwise, we define the set
V C £2 in the following way:

Ifpu=0 V=_ze2: ulx)—ulx)=0Ii|p(z) >}

>0 if gcﬁ(:v):—u and u(:c)zO;
If 4 >0, V{zéﬂ:u(m)—ﬂ(w) <0 if (¢(x) = +p and u(z) =0 }
=0 if |p(@) - u| > 7

Let us also denote W = 2\ V and define now v = (u — @)xy and w = (u — @)xw. On one
hand we have (see [11, Proposition 3.6] and [9, eq. (3.11)]) that

J'(@;u — @) > 7llwll L1 (g)- (A.3)

On the other hand, by construction, v belongs to DZ, and it is proved in [9] that v € Gg*. So
v € CZ. Using now that u — 4 = v + w, (A.1) and (3.8), we have that there exists a constant
¢ > 0 such that

_ 1
F”(UG)(U —u)2 > g”zufﬂ”%y(g) - C”Zw”iz((z)- (A.4)
Next taking into account that for ¢ > 0 small enough, [|yu—7||Loo (@) < € implies [|zw||poo(2) <

2¢ (which follows from [9, Lemma 2.4], the definition of w and the maximum principle), we
deduce ||zw||2L2(Q) < 2¢e|lzwllpi(g) < 2eCoallwllpi(g), and hence for £ > 0 small enough

(maybe depending on p > 0),
priwlo @) = cllzwllZagg, > 0,

and (A.2) follows from this inequality, (A.3) and (A.4).

To conclude the proof of (3.11), it is enough to notice that (see [9, eq. (2.9)]) for e > 0
small enough

1 _
lzu—allL2(0) = 5|Iyu —9llL2()-
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