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Abstract
The B-mode pattern of the polarization of the Cosmic Microwave Background (CMB)
is the imprint of the Primordial Gravitational Waves (PGW) during the inflation pe-
riod. Nowadays, several experiments have been dedicated to observe the B-mode
polarization signal but it has not been discovered yet. In the future, there will be
some new experiments specialized in detecting the CMB polarization, touching the
0.001 limit of the parameter r, the tensor-to-scalar ratio which is an indicator about
the strength of PGW. The weak signal from B-mode polarization together with the
noises and systematic effects make the detection extremely hard. In this paper, we
mainly evaluated the different influences of three relevant systematic effects, polar-
ization angle mismatch, pointing error and beam calibration imperfection acting on
four future experiments: LiteBIRD, PICO, Simons Observatory and CMB Stage-4.
We showed that to reach an 1% increment in the uncertainty (error) in the parameter
r, the polarization angle should be calibrated within 3’-22’ and the pointing direc-
tion should be calibrated within 1’-4’, depending on the experiment. On the other
hand, the uncertainties in the beam calibration of the sidelobes affect the error in r
in a wide range from 0.05% to 200% for the different experiments.

Keywords: Cosmic Microwave Background, Polarization, B-mode, Instrumenta-
tion, Systematic effects

El patrón de polarización del Fondo Cósmico de Microondas (CMB) dado por
el modo B representa la huella dejada por las Ondas Gravitacionales Primigenias
(PGW) durante el periodo inflacionario. Actualmente, varios experimentos han sido
dedicados a observar la señal del modo B de polarización pero no ha sido descu-
bierta todavía. En el futuro, habrá nuevos experimentos especializados en detectar
la polarización del CMB, alcanzando el límite de 0.001 en el parámetro r, la razón
tensorial-scalar que es un indicador de la amplitud de las PGW. La débil señal del
modo B de polarización junto con el ruido instrumental y los efectos sistemáticos
hacen que la detección sea extremadamente difícil. En este trabajo, consideramos la
influencia de tres efectos sistemáticos relevantes, el desajuste en el ángulo de polar-
ización, el error del apuntado y la incertidumbre en la calibración del haz, actuando
sobre cuatro experimentos futuros: LiteBIRD, PICO, Simons Observatory y CMB
Stage-4. Se muestra que para alcanzar un incremento del 1% en la incertidumbre del
parámetro r, el ángulo de polarización debería de ser calibrado en el rango 3′− 22′ y
la dirección en el apuntado debería de ser calibrada en el rango 1′− 4′, dependiendo
del experimento. Por otro lado, las incertidumbres en la calibración de los lóbulos
laterales del haz afectan al error en r en un rango amplio desde 0.05% hasta 200%
para los diferentes experimentos.

Palabras clave: . El Fondo Cósmico de Microondas, Polarización, modos B, In-
strumentación, Efectos sistemáticos
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Chapter 1

Introduction to the CMB
polarization

1.1 Background

In 1965, Penzias A.A. and Wilson R.W. made a milestone discovery in the cosmolog-
ical research history using the Homdel Horn Antenna (a microwave telescope) and
in turn they were awarded with 1978 Nobel Prize in Physics. They found there is
an isotropic, unpolarized radiation with a temperature around 3K and free from the
seasonal variation[1].

The Princeton group, including the 2019 Nobel Laureate James Peebles, inter-
preted this isotropic radiation as the CMB, the radiation predicted in the Big Bang
model. The sensitivity of the antenna at 60s was too low and the noise was too high
to detect any anisotropic detail of the CMB. However, despite the dipole anisotropy
caused by the peculiar velocity of our planet respect to the Last Scattering Surface
(LSS) first predicted in 1969[2], the intrinsic deviations from isotropy expected in
the Big Bang model to explain the observed inhomogeneities in the universe were
not discovered until 1992. In this year, George F. Smoot lead the team of the Differ-
ential Microwave Radiometer experiment onboard the Cosmic Background Explorer
(COBE), found the weak anisotropic signal of the CMB in a scale around 7 degrees[3]
and then he was awarded with the 2006 Nobel Prize. In the following years, more
detailed anisotropies of CMB were discovered with instruments like Wilkinson Mi-
crowave Anisotropy Probe (WMAP) and Planck satellite etc. The anisotropies are
related to the perturbations at the early universe, according to the inflation theory,
a theory which is somewhat speculative (lacking a solid physical foundation and
observational evidence) but useful to explain several fundamental properties of the
present universe that remained otherwise inexplicable within the Big Bang model.

Besides, the polarization signal which was omitted also due to poor instrumental
sensitivity in the first glimpse to the CMB, was discovered with its anisotropies in
2002 by J.M.Kovac et al. using the Degree Angular Scale Interferometer (DASI) at
the South Pole[4] and then was followed up by WMAP and Planck with much better
precision and resolutions. The CMB is about 10% polarized.

All of the modern models describing our universe should take the CMB into
account and have a reasonable, convincing explanation for that.

Raised by Alan H. Guth in 1980, inflation model describes that the inflation is
an scenario in which the universe is in an accelerating expansion that happened at
a short time after the Big Bang and driven by a field called inflaton[5]. It is such a
successful theory that can elegantly solve three main cosmological problems: (1) the
horizon problem, i.e., the early universe is assumed to be highly homogeneous, in
spite of the fact that separated regions were causally disconnected; (2) the flatness
problem, i.e., the initial value of the curvature must be fine tuned to extraordinary
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accuracy to produce a universe as flat as the one we see today[5] and (3) magnetic
monopole problem, i.e., the existence of magnetic monopoles is predicted by many
theories but there is no experimental or observational sign of them[6]. However,
inflation has not been sufficiently certified or proved by observations yet. Scientists
believe that the CMB anisotropy is induced by the perturbation at the early universe
and then stretched out by inflation, forming the seeds for the structure formation at a
later time. The stretched perturbation left some imprint at the last scattering surface,
where the photons firstly became free to travel and Thomson scattering between
photons and electrons provided some polarization signal due to anisotropy of the
incoming light.

CMB polarization can be categorized into two patterns: E-mode (behaves like
a gradient) and B-mode (behaves like a curl). E-mode was produced by both scalar
perturbation (density waves fluctuations) and tensor perturbations (primordial grav-
itational waves or PGW) at the early universe. B-modes, on the other hand, was only
generated by tensor perturbations. The amplitude ratio between the two modes is
described by the tensor-to-scalar ratio r. The parameter r and spectral indices from
scalar perturbations and tensor perturbations, ns and nt are crucial to determine the
parameters of the inflaton potential v. Nowadays, the constraint on the tensor-to-
scalar ratio r is set to be < 0.044 by the unprecedently precise instrument Planck
satellite and BICEP/Keck array[7].

1.2 The Origin of CMB Black-Body Radiation

Although we mentioned about the CMB anisotropies, the amplitude of the anisotropies
is around 300 micro-Kelvin, relative to the 2.7 Kelvin, the fluctuation Θ = ∆T

T is at
a level of 10−5. Thus at first sight we saw a nearly perfect black-body radiation, as
Penzias observed in 1965.

The story of the CMB begins at the Last Scattering Surface (LSS). During the ex-
pansion, the photon traveling through the entire universe will suffer from the cosmo-
logical red-shift; as the following formula indicates, the energy E change inversely
proportional to the scale factor as a function of the red-shift a(z)[8]: E ∝ 1

a(z) .
However, before the LSS the very early universe was opaque: the universe was

so hot that the photons were continuously scattered with electrons forming a hot
plasma soup, and the photons did not have a long enough free path to travel.

According to the continuity equation and the equation of state of matter and
radiation, the energy density of ordinary matter and photons will decrease while
the universe expands (increasing scale factor)[8][9], and so does the temperature of
the universe.

Once the universe was cooled down enough, protons, neutrons and electrons
first become bound forming atoms allowing photons to travel freely. This period
is called recombination and happens in a sudden relative to a cosmological time
scale[10].

The CMB is the red-shifted light from this time, and observed by us from the
present time; it comes from all directions of the sky just as if there were a very distant
radiating surface, the LSS. The temperature at that time is determined by the Saha
ionization equation, which describes the thermodynamics of a chemical equilibrium
system and was derived in 1921[11]. For more details on the conditions to apply
that equation to the early universe see [10]. The temperature at the recombination
is determined to be 3000 Kelvin, arround 1/4 eV. Then the corresponding redshift
value of the LSS can be also established to be z = 1100 by comparing to the 2.7
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Kelvin CMB temperature observational result. This information allows us to know
that Recombination happens arround 380000 years after the Big Bang. According to
the Planck law, the CMB observational black-body temperature is[9]:

Tb =
hν

k
ln−1

(
1 +

2hν3

Iνc2

)
. (1.1)

Its near isotropy is a natural result from the Friedmann-Lemaître-Robertson-
Walker (FLRW) metric, and can be considered as a justification of the cosmologi-
cal principle: that the spatial distribution of matter in the universe is homogeneous
and isotropic when viewed on a large enough scale[12] (although there were some
dissenting voices[13]).

1.3 The Polarization

CMB is expected to be around 10% linearly polarized due to Thompson scattering
of photons off free electrons in the LSS. Below we will explain the basic processes
that took place in the generation of the CMB polarization and provide some basic
concepts and parameters related to the formalism commonly used for its analysis.

1.3.1 Thomson scattering

Thomson scattering is the process by which an electron emits dipole radiation due to
the oscillation induced by the incoming electromagnetic field, which can be regarded
as a low-energy approximation of the Compton scattering.

Thomson scattering is linearly polarized along the electron oscillation direction,
and the intensity of the outgoing beam, forming an angle β with the incident beam,
is proportional to cos2 β if the polarization vector lies in the scattering plane. If the
incident light is isotropic there will not be any preference polarization direction of
the outgoing light. However, the radiation anisotropy was introduced due to the
presence of perturbations at the beginning of the universe, and today we detected
there is some net polarization in CMB. We are going to explore the polarization in a
mathematical way below.

1.3.2 Stokes parameters

The state of polarization of electromagnetic radiation is usually described in terms
of the Stokes parameters, which were introduced by G.G. Stokes in 1825[14].

Following[15], a right-handed orthogonal system
(

ε(1), ε(2), n
)

can be used to
describe the propagation of an electromagnetic wave with the electric field E =
E1ε(1) + E2ε(2) in the direction of n and with defined polarization directions ε(1)

and ε(2).
The polarization tensor is defined as

Pij = E∗a Ebε
(1)
i ε

(1)
j , (1.2)

and from this equation we can extract out a Hermitian 2× 2 matrix and decompose
it into stokes parameters I, Q, U, V with Pauli matrices σ

(α)
ab (here σ

(0)
ab is the inden-

tity matrix and these 4 matrices form a basis of the vector space of Hermitian 2× 2
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matrix):

P̃ab = E∗a Eb =
1
2

[
Iσ

(0)
ab + Uσ

(1)
ab + Vσ

(2)
ab + Qσ

(3)
ab

]
. (1.3)

In terms of electric field the Stokes parameter can be represented by

I ≡ |E1|2 + |E2|2

Q ≡ |E1|2 − |E2|2

U ≡ E∗1 E2 + E∗2 E1 = 2Re(E∗1 E2)

V ≡ 2Im(E∗1 E2).

(1.4)

Here I is the intensity of the electromagnetic wave, Q and U describe the linear
part of the polarization whereas V the circular one. (There is another convenient
expression if using the real parts (projections) of the electric fields, see appendix A
for the detail and the specific physical explanation on Stokes parameters.)

As we discussed in the Thomson scattering part, the circular polarization would
not be produced. Therefore, in CMB research, scientists would only concern about
the three stokes parameters I, Q, U and in many occasions the intensity I is replaced
by the black-body temperature T with a certain factor as indicated in (1.1).

Now we have the polarization tensor

P̃ab = E∗a Eb =
1
2

[
Iσ

(0)
ab + Uσ

(1)
ab + Qσ

(3)
ab

]
. (1.5)

From this tensor we can extract out the polarization part which is a real symmet-
ric traceless matrix

Pab =
1
2

[
Uσ

(1)
ab + Qσ

(3)
ab

]
=

1
2

[
Q U
U −Q

]
. (1.6)

Stokes parameters as a spinor

The polarization part Pab transforms as a spin-2 variable[16], see deduction details
in appendix A. Using helicity basis ε(±) =

(
ε(1) ± iε(2)

)
we can define the following

quantities
P ≡ P++ = 2P abε

(+)
a ε

(+)
b = Q + iU,

P̄ ≡ P−− = 2P abε
(−)
a ε

(−)
b = Q− iU.

(1.7)

Here the meaning of spin-2 is more clear, because these two quantities transform as

(Q± iU)′ = e±2iα(Q± iU), (1.8)

with a magnetic quantum number ±2.
We can see that Q and U are not rotational invariant, since they depend on the

arbitrary choice of ε(1) and ε(2). Although normally the observations of the CMB
are taken under the galactic coordinate system, we would like to extract invariant
quantities from the rotation-dependent Stokes parameters to dig more deeply into
the physics. This is done in the next item where the Q and U parameters are trans-
formed into the E- and B-modes.
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From Stokes parameters to E-mode and B-mode

We are going to introduce the spin weighted spherical harmonic functions sY`m(n),
which are the extension of the normal spherical harmonic functions Y`m(n) = 0Y`m(n).
The spin weighted spherical harmonic functions change in this way:

sY`m(n)⇒ eisα
sY`m(n), (1.9)

and here we are going to consider only spin number 2.
On the full sky, the celestial shpere, considered as the scattering plane, the canon-

ical basis (eθ ≡ ∂θ , eφ ≡ 1
sin θ ∂φ) which is defined on the tangent space of the sphere

could not be well defined at both poles. Thus we choose helicity basis e± = 1√
2

(
eθ ± ieφ

)
,

then our two familiar quantities can be expanded into

(Q± iU)(n) =
∞

∑
`=2

`

∑
m=−`

a(±2)
lm sY`m(n), (1.10)

where here we can split a(±2)
lm into two parts

a(±2)
lm = elm ± iblm, (1.11)

and
elm =

1
2

(
a(2)lm + a(−2)

lm

)
blm =

−i
2

(
a(2)lm − a(−2)

lm

)
.

(1.12)

Here we could have spin raising and lowering operators /∂ and /∂∗, an analogy
to the ladder operator in quantum mechanics, which can act on the spin weighted
spherical harmonic functions. To get the spin 2 weighted spherical harmonic func-
tions back to spin 0, we need to lower the spin twice from 2 using /∂2 or to raise the
spin from -2 using (/∂∗)2.

Acting on Q± iU, we will have

(/∂∗)2(Q + iU)(n) ∝
∞

∑
`=2

`

∑
m=−`

a(+2)
lm Y`m(n)

/∂2(Q− iU)(n) ∝
∞

∑
`=2

`

∑
m=−`

a(−2)
lm Y`m(n),

(1.13)

both with a factor
√

(l+2)!
(l−2)! .

Using this results, define two scalar quantities below,

E(n) =
∞

∑
`=2

`

∑
m=−`

elmY`m(n)

B(n) =
∞

∑
`=2

`

∑
m=−`

blmY`m(n),

(1.14)

they are scalar because Y`m(n) is a scalar, that is also the reason that we used lower-
ing and raising operators.
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E is like a gradient and B is like a curl, that is how they get their names, taking
the analogy of the electric and magnetic field in electrodynamics. See appendix A
for detail.

1.4 The Anisotropies

In order to explain the fluctuation in temperature and polarization maps of the CMB,
we need to consider the fluctuation in the early universe, i.e., during the inflation pe-
riod. We will see that inflation expanded the quantum fluctuation into a comparable
level as a seed of today´s universe.

Inflation provides a physical mechanism by which several fundamental proper-
ties of our universe can be explained. However, it lacks a particle physics theory to
sustain it, i.e., there is no particle in the Standard Model can become the candidate
which responsible for the inflation, and its observational evidence is still quite weak.

In inflation theory, we believe there was a field call the inflaton driving the space-
time to expand extremely at the ultimate beginning of the universe after the Big
Bang. The most common model is single-field slow-roll model. The kinematics can
be found in appendix B.

The anisotropy of the CMB is studied in a statistical way rather than looking
into every point carefully, because the perturbation is a quite stochastic mechanism
and the latter method is therefore meaningless. We use angular power spectrum to
express the anisotropy distribution.

Multipole expansion and angular power spectrum

We should know any scalar field ∆T(~n) on a sphere can be expressed as a series of
spherical harmonic multipoles, this is so-called multipole expansion:

∆T(~n) = ∑
`

`

∑
m=−`

a`mY`m(~n), (1.15)

where the normalized spherical harmonic functions are

Y`,m(θ, φ) = n`,mP`,m(cos θ)eimφ, (1.16)

P`,m is the Legendre polynomials and n`,m =
√

2`+1
4π

(`−m)!
(`+m)! is the normalization factor.

We are familiar with these expressions since we have seen them when solving the
Schrodinger equation of the Hydrogen atom.

The angular power spectrum is defined as following

C` =
1

2`+ 1

`

∑
m=−`

|a`m|2 . (1.17)

C` is a function of multipole `, denoting each multipole’s contribution to the
total fluctuations. We can regard it as a metaphor to the results of different fren-
quencies from the Fourier transformations, but instead of real frequencies we adapt
the angular frequency `. Higher the multipole is, smaller the correspondent angle
on the sky is, i.e., ` = 1 correspond to dipole contribution, roughly 180 degree on
the sky, ` = 10 corresponds to roughly 10 degrees on the sky, ` = 100 corresponds to
roughly 1 degree on the sky[17]. Notice here we mean the size of a patch on the sky,
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and notice the ’rough’ correspondence, because there is no direct linkage between
multipole and solid angle on the sky.

1.4.1 Perturbations

The perturbation happened in the inflation were two kinds, scalar perturbation (den-
sity perturbation) and tensor perturbation (Primordial Gravitational Waves, PGW).
See appendix B to know how the perturbation is induced.

These two perturbations are related to the inflaton field potential V and its time
derivative V ′, where here H is the Hubble parameter and MPl is the Planck mass:

∆2
R(k)

1
8π2

H2

M2
Pl

=
1

12π2
V3

M6
Pl(V

′)2
,

∆2
t (k) =

2
π2

H2

M2
Pl

.
(1.18)

They can be expressed in power law with a reference k∗ and their corresponding
amplitudes As and At and spectral indices ns and nt which are important in cosmo-
logical models.

∆2
R(k) ≡ As

(
k
k∗

)ns−1

,

∆2
t (k) ≡ At

(
k
k∗

)nt

.
(1.19)

The ratio between the amplitude of scalar perturbation and tensor perturbation,
define a tensor-to-scalar ratio r where ε the slow-roll parameter, relevant to V and
V ′:

r ≡
∆2

b
∆2
R

=
At

As
= 16ε. (1.20)

As well as spectral indices, this tensor-to-scalar ratio can help us constrain the
different cosmological models, e.g., Starobinsky’s f (R) gravity, one of them has a
inflation with r = 12

N2 where N is the e-fold in the inflation[18].
Inflation behaved like a magnifier enlarging the effects from primordial pertur-

bations. The perturbations will affect the photon distribution and polarization at the
LSS and then affected the CMB, see appendix B for detail.

1.5 E-modes and B-modes from the perturbations

The deduction in appendix B shows how the perturbations generate E and B-mode
polarization patterns. In a word, we have E-mode polarization from both scalar
perturbation and tensor perturbation but B-mode polarization only from tensor per-
turbation. Therefore, B-mode polarization is the imprint of the PGWB, and since
PGWB is impossible to detect directly using GW observatories like LIGO, even LISA
because it has an extremely long wavelength up to millions of lightyears, detecting
B-mode polarization is the ’easiest’, indirect way to observe PGWB. The existence
of the B-mode is crucial to the correctness of the inflation theory and its strength,
distribution and spectra, are important to modern cosmological models.

Today in 2020s, E-mode polarization has been observed but not the B-mode.
Modern observation suggests a upper bound of r as around 0.044[7] and theories
suggest a possible lower bound of r as around 0.001.
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Chapter 2

Observational effects in the CMB
polarization measurement

To reach the criterion to have the chance to observe the PGWB signal is not easy,
not only because polarization only takes 10% of the total CMB[19], not to mention
that B-mode polarization signal is much weaker than E-mode signal according to
the theory, but also because of instrumental noises and the existence of systematic
effects which need us to do the purging and cleaning. The foreground, or generally
external effects include galactic foreground from synchrotron, dust, Bremsstrahlung
emission and inverse Compton effect in our galaxy; weak-gravitational-lensing in-
duced B-mode which turns E-mode into B-mode, sampling noises depending on the
observation area fraction of the sky, and detector white noise (depending on the sen-
sitivities of the detectors. Today the detector has reached to its quantum limit thanks
to the development of manufacturing technology). Internal effects, which differ a
lot from one configuration to another include beam imperfection, polarization angle
mismatch, and pointing direction error. Collectively they are called calibration error.
The reason is the hardness of precise calibrations.

For the galactic foreground, scientists did the observation in the different fre-
quency bands to do the component separation. As for the signal from the weak
lensing, scientists used lensing field profile to do the delensing.

In this work we are going to focus on the internal systematic effects, i.e., the
calibration error, to see how much their influences are, covering the B-mode signal
from the primordial gravitational wave.

First, it is hard to confine the polarimeters’ position in a precision of half a degree
relative to a known coordinate system, e.g., galactic coordinates. An unknown rota-
tion will mix the E-mode and B-mode together and causes induced B-mode covering
the original one. Second, the accurate pointing is an issue too, which collects the data
that belongs to one of the points close to the designated point. An error of half a de-
gree will cause strong noise covering the real signal. Third, beam imperfection. The
beam profile of the telescope is normally irregular instead of a point function or a
Gaussian function. Beam convolves with the map, reduces the resolution, but decon-
volution can save us from blurring if the beam profile is well known and calibrated.
However, the far-sidelobe response so weakly for us to calibrate in the laboratory,
and there is no good-enough standard astronomical source in the sky. Therefore, we
miss some information about the sidelobes, which are even though weak will collect
strong signals from the foreground and cause noises covering B-mode signal.

We compared different future experiments including PICO, LiteBIRD, two tele-
scopes of the Simons Observatory and two measurement configurations of CMB
Stage-4, etc. We considered the noise power spectrums produced by different ex-
periments with different parameter settings utilizing software simulations mainly
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via HEALPix (Healpy), PySM and CAMB. We then evaluated their future prospec-
tive ability to discover the true B-mode CMB polarization signal from the primordial
gravitational waves by giving an upper bound of the detectability on r. Besides, we
provided suggestions about the calibration constraints on different configurations in
order to reach the desired sensitivity and then have the discovery.

2.1 Foreground

2.1.1 Galactic foreground

In the microwave band, our galaxy emits a huge amount of radiation mainly via
synchrotron (< 100 GHz), dust (> 100 GHz) and free-free Bremsstrahlung emission.
We are unluckily sitting in the galaxy disk and one of the galaxy arm, whose star
density is relatively high such that our view to the outside universe is blocked; but
on the other hand, luckily we are at the edge of our galaxy, which allows us to barely
see the counter-direction of the galaxy center. Contamination from the Sunyaev-
Zel’dovich effect (100-300 GHz) should not be omitted too.

One way to remove the foreground is called component separation. We know the
frequency dependent properties of different radiations, e.g., CMB follows Planck
radiation law, synchrotron follows power law etc. Then we can ask for multiple-
band observation to distinguish contributions from every kinds of sources.

In addition, normally physicists will apply a ’mask’ onto the sky map before
doing the harmonic analysis, avoiding the sky part with strongest galaxy-center ra-
diation and extragalactic sources like M31. In these regions, it is nearly impossible
to get true CMB radiation even if we apply the component separation.

2.1.2 Weak Lensing

Gravitational weak lensing (or cosmic shear) is an effect described by the general
theory of relativity. In the contrary, this effect rarely produces the giant arcs and
multiple images associated with strong gravitational lensing. A 3-D gravitational
potential along the sight direction Φ will have a nonlinear effect on the CMB polar-
ization, deflecting one point signal to the other with δθ = ∇Φ[16]: T

Q
U


obs

(θ) =

 T
Q
U


ls

(θ+ δθ) '

 T
Q
U


ls

(θ) + δθ · ∇

 T
Q
U


ls

(θ), (2.1)

and mixing B-mode with E-mode:

CBB
` =

∫ d2l1

(2π)2 [`1 · (`− `1)]
2 sin2 2ϕ`1 CΦΦ

|`−`1|C
EE
`1

. (2.2)

However, We need a delensing profile at map-level rather than at spectrum level
just like (2.2) because the lensing sources are not isotropic and homogeneous in the
sky, delensing profile at every single point is unique, which raises requirements of a
prior knowledge about the lensing field Φ.
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2.2 Systematic effects

In the sections above, we talked external effects from the foreground, which is global
and does vary from one instrument to another. Meanwhile, there are internal effects
comes from the different sensitivities of the instrument and the residual signals come
from the calibration that is highly depending on the instrument configurations and
the calibration processes.

2.2.1 Detector Noises and sampling, sensitivities

Now a days, the detectors have already reached their quantum limit thanks to the
state-of-art superconducting technologies and cooling methods. The sensitivity of a
detector in a unit area can no longer be improved significantly, so the only way to
increase the sensitivity is increasing the number of detectors (arrays) or enlarging
the area of the focal plane where we put the detector arrays. On the other hand,
systematics related to the themal fluctuations at the focal plane, that directly impact
the gain of the detectors, need to be well under control, implying a control of the
temperature at the mili-kelvin level.

Another source of uncertainty comes from the sampling area. The typical sam-
pling noise is considered to be white, i.e., same power at any ` with a typical strength
around several µK · arcmin in terms of the standard deviation. For a given noise per
angular scale, the larger the observed area, the smaller the uncertainty in the B-mode
power spectrum and therefore in the r parameter. On the other hand, the antenna
resolution plays also an important role. For the angular scales where the primordial
B-mode signal is relevant, above 1 degree, small aperture telescopes with diameters
smaller than a meter are better adapted than large aperture ones. The major res-
olution of the latter, typically of several arcminutes, results in a major part of the
observational effort concentrated in sub-degree scales1.

In relation to ground-based versus space-based telescopes, it is clear that space-
based telescopes have the advantage of not having the atmosphere that absorbs and
emits radiation in the microwave range. Due to this, the efficiency of 1 detector in
space is equivalent to roughly 100 detectors form the ground. On the other hand,
space telescopes have very strong physical limitations, in particular in relation to
the size of the focal plane.

These effects can be sum over as an factor generally called ’sensitivity’, or just
’noise level’ in the unit of µK · arcmin which can be regarded as an fixed value and
it acts like a white noise with a constant power in the power spectrum.

2.2.2 Sky coverage

From one instrument to another, the fraction of the sky that is able to be observed fsky
is different depending on whether the instrument is in the space or ground-based or
carried by the balloon.

The sky coverage is a problem for the ground-based telescopes because the visi-
ble sky is depending on the observatories’ latitude while the space telescopes do not
worry. In this case, polar observatories worry more than those located in low lati-
tude. For example, telescopes in Antarctica, e.g., the Simons Observatory never see
the sky in northern celestial hemisphere while Stage-4 in Atacama, Chile have the

1In terms of multipoles, the B-mode spectrum peaks at both the recombination era and reionization
era between 2 < ` < 200, so this multipole range is vital for detecting B-modes.
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ability to observe most of the northern celestial hemisphere and all of the southern
celestial hemisphere.

The sky coverage of the space telescope is 100% in principle. However, due to
strong emission from the galactic plane and from some extragalactic source like M31
it’s impossible to get any meaningful CMB signal from those area. Therefore the
available sky is reduced to a typical ratio 60% and possibly 80% in the future. Mean-
while, the sky coverage is also depending on the observational strategy. For exam-
ple, Stage-4 ultra-deep measurement. In order to have the high fidelity and low
contamination it observes only 3% of the sky where the foreground is exceptional
low[20].

This observation incompleteness and the harmonic analysis on a incomplete ce-
lestial sphere will cause information loss and thus brings the noises.

Polarization angle mismatch

One factor is polarization angle mismatch. We already know that Stokes parameters
Q and U can transform like a spin-2 tensor if we tilt the observation field of view.
The point is , it is hard to firmly fix the focal plane reference frame. With a small
angular error between the polarimeter and the detector, the analysis will produce a
comparable amount of false B-mode signal.

The calibration of the polarization angle suffers from the ambient environment
change and the telescope structure instability. For example, the space telescope
which is calibrated on the ground will go through the temperature change, air pres-
sure change and the vibration during the transportation and the launch, etc.

FIGURE 2.1: Illustration of the polarization angle mismatch. This an-
gle mismatch can happen between the detectors and polarimeters, or

between the telescope and the reference frame.

Random Pointing

Another factor is random pointing, similar to polarization angle mismatch, the point-
ing direction control is too coarse to produce a clean, true polarization map.
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FIGURE 2.2: An illustration of one of the possibility distribution of
the real pointing direction (in red dots) while we think the instru-
ment is pointing to the green-cross direction. It’s more likely to have
a small radial error rather than a big difference. In practice later, we

will consider a absolute Gaussian distribution for the radial error.

One of the reasons of the random pointing can be the bad precision and accuracy
in the mechanical structure or the error in the positioning feedback system.

Besides, if the resolution (central beam FWHM) of the telescope is not good
enough, pointing error will be induced after the pointing calibration using the as-
tronomical object on the sky.

Another reason could be the focal plane misalignment, leading to differential
pointing errors between the detectors[21].

2.2.3 Beam calibration imperfection

Another factor is the unclear beam profile. The beam is not a point function even
for a perfect telescope whose beam profile is a gaussian function. Normally mi-
crowave antennas not only have responses at the direction of pointing, but also have
bizzare-shaped low-response sidelobes coming from the structure of the telescope,
e.g., baffles, spanning a wide angle between the pointing direction and collecting
unwanted signals from sides, especially the foreground signal, see figure 2.3 which
is way more stronger than the CMB. Sidelobes with large angle between the central
beam are called far-sidelobes.

Although the beam convolves with the map, we can do the deconvolution to
achieve the original map if we know the explicit beam profile. However, weak side-
lobes below a certain response level have not been calibrated or been unable to cali-
brate under current technology limitations.

For instance, to have a laboratory big enough containing the whole large struc-
ture of the instrument and having a stable, required environment for the calibration,
e.g., a stable low temperature environment down to several Kelvin, is extremely
expensive time-consuming. For those space telescopes, it is possible to do the cal-
ibration using celestial objects, e.g., Taurus A (the radio source corresponds to the
Crab Nebula M1, one of the best calibration source on the sky) or planets. However,
the lights from those objects are not fully polarized and they are actually fluctuating
and thus limit our calibration. For example, the limit is typically -50 dB to the peak
amplitude for Planck calibration using the signal from the Jupiter[22, 23],

So it’s clear that the deconvolution with the part-unknown beam will introduce
spurious signal.
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FIGURE 2.3: Red beam convolves with the foreground map. The red-
ness exaggeratedly denotes the beam responses. We can see although
the far-sidelobes have weak response but they collect the strongest
signal from the galactic disk even if the central beam is pointing far

away from the galactic disk.

FIGURE 2.4: A circular beam with strong central beam, weaker side-
lobes and very weak uncalibrated far-sidelobes.
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This study will focus on the above three systematic effects of the following 4
future experiments that will carry on the exploration of the B-mode CMB signal:
LiteBIRD, Stage-4, the Simons observatory, PICO.

2.3 Experiments

2.3.1 LiteBIRD

LiteBIRD (Lite (Light) satellite for the studies of B-mode polarization and Infation
from cosmic background Radiation Detection) aims to detect signatures of these
PGWB. LiteBIRD is focused on this point: targeting both the recombination era with
the multipole moment ` between 11 and 200 and the reionization era with ` be-
tween 2 and 10, optimizing the angular resolution. The other important concepts
of this satellite are a warm launch without the requirements of heavy vessels/tanks
and use of multichroic detectors for the effective exploitation of finite focal-plane
areas. Advantages of measurements from space are being free from atmospheric ef-
fects, providing high sensitivity, stability with less systematic uncertainties, and no
restrictions on observing band selection. Space measurements also give no pickup
from the ground. The Sun–Earth L2 point has been selected, since the Sun, the Earth,
and the Moon are all located in almost direction, which makes it easier to avoid fac-
ing them in terms of optical and thermal aspects. Care should be taken, however,
on cosmic ray effects because the satellite is more directly exposed to them. Sky ob-
servations are planned for 3 years: The presently guaranteed cooling-chain lifetime
is 3.5 years, in which 0.5 year is assigned to the transitional period to the normal
observation phase on course to L2.[24]

2.3.2 Stage-4

The next generation “Stage-4” ground-based cosmic microwave background (CMB)
experiment, CMB-S4, consisting of dedicated small-aperture (0.55-meter) and large-
aperture (6-meter) telescopes equipped with highly sensitive superconducting cam-
eras operating at the South Pole, the high Chilean Atacama plateau, and possibly
northern hemisphere sites. S4 will be designed to cross critical thresholds in testing
inflation and is intended to be the definitive ground-based CMB project. CMB-S4 is
the logical successor to the Stage-3 CMB projects which will operate over the next
few years. The sensitivity and fidelity of the multiple band foreground measure-
ments needed to realize the goals of S4 will be provided by S4 itself, at frequencies
just below and above those of the main CMB channels. [20][25]

Deep and wide measurement

The Deep and wide measurement will take two large-aperture telescopes covering
around 60% of the sky with 240000 detectors.

Ultra-deep measurement

The Ultra-deep measurement will take two small-aperture telescopes with 150000
detectors observing a small portion of the sky (3%) centers at RA=0h, Dec=-45deg
and a large-aperture telescope for delesing purpose with 120000 detectors.
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2.3.3 Simons Observatory

The Simons Observatory (SO) is a new cosmic microwave background experiment
aimed at characterizing the primordial perturbations and is being built on Cerro
Toco in Chile, due to begin observations in the early 2020s. SO will measure the
temperature and polarization anisotropy of the cosmic microwave background in six
frequency bands. The initial configuration of SO will have three small-aperture 0.5-
m telescopes and one large-aperture 6-m telescope, with a total of 60,000 cryogenic
bolometers. [26]

Small Aperture Telescopes

The small aperture telescopes will target the largest angular scales observable from
Chile, mapping ≈ 10% of the sky to a white noise level of 2 ¯K arcmin in combined
93 and 145 GHz bands, to measure the primordial tensor-to-scalar ratio, r, at a target
level of σr = 0.003.

Large Aperture Telescope

The large aperture telescope will map ≈ 40% of the sky at arcmin angular resolu-
tion to an expected white noise level of 6 ¯K arcmin in combined 93 and 145 GHz
bands, overlapping with the majority of the Large Synoptic Survey Telescope sky
region and partially with the Dark Energy Spectroscopic Instrument. With up to an
order of magnitude lower polarization noise than maps from the Planck satellite, the
high-resolution sky maps will constrain cosmological parameters derived from the
damping tail, gravitational lensing of the microwave background, the primordial bi-
spectrum, and the thermal and kinematic Sunyaev-Zel’dovich effects, and will aid
in delensing the large-angle polarization signal to measure the tensor-to-scalar ratio.

2.3.4 PICO

The Probe of Inflation and Cosmic Origins (PICO) is a NASA-funded study of a
Probe-class mission concept, an imaging polarimeter that will scan the sky for 5
years in 21 frequency bands spread between 21 and 799 GHz. It will produce full-
sky surveys of intensity and polarization with a final combined-map noise level of
0.87 micro-Kelvin arcmin for the required specifications, equivalent to 3300 Planck
missions, and with our current best-estimate would have a noise level of 0.61 micro-
Kelvin arcmin (6400 Planck missions). PICO will either determine the energy scale
of inflation by detecting the tensor to scalar ratio at a level r = 5× 10−4(5σ), or will
rule out with more than 5σ all inflation models for which the characteristic scale in
the potential is the Planck scale. [27]

Comparison

The basic configuration of the instruments are listed in table 2.1.
The central beam resolution is highly depending on the working frequency. Higher

the frequency is, finer the resolution is. Following the Rayleigh criterion of the ideal
angular resolution of a circular aperture 1.22 λ

D where λ is the wavelength and D
is the fixed aperture size. We picked the most representative resolution around
100GHz for LiteBIRD and for others around 150GHz.

The sky coverage for LiteBIRD and PICO is conservative. In a decades, it can
potentially reach 80% depending on the component separation.
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TABLE 2.1: Instrument configurations

Instruments Central Beam
FWHM (’)

Total Sensitivity
σn (µK · arcmin)

Sky Coverage
fsky

LiteBIRD[28] 30 @100GHz 2 60%
CMB-S4 DW[20] 1.4 @145GHz 2.8 @145GHz 60%
CMB-S4 UD[20] 1.5 @145GHz 0.96 @145GHz 3%
SO LAT[26] 1.4 @145GHz 6 40%
SO SAT[26] 17 @145GHz 2 10%
PICO[27] 6.2 @155GHz 0.61 60%

2.4 Quantification of the systematic effects (Detectability)

2.4.1 Uncertainty (error) in r

When harmonic analysis is performed on the sky, we assumed that every harmonic
coefficient a`m drawn from the Gaussian distribution with a variance C` = 〈|a`m|2〉.
We can have an estimator which is the sum of these independent Gaussian variables’

square Ĉ` = ∑`
m=−`

|a`m|2
2`+1 with a root variance

( 2
2`+1

) 1
2 C`.

All the defects and noises will provide us a lower bound to detect the crucial r.
Each measured multipole moment gives an estimator r̂`. If we use the hypothetical
PGWB power spectrum with a strength r = 0.1 as a criterion, and from the observa-
tion Cobs

` the estimator will be

r̂` = 0.1×
Cobs
` −∑i Ci

`

CPGWB
` (r = 0.1)

. (2.3)

Here the index i denotes different kinds of noise, e.g., foreground, lensing, etc.
Summing over all the estimators with inverse-variance weighting, under the null

hypothesis r = 0, the root variance of this minimum-variance estimator of r will
be[16]:

σr '
0.1√
fsky

 `max

∑
`=`min

(2`+ 1)
2

[
CPGWB
` (r = 0.1)

∑i Ci
`

]2

−1/2

. (2.4)

2.4.2 Bias in r

In addition to the statistical uncertainty produced by the residuals of the different
systematic effects, another important quantity to consider is the bias of the estima-
tor. This is what has been done in another paper for the case of the polarization
angle mismatch[29] for the case of LiteBIRD. From the results obtained in that paper
it seems that the bias could introduce errors comparable or larger than the statistical
uncertainties. Therefore, although this quantity is not used in the present work, it
should be considered for obtaining more robust requirements not only in the polar-
ization angle but also in the other systematics.
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Chapter 3

Methodologies

3.1 Software

Most of the operations were performed in Python 3. All the codes are piled in jupyter
notebooks and have already been uploaded onto GitHub https: // github. com/
skycattmll/ Jun-Yan_ Zhang_ TFM_ codes .

Packages

The packages mainly used were Numpy 1 [30] for data in array-like forms and Mat-
plotlib2[31] for data plotting.

3.1.1 Analysis on the sky

Pixelization

We use package healpy and HEALPix, an acronym of Hierarchical Equal Area iso-
Latitude Pixelization to do the harmonic analysis3[32, 33]. Healpy can subdivide the
whole sphere into 12N2

side equal pixels where Nside is the resolution parameter which
takes the form of non-negative-interger powers of 2. In our work, limited by the
computer’s computational capability, we set Nside = 512, corresponding to an angle
≈ 6.87 arcmin[34] to fulfill the requirement of the resolution as much as possible.
This Nside corresponds to a maximum multipole `max = 3Nside − 1 = 1535.

Harmonic analysis

The main functions used in the harmonic analysis are healpy.sphtfunc.anafast to pro-
vide T,E,B power spectra and TE,TB,EB cross-spectra by giving T,Q,U maps and
healpy.sphtfunc.synfast to generate random T,Q,U maps inversely by giving power
spectra and their correlations.

The power spectrum is defined in equation 1.17 and sometimes cosmologists like
to use a equivalent quantity

D` =
`(`+ 1)C`

2π
, (3.1)

and both of them have unit in Kelvin square K2 (due to CMB fluctuation level, micro-
Kelvin square µK2 is more commonly used). Also some scientists takes the square
root on D` with or without the 2π denominator inside the root.

1https://numpy.org/
2https://matplotlib.org/stable/index.html
3http://healpix.sourceforge.net

https://github.com/skycattmll/Jun-Yan_Zhang_TFM_codes
https://github.com/skycattmll/Jun-Yan_Zhang_TFM_codes
https://numpy.org/
https://matplotlib.org/stable/index.html
http://healpix.sourceforge.net
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View the maps

We use Mollweide projection, an equal-area, pseudocylindrical map projection to
visualize the whole sky maps with the function code healpy.visufunc.mollview.

3.1.2 CMB power spectrum simulation

The CMB power spectrum simulation is achieved using package CAMB, an acronym
of Code for Anisotropies in the Microwave Background4[35][36].

The parameter setting used Planck 2018 results, the same as those in[37], ob-
tained from Planck 2018 latest results[38]. The parameters in an .ini file can be
dowloaded from Planck Legacy Archive5[39].

The parameters are stored in an .ini file and we can use cp = camb.read_ini( ’planck_2018.ini’)
for example, to read them out as ’cp’. The power spectra, named ’powers’ for in-
stance, can be generate by using the code powers = camb.get_results(cp). get_cmb_power_spectra(
cp, CMB_unit=’muK’) with the unit of micro-Kelvin. The ’powers’ has the follow-
ing 6 directories:’total’, ’unlensed_scalar’, ’unlensed_total’, ’lensed_scalar’, ’tensor’,
’lens_potential’. The unlensed CMB spectra (T,E,B, and correlations TE,TB,EB) with
zero primordial B-mode is stored in the directory titled ’unlensed_scalar’ and the
lensed spectra (expected spectra from the observation) is stored in the directory ti-
tled ’total’.

By setting the initial parameter ’inflation_params’ using inflation_params = ini-
tialpower.InitialPowerLaw().set_params( r=0.044), we can generate parameters with ar-
bitrary values of tensor-to-scalar ratio r, r = 0.044 for example. Then the power
spectra ’powers_i’ with a maximum multipole `max can be obtained using powers_i =
camb.get_transfer_functions(cp).power_spectra_from_transfer (inflation_params). get_unlensed_total_cls
(`max, CMB_unit =’muK’). The most important PGWB B-mode spectrum CPGWB

` is the
third column of ’powers_i’ by default.

3.1.3 Sky simulation

The map-level whole sky simulation, including CMB, dust, synchrotron etc. is achieved
using package PySM, an acronym of the Python Sky Model6[40].

The code for getting sky map called ’sky’ for example, is sky=pysm3.Sky(nside=512,
preset_strings=["d1", "s1", "c1"]), and to get the emission in a certain frequency, for
example 100GHz we used the function sky.get_emission(100 * u.GHz). Here the dust
and sychrotron emissions has the preset_strings as d1 and s1 and the CMB is c1:

• d1: Thermal dust is modelled as a single-component modified black body. We
use dust templates for emission at 545 GHz in intensity and 353 GHz in po-
larisation from the Planck-2015 analysis, and scale these to different frequen-
cies with a modified black body spectrum using the spatially varying temper-
ature and spectral index obtained from the Planck data using the Commander
code[41].

• s1: Power law scaling is used for the synchrotron emission, with a spatially
varying spectral index. The emission templates are the Haslam 408 MHz, 57’
resolution data reprocessed by Remazeilles et al 2015 MNRAS 451, 4311, and
the WMAP 9-year 23 GHz Q/U maps[42]. The polarization maps have been

4https://camb.info/
5http://pla.esac.esa.int/pla/#cosmology
6https://pysm3.readthedocs.io/en/latest/

https://camb.info/
http://pla.esac.esa.int/pla/#cosmology
https://pysm3.readthedocs.io/en/latest/
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smoothed with a Gaussian kernel of FWHM 5 degrees and had small scales
added. The intensity template has had small scales added straight to the tem-
plate. The details of the small scale procedure is outlined in the accompanying
paper. The spectral index map was derived using a combination of the Haslam
408 MHz data and WMAP 23 GHz 7-year data[43]. The same scaling is used
for intensity and polarization. This is the same prescription as used in the
Planck Sky Model’s v1.7.8 ‘power law’ option[44], but with the Haslam map
updated to the Remazeilles version. A ‘curved power law’ model is also sup-
ported with a single isotropic curvature index. The amplitude of this curvature
is taken from[45].

• c1: A lensed CMB realisation is computed using Taylens, a code to compute a
lensed CMB realisation using nearest-neighbour Taylor interpolation[46]. This
code takes, as an input, a set of unlensed Cl’s generated using CAMB.

Later, when we refer to the galactic foreground map, we are talking about the
map mixed with d1 and s1. The free-free Bremsstrahlung emission (f1) is ignored
because intrinsically Bremsstrahlung radiation is unpolarized[47] and even if it is
partially polarized by Thomson scattering within the HII region, it is not expected to
polarize the emission by more than 10%[48]. We also negleted the AME (Anomalous
Microwave Emission a1 or a2) were not considered, because the polarization only
account for little in AME (e.g., less than 0.22% at 41GHz)[49].

Temperature conversion

Normally the sky map map we get is not the CMB temperature but the antenna tem-
perature. We must do the conversion using the function map.to(u.uK_CMB, equivalen-
cies = u.cmb_equivalencies( 100*u.GHz)). The relationship between two temperatures
is stated as follows:

In observation, instead of using the brightness B in the unit of Jansky or equiva-
lently erg cm−2s−1Hz−1, the antenna temperature or brightness temperature under
the Planck unit system is

Tant =
B

2ν2 = 2πν f . (3.2)

It has the unit of Kelvin. However, the black body temperature of the CMB is differ-
ent which has been shown in equation (1.1).

Since we know the zeroth (unperturbative) photon distribution function of the
CMB is Bose-Einstein distribution with zero chemical potential, as a function of mo-
mentum p and temperature T:

f (0) =
1

e
p
T−1

, (3.3)

the antenna temperature has the following relationship with the CMB isotropic tem-
perature[8]:

Tant

T
=

2πν
T

e
2πν

T − 1
=

x
ex − 1

, (3.4)

where x = 2πν
T .

With perturbations the distribution fuction can be expanded into the first order
with temperature fluctuation Θ = ∆T

T , which is a function of photo distribution ~x
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(inhomogeneity), propagation direction p̂ (anisotropy) and time t:

f ' f (0) − p
∂ f (0)

∂p
Θ. (3.5)

With this, the temperature relation would be

Tant

T
=

x
ex − 1

+ Θ
x2ex

(ex − 1)2 . (3.6)

Neglecting the first term, with which we are indiffrent,

Tant

T
= Θ

x2ex

(ex − 1)2 = ΘWcmb(x). (3.7)

W(x) is the shape vector. For different components, e.g. CMB, foregrounds it has
different forms. Explicitly for the CMB, Wcmb(x) = Θ x2ex

(ex−1)2 .

3.1.4 Beam convolution

Antenna beam b convolves with the map and blurs our view. The fine details will
be smeared out. At the power-spectrum level, the beam suppresses the moments at
high multipoles.

Consider a circular beam, it is convenient to only discuss the beam’s cross-section.
Later, the ’beam’ or ’beam profile’ are referred to its cross-section.

Function healpy.sphtfunc.beam2bl(b(θ), θ) will turn the beam profile b(θ) in real
space into beam window function b(`) in harmonic space. The algorithm is simply

b`m =
∫

drb(r)Y∗`m(r) (3.8)

and generally for a circular beam, which has axial symmetry

b(`) = b`0

√
4π

2`+ 1

=
∫

b(θ)P`(θ) sin(θ)dθ2π.
(3.9)

Map-level convolution

In general at map-level, function healpy.sphtfunc.smoothing(map, beam_window=bl) al-
lows us to do the convolution between the sky map map and bl, the beam profile b(`)
in terms of multipoles.

Ideal beam

In the case that the beam b is ideal, i.e., a circular symmetric beam profile with a per-

fect Gaussian cross-section b(θ) ∝ e−
θ2

2σ2 with the standard deviation of the Gaussian
beam σ, we can directly using

a
′
`m = Ant(`)a`m = e−

`(`+1)σ2
2 a`m, (3.10)
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where the function Ant(`) = e−
`(`+1)σ2

2 is suppressing the power at high multipoles.
The power spectrum will become

C
′
` = Ant2(`)C` = e−`(`+1)σ2

C`. (3.11)

For a Gaussian function, the relation between its standard deviation σ and its
FWHM is

σ =
FWHM

2
√

2 log 2
. (3.12)

If the beam is not ideal, or the anisotropies are not evenly distributed on the sky,
e.g., the foregrounds, it is necessary to do the beam convolution at the map-level in
the way we have discussed.

3.1.5 Masks

We can apply the mask onto the sky map by directly multiply the mask map with
the sky map. The mask should be an apodized map which means it takes the value
from 0 to 1 smoothly. 0 value means that pixel is completely masked and 1 value
means that pixel is in the mask window.

Mask for LiteBIRD, CMB-S4 DW, SO LAT, and PICO

For LiteBIRD, CMB-S4 DW, SO SAT, and PICO, since they all have large sky cov-
erage, we generally took the 2 degree apodized galactic-plane mask map provided
by Planck Legacy Archive7[50] as shown in figure 3.1. Its completely masked area
takes the ratio of 40.79% (sky coverage 59.21%), and if we consider the apodization
the sky coverage would be around 60%.

Besides, the function healpy.ud_grade() is used to turn the mask map into the map
with Nside = 512.

FIGURE 3.1: Planck’s galactic plane mask that we applied

Mask for CMB-S4 UD measurement

Since ultra-deep measurement will pointing at a specific small region on the sky with
minimum foregrounds, we should not use the previous Planck mask. According

7http://pla.esac.esa.int/pla/#cosmology

http://pla.esac.esa.int/pla/#cosmology
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to the description of the ultra-deep measurement8[51], an apodized circular mask
centering at RA=0h, Dec=−45◦ with the default being flat to radius γ = 12◦ and
then rolling to zero as cosine squared over an additional 15◦ is used. This results in
an effective sky coverage of 3%.

The angular distance γ between each pixel on the sky with the celestial coordi-
nates (a, δ) and the center point (0◦,−45◦) can be obtained using the law of cosines

γ = cos−1 [sin (δ) sin (−45◦) + cos (δ) cos (−45◦) cos (a− 0◦)]. (3.13)

Figure 3.2 shows the mask in relatively in equatorial coordinates and galactic co-
ordinates after applying the code healpy.rotator.Rotator(coord=[’C’, ’G’]), and no need
to say the mask definitely screens almost all the emission from the galactic plane.

FIGURE 3.2: CMB-S4 ultra-deep measurement mask in the celestial
equatorial coordinates (above) and galactic coordinates (below) with
sky coverage 3%. The center locates at RA 0h and Dec −45◦, 12◦ ra-
dius and a 15◦ apodization region from 1 to 0 following a cos2 law.
This the cleanest part on the sky if we compared it with the fore-

ground maps.

8https://cmb-s4.uchicago.edu/wiki/index.php/Sky_masks_for_simulations

https://cmb-s4.uchicago.edu/wiki/index.php/Sky_masks_for_simulations
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Mask for SO SAT

We would like to adapt the similar mask configuration of ultra-deep measurement
to SAT, but only change the sky coverage from 3% to 10%, i.e., the angular radius

and the size of the apodizing region should be enlarged
√

10
3 times . The mask in

galactic coordinates would look like figure 3.3.

FIGURE 3.3: Small Aperture Telescope mask in the galactic coordi-
nates with sky coverage 10%.

Influence of the mask in harmonic analysis

The mask only gives a fraction of the sky. The harmonic analysis on a fraction of
sky will give a weaker power spectra. The equivalent whole sky power spectra
would be 1/ fsky stronger if we consider the whole sky succeeds the properties of that
fraction of the sky. Harmonic analysis on an incomplete sphere will also introduce
correlations which we will not consider in our work.

3.1.6 Function smoothing

The power spectrum generating from the simulated map are normally jaggled due
to numerical noises in the Fourier analysis. The same problem happens when doing
the transformation of the beam profile from the real space to the harmonic space
in the following section 3.3.2. We can use scipy.signal.medfilt () function to apply a
median filter on the curve. It can be regarded as a low-pass filter which preserves
the general picture of the curve. The parameter kernel_size is odd and depending on
the size of the bumps on the curve.

3.2 Foreground construction

When we start to talking about the influence of the factors on the estimation in r, we
need to think about the foregrounds.
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3.2.1 Galactic foreground

1 percent cleanest region on the sky have a power spectrum at 100GHz[52]

Cclean
` ≈ 1.5× 10−2`−2.29. (3.14)

Different experiments have different ability to remove the foregrounds. This abil-
ity is described by a factor RF in a range from 0.001 to 0.5 depending on how well
the component separation can be performed. In principle, more frequency bands
there are, better the component separation can be. Then we assume the galactic fore-
ground has less influence to the observation with a power spectrum

Cgal
` = Ant(`)RFCclean

` . (3.15)

For different experiments, RF are listed in table 3.1 below.

3.2.2 Weak Lensing

We took a power spectrum of the total B-mode from CAMB as Clensing
` which is the

second row from the ’total’ directories of the power spectra powers[’total’][:,2], see
section 3.1.2. We assumed the PGWB is negligible compared to the lensed B-mode,
that is meaning the total B-mode is the lensed B-mode approximately.

For the next-generation experiments, it’s the data quality rather than delensing
methodologies which limits the efficiency of delensing, and the delensing ability of
each different experiment is described by a delesing fraction factor D[53].

Cdelen
` = Ant(`)DClensing

` . (3.16)

If we only uses the internal delensing potential reconstruction of each experi-
ment, called internal delensing or auto delensing, we will reach a relatively higher
factor Dauto. The best possible delensing Dmin could be reached which is allowed
by the instrumental constrains of the observed lensed CMB. Dauto and Dmin are also
listed in table below and we will relatively analyze the instruments later without
delensing (D = 1), with internal delensing and with possible maximum delensing
(with minimum coefficient D = Dmin).

TABLE 3.1: Instrument abilities of removing the galactic foreground
and abilities of internal delensing and maximum delesing .

Instruments RF[52] Dauto[53] Dmin[53]
LiteBIRD 0.01 0.73 0.33
CMB-S4 DW 0.08 0.38 0.24
CMB-S4 UD 0.01 0.12 0.04
SO LAT 0.43 - -
SO SAT 0.05 0.59 0.22
PICO 0.001 0.2 0.03
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3.3 Systematic effects construction

3.3.1 Instrument configurations

White noise

The sensitivity σn is depending on the operating frequency and polarization too. The
sensitivity is at its minimum around 100GHz, and peaks at both low frequency and
high frequency.

The total sensitivity is the statistical result over the full mission combining the
different sensitivities at different frequency and the polarization sensitivity which
will be lower than any sensitivity at a certain frequency. Except for Stage-4 we use
the lowest sensitivity at 145GHz and regard it as the upper bound of the total sensi-
tivity.

We will use these constant total values in the following investigations. Since this
value is a constant, then it behaves like a white noise which has the same power in
the power spectrum at every multipole.

To convert this constant σn in unit of µK · arcmin to power spectrum,

Cnoise
` =

(
σn ×

1
60

π

180

)2

. (3.17)

Sky coverage

The sky coverage of the space telescopes is not 100% as we discussed in 2.2.2. We
simply takes the value as 80% avoiding the galactic plane where it’s too noisy to have
the signal from the CMB. For CMB-S4 deep and wide measurement the original sky
coverage is around 70% and 60% is the result after avoiding the galactic plane. For
other experiments, the sky coverage is completely depending on the strategies of the
observation.

Frequencies

TABLE 3.2: Instrument working frequency bands

Instruments Frequency Band Central Frequencies (GHz)
LiteBIRD[24] 40, 50, 60, 68, 78, 89, 100, 119, 140, 166, 195, 235,

280, 337, 402
CMB-S4 10, 15, 20, 30, 40, 85, 95, 145, 155, 220, 270
SO[26] 27, 39, 93, 145, 225, 280
PICO[27] 21, 25, 30, 36, 43, 52, 62, 75, 90, 108, 129, 155,

186, 223, 268, 321, 385, 462, 555, 666, 799

We are going to study the foreground within several typical frequency bands. For
LiteBIRD we will choose 100GHz, 140GHz and 195GHz; for CMB-S4 DW we will
choose 95GHz, 145GHz, and 220GHz; for SO, we will choose 93GHz, 145 GHz and
225GHz; for PICO, we will choose 90 GHz, 155GHz, 223GHz.

3.3.2 Calibration errors

Following [21], polarization angle calibration mismatch, pointing direction calibra-
tion error and beam calibration imperfection were constructed as following.
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Polarization angle mismatch

Theoretically we can achieve a analytical power-spectrum level solution by using
the equation[54] describing the spherical harmonic coeficients:

E◦`,m = E`,m cos(2α)− B`,m sin(2α)

Bo
`,m = E`,m sin(2α) + B`,m cos(2α)

(3.18)

if there is a global polarization angle rotation α over the whole sky. If the primordial
B-mode is 0 (or extremely weak compared to E-mode), with small polarization angle
mismatch, typically α < 1◦, the resulting B-mode keeps the Shape of E-mode and
E-mode does not change:

E◦`,m ' E`,m
Bo
`,m ' E`,m · 2α.

(3.19)

We decided to do it at map-level, which should not make a big difference. We
generated the CMB map in T,Q,U maps via healpy.sphfunc.synfast as told in 3.1.1 us-
ing the theoretical model with rigorously zero B-mode, r = 0. Only CMB map is
considered here, because we want to see how the polarization angle mismatch can
influence the result even if the foreground is removed.

At each pixel point on the map, T value remains the same and Q and U inter-
change with each other like a spin-2 spinor, as described in equation (A.5) then we
performed a harmonic analysis on the new transformed map. Since the original B-
mode signal is exactly 0, the B-mode signal of the new map denotes the residual
signal of the B-mode that comes from the polarization angle mismatch.

Random Pointing

In the investigation of the influence from the random pointing, we can only do a
map-level analysis. The map we used is still the generated CMB map itself in T,Q,U
maps without any foreground.

We first got all the spherical coordinate of each pixels (θ, φ) (with indices from 0
to 12N2

side − 1) on the T,Q,U maps. The coordinates and the indices of the pixels in
the same location on the three maps are the same. θ is the polar angle and φ is the
azimuth angle. We can use healpy.pixfunc.pix2ang.

Then to have the artificial random pointing, we re-mapped the T,Q,U maps si-
multaneously. We assigned a pair of pointing parameters (ρ, β) where a radial pa-
rameter ρ following a random absolute Gaussian distribution |N(0, σ2)| and a an-
gular parameter β following a random uniform distribution U(0, 2π) to each point
on the map. The choice of the coordinate system here is not important, as long as
being a spherical coordinate system, since the angle β assigned pointing does not
care the specific choice. In default, it is galactic coordinates. The new coordinates of
this point would be

(θ, φ)⇒ (θ + ρ sin β, φ +
ρ sin β

cos θ
). (3.20)

We should announce a regulation here to prevent the angular Fvalues exceeding
the limit of the spherical coordinates: For new θ, if θ < 0, we do θ → −θ; if θ > π,
then θ → 2π − θ. For new φ, if φ < 0, we do φ → 2π + φ; if φ > 2π, we do
φ→ φ− 2π.

This new position corresponds to a new pixel index, which could be obtained us-
ing healpy.pixfunc.ang2pix. Then using fancy indexing, a new map after the random
pointing was generated. At last we performed a harmonic analysis on the new map.
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The resulting non-zero B-mode is the spurious signal from the random pointing,
because the original B-mode signal is exactly 0 also.

Beam calibration imperfection

First let’s begin with the LiteBIRD. The central beam is set to be a Gaussian with
FWHM 30’.

The sidelobes with responses below -39 dB and above -50 dB is measured in the
laboratory[55]. LiteBIRD central beam’s response reduces to -39 dB at 0.9◦ and the
sidelobes’ response reduce to -50 dB at 20 degree away from the pointing direction.
Beyond -50 dB, or farther than 20 degrees the response is unknown. We followed
[21] and proposed one beam which remains the trend of the measured beam, and an-

other auxiliary beam is smaller than the previous one with a factor of
(

θ0
θ

)20
, where

θ0 is the truncation angle, i.e., here is 20 degrees. With the power of 20, the second
beam diminishes very quickly when θ increases. The spurious signal is generated
from the difference between these two beams. The extended beam and the auxillary
beam form a largest mis-calibration since the extended beam can be regared as the
strongest possible sidelobe and the auxiliary one can be regared as the weakest pos-
sible sidelobe, because the sidelobes have the trend to diminish when away from the
central beam, and they can not diminish like a sharp step since there is diffraction
etc. So the spurious signal produced by these two beams can be considered as an
upper bound of the amount of the beam mis-calibration.

For simplicity, we can write the first whole beam profile as ”20 degree Far-sidelobe”
or ”20 deg FSL”; and the second whole beam profile with the truncated auxiliary
beam at 20 degree as ”cutted 20 degree Far-sidelobe” or ” cutted 20 deg FSL”. They
are shown in solid and dashed blue curves respectively in the figure below.

Although the LiteBIRD’s sidelobes are fixed above -50 dB, to see whether side-
lobes with smaller truncation angle θ0, i.e., sidelobes attenuate more quickly and
reach -50 dB nearer to the central beam, would potentially affect the LiteBIRD re-
sults and in the same time we need to explore the different sidelobe-effect in other
experiments, we followed [21], constructed a beam profile with θ0 = 10◦ and an-

other auxiliary beam with the same factor
(

θ0
θ

)20
. These two beams are written as

”10 degree Far-sidelobe” or ”10 deg FSL” and ”cutted 10 degree Far-sidelobe” or ”
cutted 10 deg FSL” are shown below in solid and dashed orange curves respectively.

”15 degree Far-sidelobe” or ”15 deg FSL” is the average between ”10 deg FSL”
and ”20 deg FSL”. Then ”cutted 15 degree Far-sidelobe” or ” cutted 15 deg FSL”
applies the same rule as before. They are shown in figure 3.4 in green solid and
dashed curves respectively. Notice all of the six beam above share the same central
beam.
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FIGURE 3.4: Beam profiles and their auxiliary beams with the same
30′ central beam but different far-sidelobes reach -50dB at 10◦, 15◦,

and 20◦.

After the transformation, The resulting window functions in multipoles b(`)
should be normalized and to do this we set the b(` = 0) = 1 and all b(`) are di-
vided by the original b(` = 0). Three beam window functions and their auxiliary
beams are shown in figure 3.5.

FIGURE 3.5: Normalized beam window functions and their auxiliary
beams in multipole ` with the same 30′ central beam and far-sidelobes

reach -50dB at 10◦, 15◦ and 20◦.

We extrapolate the LiteBIRD’s three far-sidelobe constructions to the rest of the
six instruments since we don’t have the beam calibration results for the rest instru-
ments yet. The only beam difference between the instruments is the scale. In other
words, we reasonably believed that the widths of the central Gaussian beam and far-
sidelobes change proportionally between instruments because the sidelobes are the
influences of the telescope baffle whose size is related with the aperture, on which
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the central beam with is depending. For example the Large Aperture Telescope with
central beam FWHM 1.4’, has the beam looks like figure 3.6.

The sidelobes no longer have the truncation angle 20, 15, 10 degrees, so we just
all them A, B, and C in a decreasing sequence of the truncation angle.

FIGURE 3.6: Beam profiles and their auxiliary beams with the same
1.4′ central beam but different far-sidelobes reach -50dB at 0.93◦,

0.70◦, and 0.47◦, named A,B,C.

However the beam window function in multipoles in figure 3.7 is quite different
from LiteBIRD.

FIGURE 3.7: Normalized beam window functions and their auxil-
iary beams in multipole ` with the same 1.4′ central beam and far-

sidelobes A, B, and C.

Later, all the far-sidelobes are named A, B, C.
The noises of the beam calibration imperfection are mainly comes from the con-

volution between the wrong far-sidelobes and the strong foreground. Therefore we
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only considered the foreground map containing dust and synchrotron emissions,
generated from PySM as described in 3.1.3.

Here comes the importance of the frequency bands. At different frequency the
foreground signal appears differently. We generated the foreground maps in three
different frequencies for each experiment, and the frequencies are shown in 3.3.1.

After we convoluted two beam profiles with the foreground map, we made the
difference between these two convoluted map which denotes the residual signal that
comes from the beam differences. Then we performed harmonic analysis onto the
residual map with the corresponding mask for each experiment shown in section
3.1.5, the B-mode residuals could be obtained.

3.4 Systematics influence on the error of r

If we consider only the noise, foreground after the component separation, and the
weak lensing with internal delensing (Dauto) but no other systematic effects, the up-
per bound of the error in r will be

σbase
r ' 0.1√

fsky

 `max

∑
`=`min

(2`+ 1)
2

[
Ant(`)CPGWB

` (r = 0.1)

Cnoise
` + C f ore

` + Cdelen
`

]2

−1/2

, (3.21)

and because of its delensing generality it is considered as the baseline of the error,
which is going to be compared with those caused by systematic effects, denoted by
the index j,

σ
′
r '

0.1√
fsky

 `max

∑
`=`min

(2`+ 1)
2

[
Ant(`)CPGWB

` (r = 0.1)

Cnoise
` + C f ore

` + Cdelen
` + ∑j Cj

`

]2

−1/2

. (3.22)

The beam convolution effect of the spectra should be taken into account, so the
PGWB spectrum is multiplied by Ant(`) and other spectra Cnoise

` , C f ore
` , Cdelen

` are
well defined in previous sections.

We are going to figure out how much do the systematic effects increase the level
of the original uncertainty of r caused by external effect and noise, defined by a
increment factor η:

η =
σ
′
r

σbase
r
− 1. (3.23)

We would like to figure out how much the systematic effects are that will cause a
1% increasing in the error in r. These critical value of the systematic effects can serve
as a guideline in the future calibrations.
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Chapter 4

Results

FIGURE 4.1: An illustration of the foreground B-mode signal Cclean
` at

100GHz in the 1% cleanest sky region, together with a lensed B-mode
signal comes from the weak lensing Clensing

` and a white noise with a
typical sensitivity 2 µK·′ comparing to the temperature power spec-
trum, E-mode power spectrum and the primordial B-mode spectrum
with the tensor-to-scalar ratio level r = 0.001, which is targeted by
the next-generation experiments and its latest upper bound r = 0.044,
which is constrained now by Planck and BICEP2/Keck 2015 data[7].
Dashed lines are the power spectra convoluted with a 30’ FWHM

beam except the white noise.

4.1 Pure foreground effect

While fsky = 100%, and if there is no component separation and delensing applied,
the upper bound of the error in r caused by only the foreground, including the galac-
tic foregrounds and the weak lensing is

σ
f ore
r = 0.000571 (4.1)

to the sixth decimal places.
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A lower upper bound in the error of r can be reached if we can apply compo-
nent separation and delensing protocol as we said in section 3.2.1 and 3.2.2 for each
experiment [53].

4.2 Different sensitivities, component separation abilities and
delensing capabilities

For each experiment, counting for its sky coverage and sensitivity, the upper bound
of the error in r is showed in the table below.

TABLE 4.1: Upper bound of the error in r caused by the external ef-
fects, sensitivity, and sky coverage for each experiment, and then con-

strained by their component separation and delensing abilities.

(A) No component separation nor delesing.

Instruments σno
r

LiteBIRD 0.000832
S-4 DW 0.000905
S-4 UD 0.003386
SO LAT 0.001812
SO SAT 0.002024
PICO 0.000745

(B) With component separation but no delesing.

Instruments σcs
r

LiteBIRD 0.000421
S-4 DW 0.000593
S-4 UD 0.001684
SO LAT 0.001567
SO SAT 0.001235
PICO 0.000172

(C) With component separation and internal de-
lesing (Dauto), acting as the baseline.

Instruments σbase
r

LiteBIRD 0.000340
S-4 DW 0.000341
S-4 UD 0.000318
SO LAT 0.001567
SO SAT 0.000838
PICO 0.000066

(D) With component separation and maximum de-
lesing (Dmin).

Instruments σmin
r

LiteBIRD 0.000207
S-4 DW 0.000282
S-4 UD 0.000171
SO LAT 0.001567
SO SAT 0.000467
PICO 0.000019

The errors in third table (C) with bold font will be regarded as the comparison
baselines, since we can do delensing but maybe not to the optimum. Since the Large
Aperture Telescope of the Simons Observatory do not have delensing profile and it
is not aimed for direct detecting of the B-mode, we will pay less attention onto it. We
can see among all the experiments, clearly PICO has an extraordinary capability to
detect r.

Now we are going to have the results of the influence from the systematics or
calibrations for all the instruments.
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4.3 Polarization angle mismatch

4.3.1 LiteBIRD

FIGURE 4.2: An illustration of B-mode Noises caused by different po-
larization angle mismatches with LiteBIRD’s 30’ central beam FWHM

We can see that the B-mode signal generated by this polarization angle mismatch
preserve the shape of the original E-mode signal in the power spectrum, and the
amplitude of this spurious signal is depending on the mismatch angle.

Then we calculated the error in r using different mismatch angles, compared
with the previous baselines of the error in r. We listed the results in the table be-
low and found the error value increases monotonically when the global mismatched
polar angle increases:

TABLE 4.2: The increased ratio of the upper bound of the error in
r caused by different global mismatched polarization angle for Lite-

BIRD

Mismatched polar-
ization angle α

η

1’ 0.0085%
3’ 0.0764%
10’ 0.8383%
12’ 1.1999%
14’ 1.6218%
16’ 2.1019%
18’ 2.6377%
20’ 3.2267%
24’ 4.5552%
30’ 6.8908%
90’ 46.3254%
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We can see 1% increasing of the error (δσr = 3× 10−6) corresponds to a global
polarization angle mismatch around 11’ for LiteBIRD.

Comparison with the polar angle requirement from the view of biases in r

For the most restrictive case that all the detectors and frequency bands are correlated,
the strongest requirement of the polarization angle uncertainties should be less than
1’ in order not to induce biases on r larger than 1% (δr = 5.77× 10−6) of the total
budget of the systematics to the overall sensitivity [29]. We can draw a conclusion
here that to restrict the increasing of the bias of r requires much more precision in
the polarization angle calibration than to restrict the increasing of the uncertainty of
r, at least for LiteBIRD.

4.3.2 Stage-4

TABLE 4.3: The increased ratio of the upper bound of the error in r
caused by different global mismatched polarization angle for Stage-4

measurements

(A) Deep and wide measurement

Mismatched polar-
ization angle α

η

1’ 0.0070%
3’ 0.0633%
10’ 0.7017%
12’ 1.0094%
14’ 1.3725%
16’ 1.7904%
18’ 2.2627%
20’ 2.7891%
24’ 4.0020%
30’ 6.2122%
90’ 50.1091%

(B) Ultra-deep measurement

Mismatched polar-
ization angle α

η

1’ 0.0325%
3’ 0.2921%
5’ 0.8098%
7’ 1.5832%
10’ 3.2134%
12’ 4.6060%
14’ 6.2360%
16’ 8.0962%
18’ 10.1792%
20’ 12.4769%
30’ 26.9040%

For deep and wide measurement of the Stage-4, 1% increasing of the error cor-
responds to around 12’ global polarization angle mismatch, similar to LiteBIRD; in
contrast, ultra-deep measurement requires a global polarization angle mismatch less
than 7’ to get 1% of error increasing, nearly half of the previous one.

4.3.3 The Simons Observatory

For the Large Aperture Telescope of the Simons Observatory, the requirements on
the polarization angle calibration will not be strict. Thanks to its high noise level,
the baseline of the error in r has already been quite large. the increasing of the error
due to polarization angle is negligible. Even a 22’ angle mismatch will cause less
than 1% of the error in r.

However, for the Small Aperture Telescope, to reach a error increasing level less
than 1% we need to calibrate its polarization angle accuracy within 13’, similar to
LiteBIRD.
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TABLE 4.4: The increased ratio of the upper bound of the error in
r caused by different global mismatched polarization angle for the

Simons Observatory measurements

(A) Large Aperture Telescope

Mismatched polar-
ization angle α

η

1’ 0.0020%
3’ 0.0179%
10’ 0.1987%
14’ 0.3891%
18’ 0.6428%
20’ 0.7932%
22’ 0.9594%
24’ 1.1411%
26’ 1.3384%
28’ 1.5513%
30’ 1.7797%
90’ 15.4244%

(B) Small Aperture Telescope

Mismatched polar-
ization angle α

η

1’ 0.0066%
3’ 0.0596%
5’ 0.1654%
10’ 0.6605%
12’ 0.9503%
14’ 1.2921%
16’ 1.6857%
18’ 2.1306%
20’ 2.6265%
24’ 3.7694%
30’ 5.8540%
90’ 47.4277%

4.3.4 PICO

TABLE 4.5: The increased ratio of the upper bound of the error in r
caused by different global mismatched polarization angle for PICO

Mismatched polar-
ization angle α

η

1’ 0.0796%
3’ 0.7083%
5’ 1.9281%
7’ 3.6722%
10’ 7.0895%
12’ 9.7805%
14’ 12.7178%
16’ 15.8458%
18’ 19.1234%
20’ 22.5223%
30’ 40.9024%

Because PICO’s baseline of the error in r is extremely small, we can see 1% increasing
of the error corresponds to a global polarization angle mismatch less than 5’ for
PICO, which is a very strict constrain.
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4.4 Random pointing

FIGURE 4.3: An illustration of the B-mode Noises caused by random
pointing error with different radial pointing uncertainties σ with 30’
central beam FWHM, typically for LiteBIRD. Unlike the situation in
polarization angle mismatch, here when the random pointing uncer-
tainties increases, there will be a plateau of the noise, because the map
remapping is too random and lost all the information, as we can see
that 1.5 degree uncertainty does not increase the noise much from 30’
uncertainty. This phenomenon is very clear in PICO. See below 4.4.3

TABLE 4.6: The increased ratio of the upper bound of the error in r
caused by different levels of the random pointing for LiteBIRD

Pointing error FWHM η

1’ 0.1370%
1.5’ 0.1042%
2’ 0.1144%
2.5’ 0.1433%
3’ 0.3431%
3.5’ 0.7702%
4’ 1.4088%
5’ 3.7407%
6’ 6.3659%
7’ 9.4622%
8’ 12.7971%
9’ 15.4917%
10’ 18.6265%
15’ 33.9180%
20’ 51.4014%
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Due to the low resolution of the analysis Nside = 512, we can see the noise level
is quite unstable below 2’ pointing error, but they are very weak at the same time.
There’s no problem to just ignore them.

We can see 1% increasing of the error corresponds to a 3.5’ to 4’ FWHM of point-
ing direction error about 1/8 of the beam FWHM. Within 1.5 degrees, the error in r
monotonically increases while the pointing error increases.

4.4.1 Stage-4

Both deep and wide measurement and ultra-deep measurement of Stage-4 have ex-
cellent angular resolutions around 1.5’ at 145GHz. It’s reasonable to expect the pre-
cision and the accuracy of the positioning to be better than the beam resolution oth-
erwise the observation losses its meaning, and a calibration based on celestial object
with good resolution can lead to an precise pointing also. Thus we thought the ran-
dom pointing error angle would be smaller than the angular resolution, i.e., smaller
than 1’ which causes an ignorable noise. Besides, our resolution Nside = 512 does
not allow us to do any finer analysis.

4.4.2 The Simons Observatory

The same reason above can be applied to the Large Aperture Telescope of the Simons
Observatory with a 1.4’ resolution FWHM. For only the Small Aperture Telescope,
we have the following results.

TABLE 4.7: The increased ratio of the upper bound of the error in r
caused by different levels of the random pointing for the Small Aper-

ture Telescope of the Simons Observatory

Pointing error FWHM η

1’ 0.2722%
1.25’ 0.2530%
1.5’ 0.2411%
1.75’ 0.1862%
2’ 0.2647%
2.25’ 0.3387%
2.5’ 0.6762%
2.75’ 1.2090%
3’ 2.1145%
3.5’ 5.2573%
4’ 11.2427%
5’ 28.1573%
6’ 47.9778%
7’ 74.3230%
8’ 97.0448%
9’ 119.2969%
10’ 136.6867%
15’ 240.3124%
20’ 332.5193%

We can see 1% increasing of the error corresponds to a FWHM of pointing di-
rection error slightly smaller than 2.75’, about 1/7 of the beam FWHM. We find this
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configuration’s error in r increase much faster than that in LiteBIRD when the point-
ing error increases. At a 17’ level of the pointing error, equivalent to the beam size,
we would expect there is a 300% of the error increasing.

4.4.3 PICO

TABLE 4.8: The increased ratio of the upper bound of the error in r
caused by different levels of the random pointing for PICO

Pointing error FWHM η

1’ 1.7229%
1.25’ 1.3166%
1.5’ 1.6804%
1.75’ 1.8458%
2’ 2.3575%
2.25’ 5.2986%
2.5’ 10.1386%
2.75’ 23.1146%
3’ 34.6469%
3.5’ 93.2451%
4’ 156.9431%
5’ 421.9935%
6’ 377.3304%
7’ 673.1471%
8’ 797.2133%
9’ 2085.4261%
10’ 1528.0941%
15’ 2618.3918%
20’ 2189.8399%

Only by looking the results, because of the computation limit, it is hard to tell
at which level of the FWHM of pointing direction error in PICO can cause exactly
1% increasing of the error in r, but we can sure this value could not go beyond 1.5’.
Probably it is less than 1’ and is about 1/7 of the central beam FWHM.

We found this configuration’s error in r increase dramatically when polarization
error increases. Even just with a 6.2’ level of the pointing error, equivalent to the
beam size, the ability of this best configuration that lowers the error in r among
these 6 experiments will be devastated.

Besides, we see the noise plateau, which remains around 20 times increment of
the error in r when FWHM of pointing direction error goes beyond 9’. This is because
the remapping is too random and exceeding the telescope’s resolution, they mixed
the pixels and lost all the original information. No matter what the FWHM of the
random pointing is, as long as it is large enough, the remapped maps are similar to
each other.

In addition, if the resolution of the telescope is low enough, the beam helps the
random pointing to camouflage under the blurred map. However, unlike LiteBIRD,
PICO has a good resolution, and thus the effect of the random pointing has no where
to hide.
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4.5 Beam calibration imperfection

4.5.1 LiteBIRD

FIGURE 4.4: An illustration of the residual signal in 100GHz temper-
ature map caused by beam calibration imperfection of LiteBIRD (cal-
ibration error occurs between its ’20 deg FSL’ and ’cut 20 deg FSL’).
This wrongly calibrated far-sidelobe pick up the strong signal from
the galactic disk and therefore the positive spurious signal spreads

on the both sides of the galactic plane.

100GHz

FIGURE 4.5: An illustration of the B-mode residual signals caused by
three kinds of beam calibration imperfection at 100GHz
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140GHz

FIGURE 4.6: An illustration of the B-mode residual signals caused by
three kinds of beam calibration imperfection at 145GHz, higher than

the residuals at 100GHz.

195GHz

FIGURE 4.7: An illustration of the B-mode residual signals caused by
three kinds of beam calibration imperfection at 195GHz, even higher

than those at 145GHz.
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Average

After getting all the results, we will take an average between 3 different frequency
bands to show an overall error increasing affected by the beams. Higher frequency
(within 100-195GHz), stronger the residual, it’s obvious and trivial because galactic
foreground is indeed stronger at larger frequencies (within 100-195GHz).

Results and the average values for LiteBIRD are shown below.

TABLE 4.9: The increased ratio of the upper bound of the error in r
caused by different mis-calibrated far-sidelobes in three typical fre-

quency bands and their averages for LiteBIRD.

Truncation angle θ0 η @100GHz η @145GHz η @195GHz Average
20◦ 19.7687% 24.2306% 35.8743% 26.6245%
15◦ 10.6972% 13.8242% 21.1459% 15.2224%
10◦ 3.6579% 5.3862% 10.0849% 6.3797%

We found in reality, LiteBIRD would have its maximum error increasing in r
around 27% since its beam has been fixed within 20 degrees[55] and the auxiliary
beam ’cutted 20 deg FSL’ has almost the largest difference between the extended
beam after 20 degrees as we have said before. Thus these two beams cause the
largest error. We also explore the possibility that LiteBIRD with other two kinds of
similar beams, truncated at 10 degrees and 15 degrees. The error is increasing while
the truncated angle value increases.

4.5.2 Stage-4

TABLE 4.10: The increased ratio of the upper bound of the error in
r caused by different mis-calibrated far-sidelobes in three typical fre-

quency bands and their averages for Stage-4 measurements.

(A) Deep and wide measurement

Far-sidelobe η @95GHz η @145GHz η @220GHz Average
A 1.6533% 2.9387% 9.8016% 4.7979%
B 0.2724% 0.4848% 1.6293% 0.7955%
C 0.0428% 0.0762% 0.2566% 0.1252%

(B) Ultra-deep measurement

Far-sidelobe η @95GHz η @145GHz η @220GHz Average
A 84.4990% 144.1925% 411.2439% 203.3118%
B 14.9318% 26.1906% 83.6774% 41.5989%
C 2.0231% 3.5926% 11.9341% 5.8499%

For DW measurement of CMB-S4, situation is in the concordance with LiteBIRD:
error increases while the truncation angle increases. Beam difference with C FSL
generate the smallest error, only 0.1%.

However for UD measurement of CMB-S4, which has a similar baseline as DW’s
but it observes only an extremely small sky region, things become pessimistic if there
is an A FSL.
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4.5.3 the Simons Observatory

TABLE 4.11: The increased ratio of the upper bound of the error in
r caused by different mis-calibrated far-sidelobes in three typical fre-

quency bands and their averages for the Simons Observatory.

(A) Large Aperture Telescope

Far-sidelobe η @93GHz η @145GHz η @225GHz Average
A 0.6739% 1.2217% 4.4959% 2.1305%
B 0.1115% 0.2022% 0.7468% 0.3535%
C 0.0150% 0.0272% 0.1005% 0.0476%

(B) Small Aperture Telescope

Far-sidelobe η @93GHz η @145GHz η @225GHz Average
A 27.6187% 42.8519% 112.0634% 60.8447%
B 12.8598% 20.3995% 53.7546% 87.0139%
C 5.6457% 9.3030% 25.1770% 13.3752%

For Large Aperture Telescope of the Simons Observatory, situation is similar to deep
and wide measurement of Stage-4 (actually all their beams are the same): error in-
creases when truncation angle increases, but with much smaller increasing ratio η
because it has higher baselines. From these small values we can draw a conclusion
that beam calibration error does not affect LAT a lot.

On the other hand, for Small Aperture Telescope of the Simons Observatory, the
increments are quite large because of its smaller sky coverage and lower baseline
than LAT.

4.5.4 PICO

TABLE 4.12: The increased ratio of the upper bound of the error in
r caused by different mis-calibrated far-sidelobes in three typical fre-

quency bands and their averages for PICO.

Far-sidelobe η @90GHz η @155GHz η @223GHz Average
A 42.7519% 69.5658% 134.8038% 74.7072%
B 12.5455% 24.0086% 57.3245% 31.2929%
C 2.4053% 5.0441% 14.5099% 7.3198%

PICO also has the same property that the error increases when truncation angle in-
creases, but the situation is more severe than LiteBIRD because of its low baseline
of the error in r. For beams with C FSL, the increment of error in r is similar to the
LiteBIRD (corresponding to LiteBIRD 10 degree FSL). However, For beams with A
FSL or B FSL, the situation is more severe than LiteBIRD (corresponding to 20 and
15 degree FSL).

4.6 Combination of the systematic effects

According to the definition of the error in r, the systematics are not linear and thus
their effects in the error in r are not addible. So it is necessary to re-evaluate the
effects when combine them together. We are going to select some representative
configuration for each experiment.
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We will choose the polarization mismatch angle and random pointing FWHM
which correspond or close to have the 1% increment η = 1% for all the experiments.
As for the beam calibration imperfection, we would choose the medium frequency
band of the three bands for each experiment, and the far-sidelobe type which is close
to have η = 1% and plus a 20 degree far-sidelobe case for LiteBIRD (since it is the
real case).

TABLE 4.13: Combinational effect on the instruments. The incre-
ments η caused by single effect are also listed in the parentheses. Note
that the increment after the combination must be greater than those

of the sigle effect for a certain experiment.

Instruments Mismatched polar-
ization angle α

Pointing error
FWHM

Far-sidelobe Overall η

LiteBIRD (real) 10’ (0.8383%) 3.5’ (0.7702%) 20◦ (24.2306%) 25.9117%
LiteBIRD 10’ (0.8383%) 3.5’ (0.7702%) 10◦ (5.3862%) 6.9460%
S-4 DW 12’ (1.0094%) - B (0.4848%) 1.4926%
S-4 UD 5’ (0.8098%) - C (3.5926% ) 4.3994%
SO LAT 22’ (0.9594%) - A (1.2217%) 2.1779%
SO SAT 12’ (0.9503%) 2.75’ (1.2090%) C (9.3030%) 11.6377%
PICO 3’ (0.7083%) 1.25’ (1.3166%) C (5.0441% ) 7.0754%

The results show a quite good linearity that we did not predict.
For LiteBIRD, especially in the real case, the beam calibration error should be

responsible for almost all the r error increament. The best we can do is to reduce the
polarization angle mismatch and pointing error but it will not assist so much. For a
similar configuration but with a smaller uncalibrated far-sidelobe, the situation will
be better and then we can start to consider the other two calibrations.

We could say, DW measurement of CMB-S4 together with LAT of Simons obser-
vatory have the most lenient calibration requirement for these three types of system-
atics among all the experiments. PICO’s calibration requirement is the most strict
one, every kind of systematics should be calibrated carefully in order not to ruin its
excellent performance. PICO is then followed by UD measurement of CMB-S4. For
SAT of Simons observatory, the calibration of the pointing is more important, but
still, the beam calibration imperfection bears most of the responsibility.

Finnally, we would like to show the table 4.14 listing all the value of error in r for
all instruments rather than the increments η to present their actual detectabilities.

TABLE 4.14: Error in r for each experiment, all systematic effects com-
bined.

Instruments σall
r

LiteBIRD (real) 0.000428
LiteBIRD 0.000364
S-4 DW 0.000346
S-4 UD 0.000332
SO LAT 0.001601
SO SAT 0.000936
PICO 0.000071

PICO has an error in r one magnitude lower than the others. Obviously, its de-
tectability is at the top and followed by CMB-S4, then LiteBIRD, the last is SO.
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Chapter 5

Summary and prospective

5.1 Summary

In this work, we reviewed what the CMB polarization is and its significance in mod-
ern cosmological study. We introduced and discussed the obstacles in order to detect
the CMB polarization.

We mainly evaluated three relevant kinds of systematic effects generated from
calibration processes, polarization angle mismatch, random pointing, and beam cal-
ibration imperfection, in terms of the detectability of tensor-to-scalar ratio r for the
four relevant future experiments, LiteBIRD, CMB-S4, SO and PICO, which will serve
as the main forces in the CMB polarization detection in next decade aiming at r <
0.001. These three systematic effects, that are used as interesting examples of many
other potential systematic effects to illustrate the their impact on the r uncertainties,
are studied individually, and we also took a glimpse onto their combination effect at
the end.

The results show that for LiteBIRD, CMB-S4 UD, SO SAT and PICO, the main
systematic effects are their beam mis-calibrations; For CMB-S4 DW and SO LAT the
beam mis-calibrations affect less.

In order to have the error increment η < 1%, PICO and CMB-S4 UD have to
have strict polarization angle calibration requirements <5’; while SO LAT does not
have to calibrate the polarization angle with a high precision <20’; Others, LiteBIRD,
CMB-S4 DW and SO SAT are at the middle, with requirements around 10’.

We believe CMB-S4 and SO LAT already have good calibration in their point-
ings and generate negligible noises, while LiteBIRD needs to calibrate the pointing
around or less than 3.5’, a fraction of 1/8 of its beam width; SO SAT needs to cali-
brate the pointing <2.75’, which is a 1/7 of its beam width; For PICO, it is necessary
to calibrate its pointing into the 1’ level, which is hard but obligatory, otherwise its
good level of detectability will be very much worsen.

With the typical systematic effects, still, PICO stands at the top among all the
four experiments with its excellent detectability on r, followed by CMB-S4 and then
LiteBIRD. Although the SO has the worst configuration compared to the others, it
still has the ability to observe r < 0.001 in the future, overwhelming the current
experiments.

5.2 Prospective

In reality, there are many more kinds of systematic effects than the ones considered
in our work, for example, the temperature fluctuation on the focal plane which will
influence the detector’s gain, the uncertainties in the frequency respond of the detec-
tors within the different bands, the imperfections in the different optical subsystems,
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specially the Half Wave Plate that is used to modulate the polarization signal, etc. In
the present work we only consider three main systematics as illustrative examples
of the kind of effects they can produce, however an exhaustive analysis of all the
systematics is necessary in order to have a good control of the instrument and to
limit their impact in the r uncertainties and biases.

We also would like to have an analysis with a higher computing power in finer
step-size for both polarization angle mismatch and pointing error, e.g., 0.1’ from 0’
to 90’. Besides, the pixel resolution Nside should be upgraded from 512 now to at
least 2048, which requires 16 times or more computational amount, thus we would
suggest to use HPC infrastructures.

We only considered three different frequency bands and three different far-sidelobe
types for each experiment because the convolution between maps and beams, and
harmonic analysis is really time-consuming currently. We suggested to use more fre-
quency bands and different central beam widths in different frequency bands should
be considered as well rather than using a representative one for all frequencies. As
for the beam, this is the systematic that is worst modeled except for the case of Lite-
BIRD, because all the other beam profiles were extrapolated from the measurements
from LiteBIRD. Even for LiteBIRD, there are too many degrees of freedom to do the
far-sidelobe construction below -50dB, and what we did is just one situation that
assumes the largest calibration difference.

r̂, the estimator of r was considered only for the case of a null B-mode signal, i.e.
r = 0. It would be interesting to see how the uncertainties produced by the system-
atics change for other values of r 6= 0. On the other hand, the error of this estima-
tor is determined by the statistical distribution of the sum of Gaussian distributed
spherical-harmonic coefficient a`m, which should follows χ2 distribution rather than
a Gaussian distribution. Therefore, the efficiency of this estimator should be also
evaluated, especially for those effects where the low multipoles, ` < 30, are more
important.

To have a more comprehensive evaluation on the systematic effects, we should
consider the biases in r not only for LiteBIRD’s polarization angle mismatch as the
work done by [29], but for all and then compare the results with those obtained in
the present work that consider the uncertainties in r, to see which constrains the
systematic effects more.

New methods for a more precise and accurate calibration could be developed,
e.g., using a small calibration satellite for those space telescopes[21]. Also, for the
case of the polarization angle the ’self-calibration’ method, based on the theoretical
assumption that EB and TB cross-spectra vanish[54, 56], could be used. However, in
this latter case the calibration can be wrong if the theoretical assumption is false.
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Appendix A

Stokes parameters

A.1 Another expression of the Stokes parameter

When we consider the propagation direction is z and polarization direction is x and
y[9],

Ex = ax(t) cos [ω0t− θx(t)]
Ey = ay(t) cos

[
ω0t− θy(t)

] (A.1)

and the Stokes parameters are

I ≡
〈

a2
x
〉
+
〈

a2
y

〉
Q ≡

〈
a2

x
〉
−
〈

a2
y

〉
U ≡

〈
2axay cos

(
θx − θy

)〉
V ≡

〈
2axay sin

(
θx − θy

)〉
.

(A.2)

A.2 Spin-2 properties of polarization tensor

When rotate the direction basis with an angle α around the n axis, the basis changes[15](
ε(1), ε(2)

)
⇒
(

ε(1) cos α + ε(2) sin α,−ε(1) sin α + ε(2) cos α
)

, (A.3)

consequently, the coefficients of the electric field with respect to the rotated basis are

E′1 = E1 cos(2α) + E2 sin(2α)
E′2 = −E1 sin(2α) + E2 cos(2α).

(A.4)

which naturally gives the change of the Stokes parameters

I′ = I
V ′ = V
Q′ = Q cos(2α) + U sin(2α)
U′ = −Q sin(2α) + U cos(2α).

(A.5)

Or,[
Q U
U −Q

]
⇒
[

cos α sin α
− sin α cos α

] [
Q U
U −Q

] [
cos α − sin α
sin α cos α

]
. (A.6)

Here we can have another clearer physical explanation on the Stokes parameter
U: If we set the angle α = 45 degree, then U turns into Q and Q turns into−U. Thus
we can say U is a quantity measures the difference of the linear polarization between
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two new polarization basis which is rotated −45 degree from the original basis ε(1)

and ε(2).

A.3 E-mode and B-mode as electric-field-like and magnetic-
field-like polarizations

These two operators /∂ and /∂∗ behave like derivative, see Appendix 4.2.4 in [15]:

/∂ = −
√

2∇e−

/∂∗ = −
√

2∇e+ .
(A.7)

Then when we look back to (1.13) and (1.7), we can rewrite them into

(/∂∗)2(Q + iU)(n) = 2∇e−∇e−P++

/∂2(Q− iU)(n) = 2∇e+∇e+P−−,
(A.8)

the E mode and B mode can turn into

E = ∇e−∇e−P++ +∇e+∇e+P−− = 2∇i∇jPij

B = ∇e−∇e−P++ +∇e+∇e+P−− = 2εlmεij∇l∇iPjm.
(A.9)

Now we see the meaning of E and B. The former is a gradient type and the
latter is a curl type, just like electric field and magnetic field, but without having any
physial relation with electric field or magnetic field.

However E and B are global quantities and do not have direct interpretation on
the measurable polarization Q± iU[15]. In the next chapter we will see how it give
us information about the primordial perturbations.

Until now we are discussing the generalized picture that the analysis is done on
the curved celestial shpere. For the analysis on the flat sky, as an approximation of a
small region on the sphere, the situation is much easier, so here we omit it.

A.4 Physical meaning of the Stokes parameters

Let´s come to the physical meaning of the Stokes parameters. Without comment,
I is the intensity of the electromagnetic wave. Q is the difference between the in-
tensities of the light polarized in ε(1) and the one polarized in ε(2). In other words,
if Q is positive, the ε(1) light is stronger than ε(2) light and vice versa. But Q does
not provide the information about the phase difference between these two light, for
example, Q = 0 light has three possibilities: maximally linearly polarized in the di-
rection in the middle of two polarization directions; maximally circularly polarized;
mixed with linearly polarized light and circularly polarized light.

U and V measures the correlation between these two lights, involving their phase
difference. For example in (A.1), if the phase difference between Ex and Ey is 0 or
π, then the light is maximally linearly polarized in the direction between x and y.
Here Q = ±Qmax = ±〈2axay〉 and V = 0; if the phase difference is π/2, the light
is maximally circularly polarized, V = ±Vmax = ±〈2axay〉, Q = 0. So we can see
that Q represents the level of linear polarization, while V represents the intensity
difference between left-handed circular polarization and right-handed circular po-
larization. |Q| wanes and |V| waxes and vice versa.
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Inflation Kinematics and
Perturbations

We agree that we are under FLRW metric

ds2 = −c2dt2 + a2(t)
[

dx2 + k
(x · dx)2

1− kx2

]
, (B.1)

where our universe is isotropic, homogeneous and under goes expanding[9].
The Friedmann equations, denote the Einstein equations (describes the space-

time dynamic) in the FLRW spacetime are

H2 =
8πG

3
a2ρ− K

Ḣ = −4πG
3

a2(ρ + 3).
(B.2)

B.1 Inflation theory and its simplest kinematics

Inflation theory has not be proved and it sounds like a crazy and bizarre idea but
can effectively and elegantly solve three big cosmological problems: Horizon prob-
lem, Flatness problem an magnetic monopole problem at once. The properties and
parameters of the inflation can be fixed through solving the horizon problem, that
we think it´s impossible for nearly 40000 patches in the sky to have the same prop-
erties. Because are mutually disconnected because their Hubble radius(denotes the
farthest distance that information can travel) is not large enough to cover the other.

How to solve horizon problem? One assumption is they were connected in a very
small region, so they talked with each other and got the same physical properties.
Then they were stretched away from each other, makes us to think that they were
not causally connected. This ’spacetime stretching’ requires a simple condition at
the early universe[57]

d
dt
(aH)−1 = −

(
Ḣ
H2 + 1

)
a

=
d
dt
(ȧ)−1 = − ä

(ȧ)2 < 0, (B.3)

means the Hubble distance c
H increases more slowly than the scale factor, things

which were causally connected before the inflation exited the horizon super fast.
As explained in[8], regions that we observed to be astronomical today were actually
microscopically small before the inflation and were in causal contact with each other,
then were pushed away from each other by the inflation and can no longer have
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communication. On the other hand, this implies an accelerated expansion

ä > 0, (B.4)

and

− Ḣ
H2 < 1. (B.5)

By observation we found actually − Ḣ
H2 � 1. It implies Ḣ ∼ 0. But Ḣ 6= 0 is needed

to end the inflation. So approximately H ∼ const.
The relation between the scale factor and Hubble parameter thus performs like a

differential equation: ȧ = Ha, it gives the solution of the scale factor

a(t) ∝ eHt, (B.6)

Which is similar to today´s accelerating expanding universe, dominated by the cos-
mological constant term, i.e. dark energy.

By the way, during the inflation, the metric is

ds2 = −c2dt2 + a2
inie

2Ht
[

dx2 + k
(x · dx)2

1− kx2

]
, (B.7)

Inflation will not happen automatically because it violates the strong energy con-
dition if there is only a radiation and matter domination without any inflation field.
Normally, Hubble distance c

H is increasing faster than the expansion with a expres-
sion in contrast with (B.3): d

dt (aH)−1 > 0.
In the simplest model, the inflation was driven by one scalar field φ called infla-

ton. The choice on the scalar fields (sometimes there are more than one field) is due
to historical reason when particle physicists were studying the extension of the Stan-
dard Model. It´s true that there are also some vector field inflation theories work as
well[8].

QFT tell us a single scalar field´s Lagrangian L = 1
2 φ�φ − V(φ) and energy-

momentum tensor. We consider the inflaton was dominated at that time, matter,
radiation etc. are not taken into account. Inflaton’s equation of motion (EoM) in an
FLRW spacetime can be derived from combining Friedmann equation and the en-
ergy density obtained from its energy-momentum tensor[16], which is Klein-Gordon
equation[9]

φ̈ + 3Hφ̇ +
dV(φ)

dφ
= 0. (B.8)

The expansion is coupled with the inflaton in the second term 3Hφ̇.
Whether the inflation will happen and how long it will last are depending on the

potential V(φ) which can be very different from one to another, and the term 3Hφ̇
which acts on the field like a reducer or friction. One simplest model is single-field
slow-roll inflation where ’slow-roll’ is normally advertised as requiring the small-

ness of two parameters which are respectively proportional to
(

V′
V

)2
and V′′

V [58],
meaning that the potential is relatively flat. There is another ’slow-roll’ refers to the
small changing of the Hubble parameter H(φ)[58].
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B.2 Perturbation theory

After we proposed the inflation and studied its behavior, the perturbation before
the inflation comes into our mind. The inflation played a role like a magnifier: it
stretched the primordial fluctuation into a relatively mutually-unconnected large
scale in a short time before they had adequate time or sufficiently small distance to
be appeased. The fluctuation at that time made a imprint in the CMB at LSS and
then became the seeds of the structure formation.

The perturbation of the spacetime can be categorized into 2 kinds: scalar pertur-
bation and tensor perturbation.

B.2.1 Scalar perturbation

First we are going to think the inflaton φ´s variation in space. Because inflaton φ was
dominating at the beginning, its fluctuation can induce energy density fluctuation
and then cause the spacetime fluctuation. with a curvature perturbation R(x, t).
Under the comoving gauge g0µ = 0, the space components of the metric is[16]

gij = a(t)2e2R(x,t)δij, (B.9)

and in terms of Bardeen variables the curbature perturbation is given by

R = − 2
3(1 + ω)

[
Ψ +

Φ̇
H

]
+ Φ. (B.10)

With a new field variable v2 = 2M2
PlεR, the action is

SR =
∫

dt
∫

d3xa3
[

1
2

v̇2 − 1
2
(∇v)2/a2

]
= ∑

k

∫
dta3

[
1
2
|v̇k|2 −

k2

2a2 |vk|2
]

,
(B.11)

expressed in an ensemble of oscillators, from the canonical quantization treatment
to the field.

We would have equation of motion from variations of the action in terms of those
Fourier modes,

v̈k + 3Hv̇k +

(
k
a

)2

vk = 0. (B.12)

Its solution can be written in following form

vk(t) =
H

(2k3)1/2

(
i +

k
aH

)
e−ik/aH, (B.13)

The field went out at late times when k � aH, and |vk|2 → H2

2k3 , meaning that infla-
tion converts subhorizon quantum fluctuations in the curvature to classical super-
horizon curvature perturbations[16], as we mentioned before.

Providing the amplitudeRk a Gaussian variance〈
|Rk|2

〉
=

H2

M2
Plεk3

, (B.14)
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after adding all the Fourier modes together,
〈
R2〉 =

∫
d ln k∆2

R(k), this gives the
curvature variance in real space. We can then define the power spectrum of the
curvature perturbation after applying slow-roll approximation

∆2
R(k) ≡

k3

2π2

〈
|R|2

〉
=

1
8π2

H2

M2
Plε
' 1

24π2
V

M4
Plε

=
1

12π2
V3

M6
Pl(V

′)2
. (B.15)

The spectral index ns is defined in a k-dependent power law description of ∆R,

∆2
R(k) ≡ As

(
k
k∗

)ns−1

, (B.16)

with a reference k∗. Then

ns − 1 ≡ d log ∆2
R(k)

d log k
' −2ε + ζ = −3M2

Pl

(
V ′

V

)2

+ 2M2
Pl

V ′′

V
. (B.17)

The reason that there is a −1 in the expression is a historical problem about the
convention. There is no problem that we just ignore it, and we will see for tensor
perturbation the spectral index is without −1.

Spectral index is a very important parameter in the cosmology. We easily can see
that under the slow-roll approximation the curvature spectral index is depending on
the potential term of the inflaton and its first, second derivatives. Different inflatons,
i.e., one scalar field, multiple scalar fields, vector field, can give different indices.
Therefore observing and determining the spectral index can help cosmologists rule
out many inflation models.

B.2.2 Tensor perturbation

Then let’s start the investigation about the primordial gravitational wave (PGW),
sometimes also called inflationary gravitational wave (IGW). Adding a TT gauge
gravitational wave (Transverse-traceless gauge), the perturbed metric becomes

gij = a2 (δij + 2hij
)

, (B.18)

and we can insert it into Einstein-Hilbert action

S =
M2

pl

2

∫
d4x
√
−gR. (B.19)

Once we expand the action we can re-express it in terms of Fourier modes and two
polarizations of the gravitational wave h+ and h× 1, similarly with a new variable
vp = MPl

2 hp where p denotes the two polarizations + and ×:

S =
1
4

∫
dt
∫

d3xa3M2
Pl

[
1
2
(
ḣij
)2 − 1

2a2

(
∂khij

)2
]

= ∑
p=+,×

∑
k

∫
dta3

[
1
2

∣∣v̇p,k
∣∣2 − k2

2a2

∣∣vp,k
∣∣2] .

(B.20)

1TT gauge gives
(

hTT
µν

)
=


0 0 0 0
∗ h+ h× 0
∗ ∗ −h+ 0
∗ ∗ ∗ 0

, and h+,× = h+,×(t± z/c), or in conformal time

h+(x, η) ' h(η)eikηe−ikz.
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As an analogy to the action of scalar perturbation (B.11), we can have a very
similar equation of motion for the Fourier modes of the perturbation variable with 2
polarization kinds and then an exactly similar tensor power spectrum

∆2
t (k) ≡ 2

k3

2π2

〈∣∣hp,k
∣∣2〉 =

2
π2

H2

M2
Pl

. (B.21)

Also similarly, in power law

∆2
t (k) ≡ At

(
k
k∗

)nt

, (B.22)

The spectral index is

nt =
d ln ∆2

h(k)
d ln k

= −2ε ' −M2
Pl

(
V ′

V

)2

, (B.23)

depending on the inflaton potential and its first derivative, and it is negative indi-
cating a red sprectrum of the PGW.

B.3 Perturbation to CMB

How these two perturbation, density wave and PGW, effect relatively to the CMB
polarization? Well, we need to see how photons were affected by the perturbation.

In terms of a single monochromatic, plane-wave-like, polarized gravitational
wave traveling in the direction of z, the metric in(B.18) can be written as

ds2 = a2(η)
[
dη2 − dx2 (1 + h+) + dy2 (1− h+) + dz2] , (B.24)

and h(x, η) ' h(η)eikηe−ikz[59].
Propagating photons with a cosine of the traveling angle between z axis µ and a

azimuthal angle φ experience a frequency change due to the expansion of the space-
time:

1
ν

dν

dη
= −1

2
(
1− µ2) cos 2φe−ikz d

dη

(
heikη

)
. (B.25)

So far there is no polarization, but a radiation field with anisotropic energy distribu-
tion. However, as we have seen in the Thomson scattering section that this radiation
field with anisotropic energy distribution will induce polarization.

To quantify the polarization, distribution functions f̄s(q, x; η) for four Stokes pa-
rameters s = I, Q, U, V are necessary, here the photons have momentum q. First, the
unperturbed distribution functions are

f̄ I(q, x; η) =
1

ehv/kBT(η) − 1
f̄Q(q, x; η) = 0
f̄U(q, x; η) = 0
f̄V(q, x; η) = 0,

(B.26)

where T(η) is the unperturbed temperature at comformal time η, which again re-
mind us an unpolarized perfect black-body radiation of CMB.
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Then define perturbations

∆seik·x = 4δ fs/(∂ f̄ /∂ ln T). (B.27)

We know no circular polarization is produced in Thomson scattering so ∆V = 0,
and we can extract a perturbation variables ∆̃s(µ, η) only depending on µ from each
∆s:

∆I = ∆̃I(1− µ)2 cos 2φ

∆Q = ∆̃Q(1 + µ)2 cos 2φ

∆U = ∆̃U2µ sin 2φ = −∆̃Q2µ sin 2φ.

(B.28)

Then we just directly show the results of the Boltzmann equations 2 for the dis-
tribution functions[60][61]:

˜̇∆I + ikµ∆̃T = −ḣ− κ̇[∆̃T −Ψ]

˜̇∆Q + ikµ∆̃Q = −κ̇ [∆P + Ψ] .
(B.30)

The left hand side means the Lagrangian time derivatives for a Fourier mode of
wave number k.

Some new variables above are

Ψ ≡
[

1
10

∆̃I0 +
1
7

∆̃T2 +
3
70

∆̃T4 −
3
5

∆̃Q0 +
6
7

∆̃Q2 −
3

70
∆̃Q4

]
∆̃s`(η) = (1/2)

∫ 1

−1
dµ∆̃s(µ; η)P`(µ),

and a Thomson optical depth contribution in a interval dη: κ̇δ = dκ
dη dη which takes

part when scattering happened.
The equations (B.30) are then solved numerically.

B.4 Perturbations to E-mode and B-mode

B.4.1 E,B-modes from PGW

We show the results of the polarization tensor by PGW[61]

P ab
k,+(θ, φ) =

T0

4
√

2
∑
`

(2`+ 1)P`(cos θ)∆̃Q`

[ (
1 + cos2 θ

)
cos 2φ 2 cot θ sin 2φ

2 cot θ sin 2φ −
(
1 + cos2 θ

)
csc2 θ cos 2φ

]
.

(B.31)
The terms cos 2φ suggest a quadrupole.

2Boltzmann equation describes the statistical behaviour of a thermodynamic system not in a state
of equilibrium, devised by Ludwig Boltzmann in 1872. It´s unintegrated form is schematically

d f
dt

= C[ f ], (B.29)

where C[ f ] is all the collision terms[8].
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From (B.31) to harmonics coefficients[62]

aE k,+
`m =

√
π(2`+ 1)

4 (δm,2 + δm,−2)
−1

[
(`+ 2)(`+ 1)∆̃Q,`−2

(2`− 1)(2`+ 1)
+

6`(`+ 1)∆̃Q`

(2`+ 3)(2`− 1)
+

`(`− 1)∆̃Q,`+2

(2`+ 3)(2`+ 1)

]

aB k,+
`m =

−i
2
√

2

√
2π

(2`+ 1)
(δm,2 − δm,−2)

[
(`+ 2)∆̃Q,`−1 + (`− 1)∆̃Q,`+1

]
.

(B.32)
The B-mode in z direction and + polarization is

CBB,k,+
` =

1
2l + 1 ∑

m

∣∣∣aB
`m

∣∣∣2 =
π

2

(
`+ 2

2`+ 1
∆̃Q,`−1 +

`− 1
2`+ 1

∆̃Q,`+1

)2

. (B.33)

Sum over the Fourier modes and the polarization states we have the total B-mode
spectrum

CBB
` =

1
2π

∫
k2 dk

[
`+ 2

2`+ 1
∆̃Q,`−1(k) +

`− 1
2`+ 1

∆̃Q,`−1(k)
]2

. (B.34)

Same for E-mode and then numerical solutions are given by[63]

CEE
` =

∫
d ln k∆2

h(k)
{∫ η0−ηls

0 dxg (η0 − x)Ψ (η0 − x)
[
−j`(x) + j′′` (x) + 2j`(x)

x2 +
4j′`(x)

x

]}2

CBB
` =

∫
d ln k∆2

h(k)
{∫ η0−ηls

0 dxg (η0 − x)Ψ (η0 − x)
[
2j′`(x) + 4j`(x)

x

]}2
.

(B.35)
We can draw a simple conclusion that both polarization mode, B-mode and E-

mode are generated by PGW.

B.4.2 E,B-modes from density perturbation

In density fluctuation, let us consider the quadrupole component of the temperature
pattern seen by an observer located in a trough of a plane density wave (think about
a stick with cold head and bottom but hot middle or inversely, hot head and bottom
but cold middle). The azimuthal symmetry in the problem requires that k||v where
v is the flow of the photon, and hence the flow is irrotational ∇× v . Because hotter
photons from the crests flow into the trough from the ±k directions while cold pho-
tons surround the observer in the plane, the quadrupole pattern seen in a trough has
an quadrupolar harmonic with m = 0[64]:

Y0
2 = 3 cos2 θ − 1, (B.36)

where θ is the angle between direction n and k.
The sense of the quadrupole moment determines the polarization pattern through

Thomson scattering (remember the incoming anisotropy causes net polarization).
Any electron at the LSS now sees a quadrupolar intensity variation that is aligned
with the θ direction or the direction perpendicular[16]. Then This pattern represents
a pure Q-field on the sky whose amplitude varies in angle as an ` = 2, m = 0 tensor
or a spin-2 field with[64]:

Q(n) = sin2 θ

U(n) = 0.
(B.37)
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Then the polarization tensor could be written as

P ab(θ, φ) = ∑
`

sin2 θ∆̃s
Q`P`(cos θ)

[
1 0
0 − csc2 θ

]
. (B.38)

An important quantitative conclusion can be drawn that no B-mode was pro-
duced in the density perturbation because P ab is diagonal, and from the definition
(A.9), we know that P abεc

b = 0.
In other words, B-mode polarization is a unique imprint of the PGW, and PGW

is the direct product of inflation. Therefore scientists are desiring to observe B-mode
and then fix the tensor-to-scalar ratio r, which are so crucial to certify or falsify the
inflation theory and determine the inflaton parameters.


