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Abstract

In this paper, we deal with two logarithmic fourth order differential equations: the extended
one-dimensional DLSS equation and its multi-dimensional analog. We show the global exis-
tence of solution in critical spaces, its convergence to equilibrium and the gain of spatial
analyticity for these two equations in a unified way.
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1 Introduction

Fourth order differential equations appear in many applications such as thin films (see for
instance the works by Constantin et al. [15] and Bertozzi and Pugh [3]), crystal surface
models (see the works by Krug et al. [31] and Marzuola and Weare [33]) and quantum
semiconductors (see the papers by Ancona [2] and Gasser et al. [22]). In particular, Derrida
et al. [17] derived the following logarithmic fourth order equation (DLSS in short) as a model
of interface fluctuations in a certain spin system

w; 4 92 (wdZ(logw)) = 0. (1)

This equation is a nonlinear parabolic equation. Although the theory of second-order diffusion
equations is well known, there are few mathematical results for higher-order equations, and
even less results addressing high-order equation in the case of several spatial dimensions. In
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this paper we first consider the multi-dimensional DLSS equation taking the form [2,16,22],

d
w4+ Y 39 (wdd;(logw)) =0, )
ij=1

where the dimension satisfies d = 1,2 or d = 3 and the spatial variable x lies in the d-
dimensional flat torus, or equivalently, on [—, 714 with the periodic boundary conditions.
We also study the extended 1D DLSS equation derived by Bordenave et al. [5]

r
w; — “Taiw — ula, (wd?logw)) = €2 — 232 (wd? (log w)), 3)

where 0 < I' < % and —1 < u < 1. We note that (3) is reduced to the 1D (1) for © = 0,
€= %, and I' = %, while (3) becomes [18, eq. (10)] for e = 0.

Besides the applications to quantum semiconductors and spin systems mentioned above,
(1) is also intereting due to the fact that, as shown by Gianazza et al. [23], it is a Wasserstein
gradient flow for the Fisher information

F(u) = —/Aulog(u)dx

and so (1) can be written in the form

)
ur=V- (w(s—f').
u

This somehow establishes a link between the DLSS equation and the heat equation [26].
Indeed, the heat equation is a Wasserstein gradient flow for the entropy

H(u) = /ulog(u)dx,

and its entropy production is the widely appearing Fisher information.

The available literature studying (1) and (2) is large. First, Bleher et al. [4] proved that (1)
has local classical solutions starting from H 1(T) positive initial data. These solutions remain
smooth as long as the solution remains positive. We note that, although positivity preservation
is a basic property for second order diffusions, it is no longer true for higher order diffusions.
In fact, we can see numerical simulations violating the maximum principle in [26]. This
leaves the door open to possible singularity formation as # approaches zero at some point.
There are some papers showing the global existence of non-negative weak solutions. These
results are mainly based on some appropriate Lyapunov functionals. In particular, both the
entropy H and Fisher information F decay and can be used to obtain a priori estimates. For
(1), this approach was exploited by Jiingel and Pinnau [28] (see also Pia Gualdani et al. [34])
where the authors used the functional

Gg@t) = fu(x, t) —log(u(x,t))dx.

In the multi-dimensional case (2), the global existence of non-negative weak solution was
obtained by Gianazza et al. [23] and Jiingel and Matthes [27].

In addition to the existence results, there are also some works studying the decay to the
equilibrium. In the one-dimensional case, Caceres et al. [11], Dolbeault et al. [19], Jiingel
and Violet [30] and Jiingel and Matthes [27] proved the decay of appropriate functionals in
the case of periodic conditions. The case of Dirichlet and Neumann boundary conditions in
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one-dimension has been studied by Jiingel and Pinnau [28] and Jiingel and Toscani [29]. In
the multi-dimensional setting, the reader is referred to [23,27]. To the best of our knowledge,
the only decay result in the multi-dimensional setting with periodic boundary conditions is
[27], where the authors proved decay of L?-norm-like functionals for

(Vd + 1)?
—_— <<

=P<—u; 4)

The uniqueness question has also been studied. Fischer [20] proved that weak solutions
in a certain class are unique. Remarkably, this class contains the weak solutions constructed
in [27]. We would like to remark that the question of uniqueness is rather subtle. As it was
pointed out in [26], there are non-negative explicit functions that are steady solutions of
(2). These non-negative functions lead, after invoking the previously mentioned existence
results, to a time-dependent weak solution converging to the homogeneous steady state. In
other words, starting from smooth initial data we can have two different weak solutions.

The results for equation (3) are more scarce. This equation was derived and studied by
Bordenave et al. [5]. In particular, the authors found a number of Lyapunov functionals and
used them to study the asymptotic behavior.

Some other related works are [7-9] (and the references therein) where the DLSS equation
and some generalization are studied.

In this paper, we deal with (2) and (3) in a unified way. Assuming that the initial data
satisfy certain explicit size restrictions in the Wiener algebra .A( (defined in (5)), we prove
the global existence of solutions, its convergence to the steady state in L°° and instantaneous
gain of analyticity. We will present our results in Sect. 2. Then, we prove Theorem 1 and 2
in Sects. 3 and 4, respectively.

We also want to mention that our approach has the following advantages:

— We would like to emphasize that the smallness conditions of initial data are given explicitly
in terms of the parameters in the equation.

— If w is a solution to (2), then the rescaled function wy (7, x) = w(A*t, Ax) is another
solution for every A > 0. Some spaces with scaling-invariant norm are

L™, HY? A, etc.

Thus, our results involve a critical space for (2). We should compare our global existence
results with the one contained in [4] where the size constrain is at the level of H! (TH. In
particular, the initial data that we consider can be arbitrarily large in the space H' while
still leading to a global solution. Moreover, to the best of our knowledge, our results are
the first results showing analyticity (not merely C*° as in [4]) of solutions of (2) and (3).

— We prove the exponential decay to equilibrium in the L° norm which generalizes the
result in [27]. In particular, the decay (4) is extended to 1 < p < oco.

— Our approach is very flexible and can be implemented to other high order semi-linear or
quasi-linear equations in an arbitrary dimension d. We refer the reader to [13,14,21] for a
free boundary problem arising in the dynamics of a fluid in a porous medium, to [25] for a
nonlocal quasilinear diffusion, to [10] for the doubly parabolic Keller-Segel system, to [6]
for thin film equations, and to [1,24,32] for the evolution of crystal surfaces. These results
are obtained by mainly observing that the Wiener algebra norm is a Lyapunov functional
regardless of the order of the diffusion, the local/nonlocal character of nonlinear terms
and the dimension d.
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2 Main Results
2.1 Notation and Definitions
Before stating our results, we fix some notation and introduce the functional spaces that we

will use.
The spatial derivatives are denoted by

f=ri,
09, f = fij»
and so on, where we also used Einstein convention for the repeated indices. In particular,
Af = flii
and
A f = fljij .
In the one dimensional case, we also write
f x = f sl -
Similarly, the time derivative is denoted as
fi=af.

For n € N we denote by
WP = {u € L such that [lull}, + [0} ul}, < oo}
the standard L”-based Sobolev spaces. Then we define the norm as
Nl fymp = Nl + 195wl 7 -
When p = 2, we use W2 = H".

The kth Fourier coefficients of a 27 -periodic function on T¢ are

-~ _ 1 —ik-x
ulk) = 7(271)‘1 /Td u(x)e dx,

and the Fourier series expansion of u is given by

u(x) = Z a(k)e’* .

kezd

Using this, we define the Wiener spaces: for s > 0

Ay = {u e L'(T?) such that Z |k|* [ (k)| < oo} . 5)
kezd

Then we define the following norm in this space

luly := Y IkI® [@(k))|

kezd
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We note that A is a Banach algebra. Moreover,
Ay C C° C H'.
Being 0 a differential operator of order 1 we also have the following properties
[otu| < 1
019" u| < fulitul, ©
lul; < |uly if I'>1>0.
We finally have the following interpolation relationships:

luls < lulg|ul forall0 <s <rwith = : @)
r

Let X be a Banach space. Then, L?X denotes the Banach set of Bochner measurable
functions f from (0, T') to X such that

If®lx € LP(0,T)

endowed with the norm

1
T 3
(/ IIf(-,t)Ilfgdt) for1 < p < oo,
0

esssup || f(-,t)||x for p = oo.
0<t<T

or

2.2 Setting

We assume that the spatial variable x lies in the d-dimensional flat torus [—, 714 with the
periodic boundary conditions. Together with (2) and (3), we have to consider non-negative
initial data w(x, 0) = wp(x). We note that both (2) and (3) preserve the mean (w):

(w(t)) =/ w(t, x)dx =/ wo(x)dx = (wg) > 0
Td Td

In this setting, this mean will then correspond to the steady state. Without loss of generality,
we assume (wg) = 1.

2.3 The Multi-dimensional DLSS Equation

We now reformulate (2) in a new variable which is more convenient to show our results. Let
u = w — 1. Then, u satisfies

ur + ((u+ D(og(u +1)),ij),ij=0, 1=i,j=d, ®)

with initial data u(x, 0) = ug(x) = wo(x) — 1. We note that

(u(t)) :/ u(t, x)dx :/ uo(x)dx = (ug) = 0.
Td Td

This property will be used several times in proving our results.
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Definition 1 We say thatu € LF°L® N L2THl N LITWZ’l is a strong solution of (8) if

T
—/ / 3,¢(t,x)u(t,x)dxdt—/ ¢ (0, x)up(x)dx
0 'ﬂul 'er
T ©)
+/ /d log(uu(t, ) + 1),i; (w(t, x) + i (1, \)dxds = 0
0 T

for all ¢ € C®([0, 00) x T9).

‘We note
uiu,j
1+u’

log(u+1),;; u+1) =u;j—

From this, the regularity condition u € LF°L> N L2T H'N LlT W21 seems minimal to define
(9) by the following reasons:

- uc L]T W21 is required to define u ;j weakly,
—ue L?L"o, which will be sufficiently small, to make 1 + u > 0;
- ue LTH1 to define u ;u ; weakly.

This required regularity of u# will be achieved by taking a sufficiently small uy € Ap. The
smallness condition of « is defined explicitly by the following the rational function:

4z 52 4z

Pi(2) = 1—z+ 1_22 + a5

(10)
Theorem 1 Let ug € Ag be a zero mean function that satisfies |uglo < 1 and consider Py(z)
as in (10). Assume that the initial data satisfies
d* Py (Juolo) < 1.
Then there is a solution
ue L®([0,T]; L) N LP (0, T;Ai), 1<p<oo,
P
of (8) for all T > 0. Moreover, u converges uniformly to 0 exponentially in time:

— 1—[12P
lu(®)ll oo < luoloe™ 1 (uolo)r

Finally, u becomes instantaneously spatial analytic with increasing radius of analyticity,
namely,

MA@t k) e L0, T; €Y
for a sufficiently small o > 0 such that 1 — o — d? Py (Juglo) > O.

2.4 The Extended 1D DLSS Equation

As before, we define u = w — 1. Then, u satisfies the following equation:

ul”
ur — Tuxxx —ul ((u+ Dog(u + 1))xx)x

= —e(2" —2I"*)((u + 1)(log(tt + 1)) xa- an
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Definition 2 We say thatu € LF°L>® N L2THl N LlTWZ’l is a strong solution of (11) if
T MI" T
— / / 0 (t, x)u(t, x)dxdt + — / / u(t, x)xxx(t, x)dxdt
o Jr 3 Jo Jr

- / ¢ (0, x)ug(x)dx
T

(12)
T
+ MF/ /(IOg(u(t, x) + D)xx (1 4+ u(t, x))x (7, x)dxdt
0 JT
T
+e@r? - 2F)/ /(IOg(u(t,X) + 1)ex (L 4+ u(t, X)) (t, x)dxdt =0
o Jr
for all ¢ € C([0, 0o0) x T9).
We then follow the arguments used for (8) to state the following result. Let
2
Z Z
Py(z) = + . 13
2(2) 2 (=22 13)

Theorem 2 Letug € Ag be a zero mean function that satisfies luglo < 1 and consider P;(z),
j =1,2,asin (10) and (13). Assume that the initial data satisfies

uI Py(luolo) + €(2I'* — 2I") Py (|uglo) < €(2I'* —2I).
Then there is a solution
we L0, T]: L) N LY (o, T Ag), 1<p < oo,
P

of (11) for all T > 0. Moreover, u converges uniformly to O exponentially in time

lu() || < |ugloe— €@ =20 =1 Pa(luolo)=€ 212 =2I) Pi(luolo))

Finally, u becomes instantaneously spatial analytic with increasing radius of analyticity,
namely

M, k) € L0, T £Y

for a sufficiently small o > 0 such that e@r2 -2 —o — uI Pr(Juglo) — e2r? —
2I7) P1(Juolo) > 0.

3 Proof of Theorem 1
3.1 A Priori Estimates

We compute

ur = —((u + Dog(u + 1)),ij ).ij

——((+n<”f—ﬁiﬂﬂ>~
=\ T+u  (+w?))

U,ju,
Z_uaijij+< Txu )l
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U jj Ui T, j Usiij U Ui U Ui

= —U,jjij + +u
Wi, U 30,5 w, Uy U, iU U Uy jU,jU,iU,
(1+u)? (I +u)
Thus, we can rewrite the equation as
w A+ Au=1+1+1;, (14)
where
I i i U, Ui U U Ui Ui
1= )
14+u
I Wojj Uy Uyj 3005 Ui Uy j U, jj Uy Uy
2= - )
(1 +u)?
2u, U, U Uy
13 = ——

(14 u)?

By the hypothesis |uglo < 1, we take the Taylor expansion of the rational functions in Iy, I,
and I5:

oo

n_n

T = (ujj g 0, i 1, i g, ) Y (=1)"u
n=0
o0

n—1

I = (u.ij s ju,j 305w,y +u,jj i) E (=1)"nu'’

n=1

o0
=20, ju,j i) Y (=1)"'n(n — Du" 2.
n=2

Writing

o0
Si=) (=",
n=0

o
82 — Z(_l)nnun—l’

n=1
00

Sy =) (=1)'n(n— Du" 2,

n=2

and using the convolution theorem for the Fourier series together with Tonelli’s theorem for
exchanging the order of summation, we can obtain the following estimates:

o o9
-~ 1

St =D D (D" )| = D Il = 1

kezd 1n=0 n=0 ulo
[Salo= Y [on(=D"urth)| < 3 nlulg™ = s (15)

(1 = ulo)

kezZd In=1 n=1
(Sl =D [Don = D" 2R)| < 3 ol = Dlulg? = .

kezd In=2 s (1 — lulo)
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Moreover, for fixed i, j, we apply (7) to derive

i ijj g < luly luls < uloluls,

2
wij g |y < lul3 < fuloluls,

2 2
wojusjui | < lulfluly < |ulgluls, (16)

2 2
i thj i g < lulf luly < |ulgluls,

4 3
o, | < lulf < lulgluls.

By (14), (15) and (16) and summing up in i, j, we have

d
Elu(t)lo + lu@®ls < d* Py(|u(®)]o)u(t)ls, (17
where Pj is defined in (10). Suppose uq satisfies
luglo < 1 and d*Py(|luglo) < 1. (18)

Then, using the monotonicity of Pj, we obtain the following a priori bound

t
IM(T)|0+(1—d2P1(|M0|0))/ lu(s)lads < Juolo forall7 = 0. (19)
0

3.2 Approximate Sequence of Solutions

We consider the following approximate equation:

N
du+ APu = —Py <u,,~u,,~ Z(—l)kuk) , (20a)
k=0

ij
u(0, x) = Pyuo, (20b)
where Py g is defined as

N

Prg= ) ke
k=—N

Since the right-hand side of (20a) is a polynomial of u, we can solve (20) using Picard’s
iteration for the ODE’s to obtain a solution "V for each N. Following the computations used
to derive (19), we can show that u” satisfies the same estimates as above:

S+ [Nl = ap (1 on) [ o),

[Pnuoly < luolo- 2D

We note that P;(z) is increasing for 0 < z < 1. Using this fact with uq satisfying (18), we
obtain

u® (s)

t
uN(r)] + (1 = d*Pi(Juolo)) f ds < |uolo (22)
0 0 4

for all # > O uniformly in N € N. In particular we find that

sup ‘uN(t)‘ < 1.
N 0
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3.3 Passing to the Limit in the Weak Formulation

The inequality (22) implies that {#"V} is uniformly bounded in LPAp N LITA4. By interpo-
lating L$° Ag and L} A4, {u} is also uniformly bounded in

W"ye Ll As, 1<p<oo. (23)

P

We observe that (see [12]), for 1 < p < oo
L2 = (Lyeo) . ¢ +p7 =1, (24)

where cg is the space formed by the sequences whose limit is zero and £ is the space formed
by the summable sequences. Due to this, the space

L;Ao
is a dual space.
Furthermore, since
NI “~N 012 k4 “N 02 N2 N N
u = u =+ u < ‘u ‘ —I—‘u ‘ ‘u s
[] = 2 W o+ Y ki ) R
kezd kezd

{u™} is uniformly bounded in
N 2 12
{u”ye LyH”.

We also note that {9, } is uniformly bounded in L7 H~2. Indeed, since u”,; € L* A, by
(23), we have

N
wiujy (=Drub e L7 A C L7 L
k=0

and thus

N
dqud = —A2u — Py <u,,»u,j Z(—l)’%ﬂ‘) e LZH2
k=0 i

We now recall Simon’s compactness lemma.

Lemma 1 [35] Letr Xo, X1, and X»> be Banach spaces such that X is compactly embed-

ded in X1 and X\ is a subset of X5. Then, for 1 < p < o0, any bounded subset of
{v IS LI;XO : % € LITXZ} is precompact in LI;-X].

Then, by Lemma 1 and Banach-Alaoglu theorem, we have that up to subsequences, still

denoted by {uN},
uN 2y e L0, T] x T, (252)
uN Sy e L?A%, 1 < p < oo, (25b)
uV > ueliH", 0<r <2, (25¢)
uV Sy e L0, T, Ag), (25d)
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We now rewrite (20) as

N, N N, N
u iu u u
a,uN=7>N<qu,- T u,Z( D k)

1+uN A
i

We multiply this equation with ¢. After integrating by parts and using the Taylor series for
the nonlinear term, we obtain

T
—/ / 8t¢(t,x)uN(t,x)dxdt—/ & (0, x)Pyug(x)dx
Td

N N

/ /Td PN( ;\/>¢7ij (¢, x)dxdt 26)

T 00
B /0 /'Ed P (ulyul\; Z (_”N)k> é,ij (t, x)dxdt = 0.

k=N+1

Due to the previous convergences, we have that

By (25b) with p = 2, u’jjéu,,-j in L7212

By (25c) with r = % we have u —u; e L2 H ! c L2 L9 with g1 = Zd

By (25b) with p = 4, we also have u’j—\uyj € L‘}Ao C L‘}Lq2 with 1 < g < o0.
We finally have u € L4 H3 C L4 L% with g3 = 5L which can be obtained by (25¢)
withr = % and then interpolated with L3° Ay C L$°L2. This implies

1 1 u—uN

- = 0 in L}L®
T+u¥ T4u U+aed+u o M7

because the denominator (1 + #™)(1 + u) does not vanish.

We now choose ¢; such that
1 1 1
T |
q1 92 43
Then, we have

N N
A

T u
/ /Td Pn (ulyj iy N) @.ij (t, x)dxdt
u, uj
—>/ / — ¢.ij (t, x)dxdt
Td

= / /11 log(u(t, x) + 1),;; (u(t, x) + 1)¢,;; (t, x)dxdt.
0 T

We finally note that
s 2 ad k
Z (uN)k < HuN Z HMN‘ —- 0 as N — oo.
 k=N+1 272 LA, S L7 Ao
= LiL =N+

We now can pass to the limit to (26) to derive (9) for any ¢ € C*°([0, 00) X T9).
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3.4 Decay to Equilibrium

Since (u™ (1)) = 0, we have [u¥ (t)|o < |u™ (t)|4. Using (21), we obtain

—(1=d? Py (lu) [0))t —(1=d* Py (|uglo))t

N
[u™ ()]0 < luoloe =< luoloe

uniformly in N. In particular,
lu(®) ||z < luglge =4 Prlluolodt,

3.5 Uniqueness

Due to the regularity of the solution constructed, the uniqueness follows from a standard
contradiction argument. As this part is classical, we only sketch its proof. We consider two
different solutions emanating from the same initial data, «" and ¥®, and define

v=ul —y®,

Then
D (1 2) @
LSO S (i i B
2q M2 TN = L AT T T @ ) e
Integrating by parts and using Holder inequality together with interpolation in Sobolev spaces
we find the inequality

d 2 1 2 2
vl < c(luP ez + 1@ e2) vl .

As the solution that we constructed is of class L%C 2 we conclude the uniqueness of the
solution.

3.6 Spatial Analyticity

Leto € (0, 1) be a sufficiently small constant which will be fixed later. We define the function

VN, x) =@V 72uN (1, x)  or equivalently W(t, k) = e‘”‘klzﬁ(t, k).

Let
N
G@u) = Py <u,,-u,j Z(—l)kuk> (27)
k=0 Jij
Then,
VN (1, k) = —[k[*VN (1, k) — e MG (u)(t, k) + o k[VN (£, k) (28)

with "/W(O, k) = m)(k). We note that
osv/—A ’ < aslk=I1 | 7k — Dl M 150
e ), =2 D e |Fk =D ™M )]

kezd 1e7d
e(rs«/—Af‘
0

<

e”mg ‘0 . (29)
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In particular,

o~ ~ 2
eUYH(fQ)‘O < Z Z eU‘Y|k71| |f(k _ Z)} eJ.Ym |f(l)| < eo‘&\/jf)o .
kezd lezd
Furthermore,
eGSM(fS)) < Z Z eo’s|k—l| ‘}‘\2(]( _ l) 60_\‘\” |f(l)|
0 kezd 174
f eJYH(fZ)‘O eO'S\/jf‘o
< e(rsmfr )
0
Similarly,
ecx\/j(fn) o 5 eo.&‘\/jf Z'

We apply the previous estimates to the nonlinear terms in (28). Following the computations
in Sect. 3.1 used to obtain (17), we derive
e _A(’/l,iu,ju,ij)’() <

2 2
errm/—Au‘ erfs«/—Au‘O
1

eos«/—Aulz <

e”“_Au’ .
4
Performing the same estimates to the rest of nonlinear terms, we find the following inequality:
d
VRO + VYOl = PAVY Ol0)IVEOls + o VIOl
Since (VV) = uN(0) = 0, we have [V (1)]; < |V (1)]4 and thus
d
VYOl + A=)V 0la = d® P VY Ol0)IV™ ()]s

We now take o > 0 sufficiently small to satisfy d> P (luglo) < 1 — . Then, we obtain
VN (0)o < luglo forallz > 0. (30)

Using (24), we conclude that
VNAV e L A,.

Now we observe that we can pass to the weak-* limit in N and conclude the desired bound
for the function V. The convergence of u” implies that

V(t,x) = e‘”*/ju(t,x).

4 Proof of Theorem 2

For the sake of notational simplicity, we write uI” =y > O and e Q"> —2I') = —v < 0
in (11). We first rewrite (11) as

u — gu — y((u+ D(log(u + 1))yi)x = —v((u + 1)(1og( + 1)ry)xx-
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4.1 Existence of Solution

Since ((u + 1)(log(u + 1))xyx)x 1s a lower order term, the first part of Theorem 2 is very

similar to the one in Theorem 1 and so we only provide a priori estimates for the existence
of solutions. Since

2y Uy ui

1+u 1+ uw?’

2Uxlyxy + “)Zcx)
14+u

((I' +u)(log(u + 1))xx)x = Uxxx —

(1 + M)(log(u + 1))xx)xx = Uxxxx —

2u§uxx +3u§uxx 2ui

(1 +u)? (14w

we take the Taylor expansion of the rational functions to derive

4y
ur — ?”xxx + vitgeny = v + 1 +13) + y s +15),

with
2uyu + 2u? >
I = % = Quyttyry +2u7) Y (—=1)"u",
u n=0
5uu . ad
L=—"0 = 5udu Y (=)
(1+u) —
“i 4 i 2
Iz=2—>*— =2u (=D"n(n — Du" =,
3 X
(1 +u) n=2
P L T i(—l)"u”
14+u =
03 3 i 1
Is = = —uy ) (=1D)"'nu"
(1 + u) n=I
Since
Re(u(t, k)irar(t, k
e(u(t;k)uxxx(t’ ) =0, (31)
[u(z, k)|
we have

3 5
d
u@lo+viu@®ls < vy lo+y Y Il

j=1 =4
We recall P; and P; in (10) and (13):
4z 572 473 z 72
Pi(z) = + + . Py2) = +—.
O=T ot a— g PO T T a o
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By applying (7) and (15), we obtain

3 2 3

4 5 4
> i < ( @l | Su®lg Al )|u|4 = Py(Julo)lula,
i=1

L—lulo (1 —lulo)* (1= lulo)?

5 2
Sl < ( @l | Wl ) juls < Pa(lulo)luls
i=4

L—lulo (1 —ulo)?
which imply that
d
Elu(t)lo +vlu®)ls = vPi(lulo)luls +y Pr(lulo)|uls. (32)
Suppose ug satisfies

luplo < 1 and y P>(Juglo) + vPi(|uglo) < v.

Then, we have

t
[u@®)o + (v —y P2(luolo) — vPl(Iuolo))/ lu(s)|ads < |uglo forallt > 0.
0

4.2 Decay to Equilibrium

As before, since (u(t)) = 0, we have |u(t)|o < |u(t)|4. By (32),

lu@) e < |u0|Oe—(v—)/Pz(luolo)—vPl(\uo\o))t.

4.3 Uniqueness

The uniqueness follows similarly as before.

4.4 Spatial Analyticity

Let 0 € (0, 1) be a small parameter that will be fixed later. As the approximation pro-
cess mimics the method of constructing approximate solutions in Theorem 1, we skip the
approximation process. Thus, we continue directly to obtain appropriate estimates for

Vi, x) ="V Au, x).
We observe that V satisfies
o~ o~ 4 —
oVt k) =—k[*V (. k) — {vm(z, k) + ve K1y + 1 + 13)
+ye M1y +1s) + o[k V (2, k)
with V\(O, k) = itp(k). Using (31) applied to V, |V (£)|1 < |V (¢)l4, and (29), we obtain
d
EIV(t)Io +vIVDls = (¥ P3(IV(©lo) + vPa(IV(©D)I0) V(D)4 + o |V (D)4
Suppose ug is such that

v —o —yP(Juglo) — vPi(luglo) > 0.
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Then, we have

V(o < luolo forallz > 0. (33)

This completes the proof of Theorem 2.
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