YJDEQ:10157

Available online at www.sciencedirect.com

Journal of

ScienceDirect Differential
- Equations
ELSEVIER J. Differential Equations eee (eeee) eee—see _—

www.elsevier.com/locate/jde

On a thin film model with insoluble surfactant

Gabriele Bruell #, Rafael Granero-Belinchén ™+

& Institute for Analysis, Karlsruher Institute of Technology (KIT), D-76128 Karlsruhe, Germany
b Departamento de Matemdticas, Estadistica y Computacion, Universidad de Cantabria, Avda. Los Castros s/n,
Santander, Spain

Received 11 August 2019; revised 10 November 2019; accepted 19 November 2019

Abstract

This paper studies the existence and asymptotic behavior of global weak solutions for a thin film equation
with insoluble surfactant under the influence of gravitational, capillary, and van der Waals forces. We prove
the existence of global weak solutions for medium sized initial data in large function spaces. Moreover,
exponential decay towards the flat equilibrium state is established, where an estimate on the decay rate can
be computed explicitly.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Surfactant is the short form for surface active agent and is a substance which — in contact with
a fluid — reduces surface tension. The induced dynamic is twofold: On the one hand, the resulting
surface tension gradients influence the evolution of the thin film; on the other hand, the surfactant
speads along the surface. The latter effect is known as Marangoni effect. Naturally, the surfactant
induced dynamics are of particular interest in connection with thin fluid films, where surface
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Fig. 1. Scheme of a thin film flow with insoluble surfactant.

tension forces have a very important impact. In particular, the interest in thin film equations
with a layer of surfactant on the surface is motived by various applications. For instance coating
flow technology, film drainage in emulsions, foams and medical treatment of lungs of premature
infants.

The present work studies the dynamics of a viscous, incompressible, Newtonian thin film over
a flat bottom equipped with a layer of insoluble surfactant on the free surface. Thus, to study the
full problem one has to consider a free boundary problem for the Navier-Stokes equations cou-
pled with an advection-diffusion equation on the free surface. As this is a challenging issue, a
common approach to simplify the problem is to consider the lubrication approximation to de-
rive evolution equations for the film height and the surfactant concentration which capture the
behavior and the main properties of the full free boundary problem. Pioneering works in this di-
rection in absence of surfactant effects are due to Greenspan [32], Constantin, Dupont, Goldstein,
Kadanoff, Shelley & Zhou [13], Bernis & Friedman [4], Beretta, Bertsch & Dal Passo [3] and
Bertozzi & Pugh [5]. Also, Escher, Matioc & Matioc [23] considered the flow in porous media
(see also Escher & Matioc [25], Matioc [39], Escher, Laurencot & Matioc [21], Laurencot &
Matioc [35-38] and Bruell & Granero-Belinchén [10]) while the Stokes flow was considered by
Escher, Matioc & Matioc [24] (see also Escher & Matioc [26] and Bruell & Granero-Belinchén
[10]). A more recent reference is Pernas-Castafio & Veldzquez [40], where the authors study
the evolution of the interface between two different fluids in two concentric cylinders when the
velocity is given by the Navier-Stokes equation and one of the fluids is thin.

Some of the main works on the evolution of a thin film with insoluble surfactant are the ones
by Borgas & Grotberg [6], Gaver & Grotberg [29] and Jensen & Grotberg [34]. Under certain
assumptions, Jensen & Grotberg [34] applied the lubrication approximation and cross-sectional
averaging to derive the following system of evolution equations for the film height 7 = h(¢, x)
and the surfactant concentration I' = I'(z, x) (see Fig. 1):

h? S dxh
dh=—0d; | =—d,0() — gh3axh+—h38§h+Ax— inQr (la)
2 3 3 h
S 3Ad.h
8T = —0 [r <h8xo(F) - %;ﬁaxh + Ehzafh + 7#) - :Daxr] inQr. (lb)

Here, Q7 := (0, T) x Q denotes the time-space domain for the unknown functions /4 and
I, with Q@ C R being an open, bounded interval. The system (1) is supplemented with initial
conditions

h(0,x) =ho(x) and T(0,x)=To(x) forall x e,
where A and I'g are given functions and boundary conditions

dh=08,=0, S3h=0 forall xedQ.
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The appearing parameters represent a modified gravitational constant (G), surface tension co-
efficient (S), Hamaker constant (A), which corresponds to the effects of van der Waals forces,
and surface diffusion coefficient (D). Moreover, o is the constitutive equation of state relating
the surface tension to the surfactant concentration. As the presence of surfactant reduces surface
tension, o is assumed to be positive and nonincreasing. A commonly used description for the
dependence of the surface tension on the surfactant is given by (cf. [42,6,29])

op(s):=(B+1) l—s—i—(%)is — B, s e€[0,1]

for B € (0, oo). For simplicity reasons, in the present work, we assume that o is given by the
limit for B — oo in og, that is

os)=1-s, s €[0,1].

This assumption is also used in applications and numerical investigations; see for instance [33,1,
2,44 45].

Let us mention that the scaling Jensen and Grotberg used for the surfactant concentration is
given by

C(t,x) —~ 0@, x),

where I, > 0 is the so-called critical micelle concentration. If the surfactant concentration I
exceeds the value I';,;, the molecules form micelles and thus there is no further decrease of surface
tension to perceive. Consequently, it is natural to assume that the initial surfactant concentration
g satisfies 0 <T'g < 1.

From the analytical point of view, the system (1) includes many challenges. Notice that the
evolution equations in (1) form a system of two strongly coupled, degenerate, parabolic partial
differential equations. Under the assumption that all the appearing parameters G, S, A, and D
are positive, the degeneracy occurs in the equation for the film height, when & approaches zero,
i.e. when the surface touches the bottom. Moreover, (1) is a coupled system of mixed orders
having cross diffusive terms. While the equation for the surfactant concentration I' is an advec-
tion-diffusion equation of second order, the equation for the film height # is of fourth order.
Notice that, if capillary effects are neglected (S = 0), then the system is of second order in both
equation. In our considerations, we are going to consider both cases: The gravity driven film
(S =0) and the capillary driven film (S > 0).

Even if during the last decades modeling as well as numerical investigations for the thin film
equation with surfactant have attracted lots of attention (see for instance [29,34,33,1,2,44,16]
and the references therein), the rigorous analytical studies have started recently. Existence of lo-
cal solutions for a thin film equation with insoluble surfactant driven by Marangoni forces only
(G =8 =A=D=0) has been studied by Renardy [41]. In absence of capillary and van der
Waals forces (S = A = 0), the authors Escher, Hillairet, Laurengot & Walker [18] used lubrica-
tion approximation to derive a system of differential equations describing the evolution of a thin
film with soluble surfactant under the influence of Marangoni and gravitational forces. More-
over, they proved local well-posedness in the space of square integrable functions L? by means
of semigroup theory as well as asymptotic stability with exponential decay to equilibrium. We
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would like to emphasize that their stability result is stated for positive initial data in the L?-based
Sobolev space H?2. The result shows in particular, that starting with H> data close to the flat
steady state there exists a unique global strong solution. A similar result for a two-phase thin
film equation with insoluble surfactant was shown by Bruell [7] for the gravity (S = .4 =0) as
well as for the capillary driven film (G = A = 0). Due to the degeneracy of the equation with
respect to the film height, it is natural to expect that in general strong solutions exist only lo-
cally in time. The existence of nonnegative global weak solutions for the thin film equation with
insoluble surfactant was proved by Escher, Hillairet, Laurencot & Walker [17] for the gravity
driven thin film (§ = A = 0), and [19] for the corresponding capillary driven film (G = .4 =0)
and by Bruell [8] for the two-phase thin film equation with insoluble surfactant under the influ-
ence of capillary forces (see also [28,12]). The main ingredient in all these works concerning
the existence of global weak solutions is a regularization argument to overcome the degeneracy,
followed by a two-step compactness argument based on a priori estimates provided by an en-
ergy functional for the system. Finally, we would like to mention that traveling wave solutions
of a gravity thin film equation with insoluble surfactant (S = A = 0) were studied by Escher,
Hillairet, Laurencot & Walker [20] (see also [22]).

1.1. Aim and outline of the present paper

The aim of the present work is to prove the existence of global weak solutions of (1) under
fairly low regularity assumptions with respect to the initial data. Similarly as in the companion
paper [10], we work in scales of Wiener spaces. Exploiting the algebra inequality verified by
the norms of the underlying spaces, we show a priori energy estimates in Wiener algebra, which
guarantee the existence of global weak solutions and imply the exponential decay towards the flat
equilibrium state. Moreover, the decay rate can be bounded by explicit constants, which depend
on the parameters of the system and the size of the initial data. In addition we prove uniqueness of
the weak solutions provided that they belong to a (slightly) higher regularity class. A similar ap-
proach has been employed before for the Muskat problem [27,14,15] (and the references therein)
for the doubly parabolic Keller-Segel system [11], PDEs modeling small steepness porous flow
[31] and the evolution of crystal surfaces [30]. We consider two cases: The gravity driven film,
where surface tension effects are neglected (S = 0), which leads to a coupled system of second
order equations; and the capillary driven film, where we take surface tension effects into account
(S > 0). In the latter case the evolution equations (1) build a coupled system of mixed orders. Let
us emphasize that in our work we take all acting forces (gravity, surface tension, van der Waals)
into account. To the best of our knowledge this is the first analytical existence result for the full
system (1) where G, S, A, D > 0. The outline of the paper is as follows: We start in Section 2
with some preliminaries and auxiliary results concerning the scale of Wiener spaces. In Section 3
we reformulate the problems in terms of the distance to the (flat) equilibrium and state our main
results. Eventually Sections 4 and 5 are devoted to the proofs of the main theorems for the gravity
(S =0) and capillary (S > 0) driven flow, respectively.

2. Preliminaries

We start by introducing the functional analytical framework. Let T := [—n, 7). For n € N
we denote by

WP (T) = {u € L7 (T) such that [l g, = Il + Nfull], < oo @)
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the standard L”-based Sobolev spaces on T. We recall the expression of the k—th Fourier coef-
ficient and the Fourier series of a 27 -periodic integrable function u,

(k) = %/u(x)e*ixkdx, u(x) =Yy ake .

T keZ
We introduce the Wiener spaces AS (T) as

AN(T) = :u € L'(T) such that fJul| 4, := Z |k|* i (k)| < oo} . (3)
ke

We note that AO(T) = A(T) is a Banach algebra and {AS(T) | s > 0} form a Banach scale.
Furthermore, the following inequalities hold true:

e Let p>¢g >0, then

I f1ig <111l i forall f € AP(T). “4)

e Lets € {0} U[l, co) be a fixed parameter and f, g € AS(T), then, due to the convexity of x*
in this range,

1fellis <27 (1A is gl o + £ 1 jollgl i) <27 1F1Lis gl s &)
while, as a consequence of subadditivity of x*, for s € (0, 1), we have
Ifgllas =217 4sligl 4s-
e Due to the Holder inequality, we have the following interpolation inequality
1f aso < WAIRPNFNG, forall 0<6 <1, 6)
3. Reformulation of the problem and main results
3.1. Reformulation

In what follows we assume that o (s) = 1 — 5. Then, system (1) is given by

h? S dch
o=, |~ a0~ Twdaun+ Swadn+ 4% in Qr (7a)
2 3 3 h
S 3A 0, h
& = —d, [r( haxF—gh ah+ — h28 h+7h—) D, } in Qr, (7b)

with initial conditions

h(0,x)=ho(x) and T(0,x)=To(x) forall x €,
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and boundary conditions

oxh =0,I'=0, SB?h:O forall x e€0%. )

The problem is posed on a spatial interval €2 = (0, L) with the above lateral boundary conditions.
However, without losing generality, instead of considering an interval and no-flux boundary con-
ditions, we are going to consider periodic solutions %, I" of (7) on a flat torus T (which can be
identified with [—m, 7)). This generalization actually simplifies our approach and it was already
used in [10] for similar problems. Let us explain why our formulation in the flat torus is actually
equivalent to the original problem posed on the interval (0, L). If (hg, I'g) are the initial data on
an interval = [0, L] satisfying the boundary conditions (8), we set

ho(x) :==ho(|x]), To(x):=To(lx)  for xe[-L,L]
In view of the symmetry of (7), the evenness of initial data is preserved and any solution of (7)
on [0, L] with initial data (hg, ') satisfying the: bollndary conditions (8), can be identified with
the corresponding solution to even initial data (hg, ['g) on the periodic cell [—L, L] restricted to

the half-domain [0, L]. In the sequel we drop the bar notation and consider periodic solutions of
(7) defined on T with initial conditions

h(0,x)=ho(x) and T(0,x)=To(x) forall xeT,

where hg, I'g are given periodic functions. It follows immediately from the structure of the equa-
tions (7) that the initial mass is preserved in time:

Lemma 1 (Conservation of mass). Let (h, ") be a solution of (7) on a time interval [0, T), then

/h(t,x)dx:/ho(x)dx and /F(t,x)dx:/Fo(x)dx forall te[0,T).
T T T T

If (ho, ') are nonnegative bounded initial data, we set
h ! / ho(x)d d T ! / To(x)d
= — n = — .
f by oxX)dx a # . o(x)dx
T T

The constants sy and I'; represent the mean of the initial data and they are a steady state of the
system (7). In our studies we consider the evolution of the distance of a solution (4, I') to the
steady state (hy, I'y). For this purpose, we define new unknowns

f=h—h;, ©=T-Ty, ©)

which have zero mean. In the new variables (9), the system (7) can be rewritten as
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A g

h2 S 4
a2 3 2 344 _E .1
alf_—ax®+<hﬁ_Ehﬁ>8xf+§hﬁaxf_]_lN71n (O’T‘)X']II

(10a)

3AT; G S i
2 2 2 2q4 :
%0 — (hsT; + D) 0,0 + ( yEa Erﬁht> Of + S Tehiol f = > Nj.in (0.T)xT

ft Jj=5

(10b)

with initial conditions

f(@O,x)= fo(x) and ©O(0,x)=0(x) forall x €€,

where fo(x) =ho(x) — hy and Og(x) = I'o(x) — I'; are the initial displacement functions from
the flat states &y and I'y, respectively. The nonlinear terms N;, i =1, ..., 8, on the right hand
side of (10) are defined as

2
Ni =0y [(f?‘i‘fht) 8x®i| s

M=o, |§ (30F +3 7%+ ) o |,

N3 = -0, E (3h§f +3f%hs + f3) 3ff} ,

f

Ny=03 | A—L—-0,f
2 S
hi(1+50)

N5 = 0y [(an + Ohy + @f) ax@] ,

Ne = 0, g(thz+2Fnhﬁf+®h§+®f2+2®hnf>8xf:|,

S
Ny = —0, [5 (rﬁﬁ +20shy f + ORI+ O %+ 2®hﬁf) Bff} :

®0—

_ 3A (P +20 )0 f | BAS+2hNocf  3A
No =0 [®2h§ E A e P e TR

3A2fTshy + f°T; — Oh;
12 hE(f + hy)? a

Note that, for |r| < 1, we have

1
1 j+1..j—1 11

Please cite this article in press as: G. Bruell, R. Granero-Belinchén, On a thin film model with insoluble surfactant, J.
Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.11.080




YJDEQ:10157

8 G. Bruell, R. Granero-Belinchon / J. Differential Equations eee (eeee) see—eee
+1,.
— Zu 1)/ (12)
(1+ S R
1 &
== —D(=1)/ri2 13
(1+r)3 2222 JG=D=Dlr (13)

Consequently, under the assumption that

[ fllzee < ILf Nl 4o < Pz, (14)

we can use (11) and (12) and write
f o NS A Y
N4=A[<h2 xf+( ))Z( 1)”1( ) —h—g(axfﬁ;](—nf“ (h_n> }

(15)
Similarly, invoking (12) and (13) we have that

Ne— 3A2fTshy + f°Ty — Ok
R IR T e

3A | 2fTshy + f°Ty — Oh2 20, fTyhy +2f0x [Ty — 0, Oh;

_ £ a2
- 2]’14 f 2 X f 2 X
f (H + 1) </’l_j + 1)
A 2fTshy + 7T — Oh (3, )
nt f 3 h
: (£ +1) ﬁ
3A

2 2
2h4[(2frﬁhﬁ+f r,— ®hu> 92 f

00 . Jj—1
+ (23xfrnhr1 +2f0 fTy — 8x®h§) axfi| Zj(—l)H-l <hit>
=1

3A 2\ )P 1 1\
_E[(zfrﬁhpuf r;— @hﬁ) - } ]2; PG =1(= 1)J< j) . (16)

We fix the initial data &g, I'g for problem (7). Thereby, the constants s and I'; are uniquely
determined and we are going to state our results in terms of f, ® for (10).

3.2. Main results

In what follows the constants G, A, representing the gravitational and van der Waals forces as
well as the diffusion coefficient D are assumed to be strictly positive.

Please cite this article in press as: G. Bruell, R. Granero-Belinchén, On a thin film model with insoluble surfactant, J.
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Definition 1. Set ¢ = 3 for the capillary driven flow (S > 0) and ¢ =1 for the gravity driven
flow (S = 0). We say that (f, ®) € (L'(0, T; W&! (T)))2 is a weak solution of (10) on [0, T)
corresponding to initial data ( fy, ®) if and only if

T T
h2
_ / fod(O)dx — / / Forbdxdt + / / 2 (_Tﬁo N (hﬁ _ %h ) f) dxdi
T 0T 0T !
T

4 T
S
+//a§¢§h§fdxdt+Zf/a;‘1vjax¢dxd;:0
=10 T

0T j=1
and

T
—/@01p(0)dx —//@8,1//dxdt

T 0T
; 3AT
+f/ 2y | = (h:T: +D) O + zﬁ—gruhg f ) dxdt
202 2
0

T 3 T
+//a V= F;hzfdxdt+Z/[8;1Nj8x1pdxdt:0
0 0T

j=5

—

for all (¢, ¥) € C°([0, T) x T), where 8;] denotes the operator given by Bx_lu(n) = —flﬁ(n).
Letr,s >0.For (f,®):[0,T) — Ar(T) X AS(T), we define the following functional:

& (f.©):10,T) — [0, 00), & (£, 0)0) = fOll i + 10Dl 4s- a7

We start by formulating our main result for the gravity driven flow, that is when S = 0. To this
end, let us define

19]12 0 -1 0 -1
A=+ ng+ﬂ<1_w> [H(l_w) ]w

3R Iy I
3A (. &demn\ 3 s f.owm\
3A (40 (£.0)0) 3 _ % (£, 0)0)
+ 3 (1 - ) {7rﬁ+ She+ (1 - ) 4rt}
+G (4T +5h2). (18)

13
Aa(t) = —hy + 2T +Ghi + 3 — (19)

34 (1 8, @)(r)>‘2 s
L)

ﬁ
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and the constants

G, A |[3Ar; .G
¢ i=2hl— = — |2 o2, 20
TR Ty a2 T 20)
h2
¢2:=hnrﬁ+D—7t. Q1)

Then, we have the following result:

Theorem 1 (Global existence for S =0). Let fo € ANT), ©9 € A%T) be the nonzero initial
data for (10) such that

&X(fo, ©9) < min{hy, Ty}
Assume that €1, &, > 0. If
v =€ — A0)E) (fo, ©o) > 0,
y2 1= € — A2(0)E5 (fo. ©p) > 0,

then there exists at least one global solution (f, ®) of (10) in the sense of Definition 1 with
regularity

(£.© (L . 7; W) N L' (0,75C1+(T)) N L0, T; HZ(T)))Q,

for any r € [0,2),a € [0, %) and T > 0. Moreover, the weak solution satisfies the following
exponential decay:

1f @Ol + 1O®lze < & (fo, Oo)e™™,

where

8 =min{y1, y2} > 0. (22)
Furthermore, if the solution (f, ®) satisfies the regularity

1 {2 2
(foe (L (0.1:42m)),
then the weak solution is unique.
Remark 1. The condition cg’(?( fo, ®0) < min{hy, 'y} in Theorem 1 implies in particular that
Il follLee <l foll jo <hs and [|O¢llL= < [|Ooll jo < Ty

This corresponds to a positivity condition of #g and "9 and ensures that (14) is initially satisfied.
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Remark 2. Note that the size restriction is explicitly computable and that the initial data do not
need to be small in Sobolev spaces (one should compare the results in this paper with the global
result in [9]). In particular, we prove the existence of global weak solutions and their decay
towards the flat state for highly oscillating initial data. Let us further explain this with an explicit
example. Consider the case where van der Waals forces are neglected, that is .A = 0 and set
G =D = 1. We choose the initial data (hg, I'g) to be

1
ho(x) =14 wsin(1000x) and To(x)= 3 + o cos(1000x),

for0 < pu < %. Then,
1 0
thl, FﬁZE, éao (l’lo—ht,ro—ru)Zzu,
and the constants €1, €, A1(0), and A,(0) are given by
89 17
C=—, =1, A0)= r Ar(0) = ER

Then, for u < 3]% ~ 0.003, this family of initial data satisfies the hypotheses and Theorem 1
guarantees the existence of a global weak solution (k,I") corresponding to the initial data
(ho, T'o). Moreover the solution decays exponentially towards the flat equilibrium and

(1) = helloe + 1T = Tyllzoe < 2pe ™,
where § = % — %,u. Furthermore, observe that

lholler = IToller = O(1)  while  [lholl g2 = [Toll 2 = O (10°).

Next we formulate our main theorem for the capillary driven flow, that is for the full system
(7) with S > 0. In addition to (18)—(21), we define

S 19
Az 1= S (14hsTy + 4h) + —ShE, (23)
S 5 ,S

Then, we have the following result:

Theorem 2 (Global existence for S > 0). Let fy € A%T), ®9 € A%T) be the nonzero initial
data for (10) such that

&5 (fo. ©0) < minfhy, Ty}

Assume that €1, €, €3 > 0. If

Please cite this article in press as: G. Bruell, R. Granero-Belinchén, On a thin film model with insoluble surfactant, J.
Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.11.080




YJDEQ:10157

12 G. Bruell, R. Granero-Belinchon / J. Differential Equations eee (eeee) see—see
y1:=C1 = A& (fo. ©9) > 0,
ShZ\
y2i=C — | A2(00) + — &y (fo, ©) > 0,

3 =€ — A38Y (fo, ©0) > 0,

then there exists at least one global solution (f, ®) of (10) in the sense of Definition 1 with
regularity

feLs (0.7 () N LY (0,73 C*(T)) N L2 (0,73 HAT)), 5 €[0,4),

OeL? (0.7 W =m)nL! (0.7 (M) N2 (0.7; H'(T)), rel0.2)
forany T and 0 <a < % Moreover, the weak solutions satisfies the following exponential decay:
If @l +10@ L < & (fo, Oo)e ™,

where
8 =min{y1, y2, 3} > 0. (25)
Furthermore, if the solution (f, ®) satisfies the regularity
(f,®) eL! (o, T A4(T)> x L (0, T; Az(qr)),
then the weak solution is unique.
The remainder or this paper is devoted to the proof of the above theorems.
4. Proof of Theorem 1: global existence and decay when & =0

Let us start by outlining the steps of the proof. First, we provide in Subsection 4.1 some a

priori estimates of a solution (f, ®) € (C1 o, T, AO(TF)))2 of (10). Under the assumptions on
the initial data in Theorem 1, which in particular require that

& (fo, ©0) < min{hs, T},
we will show that the solution (f, ®) preserves this estimate, that is
éa(?(f, ®)(t) <min{hs, 'y} forall 0<r<T.
Notice that the above inequality implies that

£ @) jo < EX(f, ©)(t) < min{hy, T3} <hy forall 0<r<T,
1O jo < EX(f, ©)(t) < minfhy, Ty} < Ty forall 0<r<T.
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Hence, the positivity conditions for # and T,

If@Olle <N Ol jo < bz N1O@lLe < 1O jo < Ty

are preserved for all # € [0, T'). Then we obtain that, for small enough initial energy é’é) (fo, ®9),
the following inequality holds:

d
Eé??(f, ®)(1) + 82 (f. ©) (1) <0

for some § > 0 dependent on the initial data. This inequality implies that a local solution ( f, ®)
can not leave a ball in (L*°((0, T); AO(T)) NLY,T; Az(T)))z; thus, there is no finite time
singularity in these functional spaces. In Subsection 4.2 we implement a standard Galerkin
approximation argument to prove the existence of global weak solutions. The existence of a
classical local solution of the Galerkin approximate system is guaranteed by the Picard—Lindelof
Theorem. These approximate solutions (fps, ® ) yeN are analytic. In particular, they satisfy
. 2
(- Ou) € (€110, Tan): A°T) )

where Tjy > 0 denotes the maximal time of existence of (fs, ® 7). The a priori estimates from
before ensure the global existence of the approximate solutions and provide the necessary a
priori bounds in order to use compactness arguments and pass to the limit M — oo, which
yields a global weak solution of (10) in the sense of Definition 1. Now, let (fas, ® ) be such
approximate solution corresponding to the initial data ( fy, ®¢), which satisfy the hypothesis of

Theorem 1, then, in view of the Poincaré-like inequality in (4), we see that é"oo( fm,Op)()isa
Lyapunov functional, i.e., that

d
E@ff’oo(fM, Oun) (1) +8E(fu, Om)(0) <0 forall 0<r<oo.

The latter implies the exponential decay towards the equilibrium (f*, ®*) = (0, 0) for the global
weak solution (see Subsection 4.3). Eventually, in Subsection 4.4 it is shown that a global weak
solution in

1 P2 2
(L'©.7: 4%(Ty)
is unique.
4.1. A priori estimates in A%(T)

Let T € (0, oo] and

. 2
(£.0) € (0. 1), A%(T))

be a local smooth solution of (10) with initial data
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(fo. @) € (A(T))’
satisfying the condition
EJ(fo. ®0) < min{hy, Tz}
By continuity there exists 0 < #, < T such that the above estimate is satisfied on [0, ), that is
EN(f, ©)(t) <minfhy, Ty} forall 1e[0,1). (26)

Let us moreover assume that ¢, is the maximal time such that (26) holds true on [0, ;). Hence,
either

EN(f, ©)(t) = minfhy, Ty} 27)

or t, = T. Notice that the restriction (14) holds true on the time interval [0, z,). In the following
let ¢ € [0, t,). We compute

_ Re(f0f k)
I fh) = ——F—=
Lf (k)]
s0, using that S =0,

d h3 A G,
EIIfIIAoSTII®IIA2+<h—ﬁ—§hj>IIfIIAz+||N1|IAo+||N2||A0+|IN4IIA0, (28)
Aﬁ 2g
—I|®I|Ao<—(han+D)II®IIAz+ 2h2 Cohz 5| 11 f 142 + I1N5]l 4o + N6l jo + IVl 4o

(29)

‘We recall that

w(k) =Yy a(j)ick — j)
JEZL

and by the hypothesis of the theorem
£l 4o < hg, 101 jo =T
Using the algebra property of the Wiener space A*(T), i.e.

1£glis <20 iser gl jeqrye  forall  fige A(T), seN,

together with the interpolation inequality

1 Lisocry < 1 W solp £ W gy forall 0<6 <1, 520,
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the contribution of the nonlinear terms Ny, k = 1, 2, and 4, can be estimated as

I£13
||N1||Ao§( ZAO ‘ 19042 + (1A I jo + 1FNLinhs) 1Ol 4

3

< <5||f||thu+hull®lle> 1©1L42 + hel £ 1Lioll £ 1l 42

5
< QO The]Oll 2 + &g (£ O£l o
Y
N2l o < 5[(3h§||f||,40 + 30 W0hs + 17150 ) 1712

+ (3R20F L+ 61 14 1 Loz + 30711 /1) ||f||A1i|

h2

19h§g o
= E (L O fll 42,

I Wao WMz (1S WL I/ 1l jo
(e () )2 ()
j=1
4 Ml <||f|IA|> (IIfIIAo>’ ]}
hy hy ) o
1A W0 1A WAz (1S W IIfIIAo
EA[( hy  hy ( ))(1 )
L Il <||f||A1)2<1 B ||f||Ao>_2]
hy hy hy
< Al o IF 1 2 <1_ Ilfllfgo)‘1 [2+ (1 3 IIfIIAo)‘l}
he  hy hy hs

) -l R
LSO 1f 1 (1_||f||Ao> [2+<1_||f||Ao> ]
hy hy hy hy

where we used the convergence of the geometric series Z;’O: 1 r7=! for |r| < 1, and

and

N4l 4o

IA

oo
Z}r/ 1_j Z r)z’ lr] < 1.

Similarly, the nonlinear terms N, j =5, 6, and 8 are bounded by
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IN51Ljo < (Tell 1l o + (4B + T3) 191 40) 1O 42 + Tell £ Lo /1 42
< & (f ©) (4hs +2T3) 101] j2 + T265 (£ O f 11 2.

N6l o <G [ (475l F1Ljo + 4101 ioh2) 17112 + 12 (10112 + 11/ ol /11 12)]

= G601, ) (4Tshs +4h2) 1 1Ljz + B2 (1012 + 1 142)]

3A

INsllio = 5o

[(3||f||Aonhﬁ+ 1©14052) £ 142

E 1@ O3 + 1/ Lol £ 5 ):|ZJ (””A“)

Jj=1

hZ

(4||f||Aanhn||f||Az +

3A i
+ 3 2T ol 1l ZJ(J_I)(IIﬂLAo)
#

3A

=73 2h3 |:(3”f”A0Fﬁ +1O1 johs) 1 f1l i2

hy 100\~
+ 4 s Tell Il 42 + = [I|®||A0II®IIA2+IIfIIAoIIfIIAz] l_h—ﬁ
3A

+ 2 2L Lo o] (1 _ llf%)
: 1

Grouping terms, we find that

N8l jo =

3A £ 1o\ 2 1 hy
0 (1— ” {7rﬁ||f||Ao||f||Az+§hﬁ[||f||Ao||f||Az+3||®||Aon®nA~z]

B
+hg 1O joll £ 42 + (1 - h—tA 4Fn||f||A0||f||A2}

3A

1o\ 2 1 hs
2h3£0 (f, ©) (1 - Tf) {7Fn||f||/;z + 5l 1L + 5101 2]

-1
) 4T £1Lie -

If1l4
gl £l iz + (1— g A?
ft

We recall the definition (20) and (21), then we add equations (28) and (29), use the previous
estimates for Nj, j =1,2,4,5,6, and 8 and obtain that

d
&S00 = = (6= MOE SO0 ) 17Ol i2 = (€ = MO £ O)D) 10 42
(30)

fort € [0, t,), with A| and A; defined in (18) and (19), respectively. Using the hypothesis of the
Theorem 1, we have that
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d
—&(f,0)0)] <0,
dt =0
so, there exists a time 0 < 7y < t, such that
E (. ©)(1) < & (fo,00)  forall 1 €[0,10]. 31
Let us assume that ¢ is the maximal time such that (31) holds true on [0, o] We want to propagate

this decay for all times, that is, we aim to show that #y = ¢,, which in turn implies thattp = ¢, =T,
by (27). Let us emphasize that é"(?(f, O)(1) < (g’oo(fo, Q) for t € [0, fp] guarantees that

Aj) <A, j=1,2  foral re][0,1] (32)
Thereby, for any ¢ € [0, t9] we have that
€1 — A& (f, ©)(1) = &1 = A1 (fo, ©0) = y1 >0,
& — A (DE(f, ©)(1) = € — A2(0)E)(fo, ©p) = 2 > 0.

In particular, we obtain that
d 0
Eéao (f,9)@) <0 forall ¢t €][O0, ).

Assume that 7y < t,. By continuity, see (31), we deduce that éaoo( 1, ®)() = éaoo( £, ©)(0), but
this implies that, again,

d
— &0, @)t <0,
7 o (f )()t:m_

and that contradicts the maximality assumption on #y. Thus, we have shown that in fact
& (f.©)(1) < & (fo,00)  forall 1€[0, 1) (33)

and thereby #, = T, in view of (27). Then,

%goo(f,(a)(z)s—yé@f(f,@)(r) forall te[0,T), (34)

where § := min{yy, y»}. Eventually, the energy estimate for the gravity driven equation (S = 0)
reads

t

EX(f, O) (1) + 8 f EX(f, ©)(v)dt < E)(fo, ©0), V1 €[0, T).
0

Similarly, using the equations for f and ® together with the previous regularity, we find that
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t
/ 19: f (D)l jo + 18: O (D)l jodT < c,
0

forall t € [0, T'), where ¢ > 0 is a constant depending on the initial data.
4.2. Existence of global weak solutions

We use a standard Galerkin approximation to obtain in the limit a global weak solution of (10)
where surface tension effects are neglected, i.e. S =0. Let us fix M € 7. Set

@t x)= > f. k™ and  Oy(t.x):= Y Ot ke™

lkl=M lkl=M

and the initial data

fm©.x) = > fotk)e™ and  ©y(0.x):= Y Glke*

|kl=M lkl<M

to coincide with the Fourier truncation of the fp and ®g, respectively. Recall that the convergence
of the Fourier series of the initial data is guaranteed by the assumption that fy, ® € A°(T). We
consider the Galerkin approximate problems:

h A G S
O fm — Eﬁa)%@M + <h— - ghg) a7 fm + §hga;‘fM = > N'. in(0.T)xT
il .
j=1,24

3AT g S
3Oy — (hsTs +D) 07Oy + <72ﬁ - Erﬁh§> 97 fm + zrnhgaﬁfM
§

= NY.  in(0,T)xT

j=5.6,8

where the nonlinearities N j"’ are given by

M j—1
i (L
e (3)

o o -H(f)f"‘]
— = (0c f) (—/H (= ,
03 / ;] s

NM =3, Py [(Tsf + Ohy + O f) 0:0],
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g
NM =3, Py [E (rﬁf2 +2T;hy f + Oh2 + © f? +2@hjf) axf] ,

34
NI =22 Py [ (2/Tshs + 21 — on2) 03
21

hy
j—2
] Zm 1)(—1)1'(,%)] :

Here, the operator Pj; denotes the Fourier truncation operator

M f j—1
+ (200 Tohy + 20 /T — 0.0k ) 0, }Z (— 1>f“< )
0 f)

- %PM [<2f1“nhu + /T - )

Pyg(x)= Z 8(k)e'*~ forany ge A%(T).
lk|<M

The Picard-Lindelof Theorem ensures the existence of classical solutions
fu. ©u € CH((0, Ty); CX(T)),
where Tj > 0 is the maximal existence time. Furthermore, the approximate problems pro-

vide the same a priori bounds as in the previous sections. Consequently the Galerkin solutions
(fm, Om)meN exist globally and for any 7' > 0 we have the bounds:

. . 2
(fu,Om)men s uniformly bounded in (L°° (O,T; AO(T))ﬂLl (O,T;AZ(T)» (35)
and
1 1 0 2
@ fur, %Om)pen is uniformly bounded in (L (O,T;A (T))) . (36)

Following the lines in [10], the above uniform regularities of the Galerkin approximations
(fm, Om)meN guarantee the existence of a weakly convergent subsequences (not relabeled)
such that

* . 2
(fm, Om) = (f, ©)in (L0, T; L™(T)))".
Similarly, using interpolation in Wiener spaces, the finite measure of the spatial domain and

the fact that A”(T) c W™°(T) for any r > 0, we obtain the existence of a subsequence (not
relabeled), such that

(fur, Oum) = (f, ©) in (L%(O,T; W”P(T)))z, 0<r<2 l<p<oo. (37)

In particular, using that the norm of a Banach space is weakly lower semicontinuous, we have
the following bound
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I1Cf O = liminf|(fy. Op) = C(fo. ©0).

L7 O.T:Wrp(T)? = Mo L7 (0.7:Wrp(T))2

From the previous fact, using the finiteness of the domain and taking the limit in p, we can infer
that actually

limsu O . < C(fo,©0),
p_)oop ICf )||L%(0’T;W,_,,(T))2 (fo, ®0)

SO
2 . 2
(f.0) € <L7(0, T W””(T))) . 0<r<2.
Furthermore (35), (36) imply that
2 1 2
(fut, ©a) yen is uniformly bounded in (L ©,T: H (T))) ,

which is due to A%(T) ¢ H*(T) for any s > 0 and an interpolation inequality for fractional
Sobolev spaces. Eventually, as a consequence of (35), (36) and the Aubin-Lions compactness
result [43, Corollary 4] with

X=H* B=C'", y=12
we obtain (up to a subsequence) that
2

(fm, Oup) — (f, ©) in (Ll(o, T;C1+S(1r))) O§s<%.

Passing to the limit in the weak formulation of the Galerkin approximation yields the existence
of a global weak solution of (10) in the sense of Definition 1.

4.3. Exponential trend to equilibrium

Using (30) and the definition of § > 0 in (22), we have that

d

dtg(?(fM,(@M)(t) < —Séazz(fM,G)M)(t) forall ¢>0. (38)

Using the Poincaré-like inequality (4), we also conclude that
¢ g0 &) for all 0
7 o (M, Om) (@) < =88y (fm, Ou) () orall >0,

which in turn implies the exponential decay towards the equilibrium:

EXfu, O (1) < EX(fo, O)e™  forall ¢>0.

Using (37) and the lower semi-continuity of the weak-* convergence, we have that
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1 Oller) + 1Ol oxcr) < liminf & far, Oar) 1) = & (fo. O0)e ™.
4.4. Uniqueness

The proof follows a standard contradiction argument. For the sake of brevity, we only sketch
the idea. Assume that there exist two different solutions (f1, ®1) and (f>, ®;) starting from the
same initial data

(f0.00) € (A%D)).

Assume also that these solutions satisfy
2

(fi- 0 € (110,75 A(T))

Using the smallness of the initial data, the same estimates as in Subsection 4.1 yield that

d
o (11 = fall jo + 1©1 = ©2]l 40)
<C[Ifi = fllio + 101 =2l jo] (I fill 2 + I 2ll j2 + 1©11 iz + 1©2]] j2 + 1) .

Now the statement is a consequence of Gronwall’s inequality and the fact that ( f;, ©1)(0) =

(f2,©2)(0).
5. Proof of Theorem 2: global existence and decay when S > 0

The proof essentially follows the arguments in the previous section, the main difference rely-
ing in the fact that for S > 0 we have that (10) is a system of mixed orders. Thereby the energy
estimates require some additional investigation. The existence of local solutions of the approx-
imate Galerkin systems are straightforward due to Picard-Lindel6f’s theorem and follows as in
Subsection 4.2. The energy estimates then ensure that the approximate solutions exist globally.
Furthermore, the energy estimates provide the necessary a priori bounds to pass to the limit in
the Galerkin approximation; thereby guaranteeing the existence of a global weak solution in the
sense of Definition 1. In view of the weak lower semicontinuity of the norm, the global weak
solution inherits the energy estimates for the approximate solutions and we can conclude the
regularity and exponential decay of the solution.

5.1. A priori estimates in A(T)

To perform our energy estimates let us assume that there exists a local smooth solution

. 2
(£, € (110, 1), A4(T))
of the fourth-order system (10) where S > 0, corresponding to initial data ( fo, ®¢), satisfying

&(fo, B9) < min{hy, Ty}
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Similarly as before, we have that

d h? A G S 4
E||f||,40S—j||®||A2+<h—u—§hg>||f||A2—§h§||f||A4+Z||Nj||AO, (39)
j=1
3AT g S
—||O||Ao<—(hurt+D)||O||Az+ zhzﬁ Pehi= | 1F 12 + h2rﬁ||f||A4+Z||N I jo-
j=5

(40)

Keeping in mind the definitions of &;, i =1, 2, 3, in (20), (21), and (24), we take the sum of the
two inequalities above and obtain that

8
d
TR SO FGIF L+ IOl i + I i < D IN; .
j=1
Recalling (30), we have that
d .o
Ego (fy ®) + Q:3||f||A4
< INsl o — (€6 - MnE o — (€& — A .
< IN3ll 4o+ IN7lljo — (€1 — A1) S5 () ) 1 f Dl j2 — (€2 — A2 ()& @) ) 1Ol 42,
where A and A are defined in (18) and (19), respectively. Thus we are left to estimate the

remaining terms || N3|| jo and || N7|| 0. Similarly as before, using the interpolation inequality in
Wiener spaces, we estimate

19
IN3lLjo < = ShEES (. O f I

and

S
IN71Ljo = 5 (6Tehell £l 0 +H21O1Lio ) 1 i

S
+ 5 (Brenzl £l +41014h2) 171

Note that by Young’s inequality, we have that

1 3 1 3¢
1O 4l fll43 < I|®IIA1||f||;§0||f||;§4 <Ol 4 (EIIfIIAo + ZIIfIIy) ,

for any ¢ > 0. In particular, as ® and f are nonzero (provided the initial data are nonzero), we
can take

&, 0)
1©1141
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Thus,
e, 340 101 1260(f, ©)  38°(F, ©)
ol : < A 200 e < PHAZC0 U 0/ .
[ IIAlllfIIAs_4gg(f’®)||f||Ao+ 7 Il = 2 + g Il
Then, we conclude that
S
IN7lljo < 5 ((14hﬁrﬁ +4ARDE) (f O fl 4o +h2E)(f. ©)]O] A2> :
Using (23), we can group terms as follows:
d 0 0
ZE£.0)0 == (6= MOE SO0 ) 17Ol i
S\ 1o
—| & — [ A2) + - &y (f, ©)@) ) 10| 42
(&= ML OO) IF Ol s
Repeating the argument from Section 4, we conclude that
& (f, ©)(1) = & (fo, B)e ™ (41)

where § is defined in (25). The energy estimate for the capillary driven thin film (S > 0) reads

t

E(F. ©)(1) + / SEHf,0)(0)dT < EY(fo, ©0)
0

and
t
f 10: £ (D)l jo + 118:O(T)]| o dT <,
0

for all t € [0, T), where ¢ > 0 is a constant depending on the initial data.
5.2. Existence of global weak solutions

In a similar way as in Subsection 4.2, we obtain the existence of a sequence of global Galerkin
approximations (fa, ®y)meN- Then, the energy estimates from above guarantee that for any
T>0:

(fM)pmeN is uniformly bounded in L>(0, T; A%(T)) N L0, T; A*(T)) c L*(0, T; H*(T))

and
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(Om)pen is uniformly bounded in L®(0, T; A%(T)) N L' (0, T; A%(T)) c L*(0, T; H'(T)).

Moreover, the time derivatives satisfy

. 2
(8 fur, %Om)yen  is uniformly bounded in (Ll(o, T AO(T))>

for any T > 0. Consequently, we obtain the existence of a subsequence (not relabeled) such that

fu = fin L3O, T; WHP(T)), 0<s<4, 1<p<oo
(42)
Ou — Oin L7 (0,T: W'P(T)), 0<r<2, 1<p<oo.

Moreover,

1
fu—f  inLY0,T;C(T)), 0<a< >

fmu—f  inL%0,T, HX(T))
and
1
Oy—06 in L0, T; C't(T)), O§a<§,
Oy — 0 in L>(0, T, H'(T)).

Equipped with these convergences we can pass to the limit in the weak formulation and conclude
the global existence of a weak solution of (10) for S > 0 in the sense of Definition 1.

5.3. Exponential trend to equilibrium

The proof follows the same ideas as in Subsection 4.3. The sequence of Galerkin approxima-
tion (far, Oy ) meN satisfies the energy estimates. In particular, we have the exponential decay
towards the equilibrium in (41):

EX(fu, Om) (1) < E)(fo, O)e™™  forall >0,

where § > 0 is defined in (25). Using (42) and the lower semi-continuity of the weak-* conver-
gence, we have that

1 Ol cr) + 19Ol Loe(ry < Hminf &(fur, Oan) (1) < &5 (fo, Oo)e™

for all # > 0, which proves the claim.
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5.4. Uniqueness

Also the proof for the conditional uniqueness is similar to the one in Subsection 4.4. Assume
that there exist two different solutions (f1, ®1) and (f2, ®>) starting from the same initial data

(fo, ®0) € (A(T))*.

Moreover, we suppose that the solutions satisfy the additional regularity
1 A4 1 {2 2
(fi-©) € (L', T: A*(T)) x L0, T; AX(T)) )

for i = 1, 2. Similarly as for the energy estimate we compute that

d
i (If1 = £l jo + 1181 = O2]l 4o0)

<C[lIlfi = f2ll jo+ 1©1 — Oall jo]
x (ILfill gz + 1 22l gz + I fill 4o + L2l 4o + 1©11 iz + 1©2]1 42) -

Now the assertion follows by applying Gronwall’s inequality and recalling that the solutions
(fi,©®;),i =1, 2 share the same initial data.
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