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GROWTH IN THE MUSKAT PROBLEM*

RAFAEL GRANERO-BELINCHON!** AND OMAR LAZAR?

Abstract. We review some recent results on the Muskat problem modelling multiphase flow in porous
media. Furthermore, we prove a new regularity criteria in terms of some norms of the initial data in
critical spaces (W>° and H?/?).
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1. INTRODUCTION

The mathematical study of multiphase flow in porous media is a very active research area [7, 79, 82].
Besides being mathematically challenging, this problem is also physically interesting as it models oil extraction
[11, 65, 80, 81], tumor growth [56], beach evolution [95] or a geothermal reservoir [18]. The problem of studying
the free boundary flow in porous media is also known as the Muskat problem [79]. The purpose of this paper is
to review some recent results on the Muskat problem and also to prove a new regularity criteria following the
same approach as the one developed in [33].

Flow (at relatively slow velocities) in porous media evolves according to Darcy’s Law

Eu(a,y, ) + Vpla,y,t) = —p(e,y.)G0.1)", for (2.y,1) € B x [0,7] (L1a)
V- u(z,y,t) =0, for (z,y,t) € R? x [0,T] (1.1b)
Oip(x,y,t) + V- (u(x,y,t)p(x,y,t)) = 0 for (z,y,t) € R? x [0, T], (1.1¢)

where p,u, p and p are the pressure, velocity, density and viscosity of the incompressible fluids while £ denotes
the permeability of the medium and G denotes the acceleration due to gravity. In what follows we will assume
that, in an appropriate choice of units, G = 1. Unless otherwise stated, we will also fix kK = 1. Darcy’s Law was
derived heuristically by Henry Darcy in 1856 [42] (although it can be derived rigorously using homogenization
techniques [68, 94]). Remarkably, (1.1a) was derived independently by Hele-Shaw [66, 67] when he was studying
viscid flow between two parallel flat plates separated by a narrow distance. The mathematical literature on the
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2 R. GRANERO-BELINCHON AND O. LAZAR

(horizontal, i.e. where gravity is neglected) Hele-Shaw cell problem is also large. The interested reader can refer
to [20-22, 44, 46, 47, 92] and the references therein.

Equation (1.1) is a system of hyperbolic active scalar equations. Some other equation in this family are
the famous surface quasi-geostrophic equation [8, 19, 23, 24, 28, 69, 70], the magnetogeostrophic equation
[52-55, 78], the Stokes system [5, 71] or the 2D Euler equation in vorticity formulation [72, 73]. The Muskat
problem studies the particular type of solution where there are two different immiscible fluids, a fluid on top
with label + and a fluid below with label —, with properties given by (p™,u™) and (p=, ™) (or a fluid with
(p~, ) and a dry zone with p™ = pu+ = 0) separated by a moving interface, parametrized as

L) = {(z,y) €R?, (2,9) = (z1(a 1), 22 1), a € R}, (1.2)

for certain functions z; : R x R*T — R. We observe that, in this paper, unless otherwise stated we will assume
pt=p.

Thus, the goal is that, by getting a smooth enough solution for the interface equation, we obtain a weak
solution of the conservation law (1.1) on the whole plane (of course, at the same time, one each phase, the
restriction of the weak solution is a strong solution). Besides obtaining a solution, we would like to understand
whether the solution exists for all time and the dynamical properties of this solution or, at the contrary, if the
solution presents finite time singularities. Similar problems have been studied for other active scalars as the
surface quasi-geostrophic equation by Rodrigo, Gancedo and Gancedo & Strain [57, 58, 89).

Another motivation to study the problem (1.1) comes from the fact that, in a certain sense, the Muskat
problem is a sort of parabolic version of the water waves problem. To observe that, we have to use Lagrangian
coordinates. Indeed, in Lagrangian variables, system (1.1) reads

d _

where A = (Vn)~!, ¢ = pon and 7 is the Lagrangian coordinates. At the same time, the water waves problem
can be written as

_d? _
P Ent ATVq=—p~G(0,1)T. (1.4)

Thus, we see that the connection between the Muskat and the water waves problems resembles the link between
the heat and the wave equations. Similarly, one can compare the asymptotic models for the Muskat problem in
[63] and for the water waves problem in [4].

Using the previous parametrization for I'(t) (1.2), the two-phase Muskat problem with parameters (p™, 1),
(p~, 1) is equivalent to the following nonlinear and nonlocal evolution system for the unknowns z;

ista) = £ [ 2R (0.2(0) - 0u2(9)a (1.5

where the integral is understood in Cauchy principal value sense, i.e.

/ = lim ,
R 20JB(0,6)cnB(0,e-1)

T — + . . . . . . .
and p = M. We observe that every integral is taken in principal value sense from this point onwards.

Equivalently, when the viscosities satisfy uT = u~ and the interface is assumed to be the graph of the function
f(x,t), the Muskat system (1.1) (or analogously (1.5)) can be written as a single nonlocal, nonlinear equation
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for the interface (1.2):

7E arctan f(xat)*f(xfaat) o
of =20, [t ( ! ) a e
f(0,2) = folx).

The previous formulation as a conservation law with a nonlocal and nonlinear flux was obtained in [25].
Remarkably, the Muskat problem can also be written in terms of oscillatory integrals as

8tf(t)$):ﬁAaw(f(x,t)—é(x—a,t)) /Oooe_acos(5<f(ac,t)—£(x—a,t)>> 45 da .
£0,2) = fo(@). |

This latter formulation was observed in [33].

2. NOTATION AND FUNCTIONAL SETTING
We denote

f(xat)*f(xfai).

(07

Aof =

Similarly,
dyf(x) = f(z) — f(z —y) and 6, f(z) = f(z) — f(z +y).

We define the Calderén operator A = v/—A. On the Fourier side, this operator is given as the action of the
multiplier €], i.e.

AF(€) = €l £ ().

In an analogous manner, we consider the Hilbert transform H given as the action of the multiplier —isgn(§),
i.€.

HF(©) = ~isgn(©)f(€).
We shall use the homogeneous L2-based Sobolev space H*, s € R*, which is endowed with the (semi)-norm
[ llize = [1A°Fll 2
We will also use the LP-based Sobolev spaces, W™P(R), which are defined as
WP ={u e LP(R),00u € LP(R)},
with (semi-)norm

[ellyins = 107Ul Lo
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Similarly, we define the homogeneous Wiener spaces A%(R) as
A*(R) = {U(CU) € L'(R), such that ||u] jo ) = / €|a|ﬁ(§)|d§}' (2.1)
R

Let us recall the definition of the homogeneous Besov spaces B;q(R) (see [6, 10, 90]). Let (p, g, s) € [1, 0] x R.
Let f be a tempered distribution (which is such that its Fourier transform is integrable near 0), then the
homogeneous Besov space B,  (R) is the space endowed with the following (semi)-norm

‘ [0j0,11(5)8y f 4+ L1,21(5)(8y + 0y f) | e

15, = \ e

La(R,|y|~*dy)
We shall use the following classical embeddings. Let (p1,p2,71,72) € [1,00]*, then

Bt (R)— B* (R),

P1,71 p2,72

where s; + p% =89+ p% and 1 < ry. We also have for all (p1,s1) € [2,00] X R,

B3 (R) = B3 (R),

p1,T1 P1,T2

for all (r,72) € ]1,00] such that r; < ro. Let (s1,52) € R? so that s; < sg, then for all 6 €]0,1] and (p,r) €
[1,00]2, we have the following interpolation inequality

S1

¢ L L 0 1-6
g si-oms < o (5 1) 11 11552 (2:2)

We shall use the following useful generalized Calderén commutator type estimate (see e.g. Dawson, McGahagan,
and Ponce [43] for a proof). Let ® € W+ and let us consider the commutator

[H, @] f = H(Qf) — PHY.
Then, for all p €]1,00[ and (k,l) € N
[+, @) 05 fl|yirin < Crotll®@llyipnsrce 1 £l o, (2.3)
for all f € LP.

Throughout the article, A < B means that there exists a constant C' > 0 depending only on controlled
quantities such that A < CB.

3. WELL-POSEDNESS

Linearizing (1.5), we obtain that the linear problem is
Orf = —pO.Hf.
We note that the sign of p is crucial in the evolution. When p > 0, the linear problem reduces to a (fractional)

heat equation, and it is therefore trivially well-posed in Sobolev spaces. However, when p < 0, the linear problem
has an anti-diffusive character that makes the problem ill-posed in Sobolev spaces but well posed for analytic
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functions. The condition on the sign of p states that the fluids are in the stable regime if the lighter fluid is
above the heavier fluid. Hence, it is a condition on the stratification of the fluids.
Due to (1.1a), the condition on the sign of p is equivalent to

RT(t) = —(Vp~ (T(t)) = Vp* (L (1)) - n >0,

where n denotes the (upward) normal to T'(¢). This latter condition is the well-known Rayleigh-Taylor stability
condition [88, 91]. This stability condition is ubiquitous in free boundary problems and it appears also when
studying the water waves problem or the free-surface Euler equation [34, 40].

This stability condition that appears when studying the linear problem has to be taken into account when
dealing with the full nonlinear problem (1.6) (unless surface tension effects are considered).

Recalling (1.5) for (z, f(z,t)), we observe that the equation is invariant by the scaling

Iz, t) = AL (O, ). (3.1)

We observe that there are several spaces whose norm is also left invariant by this scaling. These spaces are
called critical for this equation. Three examples of critical spaces are

L®(0,T;Wh*), L>(0,T; H*?), and L*(0,T; B, ).

Spaces with more regularity (as for instance L>°(0, T} H 2)) are called subcritical while spaces with less regularity
(as for instance L>°(0,T; H')) are called supercritical. The heuristic idea is that it is easy to construct solutions
in subcritical spaces and very difficult to construct solutions in supercritical spaces.

Due to all this, we see that there are three main ingredients we have to take into account when proving a
well-posedness result:

1. the fluids need to have the good stratification (i.e. the heavy fluid has to lie below the lighter fluid),

2. we should be able to parametrize the interface I'(t) as the graph of certain function f(z,t) (otherwise,
there exists some region where the fluid have the bad stratification),

3. the function f needs to have subcritical (or, at most, critical) regularity.

3.1. Local existence

Following the previous discussion, the basic local existence result reads as follows

Theorem 3.1. Let pt < p~ be two fized parameters. Fix s = 3. Assume that fo € HS(R) N L2. Then, there
exists 0 < T =T(|| follr2, || foll gys) and a unique solution to (1.6)

fec(o,T],L* N H?).
Furthermore, if T = Tyax < 00, then

limsup || f(t)||cz+s = o0.
t—Tmax

Physically, the previous hypotheses mean that the internal wave has no turning points (it is given as a graph)
and separates fluids having the good stratification. More geometrically, the required smoothness on the data
precludes consideration of initial data with a cusp. Actually, as noted in [2], (at the time) it is(was) an open
problem as to whether the problem is well-posed for initial data with a cusp.

Theorem 3.1 was proved by Cérdoba & Gancedo [29] using energy methods (a similar result for the case
where the spatial domain is a strip, for the case of a porous medium with two different permeabilities and for
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the case of three fluids was proved by Cérdoba, Granero-Belinchén and Orive [37] and Berselli, Cérdoba and
Granero-Belinchén [9] and Cérdoba & Gancedo [31], respectively). A different proof (using a formulation for
(1.6) based on the tangent angle and arclength) was given by Ambrose [1, 2] (see also [96]). Another approach is
the one by Escher, Matioc & Walker [49] where the authors used semigroup theory to obtain the similar result
when the initial data is in the little Hélder spaces h?t° C C?%9 (see also the papers by Escher & Matioc [45]
and Escher, Matioc & Matioc [48] where the case with small initial data is studied).

In order the initial regularity H® can be relaxed for 3/2 < s < 5/2 (so it allows for interfaces whose curva-
ture is not bounded pointwise) some new ideas were required. Mathematically, an H*® well-posedness result is
challenging because the standard energy estimates suggest ||h||c2+s as the quantity one needs to control. In the
case of a fluid and a dry zone, i.e. where the upper fluid is replaced by a dry zone, Cheng, Granero-Belinchén
& Shkoller [3] introduced a new method to analyze (1.1) and prove the local existence of an H? solution. As
the domain in (1.1) Q(¢) is unknown, these authors first pull-back (1.1) onto a fixed-in-time reference domain.
By doing this, (1.1) is transformed into a system of equations set on a fixed reference domain 2, but having
time-dependent coefficients. Then, this new method is based on the analysis of the resulting quasilinear system
of partial differential equations and combines new energy estimates in the bulk of the fluid with estimates for
the interface (see also Shkoller & Granero-Belinchén [62] for the case of two permeabilities). Due to the fact that
this approach does not rely on the explicit structure of the singular integral equation (1.5), it can be applied to
study general domain geometries and permeability functions.

In the case of two fluids with same viscosity, Constantin, Gancedo, Shvydkoy & Vicol [27] proved the local
existence of solution for W2 p € (1, 00] initial data. The proofs exploit the nonlocal nonlinear parabolic nature
of (1.6) through a series of nonlinear lower bounds for the nonlocal operators involved. Furthermore, these
authors also prove that, as long as the slope of the interface remains uniformly bounded, the curvature remains
bounded. A related result is the one by Priiss and Simmonet [87] where the authors prove the local existence
for small initial data in W2#7.

Matioc [74], by rewritting the Muskat problem as an abstract evolution equation in an appropriate functional
setting, was able to prove the local existence for arbitrary H®, 3/2 < s < 2 initial data (see also [75-77]).

For the case of two different viscosities in the RT stable regime the results are more scarce: Cordoba, Cérdoba
& Gancedo proved the local existence for H® curves [35] and H* surfaces [36] (see also [86] for the case of two
different permeabilities) while Cheng, Granero-Belinchén & Shkoller prove the results for a H? graph.

3.2. Global existence

Before we can go over global existence results, we need to identify quantities that can be bounded for all
positive times. The first of such results appeared in [30] and establishes the decay of || f(t)]|pe:

Theorem 3.2. Let p™ < p~ be two fized parameters. Then the solution to the Muskat problem (1.6) satisfies
1f @)l < [ follz~
To prove this result, Cérdoba & Gancedo used a pointwise estimate to compute the evolution of

M(t) = mgxf(x,t).

For a similar result for the case of a bounded porous medium we refer to [37]. Physically, this theorem means
that the amplitude of the internal wave in a porous medium decays.
Similarly, one can also prove an L? energy balance

Theorem 3.3. Let p™ < p~ be two fived parameters. Then the solution to the Muskat problem (1.6) satisfies

t
[FO1[ES +/O lu($)122 g2y ds < |l follE2 gy,
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or, equivalently,

1702y + 2l / / / log<1+(( 8 = f<y’ ))2>dmdydséf0||2L2(R)

The previous result was given by Constantin, Cérdoba, Gancedo & Strain [25] (see also [3, 9]).

Although the solution enjoys this decay of the relatively strong L°° norm and a energy balance that controls
the velocity in L2(0,00; L?(R?)), this is not enough to obtain a global existence result of any kind. Then we
have to turn our attention to other stronger norms.

In that regards, the first result was given by Cérdoba & Gancedo [30], where these authors proved that

Theorem 3.4. Let p™ < p~ be two fized parameters and assume that

1ol < 1.

Then the solution to the Muskat problem (1.6) satisfies

IF@llyiree < Ml follvirroe-

This result gives conditions ensuring the decay of a critical norm. In the same spirit one has the analog result
in terms of Wiener spaces (see [25, 26] and also the related work [85])

Theorem 3.5. Let p™ < p~ be two fized parameters and assume that

[follax < 1/3.

Then the solution to the Muskat problem (1.6) satisfies

IF @i < [l foll 4r-

Theorems 3.4 and 3.5 imply that the internal wave will not break if the initial slope satisfies certain size
restrictions (when measured in appropriate critical norms).

We have to distinguish two different global existence results:

1. global weak solutions (when the equation (1.6) is satisfied in distributional sense)
2. global classical solutions (when the equation (1.6) holds pointwise).

Using Theorem (3.4), Constantin, Cérdoba, Gancedo & Strain [25] proved the global existence of weak
Lipschitz solutions. These result was later extended to the case where the porous medium is bounded by one sof
the authors [61]. Remarkably, in order for the wave to not break-down in the case where the domain is bounded,
not only the slope has to be suitably small, but also the amplitude, the depth and the slope of the internal wave
have to satisfy appropriate (explicit) conditions. Roughly speaking, these extra conditions linking the depth,
the amplitude and the slope of the wave mean that the amplitude can not be such that the wave is close to the
bottom and that, the bigger the amplitude is, the smaller the slope has to be.

Using Theorem (3.5), Constantin, Cérdoba, Gancedo & Strain [25] and Constantin, Cérdoba, Gancedo,
Rodriguez-Piazza & Strain [26] proved the global existence of classical solutions for initial data satisfying
| foll i» < 0.2. The early work by Cérdoba & Gancedo [29] has already a global existence result for (1.6) in the
spirit of Theorem 3.5, but with a non-explicit size restriction ||fo|| 1 < € for certain e.
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With an initial data with suitably small Lipschitz norm, Constantin, Gancedo, Shvydkoy & Vicol [27] proved
the global existence of classical solution. This result, by further restricting the size of || fo||yi/1.. establishes that
the weak solution (which exists due to [25]) is, indeed, a classical solution. This result was later extended to
the full range || fo|}i/1..« < 1 by Cameron [12] (actually, the result by Cameron is more general as the criteria is
given in terms of the product of the supremum and infimum of the slope).

Another global existence result in a critical space (which allows the slope to be arbitrarily large) is the one
by Cérdoba & Lazar [33]:

Theorem 3.6. Let pt < p~ be two fived parameters and assume that fo € L* 0 H3/2 (H5/? such that || fol s>
is suitably small. Then, there exists a unique global strong solution of (1.7)

f e L>0,T; H/*) n L*0,T; H®), VT > 0.

Some other global existence results are those in [3] (smallness of the initial data in H?, see also [76, 77]), [59]
(smallness in A but allows for two different viscosities) and [48] (smallness in the little Holder space h>19, see
also [45]).

4. FINITE TIME SINGULARITIES

The first type of singularity for the Muskat problem is the turning singularity and was proved by Castro,
Cérdoba, Fefferman, Gancedo & Lépez-Fernandez [13] (see also [9, 37]). In these singularities, the initial interface
is assumed to be a smooth graph and then, in a finite time Ty eaking,

limsup || f(¢)|lyir1.00 = 00.

tﬂTbreaking

This singularity implies that the internal wave breaks, i.e. after time T eqking, the internal wave cannot be
parametrized as a graph. Equivalently, this singularity means that the Muskat problem leaves the RT stable
regime in finite time. However, a turning singularity do not imply a loss in derivatives for the solution.

The precise statement is

Theorem 4.1. Let p™ < p~ be two fized parameters. Then, there exist smooth initial data such that the unique
strong solution of (1.6) satisfies

limsup || f(t)[[yr1.00 = 00,
t—=Tpreaking

for 0 < Tyreaking < 00.
The proof of this result has several steps:

1. First, one considers the Muskat problem in its formulation for arbitrary curves (1.5) and proves the local
existence of solution (forward and backward in time) for initial data who are analytic via a Cauchy—
Kovalevsky theorem.

2. Then, one identifies O,v1(2(ev,t),t) as the quantity to track. Indeed, for initial data who are ‘about to
break’ such that

Oaz(a,t) =(0,1),

a=0



GROWTH IN THE MUSKAT PROBLEM 9

i.e. whose tangent vector is vertical, one has that, the sign condition

0a1(2(c,0),0) <0
a=0

is equivalent to breaking.

Now one constructs initial data such that d,v1(2(0,0),0) < 0 and 9,2(0,0) = (0, 1).

4. Finally, one takes an analytic initial data such that the previous condition holds (using some mollification
argument) and invokes the Cauchy—Kovalevsky Theorem in step 1. Using the forward and backward
existence, we conclude the existence of internal waves (that can be parametrized as a graph for —§ < ¢t <0
that reach the initial data constructed in step 3 at time ¢t = 0 and that cannot be parametrized as a graph
for 0 <t <.

@

We would like to remark that the analytic curves remain valid classical solutions to the Muskat problem (1.5)
for 0 <t < 4.

It is also interesting to note that the initial data leading to breaking waves can be taken with arbitrary small
amplitude [64].

Gémez-Serrano and Granero-Belinchén [60] (see also [38, 39]), by using a computer assisted proof together
with a variation of the previous ideas, were able to study the effect of finite depth and varying permeability.
Among other results, these authors showed that the existence of top and bottom for the porous medium can
enhance the formation of turning singularities in the sense that there exists initial curves such that, when the
depth is finite, they break in finite time, but, if the depth is infinite, they become smooth graphs.

In terms of loss of derivatives, Castro, Cérdoba, Fefferman and Gancedo [14] proved that there exist analytic
initial data in the RT stable regime for the Muskat problem such that the solution turns to the RT unstable
regime and later breaks down i.e. no longer belongs to C*.

Finally, another possible singularity is the self-intersection of the interface or the intersection of two different
interfaces (for the problem with three different fluids or two fluids and a dry zone) while the curve remain itself
smooth. These singularities are known as splash singularities (when the self intersection happens at a single
point) or splat singularities (when the self-intersection happens along an interval). In this case, it was proved
by Castro, Cérdoba, Fefferman and Gancedo [16] that splash singularities can indeed occur for the one-phase
Muskat problem, while the case of splat singularities was disregarded by Cérdoba and Pernas-Castafio [32].
When the case of several fluids is considered, Gancedo and Strain [58] proved that splash/splat singularities
cannot occur in finite time (see for the analog result for the case of the Euler equations [41, 50]).

5. WILD SOLUTIONS AND MIXING

The Muskat problem (1.6) is ill-posed in the RT unstable regime [29, 37]. Thus, the construction of weak
solutions to (1.1) wia the construction of classical solutions to (1.6) fails in the RT unstable regime. This leaves
open the existence of weak solutions in the RT unstable regime and its dynamical properties.

Another topic that has attracted a lot of interest recently in the mathematical community is the construction
of wild solutions to different fluid dynamical problems. These wild solutions are weak solutions that have compact
support in space and time and, thus, they break the uniqueness. In the Muskat problem these solutions are
particularly interesting since they can be related to mixing of the fluids in the RT unstable regime.

Thus, the existence of (possibly infinitely many) weak solutions in the RT unstable regime and their link to
the mixing of the fluids appears as a very interesting research topic.

In this regards, it was proved by Székelyhidi Jr. [93] the existence of weak solutions in the RT unstable regime
(see also the works by Forster and Székelyhidi Jr. [51] and Otto [83, 84]). Also, Castro, Cérdoba and Faraco
[15] proved that, starting with a smooth interface in the RT unstable regime, there exists a weak solution such
that a mizing strip-like region opens around the interface (see also Castro, Faraco and Mengual [17]). In other
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words, the free boundary assumption is replaced by the opening of this mixing zone where the fluids begin to
mix.

6. A NEW RESULT

In this section, we shall prove the following theorem
Theorem 6.1. Let T > 0, assume that fo € HY/2 W then, if

- the K = L>([0,T7, W) norm of the corresponding solution remains bounded
~ | foll gras= < C(K) is preserved

Then, the solution is global in time and we have

™

T T
0@+ 57 [ Ve s S Ul + P (W lsgomy o) [ 161 s

where P(X) = X + X2

Proof of Theorem 6.1 For the sake of notational simplicity, we take p = w. We do H'/? estimates. Using
(1.7), we have that

atllfl\Hl/z = /Al/Qf / e OAY2 (9, AL f cos(6A4 f(x))) db dar d

/Af /8Af / =0 c08(6Ag f(2)) A6 da dz = L,

Let us set A, f = W By denoting S = A, f + A.f and D = A, f — A, f, one observes that by
doing o — —av if necessary, one may write

%atufngw = /Af /GZD /Oo e 0 cos(0Aq f(z)) dd da dz
/Af /8Af / 0 cos(6Anf) db da da
/Af /azD / e cos(6Aa f(x)) 46 da da
/Af /a Aof / (cos(6An f) — cos(6Anf)) d8 da da

/Af /8Af / 0 c0s(00 f) A dor da
= /Af/8 D/ (cos(6Anf(z)) + cos(6A, f(z)) d§ da dx
/Af/a A f/ 2 (cos(6Aaf) — cos(0Anf)) db de da

= /Af/a D/ % cos( g cos((SS) dd da dx

/Af /a Aaf/ % sin( sm(gS) 46 da da
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/Af/a D/ 9 cos( sin2(§5’) dd da dx
f/Af /&;D / e™® cos(gD) dd da dx

/Af /8 Ayf / 9 sin( sm(gS) dd da dx
=Lign+Lig+ L3

Hence, we have that

3t||f||H1/2

We need to further decompose the last term, more precisely we write
Lisz = /Af /8 Anf / 9 sin( s1n(5S) dd da dz
/Af /fz fI z=0) /000 e® Sin(gD) sin(gS) dé da dx
/Af /fl —) = fol@) /OOO e_‘ssin(gD) sin(gS) dé da dz
/Af / fz = o)) /000 e™® sin(gD) sin(gS) dd da dz

fa(@ Y )
— [ A —_— -D —5) dé da d
/ f / - /0 e sm(2 )51n(2 ) a dx

Lyis = /Af/JW/OOO e? sin(gD) sin(gS) dd da dz

—f/Af/f / 5e 700, Dcos(gD)51n(§S) dé da dz

0

—f/Af/f / 5e 09, Ssin(; )005(55) dé da dz
/Af/fm / - sin(QD)sm(gS) dd da dz

4
= E Liz;
i=1

We obtain,

6.1.1. Estimates of L; ;

In order to control L; 1, we use Holder inequality L? — L? — L,

Ly = /Af/(“) D/ % cos(= D) sin (55) dd da dx

L) 2 [0af + 5af||Loo

<

1

< S NF 1%
1

< S I 1o e
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where we used the embedding H*/2 < Bl , along with the fact that (since H' and L? are shift invariant
spaces)

2 4 4
10:Dl|12 < T lfe(@) = folz — )|z < 102Dz < 7 [Ifll g
|a |al jaf 1A
6.1.2. Estimates of L; 3
In the next subsection, we shall estimate the L, 3, fori =1,...,4.

6.1.2.1. Estimates of L; 3,

1/2

.2, We have that

By observing that H'< B

p [Tl el e ok o)~ 2 g5

|of?

1/2
<r@ s ([ VO aa [ S 20 o)

o]
< W Wi I a1 g
< 1A% 1 o

6.1.2.2. Estimates of L 3

We may rewrite (just by a direct integration in ) D and S as follows:

D flz+a)— flz—a) :1/Oa(fw(x+s)+fx($—8)—wa(x)) ds + 2f, () (6.1)

« «

and § = Ao f + A, f = —Yrtaltlz=a=2/()

We also need to give a suitable expression of their derivatives with respect to «. In that regards, it is not
difficult to check that

fx(x + a) + fac(z - a) - 2f:c(x) _ foa (.fl(x - 8) + fJ:(Jj + 8) - 2f1(x)) ds

D = o o?

and

flz+ o)+ flz —a) = 2f()

)
Oé2

aas = Aozfz - Aafm +

we then rewrite Lq 39 as

Lige = ——/Af /f @) /0°°5eafx(x+a)+fz(xa)2fz(x)

(%

X cos( (Ao f — Aaf))sm((S( Anf+Auf)) dd da dx
1 f(@) = flz —a) s Jo (fa(@ =) + falz + 5) — 2fu(x)) ds
+§/Af/—a /05650

o
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X cos((;( Aof — Auf)) sin(g(A(,f +Anf)) dd da dz
= L1,3,2,1 + L1322

1/2

By using that H' < BOo ., we find
B R T T — -2 T
Lisoi FRiC) IIf\\H1/||f fl@ =)~ |folz+a)+ f (a; 0) =2fu(@)z2 |
<

||fHHl||f\\gic/f2|\fm|\3;(22
< 1B 1 o

13

In order to estimate L 329, we consider ¢, r and 7 (so that 1/r +1/7 = 1) that will be chosen latter, and we

write

1 flx) = flz —a)|r= _
Lr02al < 3l [ ! | e

@ r 1/r
ol ( / Ui =)+ e ) 280 o)

sar

re IGESCERTENE NI
< s el / " |3 :

/G i g, [ 10a] + Sof i~ ) "
< 51Nl vy ( [ e | do
< 5||f||Hl||f||B;q_,||f|| ot Il

Then, for 7 = r = 2 and ¢ = 1, we obtain since H' < Bic/é and H*? — B! ,

1
L2zl < S eI f gz 15,

< 1A o
hence,

|L132| < Hf”QH'le”qu/z
6.1.2.3. Estimates of L33

We now estimate L; 3 3. We need to decompose this term as follows

Liss = —f/Af/f / de” sm( Dy f)Oa Scos( S) dd da dz
= ——/Af/f / 6e™® sin(=D)A, fa cos(gS) dd da dx

/Af/f /0 de 0 sm(gD) ofx cos(gS) dd da dx
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_,/Af/f / 5 sin )f(x+a)+f(x—a)—2f(w)

a?

X COS(QS) dé da dx

L33

Il
-
I Mw
I

To estimate L; 33,1 we see that

x—Oé 20@ x z +a 2 1/2
Traaal < "0 e [ 1O i g [ Lete) - M 40)

anHlangggnfmuggg
< 1Al o

IN

As well, one may easily estimate L; 332 and we find that

1
L1332l < S IFI5 1 F 1l a2

For L, 33,3, it suffices to write that

. _ _ 2 1/2
|L173’373| < 7||f||H1 (/ ”f {,C « ||L°° / ”f —|—f($ a) 2f( )||L2 da)

Iozl2 ot

\ /\

S0 5o 11
1
ST

IN

So that,

|13 3l 15 15 1 s
6.1.2.4. Estimates of L34

As for Ly 3.4, we use the antisymmetry of H together with the commutator estimates (2.3), as follows

Lisa= —/Af /M /00 e™® sin(gD) sin(gS) dé do dz

/fa: / / -1 [7—[ sin( )sm( )} fz dé da dz.
and we find that

L1z = *// fol@ fx r=a) /000 e™d [H,sin(gD) bln(6 )} fo dd da dx

fm r—« > —d : 0 : g
_|_§//T /0 e [’H,sm(QD)sm(QS)} fo dd da da.
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By integrating by parts we find

Lizs = // folz fm (z =) /000 e™® [H,sin(gD) sin(gS)] fr dé da dz

_5//%2#(1) /Ooo e {’H,sin(gD)Sin(gS)} fo 46 da dz

1 - 0 5 5
+§//w /0 %9, [H,sin(2p) sin(3 )] fo do da dz
Liga1+ L1342+ L1343

1/2
00,4

The commutator estimate (2.3) (in the case l = 1 and k = 0) and the embeddings H3/2 — B1 sand H' < B
allows us to find

Lisan| < - ||fHH1/||f“’ fa: (@ = o)lz2 1 £(2) - g:—a)nm
||f<a:—a St 0 - 2@l
r—« T+ a)— 4 1/4
< I/l </ I2(a) = £l ) (/ e —0) s ) =21l o)

( JECEE —a>||Loc da)““

< ||fHH1||fHH3/2||f||B;O,4||f||Bgz4
< A1

Then, we estimate L 342. We first see that

Li3a2 = —*/Af / / sin( bln(éS) dd da dz
Hf(x —a)—Hf(z 5. . 0
_i/h 02 /0 /e Sm(iD) sm(§S) dé da dz

= L13421+Li13422

Then, we have by using Holder inequality L? — L™ — L2

Lrssaal < sl [T [7 ol 20Tl g5 4
0

(67

1/2 _ Y

1

ST P r
1

S A1 1A s

2

IN

IN

IN
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Analogously (since H maps L? onto L?), we also find

1
1L1sael < SIS Nl s

The control of the term L 34 3 is challenging and one needs to use the following decomposition

Li3a3 = . /fx Az =) = Hilw) / /567660413 cos(gD) sin(gS) dd da dz

o
/Af — /@) / /56768 D COS(;D) Sm((SS) dd da dz
—f/fac/Hf — S / 66729, 8 Cos(gS)sin(gD) dé da dz
—f/Af/f / 6e790,8 cos( )s1n(5D) dd da dx

4
= E L1343,
i=1

All those previous term are as regular as Ly 3; for j = 2,3 (up to some Hilbert transform, we shall do L?
estimate for safe values of p, that is p # 1,00), it is therefore an easy task to get that

|Lisass+ Lisasal < 215051

and

|L1,3.433 + L1,3434] < 3||f||§{1 | £l grs/z

Therefore, we have obtained

6.1.3. Estimates of L ,

L1,2=%/Af/(aanf—awAaf /OOO cos(
5 A [Foas vy [T

By integrating by parts one finds

We have

L1,2——/Af/f +f‘”o‘)_2f() /Ooe";cos(gD)dédozdx
0
/Af/f +f :r—i—a)—?f( ) /OO 5e*§8aDsin(gD)d5 da dz.

0

i (a2 + 1 L rae) -

) dd da dz

) dd da dz,

(6.3)
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Therefore,

Lis = = /Af/f +fx+a)—2f() /Ooe ‘5(;05(6 D) dé da dx
/Af/f +f:r+a —2f(z / 5,5fx —a)+ fo(z + ) = 2fu(2)

(07

><s1n( (Aof —Anf)) dé da dx
/Af/f +fx+a — 2/ / 5—5f$ in(2D) 4§ da dz

_,/Af/fw - +fL a) = 2fs(z / 5_5fx—|—04 f(x—a)

><S1n( (Anf —Anf)) dé da dx

The first term gives the paraboliticity, since we may write

/Af /f —|—fx+oz)—2f( )/ e 5005(%D)d(5dadx

0

*—71/|Af\2 dx—/Af/f )+ flo+a) = 2 )/0 e~ % sin? (i D) dé da dx,

o

:_WHfH /Af/f +fa:+a)—2f( )/ e~ % sin? (i D) dfé da dz,

0

Then, using formula (6.1) we may rewrite this term as follows

Lis=— /Af/f (= +a) ~2f(z) /00658111(5 ) d5 da de
/Af/f +fw+a S (" sl =) e o) 225

><s1n( (Auf — Auf)) 5 da dz
_,/Af/f ol lrra) 2t / 56—5/ folw =) + fal +5) = 2fu(x) d

><s1n( (Aof —Auf)) dS da da

—WIIfHH (6.4)
=Lip1+Lipo+Lias+ Liza.

We need to further decompose L 21 as follows

Lisy = — /Af/f +fx+o¢ —2f(@ / e~ % sin? ) do da dx
0

/Af/f +fx+04 —2f(x /O°°
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X sin él/a folx 4+ 8) 4+ folz —s) — 2f(x) ds — gfr(x)) sin(gD) dd da dx

Ny R U

x sin( f—/ folx 4+ 8) + fa(z —s) — 2fs(x) ds)cos( fm( ) Sm(iD) dd da dx

Y Ty LU ISR BNy

ceos (52 7 1o 490+ o = 9) - 20.00) ds ) sin( ) sn(§D) d da da

In the last integral, with add and substract 1 in the cosine term, and we shall repeat this process after having
used the trigonometry formula we develop the sin(gD), we obtain that

Liog = — /Af/f +ffr+a)—2f() /00066

X sin f—/ folx 4+ 8) + fo(x —s) — 2fs(x) ds)cos( fx( ) Sln(iD) dd da dz

o fay [HEmaltflre) 26 [

X sin? (/ folz+8) + folx —s) — 2fz(x) ds) bln(gfi(a:)) bln(6 D) dé da dx

/Af/f SRSCRLE LN

X sin(ffx(x)) sin f—/ folx 4+ 8) + fa(z —s) — 2f.(x) ds) cos(gfx(m)) dd da dx

_Q/Af/f SENCEDEORyp

sin?(3 () sin? (g / oo 4 9)  fule = 8) = 2£,(a) ds) d0 da do
/Af/f IR S [T (G () a6 da do

= E Ly,
j=1

For L1,271,1 we write

Sslfe—a)+ fl@+a) = 2f(2)|-

jaf?

X /a | fo(z —8) + fo(z+5) — 2fs ()| 12 ds da db
0

Lrzaal < Il / se
0
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By Minkowski’s inequality, we find

Lizaal < Ifl / 5e=? / If(x = a) = f@)le- / 1fo(@ = 8) = fo(@)]z2 ds da do

|
+||f||Hl/0 56-5/ ”f(”f_a)a;f(”f)m/o Ifa(z+5) — fo(@)| = ds da do
Hlfl [0 [HEEO TN [Fyr o) - f@)le ds daas
+||f||H1/O (5675/ ||f($+a)a|3f(I)L°O/O 1folz + ) = fol@)| 2 ds da d5

Since those terms have the same regularity, it is easy to conclude that
flz @)l [
Hf”Hl / || |a‘3 ||fx([£ — S) - fx(x)HB dS dOl

_ T, 1/r
<4Hf||H1/”f LTl qjors (/ W= 2L ) aa
<Al sl

Then, choosing ¢ = 3/4, r =7 = 2 , using interpolation and the embedding H3/2 < Béo o)
(L1211 < 41 f g L] i foHBl/4

1/2 1/2
< 4|l £ /1/2 114 1o
1/2 1/2 1/2 1/2
< Al 11 A1 ||f|| / 117 /3/2

< A FIZ S N gya
Thus,
1Ly 21,1 ] < ANl f 1] grase

Analogously, we find that

| < W1 e (6.5)

3Ly

As for Ly 2,15, we observe that since

- - o § 1 1

a?

Lisis=— /Af /f —|—f:v—|—a)—2f( ) /Oooe sm( fz(x)) dd da dz

< el I
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where
K = |fellzoore-

Therefore, we find that

2

K
2 2
Ll S A 1 N a2 +7T1_|_7Hf”f11

For L 22, we write that

Lipo = /Af /f +fx+a)—2f / Se _sJo(— )+ fo(r + ) —2f.(x)

«

><s1n( (Aof — Anf)) dé da dx

- r+a)—2f, 2, 1/2
||f||H1 (/ [f(x—a)+ flz+a)—2f(x IILoe /Ilfm a) + fulz +a) — 2f.(2)]2 da)

o? o2

IN

||f||H1||f||3;/;||f||m/2
< A1 1l

as well, for Ly 2 3 we observe that

Lios = —f/Af /f s 2 /Ooocse5/Oafl-<x—s>+fx<x+s>—2fx<x> ds

><s1n( (Anf — Anf)) dd da dz

1 r—a T+a)—2 o
Sillfllm/ serslfr =) 1G4 0) =2 @)l
x/o I folx —s) = fo(x)||r2 + || folz +5) — fo(z)||L> ds da dd
< i”f”ffl/ St (Hf(:c—a) F@lle= ||fx($+a)—fm(x)|Lw>

o= aP-a7

r 1/r
(/ Ifo + 5) = fa(@)llz2 ds) ds da ds

|s \qr

1o s (If(z—a)— ||Loo> ( I fo(z + 5) = fol@)|]} )”T
§4||f||H1/0 Je ( PR / o ds]  dads

re)
M0 g

<
Then, by choosing ¢ = 3/4, r = 7 = 2, one gets
[Zazal < 1Al 1 s 161 g
1/2 1/2 1/2 1/2
< foIIHleII EoT L 4 i /mllf\l )

< S
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Since (6.4) is a dissipative term and by (6.6), we have obtained that

K2
\Lal < £ Pl ggaz) = 7l 15 + WWIIJ”H?,I

Finally,

m
Ll < 1513 PU sr2) = Tz 1 (63)

where P(X) = X + X2.

And then integrating in time s € [0,7] one gets the desired energy inequality. Therefore, if || foll g3,z is
smaller than some C(K) that depends only on K, then the solution is in L ([0, T}, H'/2) N L2([0,T], H'). This
concludes the H'/2-estimates.
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