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ANALYSIS OF CONTROL PROBLEMS OF NONMONTONE
SEMILINEAR ELLIPTIC EQUATIONS*

EDUARDO CASAS!, MARIANO MATEOS*** AND ARND ROScH?

Abstract. In this paper we study optimal control problems governed by a semilinear elliptic equation.
The equation is nonmonotone due to the presence of a convection term, despite the monotonocity
of the nonlinear term. The resulting operator is neither monotone nor coervive. However, by using
conveniently a comparison principle we prove existence and uniqueness of solution for the state equation.
In addition, we prove some regularity of the solution and differentiability of the relation control-to-state.
This allows us to derive first and second order conditions for local optimality.
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1. INTRODUCTION

In this paper, we consider an optimal control problem associated with the following elliptic semilinear equation
Ay +b(z) - Vy+ f(z,y) =uin Q,

(1.1)
y=0onT,

where A is an elliptic operator, b: Q@ — R™ is a given function, f : 2 x R — R is nondecreasing monotone
in the second variable, u € L?(Q2), 2 is a domain in R”, n = 2 or 3, and T is the boundary of . The precise
assumptions on these data will be given in the next section. Due to the convection term induced by b, the linear
part of the above operator is nonmonote. We emphasize that here we neither assume that divb = 0 nor b is
small. Consequently, the bilinear form associated with the linear part of the operator is not necessarily coercive.
This introduces some important difficulties in the analysis of the equation. A thorough study is needed to prove
existence and uniqueness of a solution of the equation (1.1) for every u. This study makes a strong use of a
comparison principle.

In many publications divb = 0 is assumed. This property is satisfied in several applications, for instance if
the quantity b represents a velocity field of an incompressible Navier-Stokes flow. If the flow is compressible, the
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assumption divb = 0 cannot be justified. Some examples of applications where the divergence of the convection
term need not be zero can be found in the introductory chapter of the book [1].

In many books devoted to partial differential equations, the convection term appears and it is not assumed to
have zero divergence. Let us mention the classical books [12] or [16]; see also [18]. However, only a few references
treat the topic of existence and uniqueness of solution for linear elliptic equations with convection term such
that divb # 0 and b is not small. When the nonlinear term f is not present in the state equation, the reader is
referred to the early reference [19] for the existence and uniqueness of a solution; see also Theorem 8.3 in [13]
or the recent reference [4]. In [5], the case of a semilinear equation in dimension n > 3 with the non-linearity
Yyt A > —, is studied. As far as we know, the most general and complete results for the analysis of
equation (1.1) are the ones presented below in Section 2.

The case of nonmonotone quasilinear elliptic equations was considered in [8] and [15]. However, in the last two
papers, the operator was coercive. The equation considered in this paper does not fit in the problems studied
in the mentioned references.

Associated with the state equation (1.1) we consider the following control problem:

(P)  min J(u):= /Q L(x,yu(x))dx—&-%/ u?(x) dz

u€Uaq Q
where y,, is the solution of (1.1) associated with u, L : @ x R — R is a given function, v > 0, and
Usa = {u € L*(Q) : a < u(z) < B for a.a. x € Q}

with —oo < a < 8 < 400. A precise analysis of the state equation allows us to prove the existence of a solution
for (P) as well as to get the first and second order optimality conditions.

Typical examples of nonlinearities in the state equations are f(x,y) = ag(z)|y|"y with » > 0 or f(z,y) =
ap(x) exp(y), where ag is assumed to be nonnegative and bounded. The assumption r > 1 is needed to prove
the existence of a second derivative of J. Concerning the functional J, the usual tracking cost functional falls
into this framework by setting L(z,y) = 1 (y — ya(x))? for some fixed function y4 € L*(Q).

To our best knowledge, this is the first time that a control problem governed by a nonmonotone and nonco-
ercive equation of the kind described here has been considered. The methods to study the control problem are
technically more involved than those used for problems governed by coercive equations, as it can be seen not
only in the study of the state equation, but also in the proofs of some results such as Lemma 3.5 or Theorem 3.8.

The paper is organized as follows. In Section 2, the state equation is analyzed. We address the issues of exis-
tence, uniqueness and regularity results of the solution for both the linear and semilinear cases. Differentiability
of the relation control-to-state is also established. Finally, the existence of solution for (P) as well as first and
second order optimality conditions are proved in Section 3. Based on the results established in this paper, the
numerical analysis for (P) will be carried out in a forthcoming paper.

2. ANALYSIS OF THE STATE EQUATION

In this section we study the equation (1.1) proving some results that will be used in the analysis of the control
problem (P). Before studying (1.1), we analyze a linear equation involving the convection term. The section is
divided into two subsections. The first one is devoted to the linear equation and the second to the study of (1.1)

2.1. Study of the linear operator

The following assumption is needed for this analysis.
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Assumption 1. € is an open domain in R™, n = 2 or 3, with a Lipschitz boundary T'. A is the
operator given by

n
Ay =— Z Oz;(aij(2)0y,y) with a;; € L(Q),
t,j=1
and satisfying the following ellipticity condition:

n

3JA > 0 such that Z aij ()€€ > A€)* V€ € R™ and for a.a. z € Q.
ij=1
The function b : 2 — R” satisfies b € LP(Q)" with p > 3if n = 3 and p > 2 if n = 2. For the function

ap :  — R it is assumed that ag € L1(Q) Withq>lifn:2andq2%ifn:3.
Unless stated otherwise, in the rest of the paper p will denote a number such that p > n/2.

Notice that with this choice, LP(2) C W~17(Q) c H~1(Q) for some 7 > n.

Along this paper we will take
1
9 2
oo = ([ [wutas) "

From the Poincaré inequality and the Sobolev embedding theorem, we know that there exist two constants Cgq
and Kq such that

1yll2@) < Calylmiy and  lylls) < Kalylmio) Yy € Hy(9). (2.1)

As a consequence, we have that [|y[|g—1 (o) < Callyllr2(q) for all y € L*(Q).
Let us consider the elliptic operator

Ay = Ay + b(z) - Vy + ap(x)y with ag > 0. (2.2)

We first prove continuity of this operator and Garding’s inequality.

Lemma 2.1. Under Assumption 1 we have that A € L(HL(Q), H=1(Q)) and there exists a constant Cy  such
that

A
(Az,2) g-1(Q),m1 Q) = Z”Z”%’&(Q) — Capllzlizq) V2 € Hp(Q). (2.3)

Proof. Let us show that A is a linear continuous operator. We will prove the result for dimension n = 3 and
we can argue in a similar way for dimension n = 2. It is obvious that 4 : H} () — H~1(Q) is a continuous

linear mapping due to the fact that a;; € L°°(£2). Moreover, from (2.1) and Holder inequality we infer for every
z € HY Q)

[0- V2l o < bllze@) IV2lL2)s = [0llz2 @2 121 a2 0
Lt (@)

llaozll ¢ ) < llaol 3 o 1llze(@) < Kallaoll g o 121l m3 @)

Hence, we have that A is a well-posed linear and continuous operator.
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Let us prove (2.3). In this case, the proofs for n = 3 and n = 2 are slightly different. We start with n = 2.
Using that ag > 0 and Young and Holder inequalities we get

Vv

A 1
AIV2I1Z0yn = IV 2l L2 02120y = SIVEIL2@)n = 510217200

4
2

(Az, z) g-1(Q),H11 ()

v

1
|VZ||2Lz(Q)n - ﬂ”b”%p(m"”z”i%(g)'
Observe that the assumption p > 2 implies that 2 < z% < o0 if n = 2. Now, we apply Lions’ Lemma ([17],

Chap. 2, Lem. 6.1), to the spaces Hg () C Lv (2) € L?(Q) to deduce the existence of a constant Cy depending
of A and ||b]|»(q)» such that

||Z||LLP V2|20 + Coll 2| L2 ()

L
7=2(Q) ~ 2[[b| L ()n
From the last two inequalities we conclude (2.3) with

GBIl
Ab=

For n = 3 we proceed as follows. From Lemma 3.1 in [18], we know that, for any & > 0 there exists a constant

K. > 0 depending on b and ¢ such that b = 0’ + b", with [[0|| @) < Kcp and ||| g3 < €. Taking
e =A/(4Kq), Kq satistying (2.1), and using that ag > 0, Holder and Young inequalities and (2.1), we obtain

(A2, 2) 11 @) > MV — /Q W +b") - Vzzda

> AV2|72iqpn — 1[Iz @ IV 2l L2)m 20 2) = 107 | 2s (@ 1V 20 L2)m 12l 2o @)
A K2, A
2 AHVZ||2L2(Q)" - EHV'ZHQLQ(Q)" - ﬁ”»’«'”%%m - Z||vz||2L2(Q)"
and (2.3) follows with a constant Cy p, = K827b/(2A). O

Theorem 2.2. Under Assumption 1, the linear operator A : Hi(Q) — H~1(Q) is an isomorphism.

This theorem can be deduced from the results in [19]. We include a direct proof for the convenience of the
reader.

Proof. From Lemma 2.1 we know that A is a well-posed linear and continuous operator. Let us divide the proof
into three steps.

Step 1. A is injective. We make this proof for n = 3. The case n = 2 follows along the same lines with minor
changes. To prove that the kernel of A is reduced to 0 we adapt the proof of Theorem 8.1 in [13]. Let y € Hg (£2)
satisfy that Ay = 0. We prove that y < 0 in 2, the contrary inequality follows by arguing on —y. We argue by
contradiction and we suppose that this is false. Then, we take 0 < p < ess sup,cqy(x) < +o0o and we define
yp(x) = (y(z) — p)T. Obviously we have that y, € H}(2). We denote Q, = {z € Q: Vy,(z) # 0}, then

_ ] Vyl) it y(z) > p, —0;
Vy,(z) = { 0 otherwise, and y,(z) = 0 if y(x) < p.
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Using these facts and our assumptions on b and ag we get

n

0= [ | 3 a@0n90n,3, + @) - Vil + an(ohyy, | da

ij=1

n

= /Q Z i (%)0z,Yp02,Yp + [b() - Vyply, | da

P o \1i,5=1

> A||vyp||2L2(Qp)" - ||b||L3(Qp)"||Vyp||L2(Qp)"”ypHLG(Qp)-

From here and (2.1) we infer

Ypllzece,) < Ypllzs@) < KallVyplle

1
= Kol Vypl 20, < XKQ”b”LS(Q,))"||yp||L6(Qp)~
Hence, we have

A
[6llLs @,y > Ko > 0,

which contradicts the fact that [Q2,| — 0 if p — ess sup,cqy(x). Indeed, if the set of points £ = {z € Q : y(x) =
ess sup,cqy()} has zero Lebesgue measure, then it is obvious that [Q,| — 0 if p — ess sup,cqu(z). In the case
that |E| > 0, then we have that Vy(z) = 0 a.e. in E ([13], Lem. 7.7) and consequently Vy,(z) = Vy(z) =0
a.e. in E as well. Hence, |Q2,] — 0 holds in any case.

We notice that the same procedure can be used to prove the injectivity of A* : H}(2) — H~(Q), given by

Ao = A% — div(pb(z)) + aoep.

To do this, we take p € Hg(Q) such that A*¢ = 0, and define for all € > 0, Q° = {z € Q : |p(z)| > €} and
¢°(z) = proji_. . (¢(x)). Using integration by parts, that ao(z)p(2)¢®(z) > 0 and the fact that Vo =0 in Q°,
we have

n

0= / S 155(2)0s, 90, 0 — div(ph(@))6" + ao(@)pp | da
Q

1,j=1

n

:/ D aij(2)0s, 000, 0° + pb(x) - Vo© + ag(x)pp® | du
o\ 5

7,7=1
>AIVe® (1 720)n — bl L3@ovae) VO | L2(@)n 6% Lo aonae) -

From here we infer that
€ 1 € 1 0 L]
IVe&llLz (@) < lbllzs@onae)n ] s @oras) < 5 el Q7[5 [1B]] L3 aovas)n-
Using this and (2.1) we get

02
< 29

15 1 £ 1 g 1 g g 1
€2 |:;2/QE<P (x)zdiﬂ < ;2/9@ (m)zdx < ?Cs%”VSO ”%2(9)" > FIQO\Q |3||b||%3(90\95)n7
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and |Q°| = lim. 0 |Q¢| = 0 and, hence, ¢ = 0.

Step 2. The range of A is dense and closed. To see that it is dense, we argue by contradiction: suppose it is
not dense. Then, there exists 2 € Hg(Q) with 2 # 0 such that (Ay, 2) y-1(q),ui) = 0 for all y € Hy(Q). By
duality, this implies (A*z,y) g-1(q),m1(0) = 0 for all y € H}(9), and hence A*z = 0. Since A* is injective, we
obtain that z = 0, which is a contradiction.

Let us check that the range of A is closed. Let {fx}72, be a sequence in the range of A such that f — f in
H=Y(Q). Let yx, € Hg () be such that Ay = fj for every k > 1. We are going to prove that {yx}?2, converges
weakly in H}(Q) to some element y € HE(Q) satisfying Ay = f.

First, let us prove that y is bounded in L?(Q2). We argue by contradiction. Suppose it is not. Then, for
a subsequence denoted in the same form, we have that [lyx|z2q) — +o00. Define gx = yr/l|lyrlz2(q), and
fu = Jr/llykll L2 (o). We have that Agy = fr. Using again Garding’s inequality and the fact that &l 22) = 1,
we obtain

A . . P N
Z”yk”%{é(Q) < (AGk, O 1), 13 (2) + Canlliel T2y = (Frs Or) m-1 9,12 2) + Canlliellizq)

i ) 2 AL
< | fellzr-2 @ l9xll 2 ) + Cap < K||ka?rl(n) + g\lykﬂfyg(m + Cnbs

and therefore

A 24
g”yknfqé(ﬂ) < X||fk||%{fl(9) + Cap

Since {fx}$2, is bounded in H~1(£2), we infer from the above inequality that {gx}3, is bounded in H{ ().
Hence, there exists § € Hg(£2) such that (for a new subsequence, again denoted in the same way) 9y — ¢ in
H}(€2), and by Rellich’s theorem g, — § in L?(). In particular, this implies that ||§] z2(q) = 1. On the other
hand, using that ||fk||H71(Q) — 0 and Afr = fi, we can pass to the limit in this equation and deduce that
Ag = 0. Hence § = 0 and we have a contradiction. Thus, {y;}$, is bounded in L?(12).

Using again Garding’s inequality for the equation Ay, = fi, we obtain as above that

A 2
g”yk\@fg(g) < K||fk||§{—1(g) + Chpl

ylc||2L2(Q),

and therefore, {y;}72, is bounded in Hj (). So there exists y € H{(£2) and a subsequence, denoted in the same
way, such that y, — y in H}(Q). Taking the limit in the equation Ayy = fx, we have that Ay = f. Hence, f
belongs to the range of A and this subspace is closed in H}(€2).

O

The following corollary is a straightforward application of Theorem 2.2 and the Hélder regularity result ([18],
Thm. 7.3); see also Theorem 14.1 in [16] and the remark after it.

Corollary 2.3. Suppose Assumption 1 holds. Then, for every u € LP(Q) there exists a unique function y €
HYQ) N CO*(Q), for some u € (0,1) independent of u, satisfying Ay = u. Moreover, there exists a constant
C4, such that

[Yllcon@y < CapllullLe@) Vu e LP(Q). (2.4)

The adjoint operator also enjoys these properties.
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Corollary 2.4. Under Assumption 1, the adjoint operator A* : H(Q) — H~1(Q) given by
At = A% — div[b(z)e] + ao(x)p (2.5)

is an isomorphism. Moreover, for every f € LP(Q), there exists a unique ¢ € H () satisfying A*p = f and
there exist p € (0,1) and C -, independent of f such that ¢ € CO*(Q) and

lellcon@y < CarullfllLry Vf € LP(Q). (2.6)

Proof. The first statement follows directly from Theorem 2.2. The second is again a consequence of ([18],
Thm. 7.3 or [16], Thm. 14.1). O

Under additional assumptions we have the following regularity result.

Theorem 2.5. Suppose Assumption 1 holds and assume further that a;; € C%Y(Q) for 1 <i,5 <n, agp € L*()
and T is of class C1'1 or Q is convex. Then, A: H?(Q) N HE(Q) — L2(2) is an isomorphism.

Proof. First we observe that A : H2(Q) N H}(Q) — L?() is an injective, continuous linear operator. Indeed,
taking into account that H%(Q) C le%(Q) and H2(Q2) C C(Q), we get the following estimates

102, (aij 0, 9) | 2(0) < 102, 0500yl L20) + 04502, 2,9l L2 (0
<18, @izl oo (@) 102, 9l L2() + laisl e @102, 2, ¥l 2) < llasillco. @y llyll B2,

16+ VyllL2(0) < Hb||Lp(s2)"||Vy||L%(Q)n < Cllbllze ) 1yl 20,

laoyll L2y < llaoll2@)llyllz=() < Cllaol| L2y llyll &2 ) -

The above estimates prove that A is well defined and continuous. The injectivity of A is an immediate con-
sequence of Theorem 2.2. Let us prove that A is surjective. Given u € L?(Q) arbitrary, from Theorem 2.2 we
deduce the existence of an element y € H}(2) such that Ay = u. We have to prove that y € H?(2). To this end
we divide the proof into three steps.

Step 1. Here we regularize the coefficients b and ag. We make the proof for n = 3 and comment later the
modifications for n = 2.

The Lipschitz regularity of the coefficients a;; implies that A : H?(2) N H3(Q) — L2(f) is an isomorphism;
see, for instance, Theorems 2.2.2.3 and 3.2.1.2 of [14] for a C*! boundary I' and a convex domain {2, respectively.
Hence, there exists a constant C'4 such that

Hy||H2(Q) S CAHAy||L2(Q) for all Yy S H2(Q) (27)

For n = 3, we are assuming p > n, and hence 2p/(p — 2) < 6. Therefore, from the Sobolev imbedding theorem,
we also know that there exists a constant Mg such that

2
I3, 22, gy < Mallyleqe for all y € H(9) (28)

Consider, as in the proof of Lemma 2.1, the decomposition b = b’ + b, where now

16" | Lr () < €= and [|b'|| pee (yn < Kep.

1
8C A Mg
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Consider also two sequences {b}}22, C L>°(2)" and {agx}72; C L°(Q) such that b} — b” strongly in LP(Q)"
and 0 < ag — ag strongly in L?(2). Denote by, = b’ + b} and define the operator Ay : H2(2) N H}(Q) — L*(Q)
by

Az = Az + b(z) - Vz + ag k()2

Let us prove that Ax: H2(Q) N HL(Q) — L() is an isomorphism. The proof of the continuity and injectivity
follows as we did for .A. Now, from Theorem 2.2 we deduce the existence of an element y;, € H}(Q2) such that
Aryr = u. This equation can be written as follows

Ayp = u —bp(z) - Vyr — aok(2)y-
We have the estimates

16k - Vykll2 ) < bkl Lo @)n VYKl L2(0)n s

llaorykllL2 @) < llaokllze@)llyrllL2@)-

Thus, we have that Ay, € L?(2). From here and (2.7) we infer

Ykl m2 ) < Callu = br - Vyr — aoxyellL2(0)
< CA(HU||L2(Q) + 16" Vrllzz) + 0% - Vil r2) + ||a0,kkaL2(Q))

< OA(HU||L2(Q) 16" Lo ()n I VYkl 20y + ”bg”Lr’(Q)"”vyk”L%( Lt ||ao,k||L2(Q)||yk||L°o(Q))~

Q)

From the strong convergences of the sequences {b}}22 ; and {ag x}5,, we deduce the existence of some integer
ko such that

101 o) < 200" [|Lr)n and [laokllz2) < 2[laollz2) Yh > ko.

Inserting these inequalities in the above expression and taking into account the relations ||¥/|] Lo < Ko p and
10" || ey < €, we infer VE > ko

lyell =@ < Ca(Jlullzz@ + Keal Vol 2@y + 22190l 2a, o+ 2Naoll oo lsllime). (29)
Now, we apply Lions’ Lemma to the embeddings H%(Q) C H(Q) C L*(Q) and H?(Q) C C(Q) C L*(Q), where
the first embedding in each of the chains is compact. Selecting

1

A= !
4C A max{ K. p,2[|aol| 12 (o) }

we deduce the existence of a constant Cy such that for all y € H2(Q) N HJ ()

IVyllL2m < Mlyllaz@) + Callyllz2 o)

and

Iyl @y < Mlylla20) + Callyllz2)-
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Inserting these two inequalities in the estimate (2.9), using (2.8), and taking into account the definition of ¢,
we get

3
el g2 ) < CA(HU||L2(Q) + O [Kep + 2[|aoll 2] ||yk||L2(SZ)) + Z”kaHz(Q%
which, leads to the desired estimate:
I ll20 < 4Ca (Il @) + CalEes + laolle ]yl 2 o)- (2.10)

For n = 2 the proof is slightly different. We take {bx}32, C L>°(Q)" such that by, — b strongly in LP(Q2)". In
the same way as before we obtain that y, € H?(Q), but we directly write the estimate

lyell 2 @) < Callu — by - Vyr — ao ryrll 220
< Ca(llullzz(@) + 108 lLo oy

Vuill, 22, o ozl )

Now, we do not have that ||bg|/z»)~ is small, but since for n = 2 we are assuming p > n we have that

H2(Q) C Wlp%(Q) C L%(Q), the first embedding being compact, and we can argue using Lions’ Lemma for
the term HVkaL%(Q) .

Step 2. Let us prove that y, — y = A~ 1u strongly in Hg(£2). We have
lyr — Yl ) < CallAg — A oo ) ma@) 1l 29,

it is enough to show that ||A; ' — A7 210,13 () — 0 when k — oo. First we prove that {A ) s
bounded in L(H (), H}(£2)). It is immediate that

k—oo

H-Ak — AHL(H&(Q),H—l(Q)) < CQJ)ku; — bHL + CQHG;O.[C — a0||L2(Q) — 0. (2.11)

2p
P2 ()
Hence, there exists an integer k; such that

1

Hec-10),m29)

[Ax = All £z ), 1-1(0) < 2A- Vk > k.

This implies that
. 1
AT (A = Al a2 (0) < 3 Vk > k.
Hence, the operator I — A~1(A — Ay) is invertible in H{(£2) and its inverse is given by
J

(1 _ATY A Ak))_l - i {A*I(A - Ak)} .

j=0
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From here we obtain for every k > k;

oo

-1
||(I*A71(A*~Ak)) (@), 11 @) Z A= Ak)”ﬁ(Hl ORIGHES

-1
Now, we observe that A; ' = (I — A YA .Ak)) A~L. Thus, we obtain that

1A ey m@) < 204 o), mi@) V= K (2.12)

Finally, we find with (2.11) and (2.12) that

1A = A o1 0,120 = IATHA = A A (-1 (0), 12 ()
<A om0, m2 ) A = Akl 2oz 0, - Q))HAk I cca—1(),m21 Q)
0.

OO

< 2“A_1||2L(H*1(Q),H5(Q)) A = Akl £y o). (Q))
Step 3. Finally, the estimate (2.10) and the convergence y; — y in Hg () yields yx — y weakly in H?(().
Since u € L?(Q) was arbitrary, this implies the surjectivity of A. O

Corollary 2.6. Under the assumptions of Theorem 2.5 and in addition divb € L%(), the operator A* : H*(Q)N
HY(Q) — L?(Q) is an isomorphism.

Proof. Injectivity follows from Corollary 2.4. Let us prove that it is surjective. Take f € L?(Q) and let ¢ € Hg (£2)
be the unique solution of A*p = f. Notice that, from the second part of Corollary 2.4 we also know that
p € L>®(§2). Taking into account that we can write

Alp = A = b(z) - Vo + (ao(z) — divb(z))e,
we have that
A% —b(x) - Vo +ag(x)p=f+divb(z)pinQ, o =0o0onT
and the result follows from Theorem 2.5 because f + divb(z)p € L?(1). O

2.2. Analysis of the semilinear equation

Here, we analyze the equation (1.1). To deal with this equation we make the following hypotheses on the
nonlinear term f.

Assumption 2. We assume that f: Q x R — R is a Carathéodory function monotone nondecreasing with
respect to the second variable satisfying:

VM >0 3¢ € LP(Q) : |f(z,y)| < op(x) for a.a. 2 € Q and V|y| < M. (2.13)

Let us recall that p stands for a real number bigger than 3.

Now, we prove the existence and uniqueness of a solution for problem (1.1).

Theorem 2.7. Under the Assumptions 1 and 2, for every u € LP(Q) the equation (1.1) has a unique solution
yu in H(2) N C(Q). Moreover, there exists a constant K¢ independent of u such that

lvall o) + lsullo@ < Ky (lullzs@) + 17C0) s +1)- (2.14)
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Before proving this theorem we establish the following lemma.
Lemma 2.8. Let g: Q x R — R be a function satisfying Assumption 2. We also suppose that Assumption 1
holds. Then, if y1,y2 € Hg(Q) N L*°(Q) are solutions of the equations

with uy,ug € LP(Q) and uy; < ug in Q, then y1 < yz in Q as well.

Proof. We make the proof for n = 3. The case n = 2 can be proved in a similar way. We argue by contradiction,
proceeding similarly to the proof of Theorem 2.2. If the statement of the lemma is false, then there exists
0 < p < esssup,cq(y1(z) — y2(z)). Now, we set 2(z) = [(y1(x) — y2(z)) — p]*. We have that z € H}(2). We
denote Q, = {x € Q : Vz(z) # 0}. Let us observe that we have

O A =

and

z(z) = 0 if (y1 — y2)(x) < p.

Using these facts, our assumptions on b and u;, and the monotonicity of g we get

0> /(u1 —ug)zdx
Q

= Z aij(2)0z, (Y1 — y2)0z, 2 + [b() - V(y1 — y2)]z |dx
Q

+ [lotem) — ot pzar > [ (Z_ 43000,y + () - V212

> AV2|Z20,)0 = 1023 @,)n IV 2] 20,0 1]l Lo (02,) -

Now, we continue as in the proof of Theorem 2.2 to achieve the contradiction

A
||b||L3(Qp)n > o >0 Vp <esssup,eo(yi —y2)(2).

O
Proof of Theorem 2.7. The uniqueness of a solution is an immediate consequence of Lemma 2.8. The proof of
existence is divided into three steps according to different assumptions on f. To simplify the presentation, we
redefine f = f — f(-,0) and w = u— f(-,0) € LP(£2). Then, due to Assumption 2, f is continuous and monotone
nondecreasing, f(z,0) =0, and f is dominated by a function ¢y € LP(Q) in Q x [—M, +M] for every M > 0.

Step 1. Assume that there exists ¢ € LP(Q) such that |f(x,y)| < ¢(z) in Q x R. In this case, we consider the
operator T : C(Q2) — C(Q) given by Tw = y,,, where y,, is the solution of the problem

Ay +b(z) - Vy + f(z,w) = u in Q,
y=0onT.
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From Corollary 2.3 we have the existence and uniqueness of a solution y,, € H (2) N C%#(Q) for some u € (0, 1).
This solution satisfies

[ F @ w)llsy < Cas (Il + 16l ) = p.

From the compactness of the embedding C%*(Q) C C(€), we deduce that T is a compact operator applying the
closed ball B,(0 ) into itself. Hence, from Schauder’s fixed point Theorem we infer the existence of a solution
yu € HH Q)N C(Q) of (1.1). Moreover, (2.14) follows from the above inequality and the redefinition of u along
with the fact that A +b- VI : H}(Q) — H~(Q) is an isomorphism.

Step 2. We relaz the assumption of step 1 and now we only assume that there exists ¢ € LP(Q) such that f > ¢
in 2 x R. For every integer k > 1 we set fi(z,y) = f(x, min{y, k}). Then, from (2.13) we infer

o(x) < fr(z,y) < f2,proji_j 441 (y) < dr(z).

Hence, |fx(z,y)| < tx(x) = max{|p(x)], |px(x)|} with ¢, € LP(Q2). Then, we can apply Step 1 to deduce the
existence of a function y, € HE () N C(Q) satisfying

Ay +b(x) - Vyr + fe(x,yp) = v in €,
yp =0onT.

Now, by Corollary 2.3 there exists a function y € H}(2) N C(Q) solution of

Ay +b(z)-Vy=u— ¢ in
y=0onT.

Subtracting both equations we get

Ay —y) +b(z) - V(yr —y) = —fu(z,y0) + ¢ < 0.
Then, Lemma 2.8 implies that y; < y in Q2. Therefore, if we take k > [|y||c(q), we have that fi(z,yx) = f(z,yx),
and therefore yy, is solution of (1.1). The estimate (2.14) follows from the bound for y;, independently of & and
Assumption 2.
Step 3. The general case. Let us define fi(x,y) = f(z,proj_j 44 (y)). Then, according to Assumption 2, there
exists a function ¢, € LP(2) such that |fx(z,y)| < dr(z) in © x R. Therefore, from Step 1 we know that there
exists yx € H}(Q) N C(Q) satisfying

Ay +b(x) - Vyi + fe(z,ye) = u.

Now, we take z; € H}(Q) N C(Q) satisfying Az +b(z) - Vz1 + f(,2]) = u. The existence of such a function
follows from Step 2 because f(z,z;") > 0. This equation can be written as

Azy +b(2) - Va1 + folw, 21) = u+ filz,21) — f(z,27).
From the monotonicity of f with respect to the second variable, we have that fi(z,21) — f(,2{) <0, and
hence Lemma 2.8 implies that z; <y in Q.

Now, let 2o € HE(Q) N C(Q) satisfy

Az +b(2) - V2o = u — f(x, —[|21llc(@))-
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The existence of such a function follows from Theorem 2.2 and Corollary 2.3. Indeed, it is enough to observe that
from (2.13) with M = [|z1]|¢(q) We deduce the existence of a function ¢y € LP(€2) such that [f(z, —[|z1[lc(a))] <
¢ (z) for almost all z € Q. Then, f(-, —[|z1]lcq)) € LP(S2) holds. Noticing that the equation satisfied by yy
can be written

Ayr +b(z) - Vyr = v — fr(2, yr)

and that, using the fact that yx > 21 > —||21 c(q), We have fi(z,yx(z)) > f(z, —[[21]lc(q)). Then, subtracting
the equations satisfied by y, and zo we get

Az2 — k) +b(2) - V(22 — yk) = fr(z,u0) — f(2, =21l o) = 0.

Therefore, z1 < yx < z2 and, hence, fi(z,yx) = f(z,yx) for every k > max{||z1/lc(q) |22/lc(a)}, and conse-
quently yy, is solution of (1.1) for k large enough. As in the previous step, the estimate (2.14) follows from the
bound for y; independently of k. O

Now, we establish some additional regularity for the solutions of (1.1).

Corollary 2.9. There erists i € (0,1) such that the solution y, of (1.1) belongs to C%*(Q). Moreover, for
every M > 0 there ewists a constant Ky, v such that

Yullcon@y < Kppnmr  Yu € LP(Q) satisfying |lul| sy < M.

Proof. Since Ay, +b-Vy, =u— f(x,y,), this corollary follows from (2.13), (2.14) and Corollary 2.3. O

Theorem 2.10. Suppose that Assumption 1 holds, a;; € C%1(Q) for 1 <i,5 <n and ag € L*(Q). We also
suppose that Assumption 2 holds with p = 2, and that T' is of class CY' or Q is convex. Then, for every
u € L?(Q), the equation (1.1) has a unique solution y, € H?(Q) N HY(Q). Moreover, for every M > 0 there
exists a constant C4 ¢ Such that

lyullm2) < Capm Vu € LP(Q) satisfying lullr ) < M.

This is an immediate consequence of Theorems 2.5 and 2.7. The following result on the continuous dependence
of the state y, respect to u will be useful to prove the existence of a solution for the control problem (P).

Theorem 2.11. Let {ur}p>, C LP(Q) be a sequence weakly converging to u in LP(Q). Then, under the
assumptions of Theorem 2.7 we have that y., — yu strongly in H}(Q) N C(Q).

Proof. From Theorem 2.7 and Corollary 2.9 we know that {y,, }72, is bounded in H} () N C%#(2). Hence,
using the compactness of the embedding C%#(Q) C C(Q), we deduce the existence of a subsequence, denoted
in the same way, and an element y € H(Q) N C(Q) such that y,, — y in H}(Q) and y,, — y in C(Q). Now,
setting M = maxi<k<co [|Yu, [ c(0), We deduce from (2.13)

1 (@, g, (2)] < [f (2, 0)] + | f (2, yu, (2)) — f(2,0)]
< 1f(@, 0+ Cralyu, ()] < [f(2,0)] + Cpar M.

As a consequence we have that f(z,y.,) — f(z,y) strongly in LP(Q). Moreover, the compactness of the embed-
ding LP(Q2) c H~Y(Q) implies that uy — u strongly in H~1(£2). Hence, from Theorem 2.2 we infer that
Yu, = (A+0- VD) Y up — f(z,y4,)) = (A+b-VI)"H(u — f(x,y)) strongly in H}(Q). Thus, we have that
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y = yu and ¥y, — Y, strongly in H}(Q) N C(Q). Since, this convergence holds for any converging subsequence,
we deduce that the whole sequence converges as indicated in the statement of the theorem. O

To finish this section we analyze the differentiability of the relation u — 1,,. To this end, we make the following
assumptions on f.

Assumption 3. We assume that f : Q x R — R is a Carathéodory function of class C? with respect to the
second variable satisfying:

f(-,0) € LP(Q2) and g—f(x,y) >0 a.e. in  and Yy € R, (2.16)
Y

and for all M > 0 there exists a constant C'r 5s > 0 such that

of 0% f
a—y(x,y) + 6—y2(w,y) < Cya for ae. x € Q and for all |y| < M. (2.17)

For every M > 0 and ¢ > 0 there exists § > 0, depending on M and &, such that

82 f 52

87y2<$’y2) - Tyﬁ(%@h) <e if fyil,|y2l £ M, |y2 —y1| <0, for a.a. x € Q. (2.18)

Let us recall again that p stands for a real number bigger than 7. It is obvious that Assumption 3 implies

Assumption 2. Therefore, all the previous results remain valid if we replace Assumption 2 by Assumption 3.

Theorem 2.12. Let us suppose that Assumptions 1 and 3 hold. Then, the mapping G : LP()) — HH(Q)NC(Q)
given by G(u) =y, is well defined and of class C?. Moreover, given u,v € LP(Q), z, = DG(u)v is the solution
of

Az +b(x) - Vz+ g(az,yu)z =wvinQ,

y (2.19)
z=0onT.
For vy,vy € LP(Q) the second derivative 2y, ., = D*G(u)(vy1,va) is the solution of the equation
0 0? .
Az +b(x)-Vz+ a—z(z,yu)z = —Té(z,yu)zmzw in €, (2.20)

z=0onT,

where z,, = DG(u)v;, i =1,2.

Proof. The fact that G is well defined is a straightforward consequence of Theorem 2.7. To prove the
differentiability we will use the implicit function theorem as follows. We consider the vector space

Y ={yc Hy(Q)NC(Q): Ay +b-Vy € LP(Q)}.
This is a Banach space when we endow it with the norm

lylly = lyllzg ) + lvlle@) + 1Ay + 0 VyllLo o).
Let us consider the mapping

F:Y x LP(Q) — LP(Q)
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given by
Fly,u) = Ay +b(z) - Vy + f(-y) —u.

Using Assumption 3 and Corollary 2.3 it is easy to check that f(-,y) € LP(Q) for every y € Y, and the mapping
yeY — f(-,y) € LP(Q) is of class C?. Hence, F is well defined and it is of class C?. Moreover, the linear

mapping

OF _ 5
a—y(%u) Y — LP(Q)

OF B of
8—y(y, u)z = Az +b(x) - Vz + a—y(x,y)z

is an isomorphism. Indeed, if we consider the operator A defined by (2.2) with ag(z) = g—g(z,y(x)), we have
to prove that A :Y — LP(Q) is an isomorphism. From the definition of ¥ and the above estimates, we know
that A is well defined and continuous. From Theorem 2.2 we also deduce the existence of a unique solution
z € H}(Q) of the equation Az = v for every v € LP(Q)) C H~1(2). In addition, from Corollary 2.3 we know
that z € C(Q). Hence, we have that z € Y and A is an isomorphism. Then, we can apply the implicit function
theorem and deduce easily the theorem; see e.g. Proposition 16 in [6]. O

3. ANALYSIS OF THE OPTIMAL CONTROL PROBLEM

In this section, we firstly prove the existence of a global solution % of the control problem. Then, we derive
first and second order necessary optimality conditions for local solutions. Finally, we prove sufficient conditions
for local optimality. In the whole section we suppose that Assumptions 1 and 3 are fulfilled.

Theorem 3.1. Let us assume that L : Q X R — R is a Carathédory function satisfying
VM >0 3y € LNQ) | L(z,y)| < Yu(x) for a.a. x € Q and V|y| < M. (3.1)

Then, if Uaq is bounded in L*(Q) or L is bounded from below, the control problem (P) has at least one solution
Uu.

Proof. Let {uy}?2 | C Uaq be a minimizing sequence of (P). From the boundedness of U,q or the lower bounded-
ness of L we deduce that {uy}72, is bounded in L?(£2). Hence, we can take a subsequence, denoted in the same
way, converging weakly in L?(Q) to some element @. Since U,q is weakly closed in L?(£2) we infer that 4 € U,g.
Moreover, Theorem 2.5 implies that y,, — ya strongly in Hg(22) N C(Q). Therefore, using the assumption (3.1)
along with Lebesgue’s dominated convergence theorem, we get that J(@) < liminfy_, o J(ux) = inf (P) and,
hence, @ is a solution of (P). O

Before establishing the optimality conditions for (P), we study the differentiability of J. To this end we make
the following assumptions on L.

Assumption 4. We assume that L : Q x R — R is a Carathéodory function of class C? with respect to the
second variable satisfying that L(-,0) € L'(2) and for all M > 0 there exist a function ¢5; € LP(Q) with p > %
and a constant Cp, ps > 0 such that

oL 2

\m)\ < Yar(z) and \f)yf

9y (ac,y)’ < Cp M for ae. x € Q and for all |y| < M. (3.2)
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In addition, for every M > 0 and € > 0 there exists 6 > 0, depending on M and &, such that

0?L 0?L
’ <e if |yl |y2] < M, |y2 —y1| <9, for a.a. x € Q. (3.3)

Tyg(%?&) - Tyg(%yl)

It is obvious that (3.1) holds under Assumption 4. In the rest of the paper, we will suppose that Assumptions 1,
2 and 4 are fulfilled. Then, we have the following differentiability result.

Theorem 3.2. The functional J is of class C*. Moreover, given u,v,vy,ve € L*(Q) we have

J (u)v = /Q(gou + vu)v du, (3.4)

0%’L 0?
JU(”)(”DUZ) = L [TyQ(‘TﬁUU) - (puaiy];(x7yu) Zu1 Zvs dz + V/QUIU2 d:l?, (35)

where @, € HE(Q) N C(Q) is the unique solution of the adjoint equation

P oL
A*p — div[b(z)p] + a—g(w,yu)cp = afy(l’, Yu) in §2, (3.6)

p=0o0nT.

Proof. The C? differentiability of J is an immediate consequence of Theorem 2.12, Assumption 4 and the
chain rule. Moreover, the derivation of the formulas (3.4) and (3.5) is standard. The existence of a unique
@u € Hi(2) N C(Q) follows from Corollary 2.4 and the facts that (2.17) along with y, € C(Q) implies that
ap = g—i(-,yu) € L*(€) and assumption (3.2) implies that %(-,yu) e LP(Q). O

Since (P) is not a convex problem, we consider local solutions of (P) as well. Let us state precisely the different
concepts of local solution.

Definition 3.3. We say that @ € U,q is an L"(Q2)-weak local minimum of (P) with » € [1, +o0], if there exists
some € > 0 such that

J(w) < J(u) Vu € Usg with [|@ — ul|pr) < €.
An element @ € U,q is said a strong local minimum of (P) if there exists some € > 0 such that
J(u) < J(u) VYu € Usg with ||ya — yullz= @) < €.

We say that 4 € U,gq is a strict (weak or strong) local minimum if the above inequalities are strict for u # .

As far as we know, the notion of strong local solutions in the framework of control theory was introduced in
[3] for the first time; see also [2]. We analyze the relationships among these concepts in the followin lemma.

Lemma 3.4. The following properties hold:
If Uaq is bounded in L*(Q), then

1. u is an LY (Q)-weak local minimum of (P) if and only if it is an L"(2)-weak local minimum of (P) for
every r € (1,+00).
2. If w is an L™ (Q)-weak local minimum of (P) for some r < 400, then it is an L™ (Q)-weak local minimum

of (P).
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3. @ is a strong local minimum of (P) if and only if it is an L"(Q)-weak local minimum of (P) for all
r € [1,00).
If Uqq is not bounded in L*(Q), then

1. If i is an L*(Q)-weak local solution and L is bounded from below, then i is an L'(Q)-weak local solution.
2. If u is an LP(Q)-weak local solution, then u is an L9(2)-weak local solution for every p < q < oo.
3. u is an L*(Q)-weak local solution if and only if it is a strong local solution.

The reader is referred to [7] and [11] for the proof of this lemma. To deduce that any strong local solution is
an L?(Q)-weak local solution the following estimate is used

[y — valle@) < Cllu—allz2@) Vu € By(a),

where B,.(1) is the ball in L2(€). This inequality follows from the next result.

Lemma 3.5. Let U be a bounded subset of LP(SY). Then, there exists a constant My such that
Yu = yollaz @) + 1Yu — Vollo@) < Mullu—vlLo) Yu€U.
Proof. Without loss of generality, we can suppose that U is convex. Otherwise, we replace it by its convex hull,
which is also a bounded set. Given u,v € U, from Theorem 2.12 and the mean value theorem we have
9 = Yollzr @) + Y — Yollo@) < sup DG (@) 2L ),z @)nc@) llu = vllLe@)-

Then, it is enough to prove that | DG(4)|z(Lrq),Ht (@)nc () is bounded by a constant My, for every @ € U.
From Corollary 2.9, we know that M = sup{||yullc(q) : v € U} < +oc. Hence, from Assumption 3 we have

gf(x,yu(:z:))‘ <Cfum foraa zeQandVueld
Y

Now, given u € U arbitrary and v € LP(Q) with [|v]|1s(q) = 1, we denote by z and 2z the elements of HY Q)N
C(Q) satisfying the equations

Az +b(z)-Vz+ g(x,yu)z =wvin Q,

dy
z=0onT.
Azg+b(x) - Vzo = |v] in Q,
z=0onT.

Taking in Lemma 2.8 ¢ = 0, u; = 0 and us = |v|, we deduce that zy > 0. Now, subtracting and adding the
equations satisfied by z and zg, and using the monotonicity of f we get

A(zo— 2) +b(x) - V(o — 2) + %@,yux% )= g—iu,yu)zo fol—v>0inQ,

0 0
A(zo+2) + b(z) - V(20 + 2) + %(m,yu)(zo +z)= a—i(w,yu)zo +|v|+v>0in Q.
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Using again Lemma 2.8 we infer that zo — z > 0 and zg + z > 0 in 2, or equivalently —zy < z < zg in 2. Thus,
we get with (2.4)

12llc@) < l2o0lle@) < Capllvlize@) = Cap.

On the other hand, from Theorem 2.2 we deduce the existence of a constant C' independent of v such that

LP(m)

||Z|C(Q)|Q|”> < C(L+ CpmCaplQf7).
)

of
l#ll sy < C <I|vllm<m + Hayu,yu)z

<C <1+ ng(x,yu)

Lo (Q

Hence, we have
1
2l ) + [1Zllo@ < C(L+ CrmCaplQ?) + Cap = My.
Since u and v are arbitrary, we conclude that [[DG(@)]| (s (), m1(@)nc@) < Mu, and the lemma follows. [
Now, we establish the first order optimality conditions.

Theorem 3.6. Let u be a local solution of (P) in any of the previous senses. Then there exist two unique
elements §, p € Hi(Q) N C(Q) such that

Ag+b(x) - Vy+ f(z,9) =a in Q, (3.7)
y=0onT, '
oo e Of QL
p=0o0onT,
/(@ +va)(u—1u)de >0 VYu € Uy. (3.9)
Q

This theorem is consequence of the expression for J’ given in (3.4) and the convexity of U,q, which implies
that J'(@)(u— ) > 0 holds for every u € U,q. As a consequence of this theorem we have the following regularity
result on the optimal control.

Corollary 3.7. Let @ satisfy (3.7)~(3.9) along with (y, @), then u € H'(Q) N C(Q) holds. Moreover, if a;; €
CO1(Q) for1 <i,j <n,divb e L*(Q), p =2, and T is of class C** or Q is convez, then 3, $ € H?(Q) N H(Q)
holds. Finally, if Usq = L*(Q), then we have that @ € H?*(Q) N HL(Q).

Proof. Tt is well known that (3.9) implies that

L o).

u(x) = Projia 5 ( —
Then, the H'(Q) N C(Q) regularity of @ follows from this formula and the same regularity of ¢. Under the
additional assumptions on the data of the problem, the regularity of § and @ follows from Theorem 2.10 and
Corollary 2.6. Finally, if U,q = L?(Q2), then (3.9) is reduced to @ + vii = 0, hence @ enjoys the same regularity
as @. [
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In order to write the second order optimality conditions we introduce the cone of critical directions. Let

@ € Uyq be a function satisfying the system (3.7)—(3.9) along with the associated state § and adjoint state @.
We define the cone

Cy = {v € L*(Q): J'(a)v =0 and (3.10) holds}

’ (3.10)

Let us observe that (3.9) implies that

Therefore, if v € L?(Q) satisfies (3.10), then J'(ii)v > 0 holds, and J'(u)v = 0 if and only if v(z) = 0 if ¢(z) +
vi(z) # 0.

In the case where there are not control constraints, namely U,q = L*(Q), then J'(4) = 0 and Cy = L?(1).
Now, we have the second order conditions.

Theorem 3.8. If i is a local solution of (P) in any sense of those given in Definition 3.3, then J" (u)v? > 0
Vv € Cy. Conversely, if u € Uyq satisfies (2.12)~(2.14) along with (y, ¢) and

J"(@)w?* >0 YveCq\ {0}, (3.11)
then there exist € > 0 and k > 0 such that

K
J(u) + 5”“ - ﬂ”%z(g) < J(u) Yu € Uad : |[yu — YllLo(a) < e (3.12)

Proof. The proof follows the steps of [9] or [10]. To reproduce that proof we have to use that y., — y, and
Ou, — @ strongly in HE(Q) N C(Q) when up — u in L?*(Q). The convergence for the states is proved in
Theorem 2.11. Here we prove the part corresponding to the adjoint states. To this end we set

] 0
A*SO = A*(p — le[b((E)(ﬁ] + aij (fvyu)sov
Ak@ =A Y — le[b(iL’)QD} + 8y (.’E, yUk)cp

Since y,, — . in C(Q), there exists M > 0 such that Yurlo@) < M Vk. Then, from (2.17) and the mean
value theorem we deduce for [[¢|| 1 () < 1:

ICA° = AR+ < o[ 5 o) = B (o]
k—oo

< CaCr e — yulle@llelz) < CACHM Y — Yurllo@y — 0.

L3(Q)

Hence, we can proceed as in the proof of Theorem 2.5 to deduce the existence of kg such that

||[A;’;}’lllz(Hfl(m,Hg(Q)) < 2”[-/4*]71HL(H*l(Q),Hé(Q)) Vk > ko.
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In addition, arguing as in Step 2 of the proof of Theorem 2.5, we have

A" = (A -1 (@).mi@)) — 0 when k — oo.
Hence, we get with (3.2)

oL 0L

liw = euligon = (1417 5 o) = A7 G v [
<[ - e o

+[ran- [%(ayu) - %(wuk)} Lo
<A = (AT oo g 3y @),

+ 2H[A*]‘lllc(Hfl(m,HémnH%(@“’yu) - %(x’y“k) H-1(Q)

*1— f1— OL
< |I[A*7F = [A47) 1||L(H—1(Q),H(}(Q))Hafy(l‘,yu)

+2CaCr mIIA) Ml e-1@), 12 @) 19u = Yl L2) = 0.

‘H*l(Q)

It remains to prove that |[¢y — @u, [lc(a) — 0. The equation satisfied by ¢y, can be written as

% . 0 OL
A wuk - le(b(m)(puk) = _aiz(xa yuk)@uk + a*y(% yuk)

Since {¢u, }32, is convergent in Hg (), we have that it is bounded in L?(2). Using this, the fact that ||y, lew) <
M, and Assumptions 3 and 4, we have that the right hand side is bounded in LP(). Hence from Corollary 2.4
we deduce that {p,, }32, is bounded in C%#({2) for some g > 0. Then, the convergence in C(Q) follows from
the compact embedding C%*(Q) C C(Q). O

The following corollary is an immediate consequence of Theorem 3.8 and Lemma 3.5.

Corollary 3.9. Under the assumptions of Theorem 3.8. there exist Kk > 0 and € > 0 such that

K
J(u) + §||u - ﬂ||2L2(Q) < J(u) Vu € Uaq: |lu— 2@ <e. (3.13)

It is interesting to remark that if @ satisfies (3.7)—(3.9) and (3.11), then besides of being a strict local solution
of (P), there exists a ball B,.(i) C L?(2) such that % is the unique stationary point of (P) in B, (i), i.e. the
unique control satisfying (3.7)—(3.9); see Corollary 2.6 from [9].
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