Downloaded 04/23/13 to 193.144.185.29. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. CONTROL OPTIM. © 2000 Society for Industrial and Applied Mathematics
Vol. 38, No. 5, pp. 1369-1391

SECOND ORDER SUFFICIENT OPTIMALITY CONDITIONS FOR
SOME STATE-CONSTRAINED CONTROL PROBLEMS OF
SEMILINEAR ELLIPTIC EQUATIONS*

EDUARDO CASAST, FREDI TROLTZSCH?!, AND ANDREAS UNGER}

Abstract. This paper deals with a class of optimal control problems governed by elliptic equa-
tions with nonlinear boundary condition. The case of boundary control is studied. Pointwise con-
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1. Introduction. In contrast to the optimal control of linear systems with a
convex objective, where first order necessary optimality conditions are already suffi-
cient for optimality, higher order conditions such as second order sufficient optimality
conditions (SSC) should be employed to verify optimality for nonlinear systems. Sec-
ond order sufficient optimality conditions have also proved to be useful for showing
important properties of optimal control problems such as local uniqueness of optimal
controls and their stability with respect to certain perturbations. Moreover, they may
serve as an assumption to guarantee the convergence of numerical methods in opti-
mal control. In this respect, we refer to the general expositions by Maurer and Zowe
[15] and Maurer [14] for different aspects of second order sufficient optimality con-
ditions. The approximation of programming problems in Banach spaces is discussed
in Alt [2]. Moreover, Alt [3], [4] has established a general convergence analysis for
Lagrange-Newton methods in Banach spaces.

Meanwhile, an extensive number of publications have been devoted to different
aspects of second order sufficient optimality conditions for control problems governed
by ordinary differential equations. The well-known two-norm discrepancy has in par-
ticular received a good deal of attention. We refer, for instance, to Ioffe [13] and
Maurer [14].

First investigations of second order sufficient optimality conditions for control
problems governed by partial differential equations have been published by Goldberg
and Troltzsch [11], [12] for the boundary control of parabolic equations with nonlin-
ear boundary conditions. In [9], Casas, Troltzsch, and Unger have extended these
ideas to elliptic boundary control problems with pointwise constraints on the con-
trol. Moreover, they tightened the gap between second order necessary and sufficient
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optimality conditions. This was done by the consideration of sets of strongly active
constraints according to Dontchev et al. [10]. This technique is also related to first
order sufficient optimality conditions introduced by Maurer and Zowe [15]. It should
be mentioned that as many as four norms have to be used in this case (L°°-norm for
differentiation, L%-norm to formulate second order sufficient optimality conditions,
L'-norm for the first order sufficient optimality condition, and certain LP-norms to
obtain optimal regularity results).

Bonnans [5] has shown that a very weak form of second order sufficient condi-
tions can be used to verify local optimality for a particular class of semilinear elliptic
control problems with constraints on the control: If the second order derivative of
the Lagrange function is a Legendre form, then it suffices to have its positivity in all
critical directions.

In our paper, the results of [9] will be extended to additional constraints on the
state. In this way, we are continuing the investigations by Casas and Tréltzsch [8] on
second order necessary conditions. We also rely on general ideas of Maurer and Zowe
[15], combining their approach with a detailed splitting technique.

At the beginning, we aimed to establish second order sufficient optimality condi-
tions for boundary control problems governed by semilinear elliptic equations in do-
mains of arbitrary dimension with general pointwise constraints on the control and the
state. However, we soon recognized that pointwise state-constraints lead to essential
and somewhat surprising difficulties. To establish second order sufficient optimality
conditions for problems with pointwise state-constraints given on the whole domain,
we had to restrict ourselves to two-dimensional domains with controls appearing lin-
early in the boundary condition. These obstacles might indicate some limits for the
“traditional” type of second order sufficient optimality conditions for control problems
governed by PDEs.

If pointwise state-constraints are imposed on compact subsets of the domain, while
the other quantities are sufficiently smooth, then arbitrary dimensions can be treated
without restrictions on the nonlinearities. In this case the adjoint state belongs to
L>(T"). Moreover, we are able to avoid the assumption of linearity of the boundary
condition with respect to the control by introducing some extended form of second
order optimality conditions.

2. The optimal control problem. We consider the problem: Minimize the
functional

(2.1) zw%wzlfuquM+Amammmm»ww>

subject to the equation of state

—Ay(z)+y(z) =0 in €,
(2:2) { Buy(x) = bla, y(x),u(x)) on T,

to the constraints on the state y

(2.3) Fi(y)=0, i=1,...,m,
(2.4) E(y) € K,

and to the constraints on the control u

(2.5) ug(z) < ulx) <wup(z) almost everywhere (a.e.) onT.
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In this setting, {2 C R™ is a bounded domain with a Lipschitz boundary I" according to
the definition by Necas [17]. Moreover, sufficiently smooth functions f : @ x R — R
and ¢g,b : I' x R?> — R are given. The symbol 9, is used for the derivative in the
direction of the unit outward normal v on I'. The functionals F; : C(Q) — R,
i=1,...,m, are supposed to be twice continuously Fréchet differentiable, that is, to
be of class C2. By E we denote a mapping of class C? from C(Q) into a real Banach
space Z. K C Z is a nonempty convex closed set, and wu,, up : I' — R are functions
of L>°(T") satisfying u,(x) < up(x) on I

The control u is looked for in the control space U = L°°(T'), while the state y is
defined as a weak solution of (2.2) in the state space C'(Q) N H(2) =Y, that is,

(2.6) / (VyVou +yv) do = / b(-,y,u)vdS Yo e HY(Q).
Q r
We endow Y with the norm |lylly = [[yllo) + l¥ll#1()- The following assumptions
are imposed on the given quantities.
(Al) For each fixed z € Q or T, respectively, the functions f = f(z,y), g =

g(z,y,u), and b = b(x,y,u) are of class C? with respect to (y,u). For fixed
(y,u), they are Lebesgue measurable with respect to € Q or z € I, respec-
tively.

Throughout the paper, partial derivatives are indicated by associated subscripts. For

instance, by, stands for 92b/dyou . By b/ (x,y,u) and b (z,y, u) we denote the gradient
and the Hessian matrix of b with respect to (y,u):

(1) = (by(xvyw))’ b () = (byy(w,y,U) zyu(x7y7U));

bu(l‘,yvu) buy(xayau) uu(xayvu)

|b'| and [b”| are defined by adding the absolute values of all entries.

In the next assumption, fixed parameters p > n — 1 and s, r are used, which
depend on n. For the possible (minimal) choice of s and r we refer to the discussion
of regularity in (3.13). Roughly speaking, we have y|r € L*(T") and y € L"(Q2) in the
linearized system (2.2) if u € L*(T). As usual, s’ and r’ denote conjugate numbers.
For instance, s’ is defined by 1/s' +1/s = 1.

(A2) For all M > 0 there are constants Cp; > 0, functions \I/}V[ e LU/2'(Q),
YMLe [/2Y(T), ¥M2 ¢ [2/2'(T), ¥M3 € L(T), and a continuous,
monotone increasing function n € C(R* U {0}) with 1(0) = 0 such that

(i)
(2.7) by(z,y,u) <0 ae. x €T, V(y,u) € R?

b(-,0,0) € LP(T"), forap >n — 1,

|b’(x,y,u)| + |bll(x7yau)| < CMv

b (z, y1,u1) — b"(z, y2, u2)| < Car n(|yr — ya| + |u1 — ual)

for almost all x € " and all |y|, |ul, |y, |u;| < M, i=1,2;
(ii) f(-,0) € LYQ), f,(-,0) € L™ (Q), fuu(-,0) € LU/ (Q)

| fyy (@ 91) = Fyy(@,y2)] < O (2) nlys — va|)

VaeeQ |y <M,i=1,2
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(111) 9(7070) € Ll(r)a g/y(voao) € LS/(F)7 gu('aola O) € LQ(F)7
gyy('aoao) S L(S/Z) (F)a gyu(7070) S L2(S/2) (F)7 guu(7070) S LOO(F)
(here, - stands for x)

|Gy (2,91, u1) = gyy (2, Y2, u2)| < O (@)n(lys — yol| + |ua — ua),
|9yu (2, y1,u1) — gyu (@, Y2, u2)] < G2 (@)n(lyr — yo| + |ur — uz)),
|guu(xa y1,U1) - guu(xa y27u2)| < ‘I’g/[’3(90)77(|y1 - y2| + ‘ul - u2‘)7
for almost all x € T and all |y;| < M, |u;| < M.
REMARK 2.1. Notice that the estimates in (i)—(iil) imply boundedness and Lip-
schitz properties of b, f,g,b', f',g" in several L-spaces. We omit them, because they

follow from the mean value theorem.
(A3) (i) Let us define the norm

yll2 = llyllecay + 1yllL- @) + ylles @)

for y € C(2), where A C Q is a certain measurable compact subset. Here
A stands for a set, where we know y € C(A) for Neumann boundary
data given in L?(T). In the case n = 2 we may take A = , while A C Q
is needed for n > 2. For A = we put [yllc(a) = 0.
We assume at a fixed reference state 7 € C'(Q) that

IF{ @)yl < Crllyll2 vy € C(Q),
IF (@)1, 9]l < Crllyill2lly2ll Yy1,92 € C(Q)
olds with some C'r > 0. Moreover, we require with a Cjy; >
holds with C 0. M i ith a C 0
|F (y1)y — F; (y2)y| < Cumrllyr — v2ll2lyll2,
[(F (1) = E' (y2)ly, 0l < Crrnllyr = w2l o) I ll2llvll2
Y y; with Hyj”c(ﬁ) <M,j=1,2,Yy,vfromC(Q),andVi=1,...,m.

(ii) Analogous assumptions are imposed on E : C(Q) — Z, where || - ||z is
to be substituted for |- |. For instance,

IE'@yllz < Celylz vy e CQ)
is supposed.

We shall explain the main constructions of our paper by the following canonical ex-
ample (P) that fits in the general setting.

Example (P). Minimize
1
f/(y—yd)Qd:c—i-g/ﬁdS
2 Jo 2 Jr

subject to

—Ay+y=0 in €,
dy=u—y> onT,

and

in the open unit ball @ C R? around zero, where a > 0, yo € R, and yq €
L*>(Q) are given. Here, we have Z =R, K = R~, A = {0}, E(y) = y(0) —yo,
and we need y € C(Q) to make E well defined.
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3. The state equation and first order necessary optimality conditions.
It can be shown that the equation (2.2) admits for each u € Y% a unique weak
solution y = y(u) € Y, where U = {u € L®(T) |uq(z) < u(z) < up(x) a.e. onT}.
Moreover, there is a constant M such that

(3.1) ly(u)|ly <M Yu e U

In particular, it holds that [|ly||, g, < M. Casas and Tréltzsch (8] have proved that
the mapping u +— y(u) from L>(T) into Y is of class C2. Furthermore, the Lipschitz
property

ly(u1) — y(uz)ll2 < Callur — uallL2r)

holds for all u1, us € U, where C, is a positive constant and || - ||o is defined in (A3).
For fixed u € U we have b(-,y,u) € LP(T), hence the weak solution y € Y of (2.2)
belongs to the space

Yop ={y € H'(Q)| — Ay +y € LU(Q),d,y € LP(I)},

which is known to be continuously embedded into Y = C(Q2)NH! () for each ¢ > n/2
and each p > n — 1.

In all of what follows we assume that a reference pair (7,u) € Y x U is given,
satisfying, together with an associated adjoint state p € W17(Q) Vo < n/(n — 1),
and with Lagrange multipliers

A=01A)T eR™, 7t e 7%,

the associated standard first order necessary optimality conditions. We will just as-
sume them. They can be proved following Casas [7], Bonnans and Casas [6], or Zowe
and Kurcyusz [23]. The first order optimality system to be satisfied by (7, %) consists
of the state equations (2.2), the constraint @ € U%¢, the adjoint equations

(32) —AF+T=f,(.7)+ Y N @+ (EDF e nQ

(3.3) 0,2 = by (7, WP + 9y (.7 W) + >_NF/ @) + (E'9)"z|r onT
=1

for the adjoint state @, the complementary slackness condition
(3.4) (z',k—E@@) <0 VkeK,

and the variational inequality
(3.5) /F(gu(%?(ﬂf)ﬁ(x)) + @(2)by (2, Y(x), u(x))) (u(z) —u(x)) dS(z) 2 0

Y u € U We have F/(g) € C(Q), i =1,...,m, and E'(y)z" € C(©)"; hence
these quantities can be identified with real Borel measures on €). Let a nonnegative
function 8 € L*°(T") and real Borel measures pq and ur concentrated on © and T,

respectively, be given. Then the problem

’ dvp+pPp=pr onl
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admits a unique solution ¢ € W17 (Q) V o < n/(n — 1) (see Casas [7]; the reader is
also referred to Stampacchia [20] for the Dirichlet case). In view of this, we may write

m
P=yvo+ Y Nipi+em,
i=1

where g, @i, and g solve (3.6) for uo = fy, F/ (@), E'(§)*Z"|q, and pur = gy,
F!(Y)|r, E'(§)*z*|r, respectively. We have at least ¢o, ¢;, and pg in W7 (Q). More-
over, @ satisfies the formula of integration by parts

(3.7) /Q (—~Ay +y)pds + / By + By)p dS(x) = /Q ydug + / ydur

VyeY,,, where ¢ > n/2, p > n—1. It is easy to verify that the optimality conditions
can be expressed by the Lagrange function

L(y,u, 0,0 =) = Foly,u) — /Q (—Ay +y) pde - /F Dy — by, ) dS

(3.8)

m

+D_NFi) + (7 Ely)),

L:Y,, xUxWhH(Q) x R™ x Z* — R. The regularity of y and ¢ fits together,
as p € Who(Q) Vo < n/(n—1) ensures ¢ € L*(Q) V s < n/(n — 2) (Necas [17,
Thm. 3.4, p. 69]), and @|p € L"(I") holds V r < 1+ 1/(n — 2) [17, Thm. 4.2, p.
84]). Therefore, this definition makes sense. In (3.8), (-,-) denotes the duality pairing
between Z and its dual space Z*. The Lagrange function £ is of class C? with respect
to (y,u) for fixed ¢, A, and z*.

Thanks to (3.7), the optimality system can be rewritten in terms of £. Then it
is expressed by (2.6), the constraints on the state (2.3), (2.4), the constraints on the
control u € Y, and

(3.9) L,(y,u,5,\z)y =0 Vyevy,
(3.10) L7805, MN2) (u—1) >0 YuclU,
(3.11) Z k—E@) <0 VkekK.

This form is more convenient for our later evaluations.
Ezample. In (P), adjoint equation and variational inequality are given by

T—ya+z060), 9,7+37p=0,
/(aﬂ+¢)(u—ﬂ)d5’20 Wl < 1,
r

where 6(0) is the Dirac measure. ~
To shorten our notation, derivatives taken at (¥, u, %, A, z%) will be indicated by
a bar. For instance, L,y, L,(u — @) stand for the derivatives in (3.9) and (3.10),

respectively. Ly, [y1,y2] denotes the second order derivative of £ in the directions
Y1, Y2 taken at (7, @, @, A\, Z"). Moreover, L,,[w1,ws] is the second order derivative of
L in the directions wy = (y1,u1), wa = (y2,u2). If w1 = wy = w, then we write for

short Loy [w, w] = Ly [w]?.
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Next we provide some useful results on linearized versions of the state equation.
Regard first the linear system

—Ay+y=[f inQ,
(3.12) {&y +py=g onl,

where 3 € L*(T") is nonnegative. For each pair (f,g) € L'(Q) x LY(T), this system
admits a unique solution y € W17(Q), where o < n/(n — 1); see Casas [7]. (Notice
that a function of L' can be considered as a Borel measure.) On the other hand,
the solution y of (3.12) belongs to H'(Q) N C(Q) if (f,g) € LI(Q) x LP(T'). This
regularity result is well known for domains with C'-boundary. Moreover, it remains
true for domains with Lipschitz boundary in the sense of Necas [17] (see Stampacchia
[19] and Murthy and Stampacchia [16]). On account of this, the mapping D : (f,g) —
(y,y|r) is continuous from L'(Q) x LY(T') into L*(Q) x LY(T') for s < n/(n — 2) and
t <(n—1)/(n—2). D is continuous also from L9(2) x LP(T") into L>°(Q2) x L>°(T").
We obtain these spaces by embedding results for W1 (Q) [1], [17], [20]. In both
cases, this mapping is linear and continuous. Interpolation theory applies to show the
following results for D considered as a mapping defined on L?(2) x L?(T):

C), n=2, cm) n=2,
(3.13)y € L(Q)Vr<oo2,n n=3, ylr € ()Vs<oo(n_1) n=3,
LT(Q)Vr<n73,nZ4, L)V 7371124‘

4. Regularity condition and linearization theorem. Let us recall that we
consider a fixed reference pair (7, %) satisfying, together with (, A, z*), the first order
necessary conditions (3.9)—(3.11).

The linearized cone of U at T is the set C(u) = {v € L°°( ) |v=o(u—1), 0>
0, u € U}, Let F = F(y) denote the mapping y — (F1(y),. ( ))T from Y to
R™. For convenience, we introduce the set of all feasible pairs

M ={w = (y,u) €Y xU| y = G(u) and y satisfies the state-constraints}

(notice that G is the nonlinear control-state-mapping). Following Maurer and Zowe
[15], the linearized cone L(M, W) at W = (¥, ) is defined by

LM, w) ={w|w = (y,u), v € C(u) and (y,u) satisfies (4.1)—(4.3)},

where

—Ay+y =0 in Q,
(4-1) { Y00 = by 7Ty +bu( T T on T,
(4.2) F'(g)y =0,
(4.3) E'(9)y € K(E(7)).

Here, K(E(y)) ={z € Z | z = o(k — E(¥)), 0 > 0, K € K} is the conical hull of
K - E@).

REMARK 4.1. The choice Z = R¥, E(y) = (E1(y),..., Er(y)T, K = (R¥)~ for
E:Y — Z is of particular interest. Then (4.3) reduces to

Ei(7)y <0

for all active i € {1,...,k}, that is for all i, where E;(y) = 0 holds.
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Ezample. The linearized cone for (P) is the set of the following pairs (y,u): They
satisfy u € C(uw) and

(4.4) —ANy+y=0, oy + 37y = u,

(4.5) y(0) <0,

if (0) = yo (active state constraint). If the state constraint is not active, then (4.5)
disappears.

The following regularity assumption (R) is basic for our further analysis: To
formulate (R) we combine the two state constraints to one general constraint. We
therefore take Z =R™ x Z, K = {0} x K, define T : Y — Z by T(y) = (F(y), E(y)),
and put K (T(g)) = {0} x K(E(7)). The regularity condition was introduced by Zowe
and Kurcyusz [23] and requires

(R) T'(3)G'(w)C(u) - K(T(y)) = Z.

This condition is sufficient for the existence of a (nondegenerate) Lagrange mul-
tiplier associated to the state-constraint E(y) € K; see [23]. We should emphasize
that (R) does not rely on the condition int K # @. In Appendix 7.1 we shall present
some sufficient conditions for (R) which, however, require int K # (. (R) is discussed
for the canonical example (P) there. For Z = R¥, K = (R¥)~, the condition (R) is
equivalent to the well-known Mangasarian—Fromowitz condition.

THEOREM 4.2. Suppose that (R) is satisfied. Then for all pairs (§,4) € M there
is a pair (y,u) € L(M, W) such that the difference r = (r¥,r*) = (4,4) — (y,u) — (y, u)
can be estimated by

(4.6) Irllyxro(ry < CrLplld =l gl =l oy Vp>n—1,

(4.7) I7[l < Crallt = ullLoe (ryll@ = Tl L2 (1),

where ||r|| = ||rY||2 + [[*"||L2(ry. In the particular case b(z,y,u) = bi(z,y) + ba(x)u
we have

(4.8) 17y ooy < Crpllt —al 7oy Vp>n—1.

This theorem is proved in Appendix 7.2. Let us conclude this section by con-
sidering some useful estimates for £” and for certain remainder terms. First, we
evaluate

—/! — — — N =%
L [(yh u1)7 (1/2, u2)] = 'C//(yu u, p, )‘7 Z )[(yh ul)? (y27 u?)]?

where £ denotes the second order derivative of £ with respect to (y,u). We have

L' (g1, w), (g2, u2)] = /Q FoyCoPy1y2 dz + / (y1,u1)g" (7. 7) (2, u2)T dS
(4.9) +/F¢'(yl,Ul)b,/('a?ﬁ)(ymuz)TdS

+ Y NE @)y, vo] + 5 B @)y, va))-
=1
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Ezample. In the case of (P), £ admits the form

1

L [(y1,u1), (y2, u2)] =/y1y2d$+/(6¢??ﬂyz+04U1u2)d5~
Q T

The term connected with @ causes trouble, more precisely,

(410) I= /@(byy(vgaa)yﬂD + byu('aga ﬂ)(yluQ + y2U1) + buu('ay, ﬂ)uﬂlg) ds.
T

An estimate of I is needed with respect to the norm |[ly2 + |lulz2r) (cf. (4.19)).
We therefore have to require at least g € L?(T') in the second item and @ € L®(T)
in the third one. On the other hand, only % € L"(T') follows from » € W17 (Q) for
r < (n—1)/(n — 2); see Necas [17, p. 84]. For n = 2 we obtain @ € L"(I") for all
r < 00, while n = 3 yields the regularity g € L"(T") for all » < 2. On account of this,
the following additional assumption is crucial for our analysis.

(A4) Let one of the following statements be true:
(i) g € L= (D).
(i) buu(z,y,u) = 0 on ' x R? and, if n > 3, then p € L"(T') for some
r>n—1.
(iii) buw(z,y,u) = byu(x,y,u) = 0 on T x R? and, if n > 4, then p € L"(T)
for some r > (n —1)/2.
(iv) 0" (-,y,u) = 0.

We briefly comment on the consequences of these assumptions: (i) is true if
f, € LUQ), g, € LP(T) and if the restrictions of F}, i = 1,...,m, and E'(y)*z*
to ©Q and T, respectively, belong to L4($2), LP(T"), as well. Moreover, (i) holds for
functionals F!, i = 1,...,m, and E'(7)*Z* of C(Q)*, where the associated real Borel
measures are concentrated on the set A C ).

In addition to some assumptions on the regularity of @ for n > 3,4, (ii) requires
linearity of b with respect to u, that is b(z,y,u) = bo(z,y) + b1(z,y)u, (iii) means
that b(z,y,u) = b1 (z,y) + ba(x)u, while (iv) is true only for an affine-linear boundary
condition (but yet also true for a nonlinear functional Fp).

(A4) is obviously satisfied in the example (P).

As a consequence of (A3) and (A4), pointwise state-constraints on the whole set
€ can only be handled by the standard part of our theory if u appears linearly in
the boundary condition and n = 2. In the considerations below, we denote by 77
the remainder terms associated with the ith order Taylor expansion of a mapping 7T'.
For instance, the following first and second order expansions of b(z,y, u) are used at
triplets (x,y,u) and (z,7,u) € R*+2:

(4.11) b(z,y,u) — b(z,7,7) = (2, 7,7)(y — §,u —T) + 13,

where

(4.12) i = (by = by)(y —9) + (by — bu)(u—7)

and bZ,bZ,Ey,Eu denote by, b, taken at (z,7+ ¥y —7),u + ¥ (u — 1)) and (x,7,u),

respectively, with some ¢ € (0,1). Expanding the same expression up to the order
two, we have

b(x» Y, u) - b(x,y, u
(4.13)
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with the second order remainder term

1 —1

S =Tu—w)pb" by - gu-u)".

4.14 b=
( ) T2 9

Here, b7, 3" denote the Hessian matrix of b with respect to (y,u) taken at the same
triplets as above. Due to our assumptions on b’ and b”, the estimates

(4.15) 7] < Curlly = 9 + [u —f?),

(4.16) 73] < Carnly — g1+ [u — @) (ly — 7> + [u — @)

are valid Y |yl, 9, lu|, [@] < M. We continue with the discussion of the remainders r¥
and r5. A Taylor expansion of £ gives

L(y,w,P,\7") = LT, T, P,\,Z)
=Ly(y - y)+2( — ) +rf
_ _ 1 — _ _
=Ly(y =) + Lu(w =) + 5 (Lyyly =9 + 2Lyuly = §u — 0 + Luufu = ) + 75,

where £ indicates that £ and its derivatives are taken at (¥,u,®, A, Z*). We have

i = (Ly = L)y —7) + (Lo — Lu)(u—7)

7"2£ :*((Eﬂ - E )[i‘/ - ?]24- 2(£Zu - ZyU)[y —Y,u—7] + (‘CZu — Loyw)[u — E]Q)
£ indicates that (§+9(y —7),u +9(u —u), P, A, Z*) is substituted for (y,u, P, \, z*)
in £ and £"” with some ¥ € (0,1). On account of the assumptions (A1)-(A4), we are
able to verify

(417)  |rf] < Cellly =7l + llu — @ Za )
(418)  |rg] < Cenllly =Tl o + llu = allze ) (ly = 713 + lu = allFar),

and

/!
(4.19) £ [(y1,w), (Y2, u2)]| < Crlllynlle + lluallzz o) (122 + l[uallL2(ry)-

The constant C > 0 depends in particular on @. For the definition of n we refer to
the assumption (A2). The analysis of (4.17)—(4.19) is performed in Appendix 7.3.

5. Standard second order sufficient optimality condition. Our main aim
is to establish sufficient optimality conditions close to the necessary ones derived
in Casas and Troltzsch [8]. Therefore, we include also certain first order sufficient
optimality conditions. We shall combine an approach going back to Zowe and Maurer
[15] with a splitting technique introduced by Dontchev et al. [10]. The method of [10]
was focused on the optimal control of ordinary differential equations. It was extended
later by the authors in [9] to the case of elliptic equations without state-constraints.

In [15], Maurer and Zowe introduced first order sufficient optimality conditions
for differentiable optimization problems subject to a general constraint g(w) < 0. For
our problem, the application of their approach in its full generality is rather techni-
cal. Therefore, in an initial step we incorporate the first order sufficient optimality
condition only for the constraints on the control. Later, we shall deal in the same way
with additional state-constraints.
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The role of first order sufficient conditions can be explained most easily by the
minimization problem {min f(x)|z, < z < 73}, where f : R® — R is of class C2.
Let Z satisfy the first order necessary conditions (variational inequality). If n = 1,
then f'(Z) # 0 implies that Z is a local minimizer (even for concave f). Therefore,
the second order sufficient optimality condition f”(Z) > 0 is needed only in the case
f'(z) =0, where the first order necessary condition is not sufficient. The situation is
similar for n > 1: The positive definiteness of f”(Z) has to be required only on the
subspace {x € R" |2 = 0 if D' f(z) # 0}.

Define for fixed 7 > 0 (arbitrarily small) the set

L7 ={z e Tl|gu(z,y(2),u(x)) + P(2)bu(z, y(x), u(x))| = 7}.

T'; is a subset of “strongly active” control constraints (cf. (3.5)). In other words, I'; =
{z € T| |Lu(y,u,p,\ 2°)(x)| > 7} is the set, where the gradient of the objective
(expressed as a function of the control) is sufficiently steep. In the example above, T
can be chosen as the minimal value of all nonvanishing | D% f(z)|.

We mention at this point the relation

(5.1) ZE'@y) <0

Y (y,u) € L(M,w), which follows from (z*, E'(3)y) = 0(Z*,k — E(y)) < 0 in view of
(3.4).

Let P, : L>°(I") — L*(I') denote the projection operator u +— xp\r, v = Pru. In
other words, (Pru)(z) = u(z) holds on T'\ T';, while (P,u)(z) = 0 holds on I';. We
begin with our first and at the same time simplest second order sufficient optimality
condition.

(SSC) There exist positive numbers 7 and ¢ such that

(52) [’H(y7ﬂa ¢7Xa E*)[wQan] Z 6||u2||2L2(F)

holds for all pairs we = (y2,us) constructed in the following way: For every
w = (y,u) € L(M,w), we split up the control part u in u; = (u — Pru) and
us = Pru. The solutions of the linearized state equation

(5 3) —Ay;+y;, =0 in Q,
’ 8uyz = by(»?vﬂ)yz + bu(a?vﬂ)uz on I’

associated with u; are denoted by y;, ¢ = 1,2. By this construction, we get
the representation w = wy + wg = (y1,u1) + (Y2, us).

REMARK 5.1. The coercitivity condition (5.2) of (SSC) is required on the whole
set LM, w) if I'; is empty. This rather strong second order condition is obtained by
the formal setting T = 0.

THEOREM 5.2. Let the feasible pair w = (g, u) satisfy the reqularity condition
(R), the first order necessary optimality conditions (3.9)—(3.11), and the second order
sufficient optimality condition (SSC). Suppose further that the general assumptions
(A1)—(A4) are satisfied. Then there are constants ¢ > 0 and 8’ > 0 such that

(5.4) Fo(,4) > Fo(g,u) + &'||a —al| 72 py
holds for all feasible pairs W = (§,4) such that

(5.5) |t =l Loy < o
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Proof. We denote by [ = (, A, Z*) the triplet of Lagrange multipliers appearing
in the first order necessary optimality conditions. Let an arbitrary feasible pair w =
(g, 1) be given. Then

(5.6) Fo(i) — Fo(w) = L(w,1) — L(@,1) — (z", E(§) — E(7))
follows from F(w) = F(w) = 0. The complementary slackness condition implies
—(z7, E(9) — E())) = 0.
Hence we can neglect this term, and a second order Taylor expansion yields
Fo(w) — Fo(w) > L(w,1) — L(w,1)
> /qu (6 —7)dS + %L”(E, D[ —w]* + 15 (W, b — ),

where ,(z) = gu(z, (), u(x)) + @(2)by(z,¥(z),u(x)). Using the variational inequal-
ity, we find

(5.7) Fy(w) — F(w) > 7 /

I

1
i — 7| dS + 5E”(w, D[ — @) + r5 (W, 0 — ).

Let us introduce for convenience the bilinear form B = L”(w,l). Next we ap-
proximate @ — W by w = (y,u) € L(M,wW), according to Theorem 4.2. In this way
we get a remainder r = (r¥,r%) = W — W — w satisfying the estimate
(5.8) Il < Crllé =l oo oy l& = Tll L2(r)-

It follows that B[w — w]? = Blw]? + 2B[r,w] + B[r]>. We have w € L(M,w); hence

(SSC) applies to B[w]?. Now we substitute in B[w]? the representation w = w + ws
described in (SSC) and deduce

Blw])? = Blws)? + 2B[wy, ws] + Blw,]?
> bl|ualZ2ry — 2Ce(llyall2 + lluall ) (ly2lle + lluzllz2qry)
—Ce(llyll2 + lluallzr))?
from (SSC) and (4.19). In the following, ¢ will denote a generic constant. Suppose
that ¢ < 1 is given and assume || — ||y < 0. Then [jyll2 < ¢l|ugl|r2(r) and
Young’s inequality together yield
Blw)* > 8lluallfa(ry = 5lluzllZary = cllualzz

w?dS —c | w?dS
T\, T,

5.9
(5.9) zé/ |a—u|2ds—c/
2 Jmr, I\,

—c/ i — 7l \r“\dS—c/ 2 48,
r r,

T

|ﬂ—ﬂ||r“|dS—c/

| —u|*dS
r,

The expression under the third integral is estimated by || — || eo ()| — . In the
other integrals (except the first) we insert (5.8) and derive

6 L L L
(5.10)  Bw]* > 5/ |u—u\2d5—cg/ |u—u|dS—cp||u—u||2Lz(F).
I\r, r,



Downloaded 04/23/13 to 193.144.185.29. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SUFFICIENT SECOND ORDER OPTIMALITY CONDITIONS 1381

The treatment of B[r,w] and B[r]? is simpler. We find

|Blr, w]| < ellrllllull 2y = ellrlilla —u + 7| L2r)

< collti — a||2L2(r)-

The same type of estimate applies to B[r]?. Altogether,

)
(5.11) B[w—w}ZZE/

. |ﬂ—ﬂ|2dS*CQ/ @ — 1| dS — collt — Tl| 72

T

is obtained. By substituting (5.11) in (5.7), we get

. _ L 0 L L
Folid) ~ Fo(w) = (r—co) [ Ja-ulds+3 [ Ja—u?as - cola -l
r, I\I,

~|rg (w, % —w)|
T I 6 P N2
> = |6 —u|dS + - |4 — | dS — collt — |72
2 Jr, 2 Jrr,
~|rg (w, % —w)|.

Since [|& — @l poe(ry < 1 was assumed, |@ —u| > |& — u|* holds a.e. Using this in the
first integral, setting 6’ = min{7/2,6/2}, and substituting the estimate (4.18) for 7%,
we complete our estimation by

Fo() = Fo(w) > [|a — @720y (6" — co = n(elli = l| oo (1))
/
> §||ﬁ—ﬂ||2m(r)

for sufficiently small o > 0. |

Our condition (SSC) does not have the form expected from a comparison with
second order conditions in finite dimensional spaces. In particular, the pair (ya,us)
constructed in (SSC) does not in general belong to L(M,w). To overcome this diffi-
culty, we introduce another regularity condition (R), that is stronger than (R). This
new constraint qualification is similar to that one used in Casas and Tréltzsch [8] to
derive second order necessary conditions.

Let C-(u) denote the set of controls u € C(u) having the property u(x) = 0 if
x € I';. We strengthen (R) to

(R), T'(5)G'(w)C-(u) — K(T(7)) = Z.

On using (R),, we are able to show that the following second order sufficient
optimality condition implies (5.4) as well.
(SSC), There exist positive numbers 7 and 6 such that

(5.12) L"(9,5,, 7, 2%)[w, w] > 6||ull72r

holds for all pairs w = (y,u) of L(M,w) with the property u(xz) = 0 for
almost every x € I';.
THEOREM 5.3. Let the assumptions of Theorem 5.2 be fulfilled, where (R) and
(SSC) are replaced by (R), and (SSC).. Then the assertion of Theorem 5.2 remains
true.
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Proof. The proof is almost identical to that of Theorem 5.2. The only difference
consists in a more detailed splitting. In the first part of the proof we repeat the steps
up to the splitting w = wy + wo after (5.8). Define ® =T o G. Then we have

o' () (u1 + u2) € K(2(w)),
as wi + wy € L(M,w). Therefore,
P’ (w)uz € K(®(w)) — ¢ (w)uy

holds so that wy = (ya,us) does not in general belong to the linearized cone. Thanks
to the regularity condition (R);, the linear version of the Robinson-Ursescu theorem
(see Robinson [18]) implies the existence of up in C, (@) with the following properties:
The inclusion

& (W)uy € K(®(w))
holds, and
(513) ||’LL2 — uH”Lz(p) S c||u1||Lz(p)

is satisfied (see the proof of Theorem 4.2 in the appendix). In other words, we find a
pair wy = (yg,uy) in L(M,w) with ug = 0 on T';. Hence, (SSC) applies to Blwg]?.
Moreover, the control uy is sufficiently close to us.

Now we define @y = ug and 43 = uy + (ug — ug). Further, let §; = G'(w);
denote the corresponding solution of the linearized state equation. Then w; = (g, ;)
is substituted for w; = (y;,u;), ¢ = 1,2. The only difference between the proofs of
Theorem 5.2 and 5.3 appears between the formulas and (5.8) and (5.9): We use the
splitting w = w; + Wy instead of w = wy +ws. Moreover, the first line of the estimate
(5.9) is changed as follows:

_ 0. -
Blw]* > & gl 72y — 7 lall7z () — e llnllZs )

36
> =z + (= wa) ey — et + (12— um)3ar)

6
Z 3 luzll7z ) — cllutllZa ),

where we have used the estimate (5.13). Then we proceed word for word as in the
proof of Theorem 5.2. 0

Ezample. Let us briefly comment on (SSC) in the case of (P) for an active state
constraint 7(0) = yg. Then L(M,w) is expressed through (4.4), (4.5), and a quite
strong second order condition is formulated by

(514) L (57 u, @72*)[1”77”] > 6”“‘”%2(1")

for all w = (y,u) € L(M,w). In this way, we would not take advantage of strongly
active control constraints. These constraints appear on I'; = {x € T'| |au(x)+o(x)| >
7|} We split (y,u) = (y1,u1) + (y2,uz2), where ug =0 on I'; and w3 =0 on I'\ T';.
(SSC) requires the coercitivity condition (5.14) only for (yo,us), while (y1,u1) is
handled by first order sufficient optimality conditions. Notice that y, might violate
the state-constraint y(xo) < 0. We avoid this by (SSC).: It requires the coercitivity
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condition for the following u € C(u): They vanish on I'; and satisfy together with the
associated solution y of the linearized partial differential equation the state-constraint
y(zo) < 0.

The paper [15] shows that “strongly active” state-constraints may also contribute
terms to the first order sufficient optimality conditions. However, this leads to a
rather technical construction and more restrictive assumptions. We have to suppose
that the function b is linear with respect to the control u and n = 2. The corresponding
theorem is stated below. Define for fixed 8 > 0 and 7 > 0 the following subset of
L(M,w):

Lg (M, W) ={w|w = (y,u) € L(M,w) and w satisfies (5.15) below}.

The decisive inequality characterizing Lg - is

(5.15) Z E'G)y) > B lu(z)| dS(z).
I\l

Lg (M, w) is the subset of L(M, W), where the term (z*, E(y)) does not much con-
tribute to the first order sufficient optimality condition. It is only this set Lg (M, )
where we have to require second order conditions, namely, the following condition.
(SSC’) There exist positive numbers 3, 7, and 6§ such that

(5.16) L', 7,7 [wa, wa] > 6||uaF

holds for all wy = (y2,us) obtained in the same way introduced in (SSC) by
elements w taken from the smaller set Lg (M, ).
Using this condition, we formulate the following.

THEOREM 5.4. Let the feasible pair w = (g,u) satisfy the reqularity condition
(R), the first order necessary optimality conditions (3.9)—(3.11), and the second order
sufficient optimality condition (SSC'). Suppose further that the general assumptions
(A1)—(A4) are satisfied. Moreover, assume that n = 2 and b(x,y,u) = byi(z,y) +
ba(z)u. Then there are constants ¢ > 0 and &' > 0 such that

(5.17) Fo(9,4) > Fo(g,u) + &[4 — Ul 2
holds for all feasible pairs w = (§,1) satisfying
(5.18) & =l e ry < e

Proof. We begin in the way we have shown Theorem 5.2 by

(5.19) Fo(w) — Fo(w) = L(, 1) = L(w,1) = (27, B(9) — E())-

Once again, the representation w—w = w7 is obtained. Now we distinguish between
two cases.

Case I w = (y,u) € L(M,wW)\Lg,-(M,w). This is the case where we deduce
(5.17) from first order sufficiency. Here, the inequality

(5.20) -z, E'(m)y) > B lu(z)| dS(x)
I\l
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is fulfilled. We transform (5.19) as follows:

Fo(w) = Fo(w) = L' (w, 1) (e = ) + Tf@,j@ —w) - (" E() — E@))
)(:l) - y) + Eu(mv l)(ﬁ - H) - <§*a El(?)(@ - y))
+T1£(E7U} - E) - <§*7T1E(y7g - y»

|
D
<
B

(5.21) +rf @, o —w) — (2% E' @)Y +r{ (7.9 - 7)),
where [, (x) stands for g, (z,7(z),u(z)) + @(x)by (z,y(x), u(x)).
Owing to n = 2 and b(z, y,u) = b1(z,y) + b2(z)u, we are able to apply the strong
estimate (4.8) with p = 2. This yields
(5.22) 17l xzoe(ry < Crllt —al|72 (.-
By Theorem 4.2, (5.22), (4.17), and (A3 (ii)) we have

max{[[r¥|lz, [, 77l 2} < e(l = 7l + & — a7z r))-

Now the Lipschitz property of the mapping u — y(u) = G(u) from L?(T') into C(Q)
(note that n = 2) permits us to estimate the last three items of (5.21) by ¢ Hﬁ—ﬂ”%z(r).
(5.20) is applied to the second one, while the first one is treated by I'.: We know that

Lu(z)(i(z) —u(r)) >0 ae. onlj

hence

/zu (a—ﬂ)dsz/ lu(ﬂ—u)dS:/ |zu||a—md527/ i — 7| ds.
r T, T, T,

Inserting this in (5.21) we continue with

Fo(th) — Fo(w) > T/

(i — ) dS + ﬁ/ ul dS — clli — T2,
r, I\I,

ZT/ |’IA1/—E‘ ds—l-ﬁ/ |’LAL—E‘ dS—CH’LAL—ﬂH%g(F)

r, m\T,

in view of [|r"{|pee(ry < cf|@ — E”%m‘)‘ Proceeding with the estimation, we deduce
Fo(w) — Fo(w) > min{B, 7}H|@ — Ul Ly (ry — collt — Ul Ly (r)

> [t —al Ly

with some 3’ > 0, provided that ||t —1| )y < @ < o1 is fulfilled and g, is sufficiently
small. Assume additionally that g; < 1. Then |4 — u|? < |& — u| holds a.e.; hence

(5.23) Fo() — Fo(w) > B'||a —a| 72

follows for ||t — | o (ry < 01

Case II: w € Lg (M, w) (partial use of first order sufficient optimality condi-
tions). Here, we neglect the term (z*, E(§) — E(y)) and proceed word for word as in
the proof of Theorem 5.2, using Lg  instead of L. ad
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REMARK 5.5. Unfortunately, the definition of Lg (M, W) is not constructive. It
is difficult to describe in an explicit way which (y,u) € L(M, W) belong to the different
cases I or I1. Therefore, this type of first order sufficient condition is only of limited
value (see, for instance, the next example).

Ezample. To illustrate (SSC’) for (P) in comparison with (SSC), let us assume for
simplicity @ € int2/??, hence I'; = (). Then (SSC) requires the coercitivity condition
(5.14) on the whole set L(M,w). If 5(0) = yo and Z* > 0 (strong complementarity),
then (SSC’) is weaker than (SSC): (5.14) is not needed for all (y,u) € L(M,w)
satisfying

(5.24) —z*y(0) > 5/F lu(z)|dS.

Assume that y can be represented by a positive Green’s function G = G(z, §),

y(0) = / G(0,€)u(€)dS(©),

such that G(0,£) > v > 0 on I'. Then (5.24) is fulfilled with 8 = z"y V u < 0.
Moreover, all u > 0, u # 0 do not contribute to L(M,w). Therefore, the coercitivity
condition (5.14) is needed only for all u having positive and negative parts Uy and
U_, where U, dominates U_. However, this information does not essentially improve
(SSC).

REMARK 5.6. Theorem 5.2 follows from Theorem 5.4 by setting 3 = 0, where we
can avoid the restrictions n =2 and b(x,y,u) = by (x,y) + ba(x)u.

The cone C(n) is defined by C(w) = {p(u —u) |u € U, p > 0}. Its closure in
L2(T) is

clC(m) = {v € L*(1) |v(z) <0 if u(x) = up(x), v(z) >0, if u(x) = ua(x)}.

Let us redefine L(M,w) by substituting c1C(u) for C(w) and require (SSC) in this
form. Then (SSC) appears to be stronger, and Theorem 5.2 holds as well, since
clC(uw) D C(u). However, it can be proved by (R) and the generalized open mapping
theorem that (SSC) based on clC(w) is in fact equivalent to (SSC) established with
C(u). This follows by continuity arguments.

6. Extended second order conditions. A study of the preceding sections
reveals that (SSC) is sufficient for local optimality in any dimension of  without
restrictions on the form of the nonlinear function b, whenever (A3) is satisfied and
@ € L>(T"). pis bounded and measurable if pointwise state-constraints are given only
in compact subsets of 2 with the other quantities being sufficiently smooth. In two-
dimensional domains, pointwise state-constraints can be imposed on Q, if b(x, y,u) is
linear with respect to u. An extension to @ € L"(T") requires stronger assumptions on
b. However, we shall briefly sketch in this section that some extended form of (SSC)
may partially improve the results for n < 3.

Let us assume @ ¢ L°°(I"). Then it seems to be natural to introduce in L (T")
another norm

lullo = (/F(l + @) )u®(2) dS(x)>1/2~

This definition is justified, as u € L>(T") and y € C(Q2) holds in all parts of our paper.
For p € L>°(T'), the new norm is equivalent to ||ul|z2(r). To get rid of the restrictions
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imposed on b in (A4) we redefine the set of strongly active control constraints I'; by
(6.1) Trp =A{z €T[|gulz,y(x),ul(z)) + B(2)bu(z, y(z),u(z))] = 7(1 + [@(2)])}-
Moreover, we substitute the condition

(6.2) L"(7,1,5,X,7°) [wa, wa] > 6|uzl|?

for (5.2). If ¢ L°°(T), then (6.2) is stronger than (5.2). On the other hand, the
term [ @by, u3dS contributes to £”. (SSC) implies (at least) the nonnegativity of
©byy; hence

[ #uiis = [ [l buduzas = x [ [pluas
I I T

holds, provided that |b,,| > k. In view of this, (6.2) appears quite natural.

Now Theorem 5.2 remains true for n < 3 without assumption (A4).

This statement is easy to verify. Apart from the estimates (4.17)—(4.19), our
theory is not influenced by introducing ||u||,. The discussion of (4.17)-(4.19) is the
decisive point. We are able to replace |- || 2(r) by |- ||, there, as the basic inequalities
(7.14)—(7.16) (Appendix 7.3) can be slightly reformulated: (7.14) is nothing more
than

(63 [ plids < i,
while (7.16) remains unchanged (n = 2,3). Only (7.15) has to be substituted by

1/2
/F 12l Iyl |ul dS = / 21y @] ul dS < |lull, ( / |so|y2ds)

—nl/2
(6.4) < N2 e oy Il oyl

Here we have invoked (7.15) for sufficiently large s (n = 2,3). Now a careful study of
the proof of Theorem 5.2 shows that (A4) can be removed on using (6.3) and (6.4).
Assuming (6.2), we arrive at the estimate (5.4) with ||a —l|?, instead of ||@ _6”%2(1“)'
Then (5.4) follows from |[jull, > [|ul[z2(r). The same arguments apply to the first
order sufficient conditions in Theorem 5.4 for n = 2 if we redefine Lg (M, w) by
substituting for (5.15) the inequality

(6.5) = E'@y) > P / L arlEias

7. Appendix.

7.1. On the regularity condition. Regard the state equation (4.1) linearized
at (7,1). Let Y C H'(Q) be the set of all solutions of this equation associated to
uw € L=(T). In other words, we have Y = G'(w)L°°(I"). (R) is satisfied in the following
particular cases.

(a) K = Z (no inequality constraints). Then (R) means F'(7)G’'(uw)C(u) = R™.
This condition is satisfied if, in addition to the surjectivity property F’ (y)f/ =R™,
the following holds: There is a @ € intpe(r) U with F'(7)j = 0. Here, § denotes
the solution of the linearized state equation (4.1) associated with @ — @, that is,
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7y = G'(w)(@ —w). The proof follows from [22, Lemma 1.2.2].

(b) F = 0 (no equality constraints). In this case, (R) is read as E'(7)G’ (w)C(u) —
K(E(w)) = Z. Once again, (R) is implied by two separate conditions: We assume
E' ()Y — K(E(y)) = Z and require the existence of an @ € int oy U with the
property that E'(y)g € K(E(y)) holds at § = G'(u)(a — uw) [22, Lemma 1.2.2]. Tt
should be mentioned that case (a) follows from (b).

Ezample. (P) is worth discussing in this context. If the state constraint y(0) < yo
is not active at 7, then (R) is obviously satisfied. Therefore, we assume 3(0) = yo and
get K(E®@)) = {z € R|z2 <0} = R~. Then E'(§)Y — K(E(7)) = Z reduces to the
following requirement: For every z € R™ there exists a function u € L°°(T") such that
the equation y(0) = z is satisfied by the corresponding solution y of the linearized
equation (4.4). This property is fulfilled, since we may find at least one u € L>°(T")
such that y(0) # 0. Hence, (R) is implied by the following conditions: There are
@ € L*(T") and ¢ > 0 such that |4| < 1 — ¢ holds and that the solution § of (4.4)
corresponding to & — @ satisfies §(0) < 0.

(c) General case. Let us assume intz K # () and int ey U £ (). We require
the surjectivity property

(7.1) F'(7)Y =R™.

Moreover, assume the existence of a @ € intze ) U such that
(7.2) E@)+ E'(y)y € intz K,

(7.3) F'g)j=0

holds for § = G'(w)(4@ — @). Then (R) is fulfilled. To show this, we first mention the
simple fact that Z € intz K implies Z+ z/p € K for arbitrary z € Z if ¢ is sufficiently
large. We have to verify that the system

(7.4) F'(g)y = 21,
(7.5) E'(@)y — o(k — E(7)) = 22

is solvable V z; € R™, z5 € Z by some y € G'(u)C(u), k € K, and ¢ > 0: From (7.1)
we find uy € L°°(T) such that y; = G'(@)uy solves the equation

F'(G)y1 = 21.
Now we add to y; a multiple of §. Then
F' @)y +ej) = F' @y = =1

is obtained from (7.3). Consequently, (7.4) holds for y = y; + 0§. Moreover, we
deduce from (7.2) for sufficiently large o that

E@) +E®)ij— (22— E'@wn) =k<K.

SN

This relation is equivalent to

E' () (y1 + 07) — ok — E(7)) = z.

Therefore, (7.5) is satisfied by y = y1+09. Furthermore, u;+o(a—u) = o(a+(1/0)us —
@) € C(u) holds for sufficiently large o. This is true, since @ + (1/0)u; € U for o
large enough (notice that @ € int () 4*?). Thus we have also shown y € G'(w)C ().
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7.2. Proof of the linearization theorem. To prove Theorem 4.2 we need the
following auxiliary result.

LEMMA 7.1. Let w, 0 € U be given with associated states 7,7 defined by (2.2).
Introduce y € Y as the solution of the linearized state equation

(7.6) —Ay+y=0 in €,

’ Oy =by(-,7,0)y + b, (-, 7, w) (4 —u) onT.
Then the estimates
(7.7) 9 =7 —ylly <Cpllt —Tl|poe(ryl|& =Tl ory Vo >n—1,
(7.8) 19 =7 —yll2 < Cal|t — Tl poo(ry |8 — | L2 (1)

are satisfied with certain constants Cp, Ca. If by(x,y,u) does not depend on y and u,
then we have

(7.9) li—T—ylly < Cplla =Ty Vp>n—1.

Proof. We use the first order expansion of b at (x,7,%) and obtain from (2.2),
(7.6), and (4.11) the system

_A(
G-y

~—

a+

(
(4 —

—y)=0 in{,

7y):’r11) OHF7

Y

y_
—by (-7,

\_/ @>
@> <
@\ <

where

[ (@)] < Cu(l9(2) = 7(2)? + |a(z) - a(z)]?)

and M depends on U*¢ (notice that the boundedness of Z/*? implies a uniform bound
on all admissible states). Therefore, the discussion of (3.12) yields for p >n — 1

9 =7 —ylly <elrbllo

ce( () (o))

The mapping u +— y = G(u) is Lipschitz from LP(T) to C(Q2) for p > n — 1. If
p = 2, then the Lipschitz property holds in the norm |y||2 for y. For p > n — 1, we
continue by

15 -5 vlly <e(la - + i~ Tlr=@la - Tloom)

while p = 2 yields only

19 =7 —yll2 < cllt =l poo (ry ||t — | 2 (1y-

We have shown (7.7) and (7.8). If b, does not depend on (y,u), then b, (-, 7+ 9(§ —
7),u+ 94 — 7)) = by(-,7,a); hence

78] = [(by —by)(G — )| < clg — 7.
This yields

1Pl oy < e (19 = Fllem i = Flleem)) < clld— EH%p(ry
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that is, (7.9). 0

Proof of Theorem 4.2. Define v = 4t —u and let § denote the solution of the linear
system (4.1) associated to u := v. We have § = G'(u)v, where G : L>°(T") — Y is the
control-state mapping u — y = G(u) for the nonlinear system (2.2). By Lemma 7.1,

(7.10) 19 =7 —3lly <e(v),

where e(v) denotes the right-hand side of the estimates (7.7) and (7.9), respectively,
depending on the assumptions on b. Let us introduce the mapping ®(u) = T'(G(u)).
Its derivative is ®'(u)v = T' ()G’ (uw)v, and the regularity condition (R) can be rewrit-
ten as

&' (u)C(u) — K(®(m)) = Z.
We know that ®(4) € K, hence a Taylor expansion yields
(7.11) ®(0) = ®(a) + ¢ (@)(a — a) + 7,
where the norm of ¥ can be estimated by
(7.12) 127 < ce(v).

Since ®(4) and k = ®(u) belong to K, (7.11) implies & (u)(t —u) + k +r¥ € K; thus
also

(7.13) ' (@) (o — 1) € —ry + K(®(1)).

In other words, we have 4—% € C(u) and ¢ () (4—u) <k @@@) —rt, where 2 > g (o))
0 is defined by z € K(®(w)). Owing to (R), this inequality is regular in the sense of
Robinson [18]. Therefore, we are able to apply the linear version of the Robinson—
Ursescu theorem (see [18]): It implies the existence of a constant Cr > 0 and a
u € C(u) satisfying |[u — (@& — u)|| L= () < Cr|rT| 2z together with

' (w)u € K(®(u)).
Consequently, for y = G'(@)u, we have (y,u) € L(M,w) and
[u = (@ =)l Lo (r) < Ce(v).

The estimates stated in (4.6) and (4.8) follow immediately.

(4.7) is proved completely analogous. Here, e(v) is defined by (7.8), || - ||y is to
be replaced by || - ||2, and [ - | 2(ry is to be substituted for || - || Lo (). We rely on the
continuity of ®'(7) in the L?-norm.

7.3. Estimates of the Lagrange function. In this subsection we derive the
estimates (4.17)—(4.19) for 7£, r5, and £”. They depend mainly on the estimation of
I defined in (4.10), which is performed by the discussion of the following integrals:

(7.14) Awaswmwy

provided that assumption (A4 (i)) is fulfilled, and
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1/2

— — . 1/2
[ Fellullalas < ligull ool oy < AP e I

Ls/z(r)||uHL2(F)

(7.15) < @l pzssc-2 @ 1yl s o) ull L2 (r)-

These estimates are justified by (A4 (ii)): For n = 2 we know y € C(T') and ¢ € L"(T)
Vr < oo. If n >3, then y € L*(T") holds V s < 2(n — 1)/(n — 3) (including s < oo for
n = 3). The function 2s/(s —2) = 2/(1 — 1/s) is monotone decreasing. Therefore,
s12(n—1)/(n—3) implies 2s/(s —2) | n — 1, so that g € L"(T") for some r >n —1
justifies (7.15) with a sufficiently large s. Finally,

(7.16) /mez ds < H@HL(S/2)’(F)||:U2| L2y = 1@l Lerce—2 Yl %s(r)

is estimated by (A4 (iii)): In the case n = 2 we can take s = oo, as y € C(I)
and ¢ € L'(T') is true without any additional assumption. For n = 3 we know
y € L(T)V s <oo. If s oo, then s/(s—2) | 1< n/(n—1). Since ¢ € L"(T)
holds V r < n/(n — 1), (7.16) is true for sufficiently large s. In the case n > 4
we repeat the analysis of the case n > 3. This leads to the additional assumption
% € L"(T') for some r > 251, Now it is easy to derive the estimates (4.17)—(4.19) for

L", rf, and r5: For instance, I in (4.10) is handled by (7.14)-(7.16), and

1] < / 1 ([byy | ly1y2] + [byul(ly1ua]| + [y2usl]) + [buul [urus] dS
T
< c(llyall2 + llurllpz(r)) (ly2ll2 + lluzl L2 ),

as byy, byu, and by, belong to L>°(T). The other parts of £ are discussed by means of
(A1)—(A3). This yields (4.19) after easy evaluations. In the same way, the remainder
terms are investigated. Here, the quantities in I are the most difficult ones again. For
instance, (7.14)—(7.16) applies to discussing

rd1 = 1 {15, = By g =7 + 205 =Byl =5l Ju —
+ 16, — buul lu —l*} dS
< en(lly = llew) + llu—allpe ) (ly = 713 + llu = w72y,
which contributes to 75. The other terms of 75 are handled by the estimates for

second order derivatives in (A1)—(A3) in a direct way. Simple evaluations of this type
verify (4.17)—(4.18). We leave the details to the reader.
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