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Polarized light imaging is a potential tool to obtain an adequate description of the properties of depo-
larizing media such as biological tissues. In many biomedical applications, for instance, dermatology,
ophthalmology, or urology, imaging polarimetry provides a noninvasive diagnosis of a wide range of
disease states, and, likewise, it could be applied to the study of internal tissues though the use of
endoscopes that use optical fibers. We introduce an algebraic method, based on the Mueller-coherence
matrix, for a clearer analysis of the polarization characteristics of depolarizing media via the entropy
factor. First-order errors introduced by the measurement system are corrected. Entropy defines three
kinds of media according to their depolarizing behavior, and several examples corresponding to each
region are shown. The calculation of this factor provides clearer information than that provided by the
traditional Mueller matrix in the analysis of biological tissue properties by polarization measurement
techniques. © 2005 Optical Society of America
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1. Introduction

Different optical techniques, for instance, spectros-
copy, fluorescence, or optical tomography,1–4 can be
applied to the study and analysis of optical media.
Polarimetry is the branch of optical measurements
focused on the measurement of polarization proper-
ties of samples, and it can be used to analyze the
properties of depolarizing optical media.

These media tend to depolarize a large fraction of
the incident light,5 making the degree of depolariza-
tion an interesting parameter to be measured. If a
sufficiently significant part of the light remains po-
larized, this can lead to one’s obtaining parameters
concerning the relation between incident and emerg-
ing polarization states. The study of these parame-
ters can be related to properties of the device under
test (DUT). For example, in biological tissues these
parameters will be closely related to their biological

and physical properties, providing a fundamental
way to understand their structure and behavior.

Depolarizing media cannot be characterized by
Jones matrix J,6 as it can handle only completely
polarized light. However, Mueller matrix M,7 which
works with 4 � 4 real matrices, can handle partially
polarized light and, consequently, depolarizing me-
dia. Moreover, their description using the real Muel-
ler matrix is more interesting for measurements, in
that direct intensity measurements can be per-
formed. For obtaining the elements of the Mueller
matrix, mij, different measurements must be real-
ized,8 and several setups can be discussed. The ex-
perimental measurement will provide a 4 � 4
Mueller matrix M, which is inevitably measured in
the presence of experimental errors and noise, so it is
particularly important to define the underlying phys-
ically correct Mueller matrix by use of an algorithm to
correct the measurement errors introduced by the
polarization devices.

Optical properties of the depolarizing media can be
described by means of the Mueller-coherence matrix,
C4�4, a matrix related to the Mueller matrix and
whose properties are equivalent to the well-known
2 � 2 coherency matrix C2�2. Optical parameters,
such as the so-called entropy factor, can be obtained
and give important information on the polarization
properties of the optical media. The application of
these parameters to biological tissues provides a clear
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interpretation of their polarization characteristics
and furnishes extra information closely related to
their biological and physical properties, in their anal-
ysis.

In this paper the application of the entropy factor
obtained from the Mueller-coherence matrix is pre-
sented and applied to the characterization of depo-
larizing media such as biological tissues to obtain
clearer information of their polarization behavior
than with the Mueller matrix. To obtain a correct
characterization of the measurement scheme, we con-
sider the polarization devices nonideal and analyze
and correct their influence on the measured values.
The scheme of this paper will be as follows. First, the
Mueller-coherence matrix and the entropy factor will
be defined and described. Next, the measurement
method and the errors introduced by optical polariza-

tion devices (linear polarizer and linear retarder) will
be described, showing the mathematical method em-
ployed to correct their presence. Then the method of
processing the Mueller matrix element values to cal-
culate the entropy factor will be applied to different
examples, corresponding to each of the regions in
which the entropy values of optical media can be
divided. In the first region, as biological tissues do not
usually present low values of entropy, an optical de-
vice (a linear polarizer) will be described. Afterward,
for the second region, a Mueller matrix is extracted
from an experimental measurement treating the po-
larization properties of a biological cell suspension of
a cancerous tissue. Finally, for the third region, with
high entropy values, an experimental measurement
of the characteristics of a human eye by double-pass
backscattered light in its interior is described.

2. Mueller-Coherence Matrix and the Entropy Factor

Depolarizing media produce not only a variation of
the polarization state but also a change of the degree
of polarization, making the Mueller matrix the usual
method to analyze these media. However, more in-
formation can be extracted from these media from
parameters such as the entropy factor. To obtain this

factor, one must previously define the Mueller-
coherence matrix.

The homomorphism SU�2� ↔ O��3� allows con-
necting the coherence matrix C2�2 and the coefficient
Stokes parameters Si characterizing the light8

through its decomposition into the Pauli matrices ��i�
basis.13,14 In a equivalent way, by means of the ho-
momorphism SU�4� ↔ O��6�, the Mueller-coherence
matrix C4�4 and the Mueller matrix can be connected
by use of the Dirac matrices ��ij� basis15:

C2�2 �
1
2 �

i�0

3

Si�i ⇔ C4�4 �
1
4 �

i, j�0

3

mijnij. (1)

The Mueller-coherence elements, cij, and Mueller
matrices’ elements, mij, are related by the following
expressions:

From the eigenvalue analysis of the Mueller-
coherence matrix, additional information can be ex-
tracted. The eigenvalues, �i, and eigenvectors, C4�4 i,
can be easily obtained, as they conform to a set of a
maximum of only four terms, as follows:

C4�4 � �1C4�4 1 � �2C4�4 2 � �3C4�4 3 � �4C4�4 4. (3)

The number of significant eigenvalues and their
values is directly related to the depolarizing charac-
teristics of the media. In polarization-maintaining
media, only one eigenvalue is different from zero,
providing a direct correspondence between the Jones
and the Mueller matrices. On the other hand, in de-
polarizing devices, some of them take values different
from zero, and the concept of entropy H factor is
introduced:

H � �� xi log4 xi ) xi

� |�i| ��
j

|�i|, 0 � xi � 1. (4)

The entropy factor takes a value from 0 to 1. An
entropy factor 0 corresponds to only one nonzero eig-
envalue, that is, media not introducing a depolariza-

c11 � m11 � m12 � m22, c31 � m31 � m32 � i(m41 � m42),
c12 � m13 � m23 � i(m14 � m24), c32 � m33 � m44 � i(m34 � m43),
c13 � m31 � m32 � i(m41 � m42), c33 � m11 � m12 � m21 � m22,
c14 � m33 � m44 � i(m34 � m43), c34 � m13 � m23 � i(m14 � m24),
c21 � m13 � m23 � i(m14 � m24), c41 � m33 � m44 � i(m34 � m43),
c22 � m11 � m12 � m21 � m22, c42 � m31 � m32 � i(m41 � m42),
c23 � m33 � m44 � i(m34 � m43), c43 � m13 � m23 � i(m14 � m24),
c24 � m31 � m32 � i(m41 � m42), c44 � m11 � m12 � m21 � m22. (2)
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tion and whose polarization state is perfectly known
at their output. In the opposite case, with an entropy
factor 1, this corresponds to four identical eigenval-
ues, and media present an unknown output polariza-
tion state. This factor introduces an independent
measurement of the polarization behavior of optical
media, so it can be properly characterized without
any consideration of the input light. According to the
value of entropy, three zones can be defined.

A. Small Value of H (between 0 and 0.25)

One of the four eigenvalues of C4�4 is much higher
than the other three. In this case a dominant eigen-
value exists, and the behavior of the media is only
slightly depolarizing. A direct relation between Jones
and Mueller matrices can be established from the
principal eigenvector.

B. Intermediate Value of H (between 0.25 and 0.8)

There is no longer a dominant eigenvalue, and the
behavior of the principal eigenvector is disturbed.
The influence of the other eigenvectors should also be
taken into account. Because these depolarizing media
cannot be represented by one Jones matrix, deriving
the Jones matrix from the dominant eigenvalue is not
absolutely meaningful, and its value has to be as-
sumed as a general description of the main behavior
but is not a complete and exact description of the
DUT.

C. High Value of H (more than 0.8)

The former theory is no longer applicable, and the
media, with such a high degree of depolarization,
cannot be described with the entropy analysis. Other
polarization parameters have to be considered to an-
alyze the polarization behavior of the media.

This definition of the entropy factor makes possible
the analysis of any optical media. Thus it will be
applied to the characterization of biological tissues.

3. Characterization of Biological Tissues by the
Entropy Factor

As previously described, the entropy factor values can
be divided into three regions, in which the polariza-
tion properties of the media are strongly different.
Different media correspond to each region according
to their polarization properties. In this section, this
factor will be used to characterize the depolarization
properties of biological tissues. First, the measure-
ment scheme and an error-correction method to ob-
tain the exact Mueller matrix of the DUT from the
experimental Mueller matrix measured in the pres-
ence of errors are also presented.

In the measurement system, which includes both
the input and the output polarization devices em-
ployed to obtain the Mueller matrix M of the depo-
larizing medium (Fig. 1), light coming from an input
source is introduced into a polarizer and a quarter-
wave plate, and its output is sent to a beam splitter
(BS). This BS transmits the light on the sample
(DUT), focusing it onto the sample through an optical
lens. The reflected signal is conducted by the BS to an

output analyzer and to the detector. The polarizers,
quarter-wave plates, and BS are commercial Melles
Griot polarization components.

Optical devices introduced into the measurement
system to extract the Mueller matrix of an optical
media can produce depolarization and introduce er-
ror factors in the measurements because of their im-
perfections. In this paper, no depolarization is
considered, and the optical devices are supposed to
introduce only first-order errors, in which no relation
between the orthogonal components or frequency
change is produced. These errors are optical activity
�	P�, strain �
P�, and leakage ��P� in the linear polar-
izer and optical activity �	R� and dichroism ��R� in the
linear retarder.16 As polarization devices are not sup-
posed to produce modification of the degree of polar-
ization, they could be analyzed by a simple Jones
matrix.17 However, Mueller matrix results are more
general and allows a fast and easy calculation of the
whole system to be analyzed, as the DUT are actual
depolarizing media that cannot be analyzed by a
Jones matrix. Therefore the Mueller matrices with
the error factors for the linear polarizers and retard-
ers are calculated, and the influence of these error
terms on the elements of the Mueller matrix is ana-
lyzed. The values of these elements with the error
factors included are shown in detail in Appendix A.

Starting from these equations, an interesting ap-
plication is to pursue the correct information out of
the measured, error-enhanced Mueller matrix. The
error parameters of the polarizer and retarder are
provided by the manufacturer. In a Mueller matrix
measurement, four Stokes columns should be mea-
sured for four types of incident light, namely, natural
light, horizontal linear polarized light, 45° with the
x-axis linear polarized light, and left-handed circular
polarized light.8 These incident polarizations deter-
mine for each case the configuration of the input po-
larization devices, the polarizer, and the first
retarder. The configuration of the output polarization
devices corresponds to the Mueller matrix element to
be measured, so each Mueller matrix element is ob-
tained by means of a certain combination of the input
and output polarization devices.

Fig. 1. Measurement system scheme. P, polarizer; QWP, quarter-
wave plate; BS, beam splitter.
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However, the introduction of errors by the polariz-
ing devices produces a variation of the experimental
values from the theoretical ones, in such a way that
each measured value results in a combination of dif-
ferent Mueller matrix elements without errors. Six-
teen different equations are obtained, one for each
Mueller matrix element, from which an equation sys-
tem with 16 equations and variables is obtained, pro-
viding the experimental nonerror values from the
measured matrix.

In all the examples the following error factors, cor-
responding to standard values in polarization com-
mercial devices,16 are assumed: 	P � 	R � 0.1,
�P � 0.05, �R � 0.1, and 
P � 0. Some of the
element equations used to obtain the nonerror values
of the Mueller matrix, those corresponding to its first
column, are shown below:

m1, 1
meas � 1.0227m1, 1

corr � 0.1787m2, 1
corr,

m2, 1
meas � 0.9974m2, 1

corr,

m3, 1
meas � 1.0711m3, 1

corr,

m4, 1
meas � � 0.0964m1, 1

corr � 0.0098m2, 1
corr,

� 0.0146m3, 1
corr � 0.9691m4, 1

corr, (5)

where meas (measured) means elements experimen-
tally obtained in the presence of first-order errors and
corr (corrected) means those that should have been
obtained, without errors and which really correspond
to the Mueller matrix elements of the depolarizing
media.

Next, the entropy calculation previously described
will be applied to three different examples corre-
sponding to the three regions of entropy, to prove the
potential of this method. First, as biological tissues do
not usually have low values of entropy, an optical
device (a linear polarizer) will be used to describe this
region. Then two different biological tissues will be
used to describe the other two regions, with medium
and high values of entropy. In the second region, the
biological tissue is a cell suspension of cancerous tis-
sue, and, in the third, a human eye.

A. Entropy under 0.25

This region corresponds to small values of entropy,
that is, nondepolarizing or slightly depolarizing me-
dia. Biological tissues are not a good example of me-
dia corresponding to this region, as they tend to be
highly depolarizing media that depolarize a large
fraction of the incident light, with an entropy factor
higher than 0.25 in most practical applications. An-
other medium different from biological tissues has to
be used as an example to describe this region of the
entropy values.

As an example of a medium with small values of
entropy, a simple polarizing device, a horizontal lin-
ear polarizer, is analyzed.18 A red He–Ne laser ��
� 633 nm� is utilized as an input source. Its exper-

imental Mueller matrix MP
meas is

MP
meas ��

1 1.01 0.02 �0.01
1.03 1.04 �0.01 0.01
0.03 0.04 0.02 0.01

�0.02 �0.02 0.02 �0.02
�. (6)

We correct this matrix by considering the previ-
ously described errors introduced by the polarization
devices, obtaining MP

corr:

MP
corr ��

1 1 0.02 0.09
0.92 0.92 0.03 0.09
0.07 0.06 0.02 0.02
0.18 0.20 0.02 0

�. (7)

From this matrix we calculate the eigenvalues, ob-
taining a principal eigenvalue much higher than the
others and a value of entropy of 0.16; thus this is,
effectively, a slightly depolarizing device. The equiv-
alent Jones matrix of the principal eigenvector JP

showing the main behavior of the device is

JP � � 1 0.016 � 0.046i
0.036 � 0.102i 0.005 � 0.001i�. (8)

This matrix is, as expected, similar to the theoret-
ical matrix of a linear polarizer.

The following examples, in the second and third
regions, correspond to media with high depolarizing
behavior. Hence a different biological tissue will be
used as an example for each region.

B. Entropy between 0.25 and 0.8: Biological Cell
Suspension of Cancerous Tissue

This region comprises the values of depolarizing me-
dia, and most biological tissues are included here.
The entropy factor is obtained from a biological
108 cells/cm3 suspension of a rat fibroblast cancerous
tissue.19 The scattering coefficient of this sample is
S� � 2.2 cm�1, and its transport mean free path
�mfp � 1�S�� is 0.45 cm. Its experimental value is
taken at 0.7 mfp and corrected by our considering the
errors introduced by the elements of the measure-
ment system. The input source is a green He–Ne
laser with � � 543 nm. The experimental value of the
Mueller matrix MC

meas is

MC
meas ��

0.92 0.52 �0.14 �0.03
0.51 0.55 �0.05 0.01
0.05 �0.02 �0.11 �0.08

�0.03 �0.05 �0.06 �0.08
�. (9)

We correct its value by considering the errors in-
troduced by the polarization devices, whose values
have been previously described, obtaining MC

corr:

20 January 2005 � Vol. 44, No. 3 � APPLIED OPTICS 361



MC
corr ��

0.91 0.48 � 0.22 0.13
0.51 0.52 �0.11 0.16
0.05 �0.01 �0.108 �0.07
0.06 0.02 �0.08 �0.08

�. (10)

In this case, the correction introduced in the matrix
elements is quite small. From MC

corr the Mueller-
coherence matrix and the eigenvalues are obtained.
The principal eigenvalue takes the value of 1.27,
which means that it is 4.3 times higher than the
second one. From these eigenvalues we calculate the
entropy, obtaining 0.664. This demonstrates that this
biological tissue, as expected, is depolarizing, and the
degree of polarization of the reflected light is strongly
modified. The equivalent Jones matrix of the princi-
pal eigenvector JC is an approximation to the main
behavior of the device, and its value is

JC � � 1 �0.163 � 0.133i
0.016 � 0.053i �0.088 � 0.14i �. (11)

This matrix is quite similar to the matrix of a linear
polarizer, showing the highly absorbing behavior of
this biological tissue.

A deeper analysis of this tissue should be devel-
oped, comparing its entropy factor in other situations,
that is, when it does not present any cancerous or
diseased condition. The value of the entropy factor
will probably be modified, so a medical diagnosis
could be realized through the study of this factor.
Another possible extension of this study would be to
consider the depolarizing effects that could take place
in the polarization devices, analyzing their influence
on the measured values. An intensive and exhaustive
study of the value of this factor for different tissues
and pathological states should be accomplished to
provide a clear and confident tool to medical staff in
tissue examination, providing an extra instrument
for the development of optical biopsies.

C. Entropy over 0.8: Human Eye

Some biological tissues are classified into this third
region, in which the high value of the entropy factor
shows an extremely high depolarizing behavior. As
an example, the entropy factor is applied to the study
of the polarization properties of a human eye. In this
case, the spatially resolved Mueller matrix ME

meas of
a 2-mm pupil of the right eye of a human being for a
certain illumination angle has been obtained,20 from
a double pass into the eye. A red He–Ne laser with
� � 633 nm is used as the input source:

ME
meas ��

1 �0.14 �0.36 �0.05
�0.02 0.51 �0.07 �0.04
�0.3 �0.35 0.5 �0.06

0.16 0.35 0.19 0.34
�. (12)

The experimental matrix is corrected with the er-
ror parameters previously described, and the matrix

ME
corr is obtained:

ME
corr ��

0.97 �0.02 �0.30 0.24
�0.17 0.45 �0.31 0.24
�0.4 �0.04 0.49 0.19
�0.18 0.04 �0.06 0.39

�. (13)

For this matrix, the entropy factor is very high,
0.813, so this is an extremely depolarizing medium.
The equivalent Jones matrix of the principal eigen-
vector is no longer meaningful. If the entropy factor is
calculated for different pixels corresponding to differ-
ent angles of illumination, although this matrix pro-
vides a good description of the eye, it does not indicate
a significant change in its polarization behavior, so
the entropy factor is no longer applied (Fig. 2, con-
tinuous curve). In this sample, the value of the en-
tropy is found to be extremely high, with only small
variations in the central region. This shows a very
depolarizing behavior of the eye, with no dependence
of the angle.

When the entropy factor does not introduce any
significant information, other parameters should be
analyzed to obtain an angle-dependent variation of
the polarization properties. In this case, the
horizontal-to-vertical cross talk, (HVC) is calculated.
Because in most applications the relative properties
of the DUT are important, the absolute values of the
cross talk can also lead to valuable information. The
HVC as well as the right-to-left cross talk can be
verified.21 When the incident light is linearly horizon-
tally polarized, HVC is defined as the ratio

HVC �
par � perp
par � perp. (14)

When the emerging light is passed through a hor-
izontal polarizer, the measured intensity is par.

Fig. 2. Entropy factor (continuous curve) and the horizontal-to-
vertical cross-talk parameter (dashed curve) of the horizontal me-
ridian with the pixels (illumination angle) along the middle of the
Mueller image of a human eye.
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When passed through a vertical polarizer, it produces
perp as measured intensity. Right-to-left cross talk is
defined analogously. This cross talk can be caused by
depolarization or by another polarizing effect of the
sample (retardance). The entropy, the cross talk, and
the full Mueller matrix are the tools applied in ex-
periments to distinguish different structures or char-
acterize media.

The HVC, in opposition to the entropy factor, suf-
fers a strong variation with the angle in this example
(Fig. 2, dashed curve), taking high values in the cen-
tral region and canceling in the rest. This shows an
important polarization-dependent behavior of the
central region of the eye, which cannot be observed
with the entropy factor. The values obtained for the
HVC show the presence of a linear birefringence, as it
has been previously described.20

Therefore it has been demonstrated that the en-
tropy factor can be an important source of informa-
tion about the polarization properties of biological
tissues, but, in certain cases, this factor can be ana-
lyzed together with other parameters such as the
cross talk, which provides more complete information
than the entropy factor.

4. Conclusions

A complete method to analyze the polarizing proper-
ties of optical media that modify the degree of polar-
ization has been introduced. This method leads to a
transparent analysis of the depolarizing media with
the concept of the Mueller-coherence matrix and the
entropy factor, together with other parameters such
as the cross talk.

From the Mueller matrix M, a 4 � 4 coherency ma-
trix C4�4 has been defined, from which polarization
parameters such as the entropy factor have been ob-
tained. This factor defines three kinds of media ac-
cording to their entropy values, directly related to
their depolarizing behavior. Different examples of bi-
ological tissues, one for each region, have been
shown. In all examples, we applied an error-factor
correction to obtain the Mueller matrix without er-
rors from the experimental slightly erroneous Muel-
ler matrix, considering the first-order errors
introduced by the polarizing devices.

In the first region the entropy values are low, and
no biological tissues correspond to it. A horizontal
linear polarizer has been studied. In the second re-
gion a cell suspension of a cancerous biological tissue
has been analyzed, and, in the third region, a human
eye has been analyzed. In this final case, as the en-
tropy factor takes a high value and provides little
information, other polarization parameters can be
used to study the behavior of media and provide some
extra information. The horizontal-to-vertical cross-
talk has shown a clear variation with the angle in the
central regions of the eye.

In conclusion, the utilization of these parameters
based on the development of matrix methods for the
analysis of depolarizing media could be useful for
many interesting biological and medical applications.
An exhaustive and complete characterization of dif-

ferent biological tissues in different situations should
be accomplished in the future to show the potential of
this method.

Appendix A

The values of the Mueller matrix elements with error
factors for the linear polarizer and the linear retarder
are shown.

These values have been obtained from the corre-
sponding Jones matrices in the presence of errors.16

Two methods can be utilized to obtained the equiva-
lent Mueller matrix elements with error factors from
the equivalent Jones matrix in the nondepolarizing
case. First, Jones and Mueller matrices are related by
the expression22

M � U · (J � J*) · U�1, (A1)

where J is the Jones matrix, R is the Kronecker
tensor product, * represents the conjugate, and U is
the Jones–Mueller transformation matrix:

U ��
1 0 0 1
1 0 0 �1
0 1 1 0
0 i �i 0

�. (A2)

The Mueller matrix can also be obtained from the
equivalent Jones matrix by means of the
SU�2� ↔ O��3� homomorphism. According to this ho-
momorphism, the Mueller matrix elements, mij, are
calculated from the Jones matrix by use of the Pauli
matrices basis ��i� and the identity 2�2 matrix, �0.15

Both methods are equivalent and make it possible to
obtain the equivalent Mueller matrix elements of any
optical device, in this case, a linear polarizer and a
linear retarder.

A. Linear Polarizer

� is the angle of the pass plane with the x-axis, � is the
strain error factor �
P�, � is the optical activity �	P�,
and � is the leakage ��P�:

m1, 1 � 1
8 (1 � 	2)2 (1 � �)2 �

1
2 cos2 (2�)(1 � �)2 	2

�
1
8 (1 � 	2)[sin2 (2�) � 
2] �

1
8 (1 � 	2)(1 � �)

� 
	 cos(2�) �
1
8 cos2 (2�)(1 � 	2)2 (1 � �)2,

m1, 2 � 1
4 cos(2�)(1 � 	4)(1 � �2),

m1, 3 � 1
4 sin(2�)(1 � 	2)2 (1 � �),

m1, 4 � 1
4 cos(2�)(1 � 	4)(1 � �)
 �

1
2 cos2 (2�)	(1 � �)2

� (1 � 	2),
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m2, 1 � 1
4 cos(2�)(1 � 	4)(1 � �2),

m2, 2 � 1
8 (1 � 	2)2 (1 � �)2 �

1
2 cos2 (2�)(1 � �)2 	2

�
1
8 (1 � 	2)	sin2 (2�) � 
2
 �

1
8 (1 � 	2)

� (1 � �)
	 cos(2�)

�
1
8 cos2 (2�)(1 � 	2)2 (1 � �)2,

m2, 3 � 1
4 cos(2�)sin(2�)(1 � 	4)(1 � �),

m2, 4 � 1
4 (1 � 	2)2 (1 � �)
 �

1
2 cos(2�)	

� (1 � 	2)(1 � �2),

m3, 1 � 1
4 sin(2�)(1 � 	2)2 (1 � �),

m3, 2 � 1
4 cos(2�)sin(2�)(1 � 	4)(1 � �),

m3, 3 � 1
8 (1 � 	2)2 (1 � �)2 �

1
2 cos2 (2�)(1 � �)2 	2

�
1
8 (1 � 	2)[sin2 (2�) � 
2] �

1
8 (1 � 	2)

� (1 � �)
	 cos(2�) �
1
8 cos2 (2�)

� (1 � 	2)2 (1 � �)2,
m3, 4 � 0,

m4, 1 � 1
4 cos(2�)(1 � 	4)(1 � �)
 �

1
2 cos2

� (2�)	(1 � �)2 (1 � 	2),
m4, 2 � 1

4 (1 � 	2)2 (1 � �)
 �
1
2 cos(2�)	

� (1 � 	2)(1 � �2),
m4, 3 � 0,
m4, 4 � 1

8 (1 � 	2)2 (1 � �)2 �
1
2 cos2 (2�)(1 � �)2 	2

�
1
8 (1 � 	2)	sin2 (2�) � 
2
 �

1
8 (1 � 	2)

� (1 � �)
	 cos(2�)

�
1
8 cos2 (2�)(1 � 	2)2 (1 � �)2.

(A3)

B. Linear Retarder

In this device, � is the angle of the fast axis with the
x axis, � is the retardance, � is the optical activity
�	R�, and � is the dichroism ��R�:

m1, 1 � 1
8 (1 � 	2)2 	1 � exp(�2�) � 2 exp(��)cos(
)

�

1
8 cos2 (2�)	2 [1 � exp(�2�)

�2 exp(��)cos(
)] �
1
8cos2 (2�)(1 � 	2)2

�sin2 (2�)(1 � 	2)[1 � exp(�2�)
�2 exp(��)cos(
)].

m1, 2 � 1
4 cos(2�)(1 � 	4)[1 � exp(�2�)]

�
1
4 sin(2�)cos(2�)	(1 � 	2)[1 � exp(�2�)

�2 exp(�)cos(
)],
m1, 3 � 1

4 sin(2�)(1 � 	2)2 [1 � exp(�2�)]

�
1
4 cos2 (2�)	(1 � 	2)[1 � exp(�2�)

�2 exp(��)cos(
)],
m1, 4 � 1

2 cos(2�)	(1 � 	2)exp(��)cos(
),

m2, 1 � 1
4 cos(2�)(1 � 	4)[1 � exp(�2�)]

�
1
4 sin(2�)cos(2�)	(1 � 	2)[1 � exp(�2�)

�2 exp(��)cos(
)],
m2, 2 � 1

8 (1 � 	2)2 [1 � exp(�2�) � 2 exp(��)cos(
)]

�
1
8 cos2 (2�)	2 [1 � exp(�2�)

�2 exp(��)cos(
)],
m2, 3 � 1

4 sin(2�)cos(2�)(1 � 	4)[1 � exp(�2�)
�2 exp(��)cos(
)]

�
1
4 cos(2�)	(1 � 	2)[1 � exp(�2�)],

m2, 4 � �
1
2 sin(2�)exp(��)(1 � 	2)2 sin(
),

m3, 1 � 1
4 sin(2�)(1 � 	2)2 [1 � exp(�2�)]

�
1
4 cos2 (2�)	(1 � 	2)[1 � exp(�2�)

�2 exp(��)cos(
)],
m3, 2 � 1

4 sin(2�)cos(2�)(1 � 	4)[1 � exp(�2�)

�2 exp(��)cos(
)] �
1
4 cos(2�)	(1 � 	2)

� [1 � exp(�2�)],
m3, 3 � 1

8 (1 � 	2)2 [1 � exp(�2�) � 2 exp(�2�)cos(
)]

�
1
8 cos2 (2�)	2 [1 � exp(�2�)

�2 exp(�2�)cos(
)] �
1
8 cos2 (2�)(1 � 	2)2

�sin2 (2�)(1 � 	2)[1 � exp(�2�)
�2 exp(��)cos(
)],

m3, 4 � 1
2 cos(2�)exp(��)sin(
)(1 � 	4),

m4, 1 � 1
2 cos(2�)	(1 � 	2)2 exp(��)cos(
),

m4, 2 � 1
2 sin(2�)exp(��)(1 � 	2)2 sin(
),

m4, 3 � �
1
2 cos(2�)exp(��)sin(
)(1 � 	4),

m4, 4 � 1
8 (1 � 	2)2 [1 � exp(�2�) � 2 exp(��)cos(
)]

�
1
8 cos2 (2�)	2 [1 � exp(�2�)

�2 exp(��)cos(
)] �
1
8cos2(2�)(1 � 	2)2

�sin2 (2�)(1 � 	2)[1 � exp(�2�)
�2 exp(��)cos(
)].

(A4)
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