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Abstract: A problem of sparse optimal boundary control for a
semilinear parabolic partial differential equation is considered, where
pointwise bounds on the control and mixed pointwise control-state
constraints are given. A standard quadratic objective functional is
to be minimized that includes a Tikhonov regularization term and
the L'-norm of the control accounting for the sparsity. Applying a
recent linearization theorem, we derive first-order necessary optimal-
ity conditions in terms of a variational inequality under linearized
mixed control state constraints. Based on this preliminary result, a
Lagrange multiplier rule with bounded and measurable multipliers is
derived and sparsity results on the optimal control are demonstrated.
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1. Introduction

In this paper, we investigate sparse optimal controls for a class of nonlinear
parabolic boundary control problems with mixed pointwise control-state con-
straints. Let us motivate this class of problems by the following simplified
example:

*Submitted: January 2019; Accepted: April 2019

fThe first author was partially supported by the Spanish Ministerio de Economia y
Competitividad under project MTM2017-83185-P. The second author was supported
by the collaborative research center SFB 910, TU Berlin, project B6.



90 E. Casas AND F. TROLTZSCH

In a bounded domain Q@ C RY, N € N, with Lipschitz boundary T, consider
the optimal control problem

: Tl 2 g V2
min J(y, u) := §|y—yQ| dzdt + (§|u| +/§|u|) dodt (1.1)
o Ja o Jr

subject to the parabolic initial-boundary value problem

Oy—Ay = 0 inQx(0,7T)
ony+y> = u inlx(0,7) (1.2)
y(z,0) = 0 inQ

and to the mixed pointwise control-state constraints

ug < u(z,t) (1.3)

u(z,t) — y(z,t) < ug (1.4)

to be fulfilled for a.a. (z,t) € I' x (0,T). Here, yg is a desired state function,
while T > 0, uq, ug, v > 0, and K > 0 are fixed real numbers. Throughout
the paper, we will write @ := Q x (0,7) and ¥ :=T x (0,7). By u € L?(X),
p > N + 1, we denote the control function and y is the associated state; 0,y
denotes the outward normal derivative defined a.e. on I', and ¢ is the Lebesgue
surface measure induced on T

If the state y(z,t) is interpreted as the temperature of a point € 2 at time
t and w is a controllable outside temperature, the constraints have the following
meaning: The control constraint (I3]) restricts the control temperature from
below, u, is the lowest possible temperature. The constraint (L4]) restricts
the speed of heating: It requires that the difference between the boundary
temperature y and the outside control temperature u be not too large. This
restriction avoids too fast heating. To avoid too sudden cooling, the lower
bound u, +y < u might be posed instead of (I4). This case can be considered
analogously.

Our theory also works for two-sided control constraints u, < u(z,t) < up
as in Casas and Troltzsch (2018a), where some results are even easier to prove.
However, the complexity of the presentation is higher. Therefore, we confine
ourselves to the one-sided pure control constraint (L3)).

Problems with mixed control state constraints for partial differential equa-
tions were investigated first in Troltzsch (1979) for boundary control of the
linear heat equation. With x = 0, the theory was discussed later for nonlinear
equations in some papers by A. Rosch and the second author, see exemplarily
Rosch and Troltzsch (2007) and the references therein. Recently, in Casas and
Troltzsch (2018a) we extended the theory of problems with mixed control-state
constraint to sparse control, i.e. to the case k > 0. There, the linear heat equa-
tion was taken as state equation. By linearity of the equation, the discussion of
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first-order necessary conditions was simpler than for the problems posed here,
because the feasible set was convex.

The main novelty of this new contribution is the nonlinearity of the equation
in the context of sparsity and mixed control state constraints. By the nonlin-
earity, the feasible set is no longer convex and special techniques of analysis are
needed. In particular, the proof of comparison theorems for certain solutions of
parabolic equations is much more demanding.

2. The state equation and comparison theorems

We shall consider a more general version of the state equation ([2)), namely

Oy — Ay +d(z,t,y) = 0 in Q
Oy +b(x,t,y) = wu in¥ (2.1)
y(xz,0) = yolx) in .

For the state equation, we rely on the following assumptions that are adoptet
in the whole paper without explicitly mentioning them any more.

ASSUMPTION 1 o The initial state yo belongs to L>(Q).

e Throughout the paper, we fix real numbers q > % +1andp> N+ 1.

o The functionsd : QxR — R and b : ¥ xR — R are measurable with respect
to (w,t) and of class C' with respect to y. Moreover, d(-,-,0) € L4(Q) and
b(-,-,0) € LP(X).

o With some constant My > 0, it holds that

od
‘8—($,t,0)‘ <My for a.a. (z,t) €Q,
Y
(2.2)
b
‘8—(x,t,0)' < My for a.a. (z,t) €.
oy
e There is some real number My such that
od
6—(x,t,y) > M, for a.a. (z,t) €Q,
Y (2.3)

b
8—(x,t,y) >M; foraa. (z,t) €.
dy
. od ab . . . ‘
e The functions 90 and EW are locally Lipschitz with respect to y: This

means that, for all M > 0, there is some constant Ly such that

‘ od od

8—y(x,t,y1) - a_y(x’t’yQ) < Lar|yr — y2| ae. in Q

0b

Ob
‘a—y(xvt,yl) - a—y(I,t,yz) < Ly |yr —y2| ae. inX
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holds for all y; € R with |y;| < M, i=1,2.
Let us observe that 22) and 24l) imply that for every |y| < M

‘g—Z(x,t,y)‘ < Mo+ LyM  for a.a. (z,t) € Q.

Moreover, from the mean value theorem we deduce
|[d(x, t,y2) — d(x, t,y1)| < (Mo + Ly M)|ya —y1|  for a.a. (z,t) € Q

for all y; € R with |y;| < M. Analogous inequalities hold for b.

Notice that (23] does not imply monotonicity of d and b with respect to y.

Hereafter, we will follow the standard notation

W(0,T)={y € L*(0,T; H'(Q)) : sy € L*(0,T; H*(Q)*)}.

THEOREM 2.1 For every u € LP(X) with p > N + 1, the state equation ([2.1I)
has a unique solution y, € W(0,T) N L>®(Q). Moreover, there exist constants
K5 and Ko such that

Iyl @) < Koo (llgollzoe o + (- 0oy + 16, Ol sy + ulogsy )
(2.5)

YullLos 0, 1:L2(2)) + 1YullL2 (0,151 (02))

< K2(||3/0||L2(Q) +1d(-, -, 0l 2(q) + [16C, -, 0) [ z2(s) + ||“||L2<E))-
(2.6)

Finally, if {ur}2, C LP(X) is a sequence converging weakly to u in LP(X),
then Yu, — Yu strongly in L*(0,T; H()) N L>(Q), Yur|s = Yujx Strongly in
L>(X), and yy, (T) = yu(T) strongly in L>°(Q), k — oo.

PrROOF  Though the proof follows standard lines, some complications arise
from the fact that b and d are possibly not monotone increasing with respect to
y. Since we do not know a precise reference for such a general partial differential
equation, we comment the main steps of the proof for the convenience of the
reader.

Without loss of generality, we can assume that the constant M; in (Z3]) is
strictly negative. According to Grisvard (1985), Theorem 1.5.1.10, there exists
a constant K only depending on {2 such that

[P dr < &= [ 19y ot 2 [ ) o] (27)
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holds for all y € H*(2) and all € € (0, 1); we select

1
0 in<l, ———+.
<a<m1n{ ’2K|M1|}

Now, associated with e, we take a real number X satisfying
1 K
A> o+ |M1|(— + 1).
2 €

By the change of variables yy(z,t) = e *y(x,t) in (21, we obtain

Oyx — Ayx + da(z,t,yn) = 0 in Q
Onyx +ba(z,t,yn) = e Mu inX (2.8)
yra(z,0) = yo(x) in Q,

where
dy(z,t,y) = e Md(z, t,eMy) + Ay and  by(x,t,y) = e Mb(z,t, eMy).

Then we have

ady ad Ny 1 [M|K

— = — > > - 4 R

ay (xvtay) ay(xvtae y)+A_M1+A_2+ c
and

by

ab
(.’Ii,t,y) = _(xutaeAty) 2 Ml'

dy dy

Hence, with the mean value theorem and the above inequalities, the choice of A
implies the following inequalities

4 | M| K

1
_ > (2
/Q[d)\(xvtay)\) d)\('rvtao)]y)\ diZ? = (2 -

) [ (@)l de,
Q
/[bA(x,t, yx) — ba(z,t,0)]yr do > M1/ |y>\(:17)|2 do.
r r
Using ([27), we infer
[ ataston) = (o, 0y do
r
1
> MlK[a/ IVya(z)|? da + = |yA(x)|2dx]
Q €Ja

1 MK
>3 [19n@Pde+ 225 [ P e
2 Ja € Q

Observe that M; is assumed to be negative.
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Therefore, by combining the estimates for dy and by we get

/ [dx(x,t,yn) — dxa(x,t,0)]yx dx + /[bx(fﬂﬂf, yx) — ba(z,t,0)]yr do
Q I

1 1
> 1 [ V@) dr+ = / lya () 2 de.

2 Q 2 Q

From this inequality, multiplying (Z8) by y, and integrating in  yields an
a posteriori a priori estimate for almost all ¢t € (0,7,

2dt/IyA )P da + = /IVyA )P da + = /Iyx (t)]* d
< / dx (2,1, 0)yx(t) d + / [ba (2,1, 0) + e~ Mu(z, )]ya (¢) do (2.9)
Q T

The estimate (2.0) is a straightforward consequence of this inequality and the
definition of y,. Let us sketch the proof of existence of a solution. To this end,
for every integer k > 1 we consider the functions

d5(z,t,y) = da(2,t, Py 1xy(y)) and  by(z,t,y) = ba(z, 6, P g 40 (1)),
where P, 3 : R — [a, b] is the projection operator: P, ;) (s) =max{a, min{s, b}}.

For every k and every (z,w) € L?(Q) x L*(X), we consider the linear bound-
ary value problem

oy — Ay +di(z,t,z) = 0 in Q
Onyx + 05 (2, t,w) = e My in¥ (2.10)
y(z,0) = yo(xz) in Q.
In view of

|d5(z,t,2)] < Mo+ (Lx + Ak and |by(z,t,w)| < Mo+ Lik,
we deduce the existence and uniqueness of a solution y € W(0,T) of (2I0)
satisfying

lyllwo,r) < C(H?JOHL?(Q) + lullz2(z) + Mo + (Li + )\)k>-

Then, using the compactness of the embedding W (0,T) C L?(Q) and of the
trace mapping W(0,T) > y — yx € L2(X) (see, for instance, Temam, 1979,
Ch. III, Theorem 2.1), we deduce with Schauder’s fixed point theorem, applied
to the mapping

L2(Q) x L*(2) 3 (z,w) = (y,yx) € L*(Q) x L*(%),
the existence of a fixed point (y%, y§|2>’ i.e. a solution in W(0,T) of
Oy — Ay +di(z,t,y) = 0O in Q

Oy +bi(z,t,y) = e Mu inX
y(xz,0) = wyo(xz) inQ.
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Now, using that A > 0 and arguing as we did to get the estimate (Z9), we can
proceed similarly to Ladyzhenskaya, Solonnikov and Ural’tseva (1988), I11-§7,
to deduce the boundedness

l95llze@) < € (llvolzoe (e + 1dC - 0) [ ag@) + 16C+ - 0)lzocs + lullogsy)

with C’ independent of k. Then, for every k large enough, we have that
d5(z,t,y%) = dx(z,t,y%) and b5 (z,t,y%) = ba(z,t,9%) and, hence, y§ is so-
lution of (Z8). Undoing the change of variable y = e)‘ty’)f, we see that y is
solution of ([Z1)) and (ZA)-(Z4]) hold. The uniqueness follows in a standard way

from Gronwall’s Lemma.

To conclude the proof, we assume that u;, — u in LP(X) and prove the strong
convergence of {y,, } to y,. First, we observe that (21) and (2.6) imply that
{Yu, }x is bounded in L2(0,T; HY(Q)) N L>=(Q). By subtracting the equations
satisfied by y,, and y, and using the mean value theorem, we get for z; =

Yup — Yu

Ozl — Az + %(%t’ﬁk)zk =0 in Q
Y
b
On 2k + g—(:ﬁ,t,gjk)zk = u—u inX (2.11)
Yy

zp(z,0) = 0 in €,

where §* =y, + 01 (yu, — vu) and 7% =y, + pr(Yu, — yu) for some measurable
functions 0 : @ — [0,1] and p : ¥ — [0,1]. From the above equation we
infer that {zj}x is bounded in the space of Holder functions C%#(Q) for some
w € (0,1) as well as in W(0,T'); see Ladyzhenskaya, Solonnikov and Ural’tseva
(1988), Ch. III, Theorem 10.1. Arguing as in (29, and undoing the change of
variables, we get after integration in [0, 7]

/|Vzk|2dxdt+/ |zk|2dxdt§C/(uk—u)zkdadt.
Q Q 2

This inequality, along with the compactness of the embedding CO*(Q) Cc C(Q),
implies the strong convergence z;, — 0 in C(Q) N L2(0,T; HY(2)), hence the
strong convergences stated in the theorem follow. O

We will heavily rely on certain comparison theorems for the solution of semi-
linear equations. There exist many associated results in literature, often proven
for classical solutions; we refer exemplarily to Pao (1992). However, we were not
able to find a rigorously proven result for weak solutions of the class of nonlinear
parabolic equations below. This is not surprising in view of the technicalities
needed to prove Theorem 2.1.

Therefore, we prove the following result, although it can be expected from
the available literature for classical parabolic equations.
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THEOREM 2.2 (COMPARISON THEOREM) Let u, v € LP(X) be given and let y
and z be the weak solutions to

Oy — Ay +d(z,t,y) = 0 in Q
Oy +blx,t,y)—y = u in X (2.12)

y(=,0) = wo(z) nQ,

Oz — Az+d(z,t,z) = 0 n Q
Onz+blz,t,z)— 2z = v in X (2.13)

z2(x2,0) = yo(z) in Q.

If u(x,t) < v(x,t) holds a.e. in 3, then y(x,t) < z(z,t) is satisfied a.e. in Q
and yjs(z,t) < zjx(x,t) holds a.e. in X.

PROOF  Let us set w =y — z. Then, by subtracting the equations ([2.12)) and

EI3), we get

ow — Aw + Z—Z(:zr, t,)w = 0 in @

b N B . (2.14)
an—l—(a—y(x,t,w)—l)w = u—v n¥
w(z,0) = 0 in Q,

where w = y 4+ 0(z — y) and w = y + p(z — y) for some measurable functions
0:Q — [0,1] and p : ¥ — [0,1]. This linear system has a unique solution
w € W(0,T)N L>®(Q), see Raymond and Zidani (1998, 1999). Now we select

1 1 K(|My|+1)

d A> = +|M|+ —20 T
0<a<2K an >\_2+| 1|+ . ;

(|M:] +1)

where K satisfies (7)) and M; is given by ([Z3). By setting wy(z,t) =
e~ *w(z,t), we obtain from (2.14)

d
Orwy — Awy + (g—y(z, t,’([)) + A)w;\ = 0 in Q
a'n,w}\ + (%(.’I;,t, u?) — 1)11})\ = e_kt(u _ ’U) iny (215)
Y
wx(z,0) = 0 in Q.

Multiplying this equation by w;\r = max{w)y,0} and arguing as in the proof of
29) leads to

1 1 1
—/ |wj(T)|2d:c+—/ |ij|2dxdt+—/ lwi|? dedt <

/ e M(u—v)wf dodt <0,
b
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which proves that wi = 0. Since the solution of (ZI%) is continuous in Q,
we infer that wt(z,t) = eMw} (z,t) < 0 for every (z,t) € Q. This proves the
theorem. g

REMARK 1 In the above proof we have used the fact that wt € W(0,T) for
every w € W(0,T). This can be proven as follows. First, we recall that 2T €
HY(Q) and |[Vzt g < ||Vz||H1(Q) for every z € HY(). As an immediate
consequence we have that wt € L2(0,T; HY(Q)) for every w € L?(0,T; HY(Q)).
Let us prove that d wt € L*0,T; Hl(Q) ). We take a sequence {wi}r C
C>(Q) c HY(Q) such that wy, — w in W(0,T). We observe that < Lwi C L*(Q)

and
T 9 1/2
H _ / dat
L2(0,T;H()*) 0 HL(Q)*
T 2
< / H_wk
0 H(Q)*

for some constant C' and for every k. Taking a subsequence, we can assume that
{Lw;}y converges weakly in L*(0,T; H*(Q)*) to some g. This means that

[

for all z € HY(Q), ¢ € D(0,T).
On the other hand, we have

/ / k2 dx o(t) / /wk ) zdx (t) dt (2.17)
//ka )z da &' (t) dt — — //Q t) 2 de & (¢) dt

< /w zdx, ¢> . (2.18)
dt D(0,T),D(0,T)

From [2I6)) and (ZI8), we infer that

d
% wh zdr = <gaz>H1(Q)*,H1(Q) Vz € Hl(Q)
Q

d
sz (t)

d

L2(0,T;H'(Q)*)

Zdi[:¢ dt —>/ g,z Hl(Q)* Hl(Q)¢( )dt (216)

From Temam (1979), Chpt. 8, Lemma 1.1, we find that

%er—geL?(OTH(Q))

which concludes the proof.
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The next theorem is a contribution to inverse isotony, also called monotony
in the sense of Collatz, that was discussed extensively in the 1950-70ties. An
operator T mapping a partially ordered vector space X into another partially
ordered vector space Y is called inverse isotone, if the inequality 7 (u) < T (v)
in Y implies v < v in X. In this case, the problem 7 (z) = g is called a
problem of monotone type. For the associated concept, we mention Collatz
(1952, 1964), Glashoff and Werner (1979); or Redheffer and Walter (1979).
Inverse isotony plays an important role in the inclusion of numerical solutions to
differential equations by guaranteed upper and lower bounds, a topic of interval
mathematics, see Ortega and Rheinboldt (1967) or Rheinholdt (1969).

Associated results were formulated for classical solutions. We prove the
result for weak solutions and for the particular type of equations that we need
for our analysis and for nonsmooth control functions as it is standard in control
theory. To our best knowledge, this is not available from literature.

We recall that y, denotes the solution of (Z]) associated with w.

THEOREM 2.3 (INVERSE ISOTONY) For every function g € LP(X), the equation
v(@,t) = g(a,t) +yu(@,1),  (2,1) €%, (2.19)
has a unique solution v € LP(X). If u € LP(X) satisfies the inequality
u(z,t) < g(z,t) + yulz,t), (z,t) €, (2.20)

then u(z,t) < v(x,t) holds for a.a. (z,t) € X.

PROOF  a) Existence and uniqueness of the solution v to (219).

We consider the system

Oy — Ay +d(z,t,y) = 0 in Q
Oy +b(x,t,y)—y = g in¥
y(xz,0) = yolx) in .

Thanks to Theorem[2Z] this system has a unique solution y € W(0,T)NL>(Q).
Notice that the function b(x,t,y) := b(z,t,y) — y satisfies Assumption Il Now
we set v := g+ y|x. Then we have v € LP(X). Shifting y to the right hand side
of the boundary condition above, we see that y solves the state equation with
control v on the right-hand side. Therefore, it holds that y =y, and we see, in
turn, that v =g+ y, a.e. in X, hence v solves the equation (2.19).

The uniqueness of v is obtained as follows: If v;, i = 1,2, are solutions of
219), then we have

V1 — V2 = Y1 — Y2, (221)
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where y; = y,,, @ = 1,2. Subtracting the differential equations satisfied by y;
and yo and taking w = y; — yo, we find

Ow — Aw + %(,T, t,ww = 0 in@Q
Y

Opw + 2—2(:10, t,w)w = 0 inX

w(z,0) = 0 in Q.

Using again Raymond and Zidani (1998, 1999) we infer that w = 0. This shows
y1 = y2 and implies, in turn, v; = vy by equation ([221)). Another way of proving
the uniqueness was communicated to us by one of the referees: The uniqueness
directly follows from the inverse isotony shown in part b) below. We thank the
unknown referee for this nice idea.

b) Inverse isotony. Assume now that u € LP(X) satisfies the inequality
220). We have to show that « < v holds a.e. in X.

The inequality for v means that u = g — e + y,, with some e € LP(X) that
is a.e. non-negative. By inserting v = g — e + y,, and v = g + y, as control
functions in the state equation (21) for y, and y,, respectively, we get the
boundary conditions

anyu + b(xutayu) —Yu =g —€
Onyo + b(xa tvy'U) —Yv =g

Since g — e < g, the Comparison Theorem yields
yu(z,t) < yu(x,t) for a.a. (z,t) € .
Therefore, with (220) we infer

u<g+y,s < g+y,=vae. in . 0

Let us consider the control-to-state mapping G : LP(X) — W(0,T) N
L>(Q), associating to every control u the corresponding state y,, = G(u) solving
@I). According to Theorem 2] this mapping is well defined. Let us denote
by Gy : LP(X) — LP(X) the mapping given by

Gx(u) = Yu|x-

The term ”inverse isotony” in the previous Theorem 2.3] refers to the following
observation: The equation v = g+y, can be written as v—Gx(v) = g. Therefore,
the result of the theorem can be formulated as

u—Gg(u) <v—Gglv) = u<vw

in LP(X), i.e. I — Gy is inverse isotone and the equation v — Gg(v) =g isa
problem of monotone type.
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THEOREM 2.4 The mapping G is of class C*. The derivative of G at u € LP(X)
in the direction v € LP(X) is given by G'(u)v = z,, where z, € W(0,T)NL>®(Q)
is the unique solution to

8tz—Az+@(x,t,yu)z = 0 inQ

dy
2.22
8nz+g—2(w,t,yu)z = v nX (222)
z(z,0) = 0 in Q.

PROOF  Let us define the function space
Y={yeW(O,T)NL®(Q): 0y — Ay € LYQ) and 9,y € LP(X)}.

Let us recall that for any element y € L?(0,T; H'(2)) such that dy — Ay €

L?(Q) there exists the normal derivative 9,y € Héf(i])*; see, for instance,
Dautray and Lions (2000), pp. 525-526. Moreover, the embedding L?(¥) C

HééQ(E)* holds. In Y we consider the norm

lylly = llylwom + lWll=@) + 10y = AyllLa@) + 10nyl L (x)-
Now, we consider the mapping

F:Y x LP(2) — LYQ) x LP(X) x L™ (),

Fly,u) = (Ory — Ay + d(2,t,y), Oy + b2, t, y) — u,y(0) — yo)-
It is easy to check that F is well defined and it is of class C' and

OF ad ab
a—y(y,U)Z — (atz - AZ + a_y(‘ru t,y)Z, 6712 + a_y(‘rv t,y)Z, Z(O)>

For every (f,v,z9) € L1(Q) x LP(X) x L*°(Q) the problem

Oz — Az + @(x,t,y)z

Onz + S—Z(x,t,y)z = v inX
z(x,0) = 2z in§

has a unique solution z € Y. Hence, %—Jyf(y, u):Y — LYQ) x LP(X) x L>(Q)
is an isomorphism. This follows as a particular case from Theorem 21} see
also Raymond and Zidani (1998, 1999). Therefore, since F(G(u),u) = 0 for
every u € LP(X), we can apply the implicit function theorem to the equation
F(y,u) = (0,0,0) to deduce that G is of class C! and that z, = G'(u)v is the

solution of (222)). O
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COROLLARY 1 (NONNEGATIVITY OF G%,) For allu € L>(X) and all directions
v € L™(X) that are a.e. nonnegative, also G%(u)v is a.e. nonnegative, i.e.

v>0 = G&(u)v >0.

PrROOF  The result is obtained by applying the Comparison Theorem to

od :

6ty_Ay+a_y(‘rut7yu(‘rut))y =0 m Q
ob

Oy + [, (et ) 1]y —y = 0 i
y(z,0) = 0 inQ,

ad .
Oz — Az + a—y(:z:, tyu(z,t))z = 0 inQ
Onz + [g—Z(x,t,yu(:v,t))—i—l}z—z = v inX
z(z,0) = 0 in{.

Then, obviously, the assumptions of Theorem are satisfied. Therefore, since
v > 0, we find by applying the comparison theorem that z = G%(u)v is nonneg-
ative. g

3. Optimal control problem and its solvability

We shall investigate the following optimal control problem that is an extended
version of the introductory example (LII)-(L4):

. vV 1Z
Min J(u) := 762 /Q [yu(,t) — yo(z,t)|* dedt + 7T /Q [Yu(z, T) — yr(z)*d

+ /,: (Lt 02 +  futz. 1)) dodr
(3.1)
subject to the mixed pointwise control-state constraints
g < ulx,t) < ug+ yu(z,t) (3.2)
to be satisfied a.e. in X.

The next assumption is needed throughout the further paper. It has to be
assumed in all further results and will not be explicitly mentioned.

ASSUMPTION 2 (OPTIMAL CONTROL DATA) In the problem above, the follow-
ing quantities are given: Real numbers vg > 0, vr > 0, a Tikhonov parameter
v > 0, the sparse parameter k > 0, a desired state yg € L™(Q), a desired
final state yr € L*>®(R), and real numbers u, < 0, ug > 0 as bounds for the
constraints B.2). We also assume that vg + vy > 0.
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In all what follows, the Assumptions [I] and 2] are tacitly assumed.

First, we prove the existence of an optimal control. To this aim, we show
the following result on boundedness of the feasible set:

LEMMA 1 There is some constant Mg > 0 such that

max{||u]l Loy, [Yull Lo @) 1Yusll= =)} < Mp (3.3)
holds for all feasible controls u, i.e. for all w satisfying the constraints (B3.2)),

and for their associated states ys,.

ProOOF By Theorem 2Z.3] we know that there exists a unique solution v to the
equation v = ug + y,. Thanks to p > N + 1, the state y, belongs to L*>°(Q) and
Yoz to L>°(X). Consequently, we have v € L>(X); set co = [[v|[ L (x). Then,
B.2) and Theorem 23 on inverse isotony imply that u(z,t) < v(z,t) < ¢y holds
for almost all (x,t) € X. Moreover, we have u > u, and hence |[u|[pes) <
max{|ug|, co}. By inserting this in (Z8]), we find another constant ¢; such that
[YullLe(@) < c1 and, as a consequence, also ||y s || L~ (s) < c1. With the choice
of Mp := max{|ugl, co, c1}, the estimate [B3)) is fulfilled. O

Let us introduce for convenience the functionals
vQ 2 vr 2
£ ="2 [ vyl dude + % [ lyu(@T) = yr(@) da
Q Q

1%
+3 [0 do, (3.4)

j(u) = / lulz, £)| dodt,
b
and the feasible set
F={ueL®X):u, <u<ug+yu}

Then we have J(u) = f(u)+ xj(u) and the optimal control problem can be
written in the short form as

min{f(u) + kj(u) : u € F}. (3.5)
We say that a control w € F' is optimal if
f@) +rj(@) < f(u) +rj(u) YueF,

and locally optimal if this inequality holds for all w € F'N B, (@), where B, (1) is
the open ball of LP(X) with radius € > 0 centered at .

THEOREM 3.1 (EXISTENCE OF AN OPTIMAL CONTROL) Assume that there ex-
ists a control u € L>°(X) that satisfies the constraints (B2). Then there exists
at least one optimal control.
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PrOOF  According to the assumptions of the theorem, the feasible set F' is
non-empty. Therefore, we can select a minimizing sequence {uy }xen such that

lim (f(uk) + kj(uk)) =inf{f(u) + kj(u) :u € F} =inf > 0.

k— o0

Thanks to Lemma [Il F is bounded in L°°(X), hence we can extract a sub-
sequence of {uy}x that converges weakly in LP(X) to some element @; let us
denote this subsequence by {uy}r, again. From the convergences stated in The-
orem [2.1] we infer that f(@) < liminfg_,~ f(ur). Moreover, the convexity and
strong continuity of j imply that j(2) < liminfy_,~ j(ur). Hence, we get that
J(@) < liminfy_ o J(ux) = inf. To conclude that @ is an optimal control, we
have to prove that « € F. This is a consequence of the fact that F' is sequentially
weakly closed in LP(X). Indeed, first we observe that the sets

U ={veL®X):u, <v} and Us = {v € L=(X) : v < uq}

are convex and closed in LP(X), therefore weakly closed, as well. Since {uy}r C
Uy and {ug — yu, }x C Us and, due to Theorem 2] ug — y,, — @ —ygz in LP(X),
we infer that o € Uy and u — yz € Us. This means u, < @ — yz < ug and hence
u€eF. g

4. Necessary optimality conditions and sparsity

4.1. A convergence result

Let us start with a simple but important convergence result for xk — oc.
ASSUMPTION 3 The control uw = 0 strictly satisfies the mized control-state

constraint of the optimal control problem, i.e. there is some § > 0 such that

§ <wug+ Gs(0)(x,t) for a.a. (z,t) €.

Since u, < 0 holds, the above assumption implies that u = 0 is a feasible
control. From now on, we will write
Yy = G(0).

LEMMA 2 Let Assumption [3 be satisfied and let, for k > 0, {tx},s denote a
family of optimal controls of BI))-B2), corresponding to the sparse parameters
k. Let §, = G(uy) be the associated states. Then we have

limy o0 [|Ukl[Lozy =0 Vs € [1,00)

and g — y° strongly in L*(0,T; H'(Q)) N L¥(Q), §x(-T) — y°(-T)
strongly in L>(Q), and §.x — yo‘z strongly in L*°(X). Moreover, there is
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some kg > 0 such that, for a.a. (z,t) € 3,
U+ Yoz, t) > 3 VK > K.

ProoF Thanks to Assumption [, the control u = 0 is feasible for all x,
hence

_ 1% _ vr, _
(i) = 22 5s = volliz@) + 5 19s(T) = 20y
v _ _
T3 HUKHQL?(Z) + £ [lacl 2 s)
v, vr
< J(0) = F1y" = velliag) + 5 I18°(T) = vtz

This immediately yields

. 1
laellzi@) < 5- (VQHyO — ol 2 + vrlly’(T) - yTlI%zm)) =0, K- o0.

Moreover, we know from Lemma [I] that the set of feasible controls is bounded
in L°°(%). Therefore, the L-convergence above implies also

txllLssy =0, K—o00 Vse€ll,00).

The convergences 7, — y° and the associated ones for the final and boundary
values of g, follow from Theorem 21 Finally, it is enough to notice that
Assumption Bl can be written down as

§ <ug+y°(x,t) foraa. (z,t) €3,

to deduce the existence of ko > 0 such that ug+7y.(z,t) > % holds for all kK > kg
and for a.a. (z,t) € X. O

The proof reveals that Assumption [ can be slightly relaxed: For the first
part of the statement, we only need 0 < ug + Gg(0)(z,t) for a.a. (z,t) € X.

4.2. Linearization and preliminary optimality conditions

To prove our first-order necessary optimality conditions, we start with a lin-
earization theorem. This complements a theorem on necessary optimality con-
ditions in our related paper on sparsity properties for nonlinear problems with
pointwise state constraints, Casas and Troltzsch (2018b). There, we proved the
first order necessary conditions, including regular Borel measures as Lagrange
multipliers and prepared this result by an abstract Lagrange multiplier rule
relying on a linearized Slater condition. Such a result was not known before,
because the Lj-norm in the objective functional leads to a non-differentiable
objective functional.
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Here, we cannot apply this abstract result, because in our case of mixed
control-state constraints we want to prove the existence of Lagrange multipliers
for the constraint (L4 that are functions of L°°(X) rather than of L>°(X)*. To
this aim, we first perform a linearization of the problem in L>°(X). Next, we
change the control space to L?(3) without changing the feasible set. Finally
we show the existence of Lagrange multipliers by special techniques that are
tailored to problems with mixed control-state constraints.

We begin with an abstract result of linearization for differentiable con-
straints, but for an objective functional that is composed of a nonlinear dif-
ferentiable and a convex function.

Let U and Y be two normed vector spaces, K C U and C C Y two convex
sets,and let H : U — Y, f: U — R, and g : U — (—00,+00], be given
mappings. Consider the optimization problem

min { f(u) + g(u) : v € K and H(u) € C}. (4.1)

THEOREM 4.1 (LINEARIZATION) Let @ be a local solution of @Il). Assume
that f and H are Gateauz differentiable at @, g is conver and intC # 0. If the
linearized Slater condition

Jup € K : H(u) + H'(u)(up — u) € int C (4.2)
1s satisfied, then

fl@)(u—u) + g(u) — g(u) >0 (4.3)
holds for all w € K that satisfy

H(u)+ H'(u)(u —1u) € C. (4.4)

PrOOF Let us define
Up={ue K:H(u)+ H'(a)(u—u) €intC}.

The linearized Slater assumption ([#2) implies that ug € Uy, hence Uy # 0. Let
us take an arbitrary element u € Up. Since

H(a+ p(u—1)) — H(a)
P

. _ _ _ 1/ — = .
gli% (H(u) + ) = H(u)+ H'(a)(u — 1) € int C,
there exists p,, € (0,1) such that

Aatpu=w))=H@ .hoovpe 0, p0).
p

yp:H(ﬁ)+

For every p € (0, p,), we have

H(u+ p(u—1u))=py,+ (1 —p)H(u)€C.
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The local optimality of @ along with the convexity of g implies that for every p
sufficiently small we have

o< Ha+pu=1) = 1(@)  gla+plu—w) - g(a)
P P
Mot oo =) = 0 g g,

<

Passing to the limit as p — 0 in the above inequality, we obtain
(@) (u—a)+ g(u) — g(a) >0 Yu € Up. (4.5)

Now, we take u € K such that H(a) + H'(2)(u — @) € C but v ¢ Up. From
@2) it follows that u, = u + p(up —u) € Uy for every p € (0,1). Therefore, the
convexity of g and (LX) implies

fH(@)(up,—a)+g(u) — g(@)+ p(g(uo) — g(u)) > f'(@)(u, — ) +g(u,) —g(a) >0

for every p € (0,1). Upon passing to the limit p — 0 in the left hand side of the
above chain of inequalities, (@3] follows. O
We apply this theorem to our optimal control problem for U =Y = L*(X)

with

g9(u) = rj(u),

H(u) =u—uqg — Gx(u),

K={uelL>®X):u>u, ae. inX},

C=(L*%) ={uel>®X):u<0 ae. in X},

where G's;(u) = yu 5. Notice that C has a nonempty interior in L*°(X).
In terms of H(u) = u — uq — G (u), the condition (L2 takes the form

up — uqg — Gx(u) — G5(u)(uo — u) € int C.

For the optimal control problem [BI])-([32), the linearized Slater condition ad-
mits the following form:

ASSUMPTION 4 (LINEARIZED SLATER CONDITION) Let & € L*°(X) be fized.
Assume the existence of ug € L*°(X) and § > 0 such that

up(z,t) > ug  and  (uo —ug — Gx(u) — G5 (1) (uo — @))(z,t) < =5 (4.6)

hold for a.a. (z,t) € X.

How strong is this assumption? It turns out that it follows from Assumption
Bl provided that & is large enough.
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COROLLARY 2 If Assumption[3 is satisfied, then there exists k1 > ko such that
the linearized Slater condition is satisfied with ug = 0 for all kK > k1, where Ko
was defined in Lemma [2.

Proor By inserting the function ug = 0 in the linearized Slater condition
(A5), taken at ., we estimate the term uq + Gx () + G5 (4x)(—x). Using
Lemma [2, we infer the existence of k1 > kg such that

|G (1) — G(0)|| Lo (=) = s — yOHLOO(E) <4/4
and
1G5 (@) || Loz < elltillpoes) < 0/4,
provided that x > k1. In the last estimate, we used the continuity of the

mapping u — G&(u) from LP(X) to L(LP(X), L>°(X)). Invoking Assumption [3]
we obtain for all k > ki that

Uq + GE@H) + G/Z (ﬂn)(_ﬂfi) =uq + Gyx (0) + (Gs(ux) — Gs (0)) - G/E(QN)QN
1 1 1

Hence, the linearized Slater condition is satisfied with /2. O

We have G ()(uo — ) = Zuo—a|s, Where zy,—q is the unique solution to the
linearized equation (2:22) with v = ug — @; moreover, it holds that G() = ya.

COROLLARY 3 (LINEARIZATION OF THE CONTROL PROBLEM) Let @ be a local
solution of the control problem with associated state y = yg and assume that the
linearized Slater condition (@8] holds. Let u € L>°(X) obey the inequalities

g < ulx,t) <ug+g(x,t) + zu—alz, t) (4.7)

a.e. in X, where zy—z = G'(@)(u — @) is the unique solution to the linearized
equation (Z22) with y, = § and v = u — 4 taken in the right-hand side. Then
the inequality

fl@)(u— ) + rj(u) — rj(u) >0 (4.8)

is satisfied for the functionals f and j, defined in (3.4).

The corollary follows straightforward from the general Theorem H.] after
inserting the mappings related to the optimal control problem (BII)-(3.2).

Let us denote the set of controls satisfying the linearized constraints by

L={ueL>*X):u, <ulz,t) <uqg+y(z,t) + zy—a(x,t) a.e. in T}.
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Thanks to the variational inequality ([£.3]), the control @ solves the convex opti-
mal control problem

min{f’(#)u + kj(u) : u € L}. (4.9)

Therefore, by subdifferential calculus, the following result is obtained as imme-
diate conclusion:

COROLLARY 4 Under the assumptions of Corollary[3, there is some \ € 9j(a)
such that the following variational inequality is satisfied:

f/(@)(u—a) + A/E Az, t)(u(z, t) — d(z,t))dodt >0 Yu € L. (4.10)

We recall that a function A belongs to the subdifferential 9j(a) if and only if
B 1 if a(x,t) >0

Ma,t) =4 e[-1,1] if a(z,t)=0
-1 if a(x,t) <O0.

I

For linearization, we considered u and @ as elements of L*°(X), because the
convex cone C' = (L°°(X))~ has a non-empty interior. Now, we formally extend
the convex set L to the space L?(X). It turns out that this set does not change
by the transfer to L?(X). This can be confirmed by inverse isotony. Let us first
prove the following linearized version of Theorem

COROLLARY 5 Let u € L*(X) satisfy the inequality
u(z,t) <ug+ gla,t) + zy—a(z,t) ae inX.
Then u(z,t) < v(x,t) holds a.e. in X, where v € L*(X) is the unique solution
of
v(x,t) = uqg + g(x,t) + zp—a(x, t).
Moreover, v belongs to L>°(X).
PROOF  Analogously to Theorem [2.3] we obtain that any w that obeys the

assumption of the Corollary satisfies u(x,t) < v(z,t), where v is the unique
solution to the equation

v(x,t) =ug+ 7z, t) + zp—a(z,t) (4.11)

and z,_g is the solution to the linearized equation ([2Z22)) with v := v — @ as
control. The solution v of [@II]) can be constructed as in the proof of Theorem
23 part a). Indeed, we take z € W(0,7) N L>=°(Q) as the solution of

5tZ—AZ+g—Z(UC,t,ﬂ)Z =0 in Q
4.12
&ﬁ—l—%(m,t,g)z—z = ug+y—z2z nX ( )
Yy

z(z,0) 0 in Q
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and set v(x,t) = ug + g(x,t) — 2z + z(x,t) for (z,t) € X. Then, the identity
z = z, holds and v(z,t) = uq + g(x,t) + zy—a(z,t) for (z,t) € X. O

The solution v is bounded and measurable. In view of this, if v € L, then
also u is bounded, because we have u(x,t) € [ug,v(z,t)] for a.a. (z,t) € X. This

shows that all u € L?(X) that obey the inequalities (1) automatically belong
to L>°(X). Analogously to Lemmal[l] there exists a constant My, > 0, such that

||u||Loo(Z) < My, Vu € L.
Therefore, we have
L={u€ LX) :us <u(z,t) <ug+yalr,t) + zu_a(z,t) ae in I}

Notice that G'(@) was initially defined in L?(X) via the linearized partial differ-
ential equation (Z.22]). By the solution properties of this equation, the mapping
v+ 2,|x is also linear and continuous in L?(X). Therefore, G’(%) can be con-
tinuously extended to L?(X). Let us introduce the notation S = G%(u) for this
extended operator, i.e. S: L?(X) — L?(X). Then we have

Sv =G5 (U =z, Vv € L*(D).
Moreover, L can be written down as follows
L={ucL*2):u, <u(z,t) <ug+ya(z,t) + S(u—a)(z,t) ae in X}

Clearly, the nonnegativity of the operator G% (u) extends from L () to L?(X).
Therefore, also S is nonnegative, i.e.

v>0 = Sv>0 VUEL2(E).

Obviously, this nonnegativity is also true for the adjoint operator S* : L*(X) —
L2(%).

REMARK 2 Let us mention another property of S that is used in the Appendiz:
The operator I — S is bijective in L?(X). This is deduced analogously to the
proof of Corollorary[B: For any g € L*(X), the unique solution of v — Sv = g
is given by v = g + 2|z, where z is the solution to the linear parabolic equation
HEI2) with g substituted for ug + § — zg in the right-hand side. The continuity
of I — S and the open mapping theorem imply that I — S is an isomorphism in
L(Y).

It is well known that the term f’(@)(u — @) can be expressed in a more
explicit way on using an adjoint state. We define the adjoint state @ as the
unique solution to the adjoint equation

. ad N B .
—0yp — Ap + 8—y(:v= t,9) @ vo(J —yq) in Q

b 4.13
m¢+§;aa@@ =0 in % e

oz, T) = vr(y(a,T)—yr(z)) inQ.

<
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Then we have
P — ) = / (32, 1) + v, ) (u(z, ) — a(w, 1)) dodt. (4.14)
s
Summarizing our findings, we obtain the following first-order condition:
THEOREM 4.2 (PRELIMINARY NECESSARY OPTIMALITY CONDITION) Let @ be
a local solution to the optimal control problem BI)-B2) that satisfies the lin-

earized Slater condition (EB) of Assumption[J} Then, there are an element
A € 9j5(u) and a unique adjoint state € W(0,T) N L>®(Q) such that

/(c,b(x,t) +vi(z,t) + kX, 1)) (u(z, t) — u(x,t)) dodt >0 Yu € L (4.15)
)
holds, where @ is the unique solution to ([@I3).

Given p € L*(X), by standard arguments we can easily check that S*u = ¢x,
where ¢ € W(0,T) is the unique solution of

4.16
0.6+ 5wt )o = u S (416
¢z, T) = 0 inQ.

4.3. Lagrange multiplier rule and minimum principle

Let us start this section by a short exposition on the notion of Lagrange mul-
tipliers, associated with the mixed control-state constraint. We can have two
different views, but both lead to the same result. The first is the consideration
of the original nonlinear and non-differentiable problem ([&&]). The associated
Lagrangian function that ”eliminates” only the upper constraint by a Lagrange
multiplier p, is

L(u,p) = f(u) + xj(u) + /E(u —uqg — Gy (u)) pdodt.

A function i € L*(X) is called a Lagrange multiplier associated with a local
solution @ of [BA), if & > 0, @ obeys the necessary optimality conditions for the
optimization problem min,>,,, L(u, i), and the complementarity condition

/E(a — uq — Gx(@)) idodt = 0 (4.17)

is satisfied. The expected necessary optimality conditions are

f’(a)(u—a)+/Z[f<;)\(u—a)+((u—ﬂ) -GS (u)(u—a))p|dodt >0 VYu > ug,
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where X\ € 9j(u). Upon inserting (ZI4) and with S = G% (@), this amounts to

/(gb—l—mi—l—m;\—i—ﬂ—S*ﬂ)(u—ﬁ)dodt2O Yu > ug. (4.18)
b))

A second point of view regarding the Lagrange multiplier rule is the lin-
earized optimal control problem: If Assumption (] is fulfilled, then - owing to
Theorem 3] - the locally optimal control % solves the linear optimization prob-
lem with mixed control-state constraints

min/ (@(x,t) + vi(x,t) + kX2, 1) u(z, t) dodt >0 (4.19)
)

subject to u € L?(X) and
ug < u(z,t) < (ug+ya +Su—1a))(z,t) (4.20)

for a.a. (z,t) € X, where @ is the unique solution to [@I3). Now we intro-
duce the Lagrangian function associated with this problem, where we include
the linearized mixed control-state constraint by a multiplier u € L?(X). This
Lagrangian is

E(u,u):/E(QZ?—i—Vﬂ—i—fi;\)udodt—i—/E(u—ud—ya—S(u—ﬁ))udodt.

The associated necessary optimality conditions consist — again with a Lagrange
multiplier g — of

oL

—(u, ) (u—1u) >0 Yu>ug,

- w) 20 Yu 2,
joint with the complementarity condition, associated with the linearized upper
inequality constraint. A simple computation reveals that this amounts to the
same conditions as above, namely to ([@I7)-([{I])). This observation shows that
any Lagrange multiplier ji € L?(X) for the linearized problem, associated with
U, is also a multiplier for the original nonlinear and non-differentiable problem
and vice versa. We are justified to concentrate on the linearized problem.

ASSUMPTION 5 The lower bound u, is assumed to be feasible for the linearized
problem, i.e. there holds

Ug — Ug — Ya — S(ug — 1) <0 a.e inX.

REMARK 3 (i) If u, satisfies Assumption[3, then it is close to being a Slater
point.

Indeed, if the inequality holds in the stronger form

Ug —Ud — Yu — S(ug — ) <e—9
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with some § > 0, then ug := u, s a Slater point. Observe that Assumption 5 is
satisfied for every k large enough if ug — ug — y® — Sug < e — 6 for some & > 0.

(i) The linearized Slater Assumption [ and Assumption[d are independent
conditions. None of them can be deduced from the other one. Due to Assumption
[{ we can apply the linearization technique. Of course, this assumption also
leads to the existence of a Lagrange multiplier i € L*°(X)*. However, one of
our main goals is to obtain a more regular multiplier, namely i € L>°(X). For

this purpose, we use Assumption [3.

THEOREM 4.3 (EXISTENCE OF A LAGRANGE MULTIPLIER) Let Assumption
be fulfilled and let i € L*(X) solve the linear optimization problem (EI9)-E20).
Denote by y := yg the associated state. Then there exists a non-negative La-
grange multiplier i € L>°(X) associated with the mized control-state constraint.
This is a function i such that

/(¢+ua+n5\+ﬂ—S*ﬂ)(u—@)dadt20 Yu > u, (4.21)
b
holds and the following complementarity conditions are satisfied,

>0, a—7—uq<0, /(ﬂ—gj—ud)ﬂdodtzo. (4.22)
P

In view of the similarities of the proof to an analogous one in Casas and Troltzsch
(2018a), we will sketch it in the Appendix. Notice that the Lagrange multiplier
[ is a Lagrange multiplier for the nonlinear optimal control problem B1)-(32),
since it fulfills the conditions (LI17)-(@I8)), characterizing a Lagrange multiplier.

Let us formulate the optimality conditions in a slightly different form that
later will simplify the proof of sparsity properties of the optimal control.

THEOREM 4.4 (POINTWISE MINIMUM PRINCIPLE) Let the Assumptions[] and
be satisfied. If w is a locally optimal control and i € L*°(X) is an associated
Lagrange multiplier that exists according to Theorem [{.3, then, for almost all
(x,t) € X, the value u = a(x,t) is a solution of the problem

min (@ +va+ kX — S*E)(z,t) u (4.23)
subject to
g < u < ug+ gz, t). (4.24)

PrROOF  The proof is similar to that of Theorem 2 in Casas and Troltzsch
(2018a). We rely on the variational inequality (Z2I) that needs Assumption [l
for linearization and Assumption [ for the existence of the Lagrange multiplier
it. For convenience, we define

e(z,t) = (@+va+r\—S*a)(x,t).
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For given (z,t) € ¥, the minimum in (@23)) is attained by

Uq, if e(x,t) >0,
u=7< € [uguq+7y(zt), if e(z,t)=0,
ug + gy(z, t), if ez, t) <O.

Assume that the result of the theorem is not true. Then one of the following
two measurable sets F1, F5 must have positive measure,

Ey ={(z,t) € Z:e(x,t) >0 but a(z,t) > u.},
E; ={(z,t) € Z:e(x,t) <0 but a(z,t) < uqg+ y(z,t).

In the points of Eq, we have u(z,t) > u,. Here, the variational inequality (@21))
can only hold, if

(p+va+rA+p—S*a)(r,t)=0ae. in By,

hence e(z,t) < 0 follows from i > 0, contradicting the definition of E;. There-
fore, F; cannot have positive measure.

To analyze the set Eo, we use that the variational inequality (£.21]) implies
(p+va+rA+jig—S*p)(z,t) >0 (4.25)

a.e. in 3. We also observe that in a.a. points of F5 the multiplier i vanishes,
because the upper (mixed control-state-) constraint is inactive. Hence, by i = 0
in Ey, the inequality e(z,t) = (p+va+x A—S*[i)(x,t) > 0 follows from ([E25),
contradicting the definition of E5. Therefore, also Fs cannot have positive
measure. This completes the proof. O

REMARK 4 The constraints [@24)) are u, < u < ug+y with fived function . In
this form, they are pointwise control constraints. This is characteristic for the
so-called two-phase mazimum principle, introduced by Grinold (1970) for con-
tinuous linear programming problems, here formulated as minimum principle.

Let us conclude this section by a slight reformulation of the variational in-

equality (4.2I). From ({@.I3) and (@.IG) we infer that ¢z — S*n = U, , where
1) is the unique weak solution to the adjoint equation

(4.26)

O + g—Z(:c, t,9) ¢ —[i in %
Pz, T) = vr(g(z,T) —yr(x)) in Q.

By ¢ and the minimum principle (Z23)-(@24)), the variational inequality (EI5)
admits the final form

/(@Z+Vﬂ+f<¢5\)(u—a)dadt >0 Vu € LA(2) : uq <u < ug+7. (4.27)
)
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4.4. Sparsity of the optimal control

The variational inequality ({.27) is a useful tool for proving the following theo-
rem on sparsity properties of @ that is the main result of our paper:

THEOREM 4.5 (SPARSITY) (i) Let the Assumptions[3, [, and[d be satisfied and
let @ be locally optimal for the control problem BI)-B2). Then, owing to
Theorem [5.2 that is demonstrated in the Appendiz independently of Theorem
[{-3 a Lagrange multiplier i € L*°(X), associated with the upper constraint of
B2) exists. For any such Lagrange multiplier, the implications

(4.28)

are satisfied for a.a. (z,t) € ¥ with the adjoint state 1) solving [E2G). Moreover,
if k> Ko with kg introduced in Lemmal2, we have that

a(z,t) =0 < |Y(x,t) <k for aa (z,t)€X. (4.29)

(i) There is a value k1 > 0, such that @ = 0 holds for all sparse parameters
K > K1 such that Assumption 5 is satisfied.

(iii) The element X of the subdifferential 05 () is given by
_ 1_
Aet) =P {2 | (4:30)

PrROOF  The main ideas are inspired by the proof of sparsity for pointwise
control constraints from Casas, Herzog and Wachsmuth (2012). However, some
changes are needed to tackle mixed control-state constraints.

(i) First, we confirm the sparsity relations [@28)). We define the sets
E, ={(x,t) € ¥ : a(z,t) > 0},
Ey = {(z,t) € & : u(zx,t) = 0},
E_ = {(z,t) € T :u(x,t) < 0}.
Let us show (,t) € Eg = 9¥(z,t) < k. In Ey, we have u, < u(x,t) < ug+y(x,t).

The lower inequality is not active. From the variational inequality (£27) that
needs the Assumptions M and Bl we find

0> Y(x,t) +vi(x,t) + kXx,t) = P(z,t) + kX2, t) > (2, t) — Kk (4.31)

a.e. in Ey. Therefore, 1)(z,t) < & holds. This confirms the lower implication of
(#28). To show the upper one, assume conversely that |¢(z,t)] < k. A standard
result for solutions @ of the variational inequality ([@27]) is the projection formula

Wz, t) =Pl wgrg@n) -7 W(2,t) + kX (z,1))} .
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In E,, we have \(z,t) = 1, hence the projection formula implies
1 _
0< —;(1/)(I, t) + Ii).

This yields ¢(z,t) < —k and therefore |[t)(z,t)| > k, contrary to the assumption
above. Analogously, the inequality v (z,t) > & holds for a.a. (z,t) € E_.
Therefore, 4(z,t) = 0 must be satisfied in a.a. points (z,t) with [i(z,t)| < ;
we have confirmed (Z28]).

To show ([#29), we consider the points (z,t), where @(x,t) = 0 holds. We

invoke Lemma [2] that implies % < ug + y(z,t) for all kK > kp. In this case, for
a(z,t) = 0 also the upper inequality @ < uq + ¢ is inactive. Now, instead of

(@31)), we obtain the equation
0= P(x,t) +vu(z,t) + sA(2,1) = P(, 1) + KA(z,1)

that yields | (x,t)| < k. Along with the upper implication of (Z28)), this proves
E29).

(ii) According to Lemma [Tl the sets of all feasible controls u and associated
states y,, are bounded in L°°(X). The same follows for the associated adjoint
states @, solving equation (£I3)). The adjoint state 1/_)|E = ¢z — S™jn depends on
i. However, by Theorem [5.2 part (ii), we can assume the Lagrange multiplier
& to be bounded in L*(X) by some M > 0, independently of . Notice that in
Theorem[5.2] we do not claim that all existing Lagrange multipliers are bounded.
Therefore, we can assume

[l Lo sy < M3

with some constant M3 > 0 not depending on x. Notice that the assumption
p > N + 1 is invoked for this property. For all k > k1 = max{Ms3, Ko}, relation

29) yields @ = 0.
(iii) The projection formula (£30) is standard, see the proof of Theorem 3
in Casas and Troltzsch (2018a). O

REMARK 5 (USE OF THE ASSUMPTIONS) The general Assumptionsl and[d are
needed for the whole theory of the optimal control problem. In view of Corollary
[Z, the linearized Slater Assumption[]] is not needed for all sufficiently large k,
if Assumption[3 holds. Moreover, it is not needed, if Assumption[d is satisfied
in strong form, see Remark 8. Therefore, it is sufficient to require Assumption
[3 and Assumption[d in strong form.

5. Appendix

The results of this paper are based on a linearization method. The associated
analysis occupies a major part of our presentation. After linearization, the
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further steps up to the final result on sparsity are similar to the ones in Casas
and Troltzsch (2018a). However, they differ from the arguments in Casas and
Troltzsch (2018a): Here, we do not include an upper bound u < wu; on the
control in addition to the other given constraints. This enables us to simplify
the presentation. It might be time consuming for a reader to adapt the proofs
of Casas and Troltzsch (2018a) to the problem posed here. Therefore, we briefly
discuss the associated issues in this Appendix to provide the reader with the
associated main ideas.

5.1. A pair of dual linear programming problems

The aim of this section is to prove the existence of a Lagrange multiplier, asso-
ciated with the mixed control-state constraint that is a function and belongs to
L*>°(X). The starting point is the variational inequality ([@I5). In view of this
inequality, the considered locally optimal control @ is a solution to the following
linear continuous optimization problem:

min /E(cﬁ(:v, t) + vz, t) + k\(z, b)) u(x, t) dodt

U((E, t) S Uq + ya($7 t) + Zu_»a((E, t)7
U(Ia t) 2> Ugq,
for a.a. (x,t) € X,

where z,,_g is defined by the linearized equation (Z22)).

To cover this problem by one of the standard forms of linear programming
problems with nonnegativity constraints, we substitute

VI=U— Ug

and recall that z, = Sv. Then, the linearized mixed control-state constraint
above reads

v < ug— Ug + Yz + S(ug — @) + Sv.
Now we set
b=1ug—tg+ya+S(us—u) and —a=@+vi+ K\,

and arrive at the following final form of our linear programming problem that
we call the primal problem and denote it by (PP):

max/ a(z, t)v(z,t) dodt
)

subject to v € L*(X) and (PP)

v<b+ Sv
v > 0.
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Here, all inequalities are to be understood pointwise a.e. in X. Notice that
a belongs to L>®(X), since all of the functions defining a are bounded. We
know by our construction that o = @ — u, is a solution of (PP). Moreover, the
function b defined above is nonnegative, if Assumption [ is fulfilled. Indeed,
this assumption is equivalent to b > 0; notice that z,, g = S(uq — @).

5.2. Dual problem

Our next goal is to confirm the existence of a Lagrange multiplier, associated
with the upper bound of (PP). We apply the duality theory of continuous linear
programming problems as in Casas and Troltzsch (2018a). That technique has
the particular advantage that Lagrange multipliers are constructed in a fairly
explicit way. This is useful to prove some special sparsity properties of locally
optimal controls of the optimal control problem (BI))-(E2).

To this aim, we establish the dual problem to (PP); it is

min/ b(z,t) p(z,t) dodt
)

subject to u € L*(¥) and (DP)

p>a+ S
p = 0.

This dual problem can be constructed as the Lagrangian dual to the conic linear
programming (PP); we refer to Bonnans and Shapiro (2000), Section 2.5.6. Two
questions have to be answered: The first is the equality of the maximum of (PP)
with the infimum of its dual problem (DP), the so-called strong duality. The
second is the solvability of (DP), i.e. if the infimum is attained as minimum. We
begin with the strong duality, which is more difficult than the second question.

The duality theorem of Casas and Troltzsch (2018a) was inspired by early
results for linear programming problems of bottleneck type, see, e.g., Grinold
(1970). The techniques for such problems initiated duality results for more
general linear programming problems that rely on the so-called boundedness
condition, introduced in Grinold (1970). We refer, for instance, to Krabs (1968).
This condition fits very well the mixed control-state constraints as in our paper.
It does not require that the cone of nonnegative functions be non-nempty, as
Slater type conditions assume. Moreover, for our problem, it can be easily
confirmed, see Lemma, [3] below.

The linear programming problem (PP) satisfies a boundedness condition that
ensures the equality of the primal optimal value with the associated dual one.
We refer to our exposition in Casas and Troltzsch (2018a). To confirm this
condition, we define for given d € L*(X) the set

Pd)={ve L*X):v<d+ Sv, v>0}
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This is the feasible set of (PP), associated with varying right-hand side d in the
upper bound of (PP).

LEMMA 3 (BOUNDEDNESS CONDITION) There ezists n > 0 independent of d,
such that

[0ll2(z) < nlldlL2s) Vv € P(d).

ProOF  Owing to Theorem on inverse isotony that also holds for the
linearized equation, the following property is satisfied: If v belongs to P(d),
then we have v < w, where

w=d+ Sw.

The solution w exists and belongs to L?(X). Using that I — S is boundedly
invertible (see Remark [2)), it follows that

[vllrzcs) < llwllz2ey = 11— S) " 2y < 1= 9) " ez Nl L2s)-
Therefore, the desired estimate holds true with 7 = [[(I = 8) ™| z(r2(x))- O

COROLLARY 6 The primal problem (PP) and the dual problem (DP) have the
same optimal value, i.e.

max / avdodt = inf / budodt.
v<b+ Sv /% w>a+S* Je
v>0 w>0

ProOF In view of Lemma [3] the boundedness condition of Assumption 2 in
Casas and Troltzsch (2018a) is satisfied. The claim follows from the general
duality Theorem 7 in Casas and Troltzsch (2018a). O

5.3. Solvability of the dual problem and Lagrange multipliers

To show the existence of Lagrange multipliers, again we follow the lines of Casas
and Troltzsch (2018a). We have to show that (DP) has an optimal solution.
Then the infimum of the dual problem is a minimum and the solution of (DP)
is a Lagrange multiplier for (PP).

THEOREM 5.1 (DUAL EXISTENCE) If Assumption [3 is satisfied, then the dual
problem (DP) has at least one optimal solution i that belongs to L>=(X) and
satisfies the equation

p(z,t) = max{0, a(x,t) + (S*u)(z,t)}. (5.32)

PrROOF  The proof is analogous to the steps that prove Theorem 4 in Casas
and Troltzsch (2018a). We refer to Lemma 7-8 of Casas and Troltzsch (2018a).



Optimal sparse boundary control for a semilinear parabolic equation 119

a) The feasible set of (DP) is not empty:
We take the unique solution /i of the equation
fr=la| + S*f.

By inverse isotony, the non-negativity of the operator S* implies that g >
0 holds. Obviously, [t satisfies the mixed constraint of (DP), since we have
la(z,t)] = a(x,1).

b) Construction of a dual solution

We begin with a feasible solution p for the dual problem that does not satisfy
the equation (B:32). Then, there is a set £ C ¥ with positive measure, where

p(z,t) > max{0, a(x,t) + (S*u)(z,t)} for a.a. (z,t) € E.

Let E4 be the subset of E, where the function a + S*p is nonnegative and E_
be the subset of F, where it is negative. We construct a new feasible solution f
that is smaller than p on E.

For all (z,t) € E4+, we have p(z,t) > a(z,t) + (S*u)(x,t). Here, we set
fi(z,t) == a(x,t) + (S*p)(z,t) < p(z,1).
In E_, there holds u(x,t) > 0. Here, we fix ji(x,t) := 0 and hence
w(xz,t) > f(z,t) = 0> a(z,t) + (S*w)(x, ).
In ¥\ FE we define fi(z,t) := u(x,t).

By this construction, we have ji(z,t) < u(zx,t), hence

/b(x,t)ﬂ(x,t)dxdtg/b(:z:,t)u(:z:,t)dxdt
b

P

follows from b > 0. Here, Assumption [l enters. Moreover, since the operator
S* is nonnegative, we find

Gz, t) > alz,t) + (S*w)(z,t) > a(z, t) + (S*@)(x,t) for a.a. (z,t) € X.

Therefore, fi is feasible for the dual problem and has an objective value not
exceeding that of p. Furthermore, the following identity holds

gz, t) = max{0, a(x,t) + (S*u)(z,t)} for a.a. (z,t) € X.

Repeating this process with p := i and continuing in this way, we construct a
sequence {u,} that is pointwise non-increasing and converges to a function f.
Moreover, by construction, p,1 satisfies

tnt1(z,t) = max{0, a(z,t) + (S pn)(z,t)} for a.a. (z,t) € X.
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Passing to the limit in this identity, we infer that & satisfies the equation (.32)).
Moreover, it has an objective value not greater than that of the initial function
. Therefore, we can restrict the search for an optimum to solutions w of (5.32).

c¢) Existence of an optimal solution to (DP)

The set of functions p satisfying (5.32]) is bounded in L*>°(X). Indeed, for all
such functions, there holds

p < la|l+S*p.

By inverse isotony, it follows that u < w, where w € L*°(X) is the unique
solution to

w = |a|] + S*w. (5.33)

We already pointed out that the function a belongs to L*°(X), hence the same
holds true for all p that obey (B.32). Therefore, the search for a minimum
of (DP) can be restricted to a bounded subset of L>(X) C L?*(X) that is se-
quentially weakly compact in L?(¥). The objective functional is linear and
continuous. Hence, the existence of an optimal solution follows immediately. [J

It turns out that any (optimal) solution of (DP) is a Lagrange multiplier for
the mixed control state constraint of the optimal control problem, associated
with the optimal solution (g, u) :

LEMMA 4 Any solution i of (DP) is a Lagrange multiplier for the mized control
state constraint of the optimal control problem.

PROOF  As a solution to (DP), i is a Lagrange multiplier for (PP). This is
a standard result of duality theory. We set up the Lagrangian function £(v, i)
for (PP) and use the optimality condition

OL(v, 1)) (v —1) >0 You>0.
Then we obtain

/E[(—a)(v C ) 4 (0 =) — S(v—70) il dodt >0 Vo > 0.
Moreover, the complementarity condition

/2(6 — St —b)idodt =0

is satisfied. After re-substituting v = u — u4, b = g — s + Ya + 2u,-a and
Zug—u = SV, vV — U =u—1uU, —a = @+ vu—+ KA, an easy computation shows
the equivalence of the last two formulas with ([L21)). Therefore, fi is a Lagrange

multiplier. O
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5.4. Uniform boundedness of the multiplier ;4 with respect to s

We know that the function —a = @ + kA + v is bounded for each fixed x.
However, its L°°(¥)-norm might tend to infinity as k — oo. The aim of this
subsection is to show that this cannot happen and ||a|[ (5 remains bounded,
independently of k. Then also the solution w of (5.33)) is bounded independently
of k and the same property follows for at least one Lagrange multiplier p,
satisfying u < w.

This uniform boundedness is needed to show the property of sparsity that
the optimal control # vanishes if k is sufficiently large. In this section, it is
useful to indicate the dependence of the solutions to the control problems on s
by an associated index. For this purpose, we shall write @x, ¥, Gx, Px, fs €tc.
for the optimal quantities of the problems associated to «.

THEOREM 5.2 (UNIFORM BOUNDEDNESS OF LAGRANGE MULTIPLIERS) Let
the Assumptions[d and [l be satisfied. Then,

(i) for all k > ko with ko introduced in Lemmal2, we find an optimal solution
by of (DP), satisfying the inequality

b (2, t) <|@w(x, t)| + (S* k) (z,t) a.e. in X. (5.34)

(i1) a constant M > 0 not depending on r > 0 exists, such that
il oo sy < M (5.35)

is satisfied for at least one optimal solution [, of (DP).

Proor Part (i): In view of Theorem [51], there is a solution fi,, of (DP) that
obeys

P (x,t) = max{0, ax(z,t) + (S (x,t)} ae. in X. (5.36)
Now we distinguish between two cases for (z,t):
Case 1: ag(x,t) + (S*fix)(z,t) < 0. Then fiy(x,t) = 0 and we can estimate
fir(@,t) = 0 < |@x (@, t)| + (5™ i) (2, 1);
notice that S*f, > 0 follows from f, > 0.
Case 2: ag(x,t) + (S*fiy)(z,t) > 0. Here, we get from (5.30])
B (2, t) = a(z,t) + (S™fk) (2, t).

To verify the claim in Case 2, we show for the associated points (x,t) that
ax(z,t) < |@k(z,t)| holds. Then, ([34) follows immediately.

We recall that a(z,t) = —@u(2,t) — vig(z,t) — kAe(2,t). The further
discussion depends on the sign of @, (z,t).



122 E. Casas AND F. TROLTZSCH

Case 2a, u,(z,t) < 0: Here, the inequality v, < b, + ST, of (PP) is inactive, if
k is large enough. Let us show this: as above, we set v, = @, — u,. By inserting
this and the definition of b in the inequality v < b + Sv, we find

Uy — Ug < Ug — Ug + Yz, + S(Uq — Uk) + S (U — Uq)-

Simplifying, we find @, < ug + §x. By Lemma[2] we conclude that
_ 4]
ud +yu(2,t) 2 5

a.e. in ¥ for all sufficiently large x, say x > kg. Therefore, the inequality
0 = 4y < ug + Yy is inactive in Case 2a. In view of this, j.(z,t) = 0 follows
from the complementary condition [@22)) for all k > k.

Then, however, the restriction of (DP) implies fi, = 0 > a, + S*[ix in the
associated points (x,t) and hence we are not in Case 2, contradicting our initial
assumption. In this way, we found out that @, (z,t) > 0 must hold a.e. in Case
2. This is the subject of the next case:

Case 2b, t,(z,t) > 0: Then, A.(x,t) = 1 holds, hence we found the desired
inequality

ag(z,t) = —@r(z,t) — v (x,t) — k < —@r(z,t) < |@x(z, t)].
Part (ii): As a consequence of Lemmal[l] all possible adjoint states @,;, associated
to feasible controls, are uniformly bounded, hence there exists a number M; > 0

such that [|@x| e(z)y < M1 V& > 0. Due to (5.34), we can assume

P (x,t) < My + (S™ [ )(x,t) ae. in 3 VK > Ko. (5.37)

For all 0 < k < kg, we have for at least one solution fi,, of (DP) that

firs (2, 1) < [(an + S*in) (2, 8)] = | = (Pn + v g + £X) (2, 1) + (S i) (2, )]
<My +vMp+ Ko+ (S™0s) (2, t) = My + (S 0g) (2, t).

In view of (537), the inequality
P (x,t) < Mo+ (S™ i) (x,t) ae. in 3 Vi >0

) < w(z,t) for

holds with My > M;. By inverse isotony, we obtain 0 < fi.(x,t
() is the unique

the selected multiplier fi,, that obeys (B.30]), where w € L™
solution to

w(x,t) = My + (S*w)(z,t).

Therefore, we obtain ||/ e () < M = |wl]| Lo (s that verifies (5.35). O
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