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CONVOLUTION OPERATORS ON GROUP ALGEBRAS
WHICH ARE TAUBERIAN OR COTAUBERIAN

LILIANA CELY, ELOI M. GALEGO, AND MANUEL GONZALEZ

ABSTRACT. We study the convolution operators 7}, acting on the group
algebras L1 (G) and M(G), where G is a locally compact abelian group
and p is a complex Borel measure on GG. We show that a cotauberian
convolution operator T, acting on L1 (G) is Fredholm of index zero, and
that 7, is tauberian if and only if so is the corresponding convolution
operator acting on the algebra of measures M(G), and we give some
applications of these results.

1. INTRODUCTION

Tauberian and cotauberian operators were introduced in [14] and [19]
respectively, and they have been useful in Banach space theory (see [9]).
Recently, some examples of non-trivial (i.e. with non-closed range) taube-
rian operators T : Li(p) — Li(p) have been found in [13], answering a
question in [9]. In [3] we considered the case in which T is a convolution
operator 7}, acting on the group algebra L;(G), where G be a locally com-
pact abelian group. We proved that T}, tauberian implies 7T}, invertible when
G is non-compact, and that 7}, tauberian implies 7}, Fredholm when G is
compact and the singular continuous part ps. of u with respect to the Haar
measure on G is zero. In particular, tauberian operators T}, are trivial in
those cases. The case pg. # 0 remains open.

Our main result in this paper shows that the cotauberian convolution
operators 1), acting on L;(G) are always Fredholm, hence trivial. This fact
is surprising, because it is not difficult to obtain examples of non-trivial
cotauberian operators T : L1(u) — Li(u). And it is useful because it gives
a new characterization of the Fredholm multipliers of L;(G) considered in [1,
Theorem 5.97] as those that satisfy the definition of cotauberian operator.

In [3], our main tool was a result in [8] characterizing the tauberian opera-
tors T : L1(p) — Y in terms of the action of T over sequences of normalized
disjoint functions in L;(u). Here we follow a more algebraic approach, based
in the characterization of the convolution operators 7}, as the multipliers of
the group algebra L;(G) [15, Chapter 0]. We show first that 7}, cotauberian
implies T}, tauberian. In the case G non-compact, T}, tauberian implies T},

Supported in part by MINECO (Spain), Grant MTM2016-76958.
2010 Mathematics Subject Classification. Primary: 47A53, 43A22.
Keywords: multiplier; tauberian operator; convolution operator.

1

. This manuscript version is made available under the CC-BY-NC-ND 4.0 license http://creativecommons.org/licenses/by-nc-nd/4.0/ --- Actualizacién de la informaciéon del c:



2 LILIANA CELY, ELOI M. GALEGO, AND MANUEL GONZALEZ

invertible by a result in [3]. In the case G compact, L1(G)** is a Banach
algebra in which L;(G) is a closed ideal, hence Li(G)**/L1(G) is a Ba-
nach algebra, and we prove that T}, cotauberian implies that the operator
induced by T,;* on the quotient algebra L;(G)**/L1(G) is bijective. From
the inverse of the induced operator we obtain an inverse of 7), modulo the
compact operators, hence T}, is Fredholm.

We also show that 7, is tauberian if and only if its natural extension
to the algebra of measures M(G) is tauberian, we derive some results for
convolution operators acting on C(G) and Lo (G), and we answer a question
raised in [7] about the measures p € M(G) such that v € M(G) and pxv €
Li(G) imply v € Li(G).

Along the paper X and Y are complex Banach spaces and T': X — Y is
a (continuous linear) operator from X to Y. We denote by R(T) and N(T')
the range and the kernel of T" respectively. An operator T': X — Y is called
tauberian if the second conjugate T** : X** — Y** satisfies T**~1(Y) = X,
and T is called cotauberian if its conjugate T™ is tauberian.

We denote by X the quotient space X**/X, and T : X — Y is the
operator induced by T** and defined by T°(m+X) := T*"*m+Y, m € X**,
which is called the residuum operator of T. Note that T is tauberian if and
only if T is injective, and T is cotauberian if and only if T°° has dense
range [9, Proposition 3.1.8 and Corollary 3.1.12]. The set of operators of
the form T for some T was studied in [11].

An operator T : X — Y is Fredholm if it has closed finite codimensional
range and finite dimensional kernel. In this case the index of T is defined by
ind(7') = dim N(T') — dim X/R(T'). Fredholm operators are tauberian and
cotauberian [9, Thm. 2.1.5 and Prop. 3.1.5].

2. PRELIMINARIES

We denote by G a locally compact abelian group (a LCA group, for short),
and by m the Haar measure on G. Moreover L;(G) is the space of m-
integrable complex functions on G endowed with the Li-norm || - ||1, and
M (G) denotes the space of complex Borel measures on G endowed with the
variation norm. Also Cy(G) and Lo, (G) denote the space of complex contin-
uous functions on G which vanish at infinity and the space of m-essentially
bounded measurable complex valued functions on G, both endowed with the
supremum norm. Note that M(G) and L (G) can be identified with the
dual spaces of Cy(G) and Li(G) respectively, and L1 (G) can be identified
with the subspace of those p € M(G) that are absolutely continuous with
respect to m.

The space L1(G) with the convolution (f *g)(x fG g(y)dm(y)
is a commutative Banach algebra. Moreover, 1f G is a compact group
Lo (G) C L1(G), thus by Young’s inequality, C(G) and Lo (G) are commu-
tative Banach algebras with the convolution product. Given € M(G) and
f € Li(G), the expression (pux f)(z) = [ f(x—y)du(y) defines px f € Li(G)
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CONVOLUTION OPERATORS WHICH ARE TAUBERIAN OR COTAUBERIAN 3

satisfying ||~ f]l1 < |||l - [|flli. Thus we obtain a convolution operator T),
on Li(G) defined by T, f = pu* f, and satisfying ||7,|| = ||n||. Moreover,
given pu,v € M(G), the convolution of measures pxv € M(G) is com-
mutative [18]. Therefore T),,, = 1,7, = T,T,, and we have an operator
M, : M(G) — M(G) defined by M, A = X%y which is an extension of 7,.
We can also define the convolution operator S, : Co(G) — Co(G) and its
extension L, : Loo(G) = Loo(G) by Lug = pxg.

For pn € M(G), we denote by g the measure in M (G) such that p(F) =
u(—FE) for each Borel set E. Given u,n € M(G) and f € Cy(G), it is not
difficult to show that

(mopx f)=(xn,f).
Thus 5, = M, and similarly we get T); = Ly.

Following [15], we say that a Banach algebra A is without order if for all
x € A, A = {0} implies z = 0, or, for all x € A, Az = {0} implies x = 0.
A map T : A — Ais a multiplier of A if 2(Ty) = (Tx)y for all z,y € A. If
G is a LCA group, then L (G) is without order and the multipliers of L, (G)
are precisely the convolution operators T),, p € M(G) [15, Chapter 0].

A net (eq)aer in a commutative Banach algebra A is an approzimate
identity if, for each a € A, lim, ||ae, — al| = 0. If G is a LCA group, then
L1(G) admits a bounded approximate identity [15, Appendix F].

Given a Banach algebra A, the second dual space A** of A is also a
Banach algebra endowed with the (first) Arens product [2]. Specifically,
given M, N € A, f € A* and a,b € A, we define the product M - N in
three steps as follows:

frae A*: (f-a,b):=(f ab)
N-feA": (N - f,a):=(N,f-a)
M-NeA™": (M-N,f):=(M,N-f).

Thus, for G a LCA group, L1(G)** is a Banach algebra. Given f € Lo (G)
and ¢ € L1(G), it is not difficult to show that

(1) fo=fxo,

where g(x) = ¢(—z). Moreover, since G is commutative, the centre of
L1(G)*™ is L1(G) [16, Corollary 3] i.e.,

Li(G)={m € L1(G)"™ : m-n=n-m for each n € L1(G)*™}.

When G is compact, L1(G) is a (closed) ideal of L1 (G)** [20, Proposition
4.2]. Thus L1(G) is a Banach algebra.
We will need later the following result proved in [3].

Theorem 2.1. [3, Theorem 3.2] Let G be a non-compact LCA group. Then
every tauberian convolution operator T, : L1(G) — L1(G) is invertible.

For basic results on Fredholm theory, tauberian operators and multipliers
of Banach algebras without order we refer to [1], [9] and [15].
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4 LILIANA CELY, ELOI M. GALEGO, AND MANUEL GONZALEZ

3. MAIN RESULTS

First we show that the Banach algebras involved in our arguments are
without order.

Proposition 3.1. Let G be a LCA group. Then the algebra Li(G)** ad-
mits a norm-one right identity; hence it is a Banach algebra without order.
Moreover, when G is compact, the quotient algebra L1(G)® also admits a
norm-one right identity and it is a Banach algebra without order.

Proof. The first part of our first result was proved in [6, Proposition 2.1].
For the second part, note that if E is a norm-one right identity of L;(G)**
and G is compact, then Li(G)® is a Banach algebra and E + Li(G) is
a norm-one right identity in L;(G)®, hence Li(G)® is a Banach algebra
without order. O

Let us see that the multipliers of algebras without order have a good
behavior under duality.

Proposition 3.2. Let T be a multiplier of a Banach algebra without order
A. Then the second conjugate T** : A** — A** is a multiplier of A**.

Proof. The proof has three steps. Let M, N € A**, f € A* and a,b € A.
Then T'(ab) = (Ta)b = a(Th), because A is without order, and from this
equality we derive T*(f - a) = f - Ta as follows:

(T°(f-a),b) = (f-a,Tb)
(f,a(Tb))
= (f,(Ta)b)
= <f : Taa b> .
In a similar way, from T*(f -a) = f-Ta we derive T**N - f = T*(N - f), and

from the latter equality we get that M - T**N = T**M - N, showing that
T** is a multiplier. O

Corollary 3.3. Let G be a compact LCA group. Then the residuum operator
T3¢ is a multiplier of L1(G)*

Proof. Let n + L1(G) and m + L1(G) in L1(G)®. Since T;* is a multiplier

of Li(G)**,
(n+Li(G) - T2 (m + Li(G)) = (n+ Li(G)) - (T;"m + L1 (G))
= n-T;"m+ L1(G)
Ty n-m+ L1(G)
(T + Li(@)) - (m + L1(G))
= T;,°(n+ L1(G)) - (m + L1(G)).
Hence T}, is a multiplier of Ly (G)*. O
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CONVOLUTION OPERATORS WHICH ARE TAUBERIAN OR COTAUBERIAN 5

Now we are ready to show that cotauberian convolution operators on
Li(G) are tauberian. This result contrasts with the fact that it is easy to
find non-trivial cotauberian operators T': L1(0,1) — L1(0,1): just consider
a surjective operator S with infinite dimensional kernel from L;(0,1) onto
a closed infinite dimensional subspace M of L1(0,1) such that the quotient
L1(0,1)/M is reflexive, and add a compact operator K so that T'= S+ K
has non-closed range. However it is difficult to obtain a non-trivial tauberian
operator T : L1(0,1) — L1(0,1) (see [13]).

Proposition 3.4. Let T be a multiplier of a Banach algebra without order
A. Suppose that A coincides with the centre of A** and T is cotauberian.
Then T is tauberian.

Proof. Let M € A** such that T**M € A. Then for each K € A™,
M-T"K=T"M -K=K-T"M=T"K -M

because T™* is a multiplier of A**. In particular M - T**K = T**K - M.
Since T is cotauberian, R(T**) + A is dense in A** [9, Corollary 3.1.12].
Consequently, given S € A**| we can find sequences (W,,) C A** and (f,) C
A with (T**W,, + f,,) norm-convergent to S. Therefore

M-S li7rln(M (T W+ fn))
= m(M - T™W, + M- f)
= 11715H(T**Wn M+ fn - M)
= HWm((T"*W, + fn) - M)
Sn- M.
Then M € A, the centre of A**. Hence T is tauberian. O
Corollary 3.5. Let G be a LCA group.

(1) Ewvery cotauberian convolution operator T, is tauberian.
(2) Suppose that G'is non-compact. Then T, is cotauberian if and only
if it is invertible.
Proof. (1) It follows from the facts that L;(G) is a Banach algebra without
order and L;(G) is the centre of Li(G)**.

(2) It is enough to observe that, since GG is non-compact, every tauberian
convolution operator on Li(G) is invertible (Theorem 2.1). O

Let E be a right identity in the algebra L;(G)** provided by Proposition
3.1. We consider the map 'y : M(G) — L1(G)** defined by

Po(u) =Ty (E), e M(G).

The map I'g is an isometric algebra homomorphism of M (G) into L1 (G)
extending the natural embedding of L;(G) into Li(G)** [6, Proposition 2.3].
Since T);* is a multiplier of L1(G)**, for each m € L1(G)** we have

(2) Tym=(T,"m)-E=m-T;"E =m-Tg(u).

*k
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6 LILIANA CELY, ELOI M. GALEGO, AND MANUEL GONZALEZ

Thus T;* is a right multiplication operator (by I'g(u)). Moreover
(3) E-Tg(p) =T (E) = Te(p).
Next we give our main result.

Theorem 3.6. Let G be a LCA group and let T}, : Li(G) — L1(G) be a
convolution operator. Then T, is cotauberian if and only if it is Fredholm
of index zero.

Proof. For G non-compact, it is a consequence of Corollary 3.5.

Suppose that G is compact and T}, cotauberian. Then 7}, is also tauberian
by Proposition 3.4, hence T,/ is injective with dense range by [9, Prop. 3.1.8
and Cor. 3.1.12], and has closed range by [9, Theorem 4.4.2]. Thus T is
invertible.

Since Tj? is a multiplier of the Banach algebra without order L;(G)“
(Proposition 3.1), its inverse S := (75°)~" is a multiplier of Li(G)* [15,
Theorem 1.1.3].

Let E be a right identity in L;(G)*™*. Then

T(E + Li(G) =T E + Li(G) = Tp(p) + Li(G).
Set 8+ L1(G) := S(E + L1(G)). Then
(B4 L1(G)) - (Tp(n) + L1(G)) = S(E + L1(G)) - T°(E + Li(G))
=T,°(S(E + Li(G))) - (B + L1(G))
=E+ Li(G).
Thus (8- Tr(p) — E) € Li1(G). On the other hand, we have

(E+ Li(G)) - (B+ L1(GQ)) = (E+ Li(G)) - S(E + Li(Q))
=S(E+ Li(G)) - (E+ L1(G)) = B+ L1(G),
hence (E - 8 — ) € Li1(G). Since Li(G) is the centre of Li(G)**, for each
n € L1(G)** we have
(E-f—=B) n=n-(E-B-B)=n-B-n-=0.

Then E - 53— 8 = 0, because L1(G)** is a Banach algebra without order,
thus F -8 = 6.

Let v € M(G) denote the restriction of 8 € Lo(G)* to C(G). By [6,
Proposition 2.5] we have that 8 — I'g(v) is zero on C(G). Moreover, by
formula (3), we have

E-(B-Tg)) =8-Tu).

The right identity £ € Li(G)** is the w*-limit of (i(e)) for some bounded
approximate identity (e,) C Li(G), where i : L1(G) — Li(G)** is the
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CONVOLUTION OPERATORS WHICH ARE TAUBERIAN OR COTAUBERIAN 7

canonical inclusion. Therefore, for f € Lo (G) we have

(8-TEW),f)=

because, by (1) and [18, Theorem 1.1.6], f - e, € C(G), thus f =I'g(v).

Note that I = Tj,, where I is the identity operator on Li(G) and &y is
the unit measure concentrated at {0}. Then T3 is the identity operator on
Li(G)*™, and thus E = I'g(dy). Hence, since I'g : M(G) — L1(G)** is an
algebra homomorphism,

(4) Ipxp—2do) =Te() -Ip(p) —Te(d)=B-Teu) - E € Li(G).
By formula (4) and [6, proposition 2.3, u* v — dy € L1(G), and thus

Tyw—s, = T, T, — T

is a compact operator [4, Lemma 2.1.4]. Thus 7,7, = T,/T), is a Fredholm

operator, hence T}, is Fredholm, and it has index zero by [1, Theorem 5.97].
For the converse implication, note that Fredholm operators are trivially

cotauberian. O

Next we study the convolution operator M, : M(G) — M(G) and its
relation with 7}, : Li1(G) — Li(G).

Theorem 3.7. Let G be a LCA group and let ;n € M(G). Then

(1) M, cotauberian implies M, tauberian.
(2) T, is tauberian if and only if M,, is tauberian.

Proof. (1) It was shown in [17, Main theorem]| that, as in the case of L;(G),
the measure algebra M(G) is the centre of M(G)**. Since M(G) has an
identity, it is without order. Thus the result follows from Proposition 3.4.

(2) Suppose that T}, is tauberian, and let E be a right identity in L (G)**.
Then the following diagram is commutative:

T**

j\ﬁ(}) M j\i

Q)
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8 LILIANA CELY, ELOI M. GALEGO, AND MANUEL GONZALEZ

Indeed, given v € M(G) and h € Lo (G), we have
oM@ h) = (Tuluev),h)

T B h)

E7T;*l/ >

{
{
{
(B, T, (T;h )>
(17
{
{

(v ) >
T “Tr(v ) h).

Thus
(5) F'eM, = T;*FE.

Now T, tauberian implies 7);* tauberian [9, Theorem 4.4.2]. Therefore
T;*FE = I'g M, is tauberian, and hence M, is tauberian, in both cases by
[9, Proposition 2.1.3].

Similarly, denoting by J : L1(G) — M(G) the natural isomorphic em-
bedding, we have JT,, = M,J. Hence, by [9, Proposition 2.1.3], if M, is
tauberian, so is T},. O

Corollary 3.8. Let G be a LCA group. If the convolution operators T), is
cotauberian, then M, is Fredholm.

Proof. Let T}, be cotauberian, then T}, is Fredholm (Theorem 3.6). Therefore
T,;" is Fredholm and T};*I'g is upper semi-Fredholm. Then, by formula (5),
M,, is upper semi-Fredholm. Since pr = A x v where A x A = X and v is
invertible [12, Theorem 1], we have that M(G) = R(M,,) & N(M,). Hence
M,, is Fredholm. U

Recall that an operator T : Li(G) — Li(G) is tauberian if and only if
m € L1(G)* and T**m € L1(G) imply m € L1(G).

Observation 3.9. It was asked in [7] whether a convolution operator T),
acting on Li(G) is tauberian when the measure p satisfies the following
condition:

(6) veMG),uxve L (G)=veL(G).
Next we will show that the answer to this question is negative.

Indeed, it was proved in [3] that there exists an atomic measure pg € M (T)
such that 7T),, is an injective non-tauberian operator, where T denotes the
unit circle. It is enough to choose pg such that its Fourier-Stieltjes transform
Ho satisfies 0 € 11p(Z)\[io(Z). The following argument, due to Doss [5], shows
that 1o satisfies condition (6):

Every v € M(T) can be written as v = 11 + v5 with 11 < m and v5 L m,
where m is the Haar measure on T. Since pg x vy € Li(T) and pg * vo is
supported in a m-null set, T),,v € L{(T) if and only if v, = 0. Thus puq
satisfies (6).
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CONVOLUTION OPERATORS WHICH ARE TAUBERIAN OR COTAUBERIAN 9

It is not difficult to show that p* f = fix f for pu € M(G) and f € L1(G).
Also, for every normalized disjoint sequence (f,) C L1(G), the sequence
(};) is also normalized and disjoint. Therefore, it follows from [9, Theorem
4.1.3] that T}, is tauberian if and only if so is T;. Hence, by Theorem 3.7,
the same happens for M, and M, and we get the following result:

Proposition 3.10. Let G be a non-compact LCA group. Then

(i) Ly : Loo(G) = Loo(G) is tauberian if and only if it is cotauberian, and
this is equivalent to L, invertible;

(ii) My, : M(G) = M(G) is tauberian if and only if it is invertible;

(ili) Sy : Co(G) = Co(Q) is cotauberian if and only if it is invertible.

Proof. (i) Note that L, = T7 and Tj is tauberian if and only if so is its second
conjugate 77" [9, Theorem 4.4.2]. So the result follows from Theorem 2.1
and Corollary 3.5.

(ii) It is a consequence of Theorems 3.7 and 2.1, and Theorem 1.1.3 in

[15].

(iii) Since S}; = My, the result follows from (ii). O
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