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1. Introduction

The goal of this paper is to describe the use of optimal control tools to approximate the
solution to a class of inverse source problems related to diffusion-convection equations.
In particular we study the identification of the initial conditions for the parabolic
equation

0

a—ZtJ—l—Ay — f mQ=0x(0,T)

y(z,0) = u inQ (1.1)
Opy(z,t) = 0 onX =T x(0,T),

where I is the boundary of €2, u is a Borel measure in €, and A is the elliptic operator

defined by

Ay = —alAy + b(z,t) - Vy + c(z, t)y (1.2)
for a constant a > 0 and functions b and c. The goal is to identify u from the observation
ya corresponding to the state at the final time y, (7). For this purpose we consider the
following optimal control problem

) 1
(P,) min J(u) = §Hyu(T) - yd”%Q(Q)’

u€Ugq

where
Uaa = {u € M(Q) : ||ul| pery < a},

with a > 0, and where y,, is the solution to (1.1) corresponding to the control w.

There is a vast amount of mathematical contributions to inverse source problems.
The reader is referred to the monographs [1] and [2] and the references therein. Here
we are inspired by applications whose aim is the identification of pointwise pollution
sources, see e.g. [3], [4]. The total amount or an upper bound of pollution could be
known in some cases, which justifies the consideration of the control constraint. In this
context, the use of sparse control techniques suggests itself as a powerful tool. The
choice of controls as measures whose supports indicate the source locations appears
in a natural way. In some investigations the problem is formulated as searching for
combinations of Dirac measures given by

m
u= E 0,
k=1

where the number m of locations is fixed and oy and zj are the optimization variables.
This leads to a non convex optimization problem with practical difficulties related to
the computation of the derivatives with respect to xp. Our formulation is a convex
optimization problem and in certain situations can be proved that the solutions are of
the above type; see Corollary 2.8 and Remark 2.10. The use of measures as controls has
been exploited in previous papers and its numerical realization has been achieved in an
efficient way; see [5], [6], [7]. [8], [9], [10].
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The plan of this paper is as follows. In the next section, we analyze the control
problem (P,), which uses deep results from the theory of diffusion-convection equations
such as uniqueness of backward parabolic equations with time dependent coefficients,
analyticity of the solutions, Holder regularity, and approximate controllability. In some
applications, it is known a priori that the source is non-negative. Section 3 is dedicated
to this issue. Finally, in §4 we consider a related problem where, instead of imposing a
control constraint, we penalize the norm of the control, in a Tikhonov type style. We
subsequently compare both formulations, which provides a direct relation between the
constraint parameter a and the penalty parameter.

2. Analysis of (P,)

In this section we analyze the problem (P,). First, we study the state equation. Then,

existence and uniqueness of an optimal solution @ is proved. Finally, we derive the

optimality conditions and deduce structural properties of @, in particular, sparsity.
The following regularity assumptions will be assumed throughout this section.

e () is an open, connected and bounded subset of R", 1 < n < 3, with a Lipschitz
boundary I'.

o f € LY0,T;L*f)), a is positive real number, b € L®(Q)", ¢ € L®(Q), and
Yq € LZ(Q).

With M(Q2) we denote the space of real and regular Borel measures in (2 endowed
with the norm

lul@ =  sup / o) du(z) = [u| ().

lolle@y<1

where C(Q) is the space of continuous functions in Q and |u| represents the total

variation measure of u. C({2) is a separable Banach space for the supremum norm
and M(Q) is its dual space; see [11, page 130].

2.1. Analysis of the State Equation

Definition 2.1 We say that a function y € L'(Q) is a solution of (1.1) if the following
tdentity holds

/Q(—%-I—A*gb)ydmdt:/QfgzﬁdxdtﬁL/ﬂgb(O) du V¢ € O, (2.1)
where
®={pc L*0,T; H(Q)) : _?9_(1/? + A*p € L7(Q), 0,0 =0 on %, ¢(T) =0 in Q}
and

A*p = —aA¢ — div[b(z, t)d] + co.
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Let us observe that the problem

—@ +A = g inQ
ot
¢(x,T) = 0 inQ (2.2)
Ono(z,t) = 0 on X

has a unique solution ¢ € L*(0,T; Hy(Q)) N C([0,T]; L*(Q)) for every g € L>(Q).

Moreover, the regularity ¢ € C(Q) holds. This continuity property follows, for instance,
from the results in [12]; see also [13, Chapter III].

Theorem 2.2 There exists a unique solution y of (1.1). Moreover, the reqularity y €
L7(0, T; Wy ()N C((0, T]; L*()) holds for all p,r € [1,2) with (2/r)+ (n/p) > n+1,

and we have the following estimate for some constant C,

1Yl Lo ey + YD 2@) < Crplllull @) + 1oz ) VE€[0,T]. (2.3)

Proof. Let us prove first the uniqueness. If y, yo are two solutions associated with
the control u, then from (2.1) we deduce that y = y, — y; satisfies

/(—% + A*¢)ydedt =0 Vo € O.
o Ot

Choosing g = sign(y) in (2.2) and inserting the corresponding solution ¢ in the above
identity we infer that y = 0. To prove the existence and the regularity we choose a
sequence {u}, C C(Q) such that w, = u in M(Q) and |Jugl|zr@) < ||ullpey. This
can be achieved by taking the convolution with sequences of mollifiers. Associated with
{uy. }r, we define the sequence of solutions {y }r C L*(0,T; H(2)) of (1.1). Then, using
the regularity of vy, we integrate by parts to obtain for every ¢ € ¢

oo .. [ Oyk
/Q(_ajLA gzﬁ)ykdxdt—/CQ(E+Ayk)¢dxdt+/ﬂ¢(0)ukdx
— / fodrdt + / d(0)uy, da. (2.4)
Q Q

Let us obtain the estimate on the first summand in (2.3) for y;. To this end, we take
{v; ;l:o C D(Q) and ¢ €  satisfying

¢ op;

LA = 20y
ot T 0" Gy, M€ .
oz, T) = 0 in Q2 (2.5)
Onp(z,t) = 0 on X.

Following [12] and [13, Chapter III], we know that there exists a constant C' such that

d
||¢||C(Q) < CZ ||¢j||Lr’(0,T;LP’(Q))- (2.6)

=0

Indeed, let us observe that the condition % + % > n + 1 is equivalent to 7% + 1% < 1,
where ' and p’ denote the conjugates of » and p. The later inequality is sufficient for
the regularity and a priori estimate (2.6).
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Now, using distributional derivatives we obtain from (2.4)-(2.6)

d d
(Y, Yo) + Z(azjyk, ¥i) = /ka(wo - Z O, 1);) da dit
j=1 Jj=0

:/Q(—z—(f+A*¢)ykd:1:dt:/Qfgbd:rdt+/g¢(0)ukdx

d
< C(I1f g + lullzr@) D 185l 0. o)

§=0
d

< C'(Ifllworzz@) + @) D 185l o.rw @)
j=0

This proves that {yx}x C L7(0,T; WhP(Q)) and every y, satisfies (2.3). By taking a
subsequence, we deduce the existence of y € L"(0,T; W'?(Q)) such that y; — y in this
space. Then, passing to the limit in (2.4) we infer that y is solution of (1.1) and the
estimate on the first term in (2.3) holds.

To deduce the second estimate we introduce the function z(z,t) = (t — to)y(z,t)
with 0 <ty <T. Then, z satisfies the equation

%—FAZ = (t—to)f+y inQx (t,,T)
z(z,tp) = 0 in Q2 (2.7)
Opz(x,t) = 0 on I' x (to,T).

We have already proved that y € L"(0,T;W'?(Q)) for all p,r € [1,2) with (2/r) +
(n/p) > n+ 1. Choosing r = 1 and p < -5 big enough so that W'?(Q) C L*(Q) we
deduce that y € L'(0,T; L*(Q2)) and

19llrorc2 ) < Crlllullame) + 1111 0miz2@) (2.8)
for some constant C} > 0. It is standard that z € L*(to, T; H(Q2)) N C([to, T]; L*(Q))
and

2lletomyrz@) < Co(Tf lror;r2@) + Yl 2r0,7502(0))
for a constant Cy independent of ¢y. For a method of proof the reader is referred to [14,
pp. 264-265]. Now, inserting (2.8) in the above inequality we obtain

Iz lleqto, 2@y < Calllullagy + 1 fll2r0mz2 ) (2.9)

for a constant C3. Since y(z,t) = ﬁz(m,t) for t > ¢y and to > 0 is arbitrary, we infer
that y € C((0,T], L3(2)) and, in particular, we deduce from (2.9)

(= to)[ly@)lz2@) = 12D 2@ < Calllulla@y + [1fll2rori222))-
Since tg > 0 was arbitrary, this inequality implies (2.3). O

Though the previous theorem implies the continuity of the relation control-to-state
with respect to the strong topology in M (), this is not enough to prove the solvability
of (P,). For this purpose we establish the following result.
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Theorem 2.3 Let {ug}r C M(Q) be such that u, — u in M(Q) and let {yx}r and y
be the associated states. Then, y, — y in L"(0,T; WHP(Q)) and

kh—>r£lo Hyk — yHC([to,T];LZ(Q)) =0 Vitye (O,T) (2.10)
In particular, the convergence yp(T) — y(T') in L*(Q2) holds.

In the above statement, r and p must satisfy the relations specified in Theorem 2.2.

Proof. From (2.3) we get the boundedness of {y} in L7(0,7;W'?(Q)). This
implies the existence of subsequences weakly converging in L"(0,T; W'?(2)). For these
subsequences it is immediate to pass to the limit in (2.1) and to deduce that the state y
corresponding to the control u is the unique limit. Hence, the whole sequence converges
weakly to y.

To prove (2.10) we introduce the functions z, = (¢t — to)yx and z = (t — to)y. We
observe that e, = z; — z satisfies the equation

%—FA@C = ye—y inQx (to,T)
ex(z,to) = 0 in Q
Oper(x,t) = 0 on I' x (to, T).

Using again (2.3) we know that {y, — y}x is bounded in L>®(ty, T; L*(©2)). From [12]
we have that {e}; is bounded in a space of Hélder functions CO*(Q2 x [to, T]) for
some 1 € (0,1). Since yr —y — 0 weakly in L"(0,7; W'P(Q)) and the embedding
CO*(Q x [to, T]) C C(Q x [ty,T]) is compact, we infer that e, — 0 strongly in
C(Q x [tg, T]), which proves (2.10). O

2.2. Analysis of (P,)

In this section, we are going to prove the existence and uniqueness of a solution of (P,,).
We will also derive the optimality conditions satisfied by this solution and discuss its
sparsity structure.

Theorem 2.4 Problem (P,) has a unique solution .

Proof. For the existence of a solution we observe that U,, is bounded and weakly*
closed in M(Q). Actually, from Banach-Alaoglu-Bourbaki Theorem we know that it
is weakly* compact; see, for instance, [15, Theorem 3.16|. Therefore, any minimizing
sequence is bounded in M(Q) and any weak* limit belongs to U,. Finally, using
Theorem 2.3 we conclude that any of these limits is a solution of (P,).

Let us prove the uniqueness. Let u; and @y be two solutions of (P, ) with associated
states 7, and f». From the convexity of U,y and the strict convexity of the L?(£2) norm
we deduce that §1(T) = 42(T). Let us set § = 3 — 41 and take ¢ty € (0,7T) arbitrary.
We have that y(z,t) = ﬁz(w, t) for every t € (ty, T], where z satisfies

%%—Az = gy in QX (to,T)
z(z,tp) = 0 inQ

Opz(z,t) = 0 on D x (t,T).
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From Theorem 2.2 we know that § € L*(ty, T; L*(Q2)) holds. Hence, z € L?(to, T; H*(Q))
and

where
g=—b-Vz—cz€ L*(ty,T;L*Q)).
As usual we denote
D(A)={¢p € H'(Q): Ap € L*(Q) and 9,0 = 0 in T'}.

Now, from standard results on evolution equations, see, for instance, [16, pp. 113—
114], we infer that z € C([to, T); H'()) N L*(ty, T; D(A)). Taking into account that
2(t) = (t — to)y(t), we deduce that y € C([5,T); H'(2)) N L*(6,T; D(A)) for all
to < 0 < T. Since ty is arbitrary in (0,7") we conclude that this regularity of 4 holds for
arbitrary 0 < § < T'. Moreover, from the state equation satisfied by 3 we get for almost
every t € (6,7

192~ gt 52 = 10(6) - V3(6) + g D)2er < ot s

Now, since g(7') = 0 we deduce from the backward uniqueness of the parabolic equation
[17, Theorem 1.1] that y(t) = 0 for all ¢ € [6,7]. Due to the fact that 6 > 0
can be taken arbitrarily small, we conclude that g(t) = 0 Vt € (0,7]. Finally,
since § € LY(0,T;W'P(Q)) for p < - and & = f — Ay € LY0,T; W (Q)*),
it follows that g : [0,7] — W' (Q)* is continuous. Hence, we conclude that
g — uy = y(0) = limy_,oy(t) = 0.0

Next, we establish the optimality conditions satisfied by the solution @ of (P,).

First, we introduce the adjoint state associated with % as the solution to

—— 4+ A% =0 in @
ot 2.11
P(T) = y(T)~ys inQ (2.11)

Onp(z,t) = 0 on X,

where g is the state corresponding to u. According to Theorem 2.2, we know that
y(T) € L*Q), hence ¢ € L0, T; H'(Q)) N C(Q x [0,T)). The norm of @ in these
spaces can be estimated by the norm of §(T") — y4 in L?*(2); see, for instance, [13, §I1I-7
to §II1-10]. In particular, there exists a constant Cy such that

[2(0)[le@) < Colly(T) — yallr2()- (2.12)

Theorem 2.5 Let u be the solution of (P,) with y and ¢ the associated state and adjoint
state. Then, the following properties hold

(i) If [ullme@) < o then §(T) = yq and ¢ =0 in Q.
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(i6) If @l ey = 0, then
supp(at) € {z € Q2+ 3(2.0) = ~[|2(0) e} o1
supp(u”) C {z € Q: ¢(z,0) = +[2(0) o}
where u = ut — u~ is the Jordan decomposition of u.

Conversely, if u is an element of Uyq satisfying (1) or (ii), then @ is the solution to (P,).

Before proving the above theorem we establish two lemmas.

Lemma 2.6 Given u € M(S), the solution z, € L"(0,T; W'P(2)) to

%—}—AZ = 0 n@

ot
2(0) = u nQ (2.14)
Opz(z,t) = 0 onX

satisfies

/Q (0alT) — ya)2u(T) d = / 2(0) du. (2.15)

Q

Proof. Let us consider two sequences {gx }x, {ux tr C C(£2) such that g — y(T) —yq4
strongly in L?(Q) and u; — u in M(Q). Now we introduce the solutions {@y }x, {2k} C
L0, T; HY(Q)) N HY0,T; H'(Q)*)) N C(Q) to the equations

00k | e : Oz _ :
—W‘FAS% = 0 in @ E‘FAZI@ = 0 inQ
or(z, T) = gp(z) in Q 2(0) = wu, inQ
Onpr(z,t) = 0 on % Onzi(z,t) = 0 on X

Because of the regularity of ¢ and z; we are justified to integrate by parts getting

/ngzk(T) dx:/ﬂgok(())uk dz.

Finally, using that |2x(T) — 2(T)||r2q) — 0 due to Theorem 2.3, and |¢x(0) —
?(0)leg@) — 0 by (2.12), we can pass to the limit in the above identity and deduce
(2.15). O

The following lemma establishes the approximate controllability of system (1.1)
by the initial condition. We prove it here because the coefficients b and ¢ are time
dependent.

Lemma 2.7 For every ¢ > 0 there exists a control uw € L*(Q) such that ||y, (T) —
deLQ(Q) <E.

Proof. We argue by contradiction and assume that the statement of the lemma is
false. Then, in particular, the reachable set

R = {yu(T) : u € ()}
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is not dense in L?(€2). Therefore, there exists an element g € L*(Q2), g # 0, such that

/Q 9@yl T dz = 0 Vu € I2(Q), (2.16)

Denote by g the solution to (1.1) corresponding to the control 0 and by z, the solution
of (2.14). Then, the identity y, = yo + 2, obviously holds for every u € L*(2). If we
take u = 0 in (2.16) we deduce that

/Qg(x)yo(x, T)dz = 0.
Hence, with (2.16) we get the identity

/Qg(:p)zu(a:,T) dr =0 Yue L*(Q). (2.17)
Let us take ¢ as solution of

—%—f—i—A*gp = 0 in @,
p(T) = g nQ,
O = 0 on X.
From (2.17) and Lemma 2.6 with §(T") — y4 replaced by g, we infer

Oz/ﬂgo(x,T)zu(x,T) dx:/ng(x,O)u(x)dx Yu € L*(9Q).

Consequently, ¢(0) = 0 is satisfied. Arguing as in the proof of Theorem 2.11 we can
apply the backward uniqueness to ¢ to deduce that ¢(t) = 0 Vt € [0,T]. Hence g =0
and we obtain a contradiction. 0
Proof of Theorem 2.5. Let u be an arbitrary element of U,;. Denote by z, 5 the
solution to (2.14) with u replaced by u — 4. From Lemma 2.6 we get
g LI =IO (1) — gz o(T)e = [ @0 ).
N P Q Q

Since (P,) is a convex problem, the next condition is necessary and sufficient for

optimality of an element u € U,y
J'(a)(u—1u) = / 2(0)d(u—1a) >0 Yu € Uy,
Q
or equivalently

_/QSO(()) du < —/tp(O) du Vu € Ugg.

O
Taking the supremum in u € U,y we infer the equivalent expression.

allp(0)]le@) = —/Q@(O) du.

In the case ||t rq) = o this identity is the same as

|wm@wwm@:—4wmw. (2.18)
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Therefore, (2.18) is a necessary and sufficient condition for optimality if || v ) = o
Now, from [6, Lemma 3.4] we infer (2.13). Conversely, if u € M() satisfies (7i), then
it is immediate to check that (2.18) holds as well and, hence, u is the solution of (P,).

Let us study the case [|@||rqq) < . Obviously if §(T') = ya, then u is the solution
of (P,). Conversely, assume now that @ is the solution and g(7T") # y4. From Lemma
2.7 we deduce the existence of an element u € M(Q) such that J(u) < J(u). Since @ is
a solution of (P,), then u & U,q. Let us take a number A satisfying

a— ||u v
0</\<min{M,l}.
[l — | pma)

Then, v =4+ ANu — @) € Uyq holds and
J(w)=JAu+ (1 =Na) < AJ(u) + (1 —N)J(a) < J(a),

which contradicts the optimality of . Hence §(T') = y4, and using (2.11) we conclude
that p =0. O

The relationships (2.13) suggest the idea that the optimal control is supported in
a small region. Actually, this can be proved under certain assumptions.

Corollary 2.8 Let us assume that ¢ = 0 and b is a function only depending on time
and analytic in (—e,T + €) for some € > 0. If u is the solution of (P,) with associated
state y and y(T) — yq is not constant, then the following properties hold:

(i) The support of i has zero Lebesque measure.

(ii) If n = 1, then there exists a countable set of points {x;}ic; C Q and real numbers
{\i}ier such that

) _ o >0 if p(z,0) = —[|@(0)]|q)
Z { <0 if p(xi,0) = +6(0)llc@ 219

If the cardinality of I is not finite, then the accumulation points of {x;}ic; are points
of T.

Proof. (i) Since b is analytic, the solution ¢ to (2.11) is analytic with respect to
the variable z in Q for every t € [0,7). In particular, ¢(0) is analytic in €2; see, for
instance, [18, page 324] or [19] and the references therein. As a consequence, either ¢(0)
is a constant function in € or the set of points S = {z € Q : [¢(x,0)] = [|¢(0)|lc@ }
has zero Lebesgue measure. Let us prove that the first case is not possible. Indeed, if
@(z,0) = &k for some k € R and for every x € , then v = ¢ — k satisfies

—%_,(f—FA*Z/} = 0 inQ
»(0) = 0 inQ
o, = 0 on X,

due to the assumptions on b and c¢. Then, arguing as in the proof of Theorem 2.11,
we deduce the backward uniqueness of the equation and, hence, that ¥ (x,t) = 0 in Q.
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Therefore, the identity @(z,t) = & holds in @. This implies that §(T') — ys = ¢(T) = &,
which contradicts our assumption.

(71) In the case n = 1, the analyticity of ¢ implies that the set S defined above is
countable and the possible accumulation points must be on the boundary I'. Moreover,
(2.19) is an immediate consequence of (2.13). O

Remark 2.9 The assumption that y(T) — y4 is not identically equal to a constant is
obviously satisfied provided that yq & H'(2). In the case of a regular function yq, if its
normal deriwative on I' is not identically equal to zero, then for a regular boundary I"
and a function f € LP(Q) with p > 4, the equality y(T) — yq = k with k € R is again not
possible. Indeed, it is enough to observe that in this case 0,y(t) = 0 is satisfied for every
t € (0,T). Finally, the identity y(T') —yq = K is not possible either if yq is not attainable
by any control u € M(Q). Indeed, if §(T) — yq = &, then y (T) = 4(T) + Kk = yq for
u = U+ Kk, which contradicts the assumption.

Remark 2.10 In the state equation (1.1) we have considered a Neumann boundary
condition. All the results proved in this paper remain valid if we replace this condition by
an homogeneous Dirichlet or Robin condition. Concerning Corollary 2.8, the statement
holds under the weaker assumption y(T') # yq. In particular, the condition ¢ =0 is not
necessary. Indeed, following the above proof, if (0) = k in Q, then k must be zero due
to the homogeneous boundary condition. Once again, the backward uniqueness property
of the adjoint state equation implies that @ = 0 in Q, therefore §y(T) — yq = @(T) = 0,
contradicting the assumption.

Moreover, in the case n = 1, for a Dirichlet boundary condition, the set of points
{x;}ier 1s finite because if there is an accumulation point in T', then @ vanishes there.
This means that ¢(0) = 0, which is not possible under our assumptions as we have
proved in the previous paragraph.

Remark 2.11 Let us briefly discuss the case, when the terminal tracking function which
was used in (P,) is replaces by the temporally distributed cost %fg |y (t) — deig(Q) dt,
where t; € [0,T) and yg € Q x (t1,T). Again the associated optimal control problem has
a unique solution u, i.e. the analogue of Theorem holds. The adjoint equation for this
case is given by

)% .o _ ,
—a—erA p = W—vaxa nQ
aa . 2.20)
o(T) = 0 in (
Onp(z,t) = 0 on X,

where xq, is the characteristic function of the set Q1 = Q x (t1,T).

To obtain the analogue of Theorem 2.5 we assume that chdx dt =0,beC(Q)",
and additionally that fz b-ndxdt =0, and le (—ya) dzdt # 0. Under these conditions,
integrating the adjoint equation given in (2.20) over Q@ and using the boundary conditions
for @ and b, and the fact that ¢ = 0, we obtain that

/Q@(O)dx:/l(zj—yd)d:cdt;éo.
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Hence ¢(0) # 0 holds. Supposing that ||u]| pq) < @, one can choose u, = u+p p(0) with
p < 0 and |p| sufficiently small such that u, € Uaq, and then J'(u)(u,—u) = p||g5||%2(9) <
0, hence the mecessary and sufficient optimality condition is violated. Therefore, the
case ||u|p@) < o cannot occur and the constraint is necessarily active. The case
|t]| mqy = @ can be treated exactly as in the proof of Theorem 2.5.

3. Identification of positive sources

In this section, we concentrate on the situation where a priori knowledge on the
system suggests to consider non-negative measures. Then, the identification problem is
formulated as follows

' 1
(P+) min J(u) = S ya(T) = vallZ20),

uel

where
Ul ={ue M Q) :u() <a}
with M*(Q) the subspace of M () formed by all non-negative measures. Observe that

for non-negative measures the equality [Jul[pq) = u(§2) holds. For problem (P7) we
have the following result.

Theorem 3.1 (P) has a unique solution. Moreover, u € U], is a solution of (P}) if
and only if

/ng(a:,O) dug/ggo(x,O)du Vu e UF,. (3.1)

If u(Q) = «, then the following properties are fulfilled:
(1) Inequality (3.1) is equivalent to the identity

/ @(z,0) du = app := amin @(w, 0), (3.2)
Q weN
where i < 0.
(it) @ is the solution of (PY) if and only if
supp(u) C {z € Q: @(x,0) = ji}. (3.3)

Proof. Existence and uniqueness for problem (PY) is proved as in Theorem 2.11.
As in the proof of Theorem 2.5, we get that an element @ of U, is the solution of (P])
if and only if

J'(a)(u—1a) = /Q@(()) dlu—u) >0 YueUS,

which is equivalent to (3.1). Let us consider the case of u(2) = a and prove (7). First,
if 1 > 0, then taking v = 0 in (3.1) we deduce that « = 0. Thus, iz < 0 holds.
Now, observe that (3.1) is equivalent to

/ng(:v,()) du = min /ng(m,O) du.

uEU:;
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Let wy € Q be a point where @(wp,0) = . Then, the above minimum is achieved for
U = ady,, which directly leads to (3.2).The converse implication is immediate.

To prove (ii) we distinguish two cases. First we assume that g = 0. In this case,
@(z,0) > 0 Vz € Q and hence (3.2) obviously implies (3.3). In the case of i < 0, we set
Y(z) = —min{p(z,0),0}. It is easy to check that 0 < ¢(x) < —f and ||¢||¢@q) = — £
Now, using (3.1) and the fact that ¥ (z) > —@(z,0) we get

/wdaz—/@(m,o)daz—/@(x,o)du Vu e Uf,.

Taking u = ad,, we infer

/QT#CW > —jia = ||[Y |l @ llal ama)-

The converse inequality is obvious and therefore, we have that

éwwzwm@wm@

Now, from [6, Lemma 3.4] we get (3.3).
Finally, the converse implication is a consequence of the fact that (3.3) implies (3.1)

whenever @ is a non-negative measure with a() = . O

Remark 3.2 Denote again by yo the solution of (1.1) corresponding to the control 0.
If ya < yo(T), then the unique solution to (P}) is given by u = 0. Indeed, observe that
Yu = zu + Yo, where z, the solution of (2.14). By the weak mazimum principle we know
that z, > 0 in Q. Consequently, for every u # 0

7(0) = Sl(T) — sl 3oy < 512(T) — (o~ (T ey = Tw)

Remark 3.3 Contrarily to Theorem 2.5, the case of an optimal control with ||i]| p(q) <
a has not been addressed in Theorem 3.1. In Theorem 2.5 we established that y(T') = y4
whenever ||t pq) < a. This property fails if we restrict the controls to be non-negative.
Indeed, we have established in the above remark that uw = 0 if yq < yo(T).

4. A related penalty formulation

An alternative formulation to identify the initial condition u is the following
1
P min J(w) = =||yu(T) — yal|* + Bllu 3) s
(Ps) i J() = lT) = vallao) + Bl
where § > 0 is fixed. In this section, we analyze problem (Pz) and we compare it
with (P,). The reader is referred to [20] for a related problem. Let us introduce some

notation. We set J(u) = F(u) + 8j(u), where

1 .
F(u) = Sl1y(T) = alliz@) and j(u) = el

First, we state the well posedness of the problem and the optimality conditions.
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Theorem 4.1 Problem (Ps) has a unique solution. Moreover, an element i € M ()
is the solution of (Pg) if and only if

/QSO(O) du + B8] pmee) = 0,

=06 ifa .
||90(0)||C(Q){ <§ Z;ZuiSf

Proof. The two addends of the cost functional J define convex functions, j is lower
semicontinuous with respect to the weak* topology in M(€), and .J is coercive in M((Q2).
Hence, we can argue similarly to the proof of Theorem 2.11 to deduce the existence and
uniqueness of a solution of (P3). Moreover, given @ € M(S), using the convexity of F'
and j, we get with Lemma 2.6 that @ is a solution of (Pj) if and only if for all u € M ()

J —u)) — J(u
0< lim (u+ plu p“” (@ / 2(0) d(u — @) + Bllull sy — Bl aacey.

This is obviously equivalent to —%@ € 0j(u), where 0j(u) denotes the subdifferential
of 7 at u in the sense of the convex analysis. Finally, it is straightforward to check that
dj(u) is equivalent to (4.1). O

Corollary 4.2 Let i € M(Q) be a nonzero measure. Then i is a solution of (Pg) if
and only if the following property holds

Supp(i*) C {x € 02 p(r,0) = ~ B}, w2
Supp(u~) C {z € £2: ¢(z,0) = +6}, '
where 4 = ut — u~is the Jordan decomposition of .

This is an immediate consequence of (4.1) and [6, Lemma 3.4].

Corollary 4.3 Let pg be the adjoint state corresponding to the zero control, and set
Bo = lleo(0)|lc@y. Then, w# 0 for all B € (0,5y) and =0 for every 3 > fy.

Proof. Using (4.1), we get that u # 0 for all 3 < [|¢0(0)||c@). On the other hand,
the control zero satisfies the optimality conditions (4.1) for every 5 > fy. O
Now, we can compare the control problems (P,) and (Pg).

Theorem 4.4 Let i € M(Q) be different from 0. Then, we have
(i) If w is a solution to (Pg), then it is also a solution to (Py) for a = ||| pq)-
Pa),

(i1) If u is a solution to ( then it is also a solution to (Pg) for 8 = ||@(0)|/c(q)-

Proof. Tt suffices to compare the necessary and sufficient optimality conditions
(2.13) and (4.1) with a and S selected as indicated in the theorem to conclude the
statement. O
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Remark 4.5 Though the problems (P,) and (Pg) are equivalent in the above sense,
the choice of a and B is a delicate issue. In some applications, there is an a priori
knowledge of the total input ||u|| gy, which can be used for the choice of a in the
formulation of (P,). However, the a priori knowledge of the data does not provide a
comparable information for the choice of 3.

Now, we are going to study the dependence of the solution to (Pg) with respect to
B. To this end, we denote by ug the solution of (Pg) for § > 0, and by ysz and g the
associated state and adjoint state. In the remaining of the section we also make the
following non-attainability assumption

yu(T) # ya  Vu € M(Q). (4.3)

Lemma 4.6 Let {f}r C (0,00) be a sequence converging to > 0. Then, the following
properties hold

ws, = g in M(Q) and Jus, @ = luslw): (4.4)
tim ([lys, (T) — 53T |20 + 10, (0) — 95(0)lo@) = 0. (45)

Proof. From the inequalities Jg, (ug,) < Jg,(0) = 3|yo(T) — deQLQ(Q) we infer the

boundedness of {ug, }; in M(2). Hence, we can take a subsequence, denoted in the
same way, and an element u € M(Q) such that ug, — u in M(Q). From Theorem 2.3
and inequality (2.12) we deduce that ys, (T) — y.(T) in L*(Q) and ¢g,(0) — ¢,(0) in

C'(22) when k£ — oo.
Using the characterization of a solution given by (4.1) we have for every k

| 930 dus, + Bullus Loy =
l¢5.(0)llc@) = Br-
Using the established convergence properties, we can pass to the limit above and deduce
[ eul0) dut Bl <0
Q
[ (0)[lc(o) = B
From the last identity we also get

- / 2(0) du < [ 02(0) oo lellwney = Bllul g,

Combining this with the first inequality of (4.6) we obtain

/Q%(O) du + B|ul| pmee) = 0.

This identity and the second one of (4.6) implies with Theorem 4.1 that u = ug is the

(4.6)

solution of (P3). Since every converging subsequence converges to this solution, we have
that the whole sequence converges as well. Finally, we also have

. i 1 1
kh_{glo ug, [ m) = —Ijl_{go@/ﬂﬁﬂﬁk(o) dug, = 3 QW(O) dug = |[ugl| pm(e)»
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which completes the proof. O

Let us introduce the functions h : (0, 5] — [0,00) and ¢ : (0, 8] — (0, 00)
given by h(8) = [[ug| sy and g(B) = F(ug), where F is the first summand of the cost
functional J. We have the following properties for A and g.

Theorem 4.7 The function h is continuous, strictly monotone decreasing and bijective.
Moreover, the function g is continuous and strictly monotone increasing.

Proof. The continuity of A and g follows from Lemma 4.6. Let us prove that h is
strictly monotone decreasing. Let us take 0 < 81 < By < (. First, we observe that
ug, 7 ug,. Indeed, it follows from (4.1) that

16, (0)llo@) = 81 < Bz = 195,(0)llc@)-

Hence, the adjoint states are different and therefore the controls as well. Let us set

1
() = 519u(T) = vallZ2(0) + Bl s
Then, from the optimality and the uniqueness of ug, and ug, we obtain

‘]/31 (u51> < JBl (uﬂz) and ‘]52 (uﬁz) < J52 (UB1)'

Adding both inequalities and canceling the tracking terms we get

(B2 = B)llug, | meey < (B2 = B1)llug, | mee

which says that h(52) < h(B1).
Let us prove that g is strictly increasing. For this purpose we use the optimality of
ug, and the strict monotone decreasing property of h

9(B1) + Bih(B1) = Jp, (us,) < Jg, (us,) = g(B2) + Bih(B2) < g(B2) + Bih(B1),

which proves that g(f1) < g(52).

Finally, let us prove that h is bijective. Since h(fy) = 0 as proved in Corollary
4.3, due to the strict monotonicity and the continuity of h it is enough to check that
h(B) — oo as § N\ 0. Here, we argue by contradiction and assume that there exists a
sequence {5}t C (0, Bo] with B N\, 0 and h(Sx) < k for constant k < oco. Then, by
taking a subsequence, that we denote in the same way, we can assume that ug, X win

M(Q). Then, using again Lemma 4.6 and (4.1) we have
leuOllci) = lim 26, (0) o = lim B = 0.

Hence, using the backward uniqueness property of the adjoint state equation we conclude
that ¢, = 0 in @ and then y,(T) — y4 = ¢ (T') = 0, which contradicts our assumption
(4.3). O

Remark 4.8 Combining Theorems 4.4 and 4.7 we get that the inverse of h is given by
h=H (@) = [|pu. llc@), where u, is the solution of problem (P,) and ¢y, is the associated
adjoint state. As a consequence of this, we also have that u, depends continuously with
respect to « in the sense of (4.4) and (4.5).
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