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GLOBAL EXISTENCE FOR THE CONFINED MUSKAT PROBLEM*

RAFAEL GRANERO-BELINCHONT

Abstract. In this paper we show global existence of the Lipschitz continuous solution for
the stable Muskat problem with finite depth (confined) and initial data satisfying some smallness
conditions relating the amplitude, the slope, and the depth. The cornerstone of the argument is
that, for these small initial data, both the amplitude and the slope remain uniformly bounded for
all positive times. We notice that, for some of these solutions, the slope can grow but it remains
bounded. This is very different from the infinite deep case, where the slope of the solutions satisfy
a maximum principle. Our work generalizes a previous result where the depth is infinite.
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1. Introduction. In this paper we study the dynamics of two different incom-
pressible fluids with the same viscosity in a bounded porous medium. This is known
as the confined Muskat problem. For this problem we show that there are global
in time Lipschitz continuous solutions corresponding to initial data that fulfill some
conditions related to the amplitude, slope, and depth. This problem is of practical
importance because it is used as a model for a geothermal reservoir (see [6] and ref-
erences therein) or as a model of an aquifer or an oil well (see [22]). The velocity of
a fluid flowing in a porous medium satisfies Darcy’s law (see [2, 22, 23])

(L1) Eo(@) = ~Vp(@) - gp(@)(0, 1),

where p is the dynamic viscosity, x is the permeability of the medium, g is the
acceleration due to gravity, p(Z) is the density of the fluid, p(Z) is the pressure of the
fluid, and v(Z) is the incompressible velocity field. To simplify the notation we assume
g = p/k = 1. The motion of a fluid in a two-dimensional porous medium is analogous
to the Hele-Shaw cell problem (see [7, 9, 10, 16, 18] and the references therein).

Let us consider the spatial domain S = R x (—1,1) for 0 < [. We assume imper-
meable boundary conditions for the velocity in the walls. In this domain we have two
immiscible and incompressible fluids with the same viscosity and different densities;
p* fills the upper subdomain and p? fills the lower subdomain (see Figure 1). The
graph f(x,t) is the interface between the fluids.

It is well known that the system is in the (Rayleigh-Taylor) stable regime if the
denser fluid is below the lighter one in every point ¥, i.e., p> > p!. Conversely, the
system is in the unstable regime if there is at least a point Z where the denser fluid is
above the lighter one.

If the fluids fill the whole plane the contour equation satisfies (see [11])

P (Duf(x) = 8uf(z —m))n
(1.2) Ot = %—Pvénkuﬂm—f@—mﬁw’
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(1)
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Fic. 1. Physical situation.

where PV means principal value. For this equation the authors show the existence of
a classical solution locally in time (see [11] and also [1, 14, 15, 19]) in the Rayleigh—
Taylor stable regime, and maximum principles for || f(t)||ze(®) and [|0zf ()| )
(see [12]). Moreover, in [4, 5] the authors show the existence of turning waves and
finite time singularities. In [8] the authors show an energy balance for the L? norm
and some results concerning the global existence of solutions corresponding to “small”
initial data. Furthermore, they show that if initially ||0, fol L~ ®) < 1, then there is
a global Lipschitz solution and if the initial data have small H3 norm then there is a
global classical solution.

The case where the fluid domain is the strip S = R x (=, 1), with 0 < [, has been
studied in [3, 13, 14, 15, 17]. In this domain the equation for the interface is

7 f(@)—f(z—n)
s tan ( g Ao
0.f(x.t) = L0, PV / arctan € = ) n
2r R tanh (3;3)
2 _ 1
P2—p 7 @)+ f@—n) Ty
(1.3) + o awPV/Rarctan (tan <21 9 tanh(212) -

For (1.3) the authors in [13] obtain local existence of the classical solution when
the system starts its evolution in the stable regime and the initial interface does not
reach the walls. The authors construct initial data such that |0y f|| - (r) blows up in
finite time. The authors also study the effect of the boundaries on the evolution of
the interface, obtaining the maximum principle and a decay estimate for || f(t)]| Lo ()
and the maximum principle for ||, f(t)|| - (r) for initial data satisfying the following
hypotheses:

(1.4) 10z follLoe®) <1,
(1.5) tan ( Tollz=m) < 1195 foll o= () tanh (1)
2 (R) 4)’
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and
3
(TN Z9)gect (T 3 T
(19 Foll ey + 12(c0s (55) = 2)sec () 110follie) ) 73
- HaszHLOO(R)
tan ﬁf>
L+ 10z foll Lo ®) | 10z follLoor) + (7
1 2
« ™
Gtanh(%) 412

s s
(L6)  +atan (Tl folls~) =419 follpcz cos (T follqx) ) < 0

These hypotheses are smallness conditions relating ||0; foll (&), ||foll L (=), and the
depth. We define (x(1),y(l)) as the solution of the system

tan (37) — y tanh (§7) =0,

Nk

(1 (s8]
AN (12 (cos () = 2)sect () I8?) a2 (3)°
+ 4 tan (%x) — 4y cos (%x) =0.
Then, for initial data satisfying
(1.8) 102 foll Lo vy < y(1) and || foll e r) < z(1),
the authors in [13] show that

102 fll oo (m) < 1.

These inequalities define a region where the slope of the solution can grow but it is
bounded uniformly in time. This region only appears in the finite depth case.

In this paper the question of global existence of a weak solution (in the sense
of Definition 1) for (1.3) in the stable regime is adressed. In particular we show the
following theorem.

THEOREM 1. Let fo(x) € WH(R) be the initial datum satisfying hypotheses
(1.4), (1.5), and (1.6) or (1.8) by itself in the Rayleigh—Taylor stable regime. Then
there exists a global solution

f(z,t) € C([0,00) x R) N L>([0, 00), WH=(R)).

Moreover, if the initial data satisfy (1.4), (1.5), and (1.6) the solution fulfills the
bounds

If )o@y < [ follooe®) and [[0xf )|z @) < |0z foll oo (r)s
while, if the initial data satisfy (1.8), the solution satisfies the bounds

ILf (Ol oo @) < Ifollzoew) and [|0zf ()| Lo m) < 1.

This result excludes the formation of cusps (blow up of the first and second
derivatives) and turning waves for these initial data, remaining open to the existence
(or nonexistence) of corners (blow up of the curvature with finite first derivative)
during the evolution. Notice that in the limit | — oo we recover the result contained
in [8]. In this paper and the works [3, 13, 17, 20] the effect of the boundaries over the
evolution of the internal wave in a flow in porous media has been addressed. When
these results for the confined case are compared with the known results in the case
where the depth is infinite (see [5, 8, 11, 12, 24]) three main differences appear:
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1. the decay of the maximum amplitude is slower in the confined case;
2. there are smooth curves with finite energy that turn over in the confined case
but do not show this behavior when the fluids fill the whole plane;
3. to avoid the turning effect in the confined case you need to have smallness
conditions in || fol| oo (r) and || foll Lo (). However, in the unconfined case,
only the condition in the slope is required. Moreover, in the confined case a
new region without turning effect appears: a region without a maximum prin-
ciple for the slope but with a uniform bound. In both cases (the region with
the maximum principle and the region with the uniform bound), Theorem 1
ensures the existence of a global Lipschitz continuous solution.
Keeping these results in mind, there are some questions that remain open. For in-
stance, the existence of a wave whose maximum slope grows but remains uniformly
bounded, or the existence of a wave with small slope such that, due to the distance
to the boundaries, its slope grows and the existence (or nonexistence) of corner-like
singularities when the initial data considered are small in W1>°(R).
The proof of Theorem 1 is achieved using some lemmas and propositions. First,
we define “ad hoc” diffusive operators and the regularized system (see section 2).
For this regularized system, we show some a priori bounds for the amplitude and
the slope. With these “a priori” bounds we show global existence of the H? solution
(see section 3). Then, we obtain the weak solution to (1.3), f, as the limit of the
regularized solutions (see sections 4 and 5).
Remark 1. In the rest of the paper we take /2l = 1 and p? — p* = 47 and we
drop in the notation the ¢ dependence. We write ¢ for a universal constant that can
change from one line to another. We denote B(y,r) = [y — r,y + 7).

2. The regularized system. In this section we define the regularized system
and obtain some useful a priori bounds for the amplitude and the slope. To clarify
the exposition we write f€(x,t) for the solution of the regularized system.

2.1. Motivation and methodology. We remark that the term

tan (L=
tanh (%)

=Zi(z,n) = 9, arctan dn,

in (1.3) is a singular integral operator, while

Z,(z,7) = 8, arctan <tan <w> tanh (g)) dn

is not if the curve does not reach the boundaries. In order to remove the singularity
while preserving the inner structure, we put a term |tanh (2) | for 0 < € < 1/10 in
both kernels. We define

tan (7106(1)_55(1—17)) | tanh()|°

(2.1) =i (,7) = Oy arctan tanh () &
and

tan (%) .
(2.2) =3(,m) = O arctan | —— Ty tanh (3) ) an
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To pass to the limit we use compactness coming from a uniform bound in
L>=([0,T], WH>=(R)).

Thus, we need to obtain a priori bounds for the amplitude and the slope. We define
a;, © = 1,2,3,4, positive constants that will be fixed below depending only on the
initial datum considered. Taking derivatives in =, we obtain some terms with positive
contribution. So, we attach some diffusive operators to the regularized system. Given
a smooth function ¢, we define

(23) A (e) = PV /R (6(z) - ¢<an;2ng>ﬂl)tanh @),

We notice that, if the depth is not | = /2, the previous operators should be rescaled
and we write the subscript [ to keep this dependence in mind. These operators are
finite depth versions of the classical A* = (—A)®/2. Roughly speaking, there are three
different types of extra terms appearing in the derivatives of (2.1) and (2.2) that we
need to control to obtain the a priori bound for the slope.

1. There are terms which have an integrable singularity and they appear mul-
tiplied by €. In order to handle these terms we add —easA; “f¢(z) and
—6043Al1_?’€f6 (). These two scales 1 — ¢, 1 — 3¢, appear naturally due to the
nonlinearity present in (1.3).

2. There are terms which are nonlinear versions of A; — AllfE and A; — AZFBE.
These terms go to zero due to the convergence of the operators but they are
not multiplied by e. In order to handle these terms we add —(A; — A} ™) f¢(z)
and —(14(Al — All_ge)fe(x).

3. To absorb the nonsingular terms we add —/ea; f¢(z). We notice that, as
€ < 1/10, the square root converges to zero less than linearly. This factor will
be used because the contribution of some terms is O(e*) with 1/2 < a < 1.

Once the a priori bounds are achieved, we should prove global solvability in H?3 for
the regularized system. To get this bound we add €92 f¢(z). We also regularize the
initial datum. We take J € C°(R), J > 0, and || J |11 = 1, a symmetric mollifier,
and define J.(z) = J(x/€)/e. Given fo € W1 >°(R) we define the initial datum for
the regularized system as

_ Jexfo

14 2227

(2.4) f(2,0)
Putting all together, we define the regularized system

0cf(2) = —Vear f(x) + eDr f(w) — eany™ ()
—eazhy T (@) = (A = ATV () — au(Ar = A7) f(a)

(2.5) —|—2PV/E§(3:,7])d77—|—2PV/Eg(x,n)dr],
R R

where «; are universal constants that will be fixed below depending only on the
initial datum fo. We remark that f§ € H*(R) for all k > 0. Notice that, due to the
continuity of fy,

f6=Tex fo— €225 — fo

uniformly on any compact set in R. Since 9, fy € L>(R), we get 9, fo € L}, .(R) and
then, as € — 0, we have J * 0, fo — O, fo a.e. Thus, we have ||Jc * follpeo®) —
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| follLoery and || Te * Ox foll oo ) — |0z follLoe®). Furthermore, we have that if fo
satisfies the hypotheses (1.4), (1.5), and (1.6), f§ also satisfies these hypotheses if €
is small enough. Moreover, if fo, 0, fo satisfy (1.8) the same remains valid for f¢ and
0, f€ if € is small enough.
We use some properties of the operators Allfe. For the reader’s convenience, we
collect them in the following lemma.
LEMMA 1. For the operators A~ (see (2.3)), the following properties hold:
1. All_6 is L2-symmetric;
2. All_6 is positive definite;
3. let ¢ be a Schwartz function. Then, they converge acting on ¢ as € goes to
zero:

(A — A}~ Vol w) < cllollwzame;

4. let ¢ be a Schwartz function. Then, the derivative can be written in two
different forms as

(0r0(x) — S22 tanh (@ — n)/2)

A“B,0(x) = (1 — )PV /R i () dn
(0r0(x) — £5520) [ tanh (@ — n)/2)
+PV/ smh2 (IZ") n
L 40,6(a PV/ 0 ( s1nh2()))| tanh(n/2)|edn'

Proof. The proof of the first two statements follows from (2.3). For the proof
of the third part we recall some useful facts: if |y| > ¢ > 0, due to the mean value
theorem, we get

. d
(2.6) | tanh(y)| — 1] = \w tanh(y)]"],_e| < ellog (| tanh(y))) .
and
(2.7) / |og (| tanh(y)]) |dy < ¢ < oc.
0

Now the proof follows in a straightforward way. For the last statement we use the
cancellation coming from the principal value to define

Fr(z)

_ (¢(x) — ¢(n))| tanh((x —n)/2)|° oy tanh((z —n)/2)|
_//R<w 17<R< sinh? (52) 20:0(x) tanh((z —n)/2) )dn.

2
Using the uniform convergence of the derivative, we conclude the result. d

2.2. Maximum principle for f€. In this section we prove an a priori bound
for f€. To simplify notation we define

F@ =) S @)

(2.8) 0= . .
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PROPOSITION 1. Let fo € WH(R) be the initial datum in (1), define f§ as in
(2.4), and let f€ be the classical solution of (2.5) corresponding to the initial datum
f5- Then f€ verifies

£ @)l @) < Nf5llze@) < Il follLee(r)

Moreover, if fo has a sign then this sign is preserved during the evolution of f€.
Proof. Changing variables and taking the derivative we obtain that (2.5) is equiv-
alent to

O f(x) = —(4 + Vear) f () + €D f(x) — e |~ f*(2)
—€0<3A11736f5(x) ( — NT)f () — (A = A TE) ()
5 anh((z— 2)|¢ anh((z— 2)|¢
R

tan? (0) [tanh (@ =) /I[*
I+ (@ /2)

0\ tanh((z—n)/2)
) sec?(0) remnce—i /T

+PV /
tan2(0) tanh?((z—n)/2)
L (G /2

sech?((z —1)/2)(1 — €) tan()dn

(2.9) +PV / <) .
an2(0) tanh?((z—
= Jtanb (e —n)/2)| (1 + SHERER )

If || f9(t)] Loe(r) = max f(x,t) we define f(x;) = || f(t)]|L®). Then we have
Ouf (i) = L) fo(t)|| oo (r) (see [13] for the details). If || f(¢)|| Lo (r) = min f¢(x,t) we
write f<(2¢) = —||fe(t )||L°°(R) and we get —9f(x¢) = F[f(t)]| L= (). We compute

c . tanh(n/2)
4f(x) = 2/R&7 arctan (tan(f (x))m> d
_ _/ 1 (e — 1) tan(f<(z))| tanh(n/2)|
g cosh?(1/2) | tanh(n/2)|2¢ 4 tanh?(n/2) tan?(f<(x))

_ _ { [tanh(n/2)]" (e = 1) cot(f(x)) .
g cosh?(/2) cot?(fe(z)) 4+ tanh® 2¢(n/2)

For notational convenience we use the notation o = 5 — f¢(z;) and we define

_ tan(6) tan(o) B cot()
tanh®2¢(n/2) + tan?(f)  tan®(o) + tanh® 2°(n/2)  tanh® 2“(5/2) + cot>(0)

Evaluating (2.9) in x; we have
O f (1) = —Vear f(xy) + 632 f(x) — eoczAllfefE(a:t) — eongll*BEfe(a:t)
— (A = AT () — (A — A7) fe ()

tanh(n/2)|~¢
)PV / | h2/ 1< dn.
cosh®(n/2)

Using the definition of § and classical trigonometric identities we have

tan(g — f(z¢)) + tan(0)
1 —tan(% — f(x)) tan(6)

cot(f) = tan (g - 9) = tan (— — f(z) + 9)
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Putting together all the terms in II¢, we obtain
I — tan(c) tan?(0)[1 + tan?(o)| tanh [272¢ (1)][tan? (o) + | tanh [*72¢ ()]~
[(tan(o) + tan())2 + (1 — tan(o) tan(6))?| tanh [2-2¢ (1)]
2tan? (o) tan(0)[1 — | tanh |22 ()]

*fan?(0) + [tanh P2 (Z)][(tan(e) + tan(8))? + (1 — fan(o) tan(@)?[tanh P> (3)]
. tan?(o) tan(6)[1 + tan?(0)| tanh [2~2¢ ()]
tan?(9) + | tanh 22 (3)][{tan(o) + tan(0))? + (1 — tan(o) tan(0))2] tanh [P ()]
+ 2 tan(o) tan®(9)[1 — | tanh [*~2¢ ()]
[tan?(8) + | tanh 2 (3)][(tan(a) + tan(#))? + (1 — tan(o) tan() 7| tanh 22 (3)]
(tan(o) + tan(f)) tan(o) tan(6)
(tan(o) + tan(6))? + (1 — tan(o) tan(¢))?| tanh [2=2< ()

Assuming that 0 < f¢(x;) = max, f¢(z), then 0 < tan(#), tan(c) and we obtain II¢ >
0 and 9 f¢(x¢) < 0. In the case f(z;) = min, f¢(z) < 0, we have 0 > tan(f), tan(o)
and we get II¢ < 0 and 9, f¢(z;) > 0. Integrating this in time, we get

£ Ollzoe @y < 5l < [[foll ooy,

where in the last step we use the definition (2.4). In order to prove that the initial sign
propagates we observe that if fj is positive (respectively, negative) the same remains
valid for f§. Assume now that fy > 0 and suppose that the line y = 0 is reached (if this
line is not reached at any time ¢ we are done). We write f¢(x) = min, f¢(z,t) = 0.
We have tan(f) < 0, 0 = 7/2 and we get II¢ < 0 and 9y f¢(z;) > 0. If fo < 0 we
denote f€(x;) = max, f¢(x,t) = 0. We have tan(f) > 0 and II¢ > 0. Integrating in
time we conclude the result. d

2.3. Maximum principle for 8, f€. In this section we prove an a priori bound
for 0, f¢. We define

_ tan(0)
~ b (257

11 (t) p2(t) = tan (6) tanh (xt 5 77) ,

where 6 and 6 are defined in (2.8) and x; is a critical point for 9, f¢(z). We will use
some bounds for u; and, for the reader’s convenience, we collect them in the following
lemma.

LEMMA 2. Let fo be an initial datum that fulfills (1.4), (1.5), and (1.6) (or
(1.8)), and let f€ be the solution with initial datum f§ defined in (2.4). Then for u
the following inequalities hold:

1. if ey —m| > 1, due to (1.5), we have

tan (|[f<(O)ll=) _ tan (|| foll=)
2.10 < <
( ) (Ol < tanh (%) ~  tanh (%)

<0 f§llLee < 1;

2. if |z —n| <1, we get
(211) ] < e (Mol + 1) 19 SOl o

3. if |zy — n| <1 and z; is the point where 0, f€ reaches its mazimum,

(212) () = 0:f (@) < ﬁ (192 wo)] + 510, () ') s
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4. if |lxp —n| <1 and p1(t) — O f(x¢) > 0,

0 < pi(t) = (9 f (24))

(xt )
< T tamh (1) (0S @1+ 5105 (@0)l)
tan |6 f° (1t)|

tanh (5)

Proof. To prove this lemma we use the following splitting:

tan(6) _ tan(f) -0 n 0
tanh((z; —n)/2)  tanh((z; —n)/2)  tanh((z; —7n)/2)’

Taylor’s theorem, and the appropriate bounds using Proposition 1. O

First, we assume 0, f€(x¢) = max, 0, f(x,t). Notice that we can take 0 < € <
1/10 small enough to ensure that f€(x,0) defined in (2.4) also fulfills the hypotheses
(1.4), (1.5), and (1.6). From (2.9), taking one derivative and using Lemma 1, we get

010z f(4) = —80uf (1) — VearOp f () + €02 f (1) — eoczAllfefE(a:t)
(2.14) —eazhy T (w) — au(Ny — A TP) fe () — (M — A7) fe ()

(2.15) —|—PV/Ildn—l—PV/Igdr]—l—PV/Igdn,
R R R
where 7; is the integral corresponding to =%, Zy is the integral corresponding to =5,
and
[ tanh(n/2)[“9,0 (1~ |tanh(n/2)[3 (1) dy
R sinh?(n/2) cos?(0) (1 4 tan?(6)] tanh(n/2)|* )2

tanh?(n/2)
| tanh(17/2)|~“0xfdn

(2.16) Ty = +ePV

(2.17) —ePV _ - s
R cosh”(n/2) cos?(0) (1 + W)
(2.18) +€Pv/ 2(t)| tanh((xe — n)/2)|~320,0dn

0(F tan2(0) tanh?((z—n)/2)| \ 2
R cosh?((x; — n)/2) cos2(6) (1 + b (e =) D) )

This extra term appears from the regularization present in both =£.
We have

I, =T + €l's,
where
r, = (I tanh((z; —n)/2)|* — 1) Fi L (tanh((ze —n)/2)|° ~ 1) 1“?2
() (e
(2.19) + L+

29
tan2(0)| tanh((x—n)/2)|2¢
(1+ =R A )
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with
rl @S (@)’ p Ouf ()13
' cos?(0) tanh((ze — 1)/2)  cosh®((ze —n)/2)  sinh®((z; — 1)/2) cos?(6)
and
2o M= 0ufx)  Ouf(w)pd (0 f(4))*
U sinh?((m — n)/2)  cosh?((wy —n)/2) cos?(0)
The second term is given by
tanh((z; — n)/2)|3T} tanh((z; — n)/2)|T3
) r= iij)t Zz{ )|>/2)22 2t - 2(<(;t IZ)/ )|>/2§|2 2
tan tanh((z—n € tan tanh((z—n €
2 (1 T e (-m/2) ) 2 (1 T (@ /2) )
where
3xf;(ft) + 2—#1(75) 3xf;(ft) + 2—#1(0
F% _ ‘u%(t cos?(6) cosh?((z¢—mn)/2) and Fg _ _cos 0) cosh?((z—n)/2)

sink®((z; — 1)/2) sink® (2, — 1)/2)

We compute

Lo = +€fdy
with
Q - (Itanh((z, —m)/2)[7* = 1) Q1 (|tanh((z: —n)/2)[~* ~1) O
tan? (0) tanh? (2, —n)/2) ) > tan2 (9) tanh? (2 —n)/2) |
(1+ Ttanh((z,—m)/2)** ) (H [tanh((ze —m)/2)[* )
1,02
(2.21) + o+ 7
(1 + tan2(0) tanhz((ft—n)/Q))
[tanh((z:—n)/2)]2¢
where
Op f€(x4) 3 (t) sec? (0 . 7 pa(t
qp = - SO0 O) | pe))2ude) sec(@) - —22)
cosh?(( —1)/2) cosh™((z: —1)/2)
3 tan®(6) ua (t)
— (0 € (x0)) 2 pa(t) tanh? ((z, — n)/2) sec*(9) —
(00 (o) P ot tam” (o )/ 2) s () — e 2
and

O [ (1) sec?(0) — pa(t)
coshZ((xt -n)/2)

The second term is given by

Q% = + (5wf€(xt))2u2 (t) sec? 9).

|tanh((z; — 1)/2)| 3¢ (axfs(ft)#g(t) sec? () L@ () )

. 2 cosh?((z1—n)/2) 2 cosh*((z:—n)/2)
2= tan?(0) tanh? (i —)/2)
an an Ti—n
(1 + R )
o —e [ =0 f(x4) sec®(6) o tan(f)
(2 22) n |tanh(($t 77)/2)| (2005h2((zt—n)/2) 2 cosh*((z+—n)/2) tanh((zt—n)/Z))

tan2(0) tanh? ((z:—n)/2) 2
(H [Canb((z:— )/ )
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We need to obtain the local decay |0, f(t)||zo®) < [|02f(0)]|poo(r) for 0 <t <
t*. Assuming the classical solvability for (2.5) with an initial datum fo fulﬁlhng the
hypotheses (1.4), (1.5), and (1.6) we have that f¢(z,0) also fulfills (1.4), (1.5), and
(1.6) if 0 < § < 1 is small enough. Recall that 0, f(xs) = |02 f(9)|/ L (r) and
0,0 > 0. The linear terms in (2.14) have the appropriate sign and they will be used
to control the the positive contributions of the nonlinear terms. We need to prove
that 0;0, f¢(x5) < 0. For the sake of simplicity, we split the proof of this inequality
into different lemmas.

LEMMA 3. If ag > 2sec®(|| fol| L= (r)), we have

Iy < ectan® (|| foll Lo r)) sec? (|| foll o)) 9o f(5)-
Proof. Using the linear term A; ¢ to control (2.16), we have

| tanh(n/2)[°0,0 (1 — | tanh(n/2)[*u3(8)) dn

. an? an 2¢ 2
R sinh?(n/2) cos?(0) (1 4 ¢ (Qr‘l]:z(;];g)/m )

A, = ePV %A}‘Eﬁwfe(xa)

€ 1 «
| tanh(y/2)[0.0 <cosz(9)(1+tan2(e>canh<n/2)2€)2 - 72) dn

tanh2 (n/2)
R sinh?(n/2)
2e

by [ L/ 200 a2

2
. an? an 2e
 sinh? (/2) cos2(0) (1 -+ 2@l )

=PV

if ag/2 > sec®(|| fol Loor)). Due to 9z f(zs) = [|02(8)|| Lo (r), We have 9,0 > 0.
Then, the term (2.17) is
| tanh(n/2)|~€0.0dn

/ <
R cosh? (n/2) cos? (9) ( —tar‘lig};&n/h;)?ge/z))

AQ = —ePV

The term (2.18) is

13(0)| tanh((zs — 1)/2)|~320,0dn
n an2(0) tanh2((xs— 2
# cosh? (s — 1)/2) cos?(8) (1 + “2lOtant e /2] )

< ectan® (|| foll Lo wy) sec® (II foll oo ®)) 02 f(25). O

A3 =ePV

These kinds of terms will be absorbed by a;. We have to deal with Z;. We start
with the term corresponding to I'3 in (2.20). We write

T —p1(0
|tanh((x5 - )/2)| ( 0052(03) + cosh2(&uz15(—)n)/2)) d

2
. an? anh((xs— 2
R 2smh2((335 -n)/2) (1 + - (tezx)r‘xlzz(?ﬁ*&n);?;)/Z)‘ )

A4 =PV

LEMMA 4. If ag > 2sec®(|| fol| L= (r)), we have

Ay < cedy f(ws) (sec (|| foll L)) + 1) + c€da f(a:g)a;

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/21/19 to 193.144.198.194. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1662 RAFAEL GRANERO-BELINCHON
Proof. We split

e [ Of°(x € —u1 (8
[ tanh((zs — 1)/2)|° (255 — 00 “(25) + sty + (1))

Ay = €PV 2(0) ( /2)12¢ |2 o
. 19 tan?(0)| tanh((x5—n)/2)|%¢
R 2sinh”((zs — 1)/2) (1 + tanhz((wajn)72) )
h e 2 € - € " —
oy / [tanh((@s = n)/DI* Ouflws) =) Q0 g
R

Lo tan? (0)| tanh((zs —n) /2)|**
2 sinh ((fé - 77)/2) (1 + tanh2((15—577)72) )

Since 0 < 0 < 1 is small enough to ensure that the hypotheses (1.4), (1.5), and (1.6)
hold at time 4, we have that, if || > 1,

tan([| £<(6) ]| Lo w))

(223) (o)) < S

< 0o f(xs).

The term Bj is not singular and can be bounded using (2.11) and (2.23):

€ 2
|By1| < PV / +/ Oc f(ws) tan?(0) + | (9)] tanh”(5/2) |
B(0,1) ¢(0,1)

2sinh?(n/2)
< cedy f(xs) (sec (| follLoomy) +1) -

We compute

€ € _ tan(0)—60 0 20 20
B2 _ €Pv/ |tanh(77/2)| (8wf (iré) tanh(n/2) tanh(n/2) + n p ) p
R

2
] an2 ()| tanh 2¢
2sinh?(n/2) (1 +° (ta)r‘lflz(n;g)/?)‘ )

n

=C1 + Oy,

with

[tanh(n/2)|" (— 220t — ot + 20)
Cy =ePV </ +/ ) t h(n/22) t h(n/2)2 277 dn
B(0,1) ¢(0,1) 2sinh?(n/2) (1 L tan?(0)| tanh(n/2)| )

tanh?(n/2)
= D1+ Do,

and
[tanb(n/2)[ (0 (as) - 2)

2
) an2(0)| tanh 2¢
R 9sinh?(n/2) (1 +1 (tal‘]flz(n%)/z)‘ )

Cy = ePV

Using the mean value theorem, we bound the inner term D; as
|D1| < cedy f€(x5).
Due to (2.23), the outer term is

1 (8)] + 0n f<(w5)
Be(0,1) 2sinh?(n/2)

Putting all together, we obtain

|Ds| < PV dn < ecOy f(xs).

|Cl| < ecawfe(x(;).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/21/19 to 193.144.198.194. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

GLOBAL EXISTENCE FOR THE CONFINED MUSKAT PROBLEM 1663
Then, using the diffusion given by AllfE to control Ca, we get
Cy—e— A1 0. f¢(x5)
[tanh(n/2)|° (0.1 (zs) — 22)

d
2
) an2(0)| tanh €
R 9sinh?(n/2) (1 + 1 (ta)x‘lflz(ng)ﬂ)‘ )

=PV

Ou fe(ws) — LU a= ) panh (5 /2)|¢
a2 1—¢ PV/ ( h(n) )

—e2 d
2 sinh? (1) !
(001 (ws) — Ll L b)) anb(/2)
+PV/ e dn + 40, f(z5)
R sinh (5)

Due to |n/sinh(n)] < 1 and 0 < € < 1/10, some terms have the appropriate sign:

o (00(ws) — FLeelfrlea=) [ vann(n/2)|
l1—e PV/ dn + 40, f(z5) | =0,

e—2
sinh?

2 sinh® (1)

and thus we can neglect their contribution. Furthermore, we have

Cy —e—A1 €0 f(xs)

v [tanh(n/2)|* (9, f<(xs) — 2)
R

2
] an2(0)| tanh 2¢
2 sinh?(1/2) (1+t A ! )

—e—PV/ 8 f*lws) — % + % - tathe(n)) |tanh(7]/2)|fd77
sinh? (g)
o2 (o,
SEPV/ -h2( /2) ) S : 5 dn
s tan2(0)| tanh(n/2)|2¢
R 1 2 (14 Len2lOliasby2)1 )
Qg (% B m) | tanh(n/2)|*
_6_PV/ 2 dn.
2 R sinh” (%)

Taking as/2 > 1 and using the mean value theorem, we get
Cy — e%/\ll*@zfe(x(;) < e%amfe(ajg)c.

Combining these terms we conclude this result. d
The term corresponding to I'} in (2.20) is

B | tanh(n/2) *123(0) (2558 + 7455 )
A5 =€ d
R

2
] an2 ()| tanh 2¢
2sinh?(n/2) (1 +° (ta?r‘lfl2(77§g)/2)‘ )

LEMMA 5. If as > 1, we have

As < cedy f(ws) (sec (|| foll Lo r)) + 1) + cedu f(xs)as
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Proof. The proof follows the same ideas as in Lemma 4. d

We are done with I'}; thus, using the previous bound for I'Z, we are done with T'y
n (2.20). The terms in I'y are not multiplied by e and we have to obtain this decay
from the integral. We write

Ag = PV/ ( (| tanh(n/2)| — 1) T3

5.
tan?(6)] tanh(n/2)[2¢
L+ tanh2(n/g) )

LEMMA 6. We have
Ag < cedp f(ws) (sec? (|| foll Lo ry) + 1)
Proof. We have
A¢ = Bs + Bg + By

with

sove([ 4 o
B(0,¢) ¢(0,e)nB(0,1) ¢(0,1)

(| tanh(n/2)| = 1) (=0 f(zs) 13 (9)) i

2
an? an 2
cosh?(n/2) (1 + ¢ (tea)rll}tﬁ(rl;;g)/m )

Bs = PV / 4 / 4 /
B(0,¢) <(0,e)NB(0,1) °(0,1)

(| tanh(n/2)|° = 1) (90 f*(25))* 11 (9) ,

2
] an2 0 an 2 2e
COS2 (9) ( ¢ (t‘i)n‘ ht 2 (1,,;772)/ ) ‘ )

and

By py [ b2 |€—1>< 10) = 0ufe(ws)

2
an2(0)| tanh(n/2)|2¢
s1nh2 77/2 + - (ta)r‘ﬁtlz(n;g)/ ! )

The term Bs is not singular and can be bounded using (2.6) and (2.7) as follows:

|Bs| < 4€0..f (x5) +6/ |log (| tanh(n/2)[) |0, f“(x5)dn

B(0,1)

| log (| tanh(n/2)]) [0z € (x5)
+€/BC(O 1) coshz(n/2)

dn < cedy f(x5).

We can bound Bg in the same way,

|Bs| < desec® (|| foll oo () O f (x5)
+€SGC2(||fo|\Loo(R))/RUOg(HaHh(Tl/?)D|3zf€(336)d77
< cesec® (|| foll L)) O f (xs).-
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We split the term By as follows:

tan(0)—6 0 20 20 €
B — PV/ (Itanh(n/2)* — )<tanh(n/2) TG " Ty O f (555)) dn

2
an? an 2
sinh? (n/2) ( +1 (tea)rll}tl?(:;;g)p)l )

= Cs + Cg,
where

€ _ tan(0)—0 0 _ 20
C5 _ PV / +/ (| tanh(n/2)| 1) (tanh(n/Q) + tanh(n/Z) 7 ) dn
0,€) B¢<(0,¢e

2
] an?(0)| tanh 2¢
sinh?(7/2) (1 +1 (ta?l‘lflz(’ﬂ§g)/2)‘ )

< cedp f(x5)

and

(1 — | tanh( n/2>| ) (001 (ws) — 2)
Cs = PV/ ; . d
Slnh2 T]/2 tan (0)] tanh(n/2)| 5)

tanh?(n/2)

To bound Cg we need to use the diffusion coming from A; — All_f. Notice that,
according to Lemma 1, we have

8 2 =0 ) (1 — | tanh((z — n)/2)|°
(A1 = A7) Dula) = 1—6PV/ o) — G ) (1~ tanh(@ —n)/2)])

sinh? ( = ) g

(0:0(a) — sar-etm)
+6PV/ — S;rin(z_n) dn
R sinh” (%2)
v (0:6(a) — 22220 (1 — [tanh((z —n)/2)[)
: 2 (x—n
sinh” (£5)

dn,

and, when evaluating at the point where 0,¢(x) reaches its maximum, the first two
terms are positive and they can be neglected. We get

Co — (A — A} 79) Ou f<(5)
(1 — | tanh(n/2 Op f(xs5) —
<Pv/ [ tanh(n/2)|) (8, f<(w5) — 2)

2
2 tan?(0)| tanh(n/2)|2¢
B sinh*(n/2) (1+ tanhZ(/2) )
(00 e (s) = 22 4 22 — LL2L0) (1 — [tanh(n/2)|)
—PV / ! — dn
sinh (g)
(00 <(s) = 2 ) (1~ | tamh(n/2)|) I
ol iy )
Sin > tan2?(0)| tanh 2)|2¢
: =Ty

20  f(zs)—f(n) (1 — |tanh(n/2)[)
— PV/ ( i tanh(n) dn < cedy f(xs),
R

sinh? (g)
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where in the last step we have used the previous splitting in B(0,¢) and R — B(0, ¢),
(2.6), and (2.7). This concludes the result. O
Now that we have finished with I'?, the term with I'} is

(| tanh(n/2)[* — 1) T}
A_PV/ (I tanh(/2)| ) .

tan2 (0)] tanh(n/2)|?¢ 2
tanh?(n/2)

We have the following lemma.
LEMMA 7. If ay > sec? (|| foll = (r)), we have

Az < ce (sec (|| foll Lo r)) + 1)7 O f€(25) + acedp f(25).

Proof. The proof is similar to the proof of Lemma 6 and, for the sake of brevity,
omit it. a
In order to finish bounding I'y in (2.19), we have to bound the term

ri+12
As =PV / ki S
tdnz 0)| tanh(n/2)|2¢ )

tanh2 (n/2)

This term, akin to the singular term in [13], is bounded using the hypotheses (1.4)
and (1.5).
LEMMA 8. Using (1.4), (1.5), and (1.6), we obtain

(00 1°(ws) +5(0:.£(2))°) <1 + 0, f*(x5) <3mf€(x5) + %»

As = 6 tanh(1/2) cos? (17(0) [ nmce))

Proof. Using classical trigonometric identities we can write

(zs) sec? 2
rj= (si[:hg(n/(ziul O 4 (0,1 (@) 130 sec?(6)

p30)  (Oaf(xs))?sec! (@) (9)  pua(9) tan*(0)
sinh?(n/2) tanh?(n/2) sinh?(7/2)

Do f<(w5) sec?(0) . , p1(0)
b (0/2) + (0. f (xa))2u1(5>bec2(9)+Smhg(m),

)
2 _
I'i =

and

(0 f(25)ni(8) + pa () (1 — (0 f<(25))*) — D f<(w5)))
As = PV</01) /COl)) i

2
. an? an 2
cos2(6) sinh?(1/2) (1 + (f;llflz(:;g)ﬂ)l )

= B11 + Bio.
Therefore, as in [13], the sign of Ag is the same as the sign of
Q1(11(0)) = 80 f(x5) i (8) + 1 (6) (1 = (8u f(w5))?) — Ou f(s)-
The roots of @1 are 0, f(x5) and —1/0,.f(x5) so, if we have

|pe1(8)] < min {|8rf€(5)”L°° m} ’
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then we can ensure that this contribution is negative. From (2.23) we get

sec?(0) (0o f“(w5) 113 (8) + 1 (8) (1 — (9o f“(25))?) — Ouf*(w5)))

2
c . 2 an2 0 an 2 2e
B (0,1) Slnh (77/2) (] t (t:)‘tz( ;77)/ )‘ )

Blg =PV d77

< 0.

Using the cancellation when p1(0) = 05 f(xs), we obtain

Q1(p11(6)) d

(2.24) By = PV/ . —dn
B(0.1) ¢os2(f) sinh?(n/2) (1 4 tan (t?rllflzl(]:%)/z)l )

where

Q1(11(8)) = 0 f*(5) (17 (0) — (Daf(26))?) + (1 = (O f*(25))*) (11(8) — D f(5))-

We remark that p1(0) — 05 f€(x5) < p1(6) + 0z f€(x5). We consider the cases given by
the sign and the size of p1(9).

1. Case p1(8) > 0, f(xs). In this case, we have p1(d) — 9. f(zs) > 0 and pq(d) +
O: f(zs) > 0. Using the definition of 6 in (2.8) and the fact that |n| < 1, we have
(2.12) (see Lemma 2). Notice that, in this case, we have u?(8) — (9. f(z5))? > 0 and
we get (2.13). Due to (2.12) and (2.13) we obtain

(9 f(5) + 5(0x f(2))*) (1 + 00 f*(x5) <5wf6(x5) + %—()))))
48 tanh(1/2) cos? ([ f(9)] .~ (R))
o
) /B(o,l) sinh” (%)
(9 f(5) + 5(0x. f(25))*) (1 + 00 f*(x5) <5wf6(x5) + %30))

6 tanh(1/2) cos?(|| f<(8)|| oo (r))

By <

(2.25) <

2. Case —0f(zs) < p1(0) < Opf(xs) > 0. In this case we have pi(d) —
O f(xs) < 0 and p1(0) + 9 f(xs) > 0. Therefore, we get By < 0 and we can
neglect it.

3. Case p1(0) < —0xf(x5). We remark that in this case we have p;(d) —
Oz f€(z5) <0 and p1(0) + 05 f¢(x5) < 0. We split

(2.26)  p1(6) 4+ 0pf(xs) = 221;5195775 +6 <tanh1(77/2) - %) + %9 + 0y f€(25).

The last term is now positive due to the definition of 9, f¢(x5). Then, in this case,
we have

00 I (25) (12 (6) — D (5)) (Q—fn n azf%xt)) <o,

and we can neglect its contribution. Using Taylor’s theorem in (2.26) we obtain the
bound (2.13) and (2.25). O
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We are done with Z; in (2.15) and now we move on to Zy. These terms are easier
because the integrals are not singular. With the same ideas as before we can bound
the term involving Q.

LEMMA 9. The contribution of Qo is bounded by

€ /din‘ < ecsec! (Il foll oo (r)) O f (@s).
R

Proof. The proof is straightforward. 0
We are left with ; in (2.21). First, we consider

ol +02
Ag:/ ) v oD\ 2
R (1+ an an Ti—7 )

| tanh((z;—n)/2)[>

LEMMA 10. The term Ag is bounded as

|Ag| < 4sec” (Il foll Lo my) (tan (| F<() | Loom)) + Ouf(25)) -

Proof. Using classical trigonometric identities, we compute

A — / —0u f(ws) 13 (6) + (9 f(25)) — 1) 12(8) + D f(w5) |
R cosh?(n/2) cos2() (1 4 tan?(9) tanh2((mt—n)/2))2

[ tanh((z:—n)/2)[>¢
(2:27) <4sec® (|| follLoeqr)) (tan (1 F(0) o) +0uf(z5)). O

We have to bound the terms containing QY. These terms are

Ajp = / (I tanh(n/2)| 7% —1) O dy and Ay, — / (|tanh(n/2)|~¢ — 1) Q2 ;

tan2(0) tanh?(n/2 2 tan2(0) tanh?(n/2 2
* (1 ) = (1 )

To obtain the decay with e we split the integral in the regions B(0, €) and B(0,€) as
before.
LEMMA 11. The terms A1y and A1 are bounded by

(Aol + [Ant] < s f“(zs) sec* (| foll L)) (1 + tan (| follL=(z))) (€72 +¢).

Proof. Using this splitting, 0 < € < 1/10, (2.6), (2.7), and (1.5), we get

€ d
A < cawfé(xg) sect (HfOHLm(R)) (1 + tan (HfO||L°°(]R))) <‘/0 W >

With the same ideas and using (1.4), we have

Anr < cdu f(ws5) sec® (|| foll Lo ry) (1 + tan (|| foll oo (ry </ tanh( 77/2 | tanh(n/2)[1/10 )

In order to estimate the decay with € of these integrals we compute

1 1 n ]
- d — < 2 /10
o [tanh(y/2)P3/10  Jn/2[3/10 ”*/o /2370 = €2
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and

1 1 d’]7 0
- d — < 2¢9/10. 0
/0 |tanh(n/2)|/10  |n/2|1/10 77+/0 /2170 < e+ 2

We have the following result concerning the evolution of the slope.

PROPOSITION 2. Let fo € WH(R) be the initial datum in (1) satisfying (1.4),
(1.5), and (1.6), define f§ as in (2.4), and let f© be the classical solution of (2.5)
corresponding to the initial datum f5. Then f€ verifies

102 ()| Lo ) < 10 foll L) < 10z folloe(r) < 1.

Proof. For the sake of simplicity we split the proof in different steps.
Step 1 (local decay). Combining Bi; in (2.24) and Ag in Lemma 10, and using
the bounds (2.25) and (2.27) and the hypothesis (1.6) we obtain

B+ |A9| < 0.

We take oy = 2sec? (| foll Lo (r)), a3 = 2, ag = 3(1 + sec?(|| fol| = (r)))- Since we have
a term /e and 0 < € < 1/10, we can compare the bounds in Lemmas 3-11 with
—V/ea10, f(x5) if a1 = a1(|| foll L (r)) is chosen big enough. The universal constant
¢ in all these bounds can be ¢ = 1000. We have shown that for every 0 < 6 < 1 small
enough, there is local-in-time decay. As § is positive and arbitrary, we have

102 f<() | 2o < (|02 f(0)|| e for 0 <t <t
Step 2 (from local decay to an uniform bound). Then, in the worst case, we have

102 ()| Lo &) = 102 f5 |l Loy and || f(E") | oo ) < 1f5 |l Lo (m)

These inequalities ensure that the hypotheses (1.4), (1.5), and (1.6) hold at time ¢t = t*
and [|0, f€(t)|| Lo (r) decays again.

Step 3 (the case where f€(z;) = min, 9, f¢(z,t)). This case follows the same
ideas, and we conclude, thus, the result. O

PROPOSITION 3. Let fo € WHo°(R) be the initial datum in (1) satisfying (1.8)
and define f§ as in (2.4). Let f€ be the classical solution of (2.5) corresponding to
the initial datum f5. Then, f€ verifies

IO llLem < I follLomys 10xf(#)l|Leo®y <1 VE>0.

Proof. The region delimited by (z(1), (1)) is below the region with maximum prin-
ciple (see [13]). Then, in the worst case, at some t* > 0 we have that (|| f(t)[| L),
102 f€(t)]| Lo (r)) fulfills the hypotheses (1 4), (1.5), and (1.6). From them the result
follows. EI

3. Global existence for f€. In this section we obtain a priori estimates in
H3(R) that ensure the global existence for the regularized systems (2.5) for initial
data satisfying hypotheses (1.4), (1.5), and (1.6) or (1.8) by itself. First, notice that
if the initial datum satisfies hypotheses (1.4), (1.5), and (1.6), by Propositions 1 and
2, the solution satisfies

(3.1) f<)lzee < | follLoe®) and [0 f€(E)]| Lo (r) < 1.
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If the initial datum satisfies (1.8), by Propositions 1 and 3, the solution to the regular-
ized system again satisfies the bounds (3.1). Then we have the following proposition.

PROPOSITION 4. Let fo € WH°°(R) be the initial datum in (1) satisfying (1.4),
(1.5), and (1.6) or (1.8) by itself, and define f§ as in (2.4). Then for every e > 0 and
T > 0 there exists a solution f¢(z,t) € C([0,T], H3(R)).

Proof. We have to bound the L? norm of the function and its third derivative.
We split the proof in different steps.

Step 0 (local existence). The local existence follows by classical energy methods
as in [11, 13, 21].

Step 1 (the function). We have

5 dtllf Oz = —Vearll F Ol — elloaf Olam) — 11 + T2 + I.

Using (2.3) we get
L = age/ FE(@)A; " fe(x)dr + a3e/ F(x)A; 73 f(x)da
R R
[ £ (A= A7) @) o [ 590 (A= A7) fla)do 2 0
R R

and we obtain that the contribution of the linear terms is negative. The nonlinear
term = defined in (2.1) is

tanh(n/2
o [ / S
2 1 + ul )| tanh(n/2)[2¢
)0, f(x — n) sec (6 [tanh(n/2)|°
/PV/ )5 (6) St 2 dndz = Ay + As.
1+ pf(t)| tanh(n/2)[2

Using the cancellation coming from the principal value we have

e [ tanh(n/2)] sec?(9)
Al‘/Rf @0:S @V | /) <1+u?(t)|tanh(n/2)l25 ‘1) dnde
| tanh(/2)|° i

= [ r@oswey [ tanh(/2) 1+ 2(0)] tanh(n/D % 1

e e | tanh(n/2)|° u3 (t)(1 — | tanh(n/2)|*)
@ Y e b
Inserting (2.11) and (2.10) in the expression for A; we obtain
€ € 4
[ A1l < e F Ol 2y 100/ ()l L2ry (tan (|| follLocz)) + 1)

The second term in Is is

) o pels o [tanB(/2)] se?(6) ) ’
LBV [ r@oere - e (1+u%<t>|tanh<n/2>|2f 1“)d”d
—tan2(0)
_ (r (g — |tanh(7l/2)|é sinh?(n/2) .
LBV L woer e T et
e anh(n/2)] B~ | tanh(/2)P)
# [PV @ S A ey
fonbla/2)
/PV/f )0 f(x — 1) (n/z)dnd.
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Using the Cauchy—Schwarz inequality, the equality 0, f(x —n) = —0,f(z —n), and
integrating by parts we get

|Aa] < (O F Ol 210 F (D)l 2z (tan (1 foll o) +1)" + el Bl

To finish with the L? norm we have to deal with I5. We have

/ PV / .
e Bk

A\ tanh(n/2)
o )0, f<(x — 1) sec? (mmdndm
- I ’
| tanh(n/2)|%¢

A\ tanh 2
x) sec” (0) i

dndx

where 0 is defined in (2.8). Using the same ideas as in I and

2 ()] < tan (|| foll o) ,

we conclude the bound

|| < ()| (B)l| e 19 S ()| 2qey (tan (|| foll s zy) + 1) + (@)1 @) 132 m)-

Putting all these bounds together we get

d
Gl Ol < @£ Oll 210 f O]z (tan (| follzw ) +1)"
(3.2) +C(€)||f€(t)|\%2(n@)'

Step 2 (the third derivative). To study the L? norm of the third derivative, we
compute

SO Oy = Ve [ Dl ay — NOAF () — Ta 4 Ts + T
The term I, is positive due to Lemma 1:
I4—O£2€/83 z)A; 6(9?’f()da:—|—oc;,»e/8?’ z)A; 303 f<(x)dx
—|—/ Bfe(z) (A — A ) 03 f¢ dx+a4/83 (A — A} 739) 03 f<(x)dz > 0.
R

The nonlinear terms related to 6 are

20,0 sec? () Ltanhn/2)|°
- / oL fe ()02 | PV / + / ) wanhln/2)_ | da
R By JBeo1)) 1+ pi(t)|tanh(n/2)|

= A3z + A4

The term Aj is not singular if € > 0 and can be bounded using Holder and Nirenberg
interpolation inequalities. For the sake of brevity, we write some terms detailedly, the
rest being analogous to them. We have

As = B1 + By + lower order terms.
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Using
1
Fo@) = e =m =n [ 5o+ (s Unhds,

0

we obtain
5e
16(8,8)3 sec (9) Lambn/21 ™ 402 (g)
By - / 9L f<(2)PV nle /2 " gy
B(0,1) (1 + pf(t)| tanh(n/2)[%)

B /1/1/ 34f€(x)PV/ 402 f¢(x+ (s — 1)n)02 f(x+ (r — 1)n)d,0n*dndxdrds
R B (14 p3(t)| tanh(n/2)[2¢)" cost (0) ramp- U2 cot?(6)
< ||8;*fﬁ(t)||m|8§f€(t)l%4<R>csec"'(llfollem))/B( )Itanh(n/2)l5€’5n2 tan®(n/2)dn

)

The second term is

4(0,0) secb (0 M
- / 9 f¢(x)PV / ( )2 ©) Canh /%) g
Bo,1) (1+ ul( )I tfmh(n/?)IZE)

/ / / oL fe PV/ 071 (s = )n)0Z f(x + (r = 1)n)0,0n>dndxdrds
B(0,1)

3 anh®
(1+ ul( )| tanh(n/2)[2)” cosd (0) 2 /)

< 102121107 ()1 20 gy sec? (HfoHLocaR))/ | tanh(n/2)* = n*dn,

s

and using the classical interpolation inequality

||82fHL4 < cl|0xfllLee R)Hag’fﬂm (R)>

we get

€ 6
[ As| < c() |0z f @l L2 F )l sy (1 + sec (|| foll o))
We split the term Ay as follows:

20,0 sec?(6) 1 1
Ay = / 2 fe(x)02PV < — )dndaj
Beo,1) tanh(n/2) \1+ 3 (t)| tanh(n/2)]>* 1+ pi(t)
2(p) L tanh(n/2)|*—1
/84 PPV 20,0 sec?(0) b2
2e nax
Beo,) 1+ pE(t)] tanh(n/2)]
20,0 sec?(6) 1

L fe(2)0°PV L dndx = Bs + By + Bs.
/ Beo,1) tanh(n/2) 1+ 43(t) T

These terms are not singular because of the domain of integration. We have to deal
with the integrability at infinity in . We compute

- 20,05e%() _ pi(t) (1= | tamh(n/2)*) )
By = [V [T T A e P (1 £ A

The integrability at infinity is obtained using (2.6) and (2.7). We only bound the
more singular terms in B3 and Bs. The most singular term in Bj is

Y VP 2036 sec?(0) 13 (t) (1 — | tanh(n/2)*) .
Cl‘/Rawf ( )PV/B%,D tanh(7/2) (11 @2(6)] tanh(/2) ) (1 1 @2(0) "
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Using (2.6), (2.7), and (2.10), we obtain

C1| < ell Oz £l L2 @1 £<(8) ]| 225 (my tan (|| fol | £oe ) sec® (|| foll <) -

Analogously, the more singular term in By is

2030 sec2(0) | tanh(n/2)|°—1
Oy = / 0L F<(2)PV : Ganh(1/2) 1o
’ @PY [ o) T 2200 tanh(n/2)

Using the same bounds as in Cp, we get

|Cal < cllOgf ()]l L2yl F ()]s ) sec® (|| foll o) -

Using classical trigonometric identities, we obtain

20,0 sinh(n)
4 2
Bs = / af*(2)0:PV /Bc(o)l) cosh(n) — cos(26) "

And the most singular term in Bj is

Co= [ oif (v O (@)sinh(n) __,,
R

B<(0,1) 251nh2 77/2 1+ 51;1}1rl2(n/2))
h(n)
— | o4 ¢e(2)PV ( i =D+ Do

Using the cancellation of the principal value integral we obtain

S2(0) o
/ oL (0 ()P [ e T
Be(0,1) 281Hh4(77/2) (1 + 51511}1112((77/)2))

thus,
1D1| < el 0 f )l eyl £ () s ) -
Integrating by parts in Ds, we obtain the required decay at infinity and we conclude

|Da| < el Oz f Ol 2l f< Ol o m)-

Putting all together, we get

5] < ()10 £ ()| L2y 1L (#) a3 sy (1 + sec (| foll =))° -

The nonlinear terms related to 6 are

28z§sec2(§)M
— [ 95f(2)92PV / +/ [tanh /21 gy = As+ As.
J 2t siony e ) T 200 tanh(n/2)| > » Ao

We observe that, due to 1/10 > € > 0 and || fol[z~®) < 7/2, this integral is not
singular. Thus the inner part As can be bounded following the same ideas as for As.
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The integrability at infinity is obtained with the following splitting:

_ / O < (2) 2PV / <2a .0sec?(9) tanh(n/2) 20,0 sec?(
R (0,1)

tanh(n/2)>
dndx
10 !
/ ot 82PV/ 20,0 sec?(A) tanh(n/2) (|tanh(n/2)\e — 1)
(0,1) 1+M2( )| tanh(n/2)| 2
20,0 sec?(A) tanh(n/2)
Be(0,1) 14 p3(t)

)
T+ 1300 tanh(n/2)[ > T+ s

/84 z)0*PV dndx = Bg + By + Bs.

The term Bg is

xr ) S h
/ L1 (2)92PV L
Be(0,1) cosh(n) + cos(26)
/84 . 0,0 sinh(n) < dndz,
B<(0,1) 2sinh*(n/2) (1 + %)

and it can be handled as Bs. The terms Bg and By have a term |tanh(n/2)[* — 1]
and they can be bounded following the steps in Bs and By by using (2.6) and (2.7).
Putting all the estimates together we obtain

6] < ()03 ()| 2y 1 ()]s ) (1 + sec (| foll .=))®

Using (3.2), Young’s inequality, and the dissipation given by the Laplacian we get the
a priori estimate

d
(3.3) E”fe(t)H?{?’(R) < e f Oz C (I foll Loy 10z foll Lo m)) -

A classical continuation argument shows the global existence. 0

4. Convergence of f€. In this section we study the limit of f€ as e — 0.

LEMMA 12. The reqularized solutions f€ corresponding to an initial datum sat-
isfying the hypotheses (1.4), (1.5), and (1.6) or (1.8) by itself, converge (up to a
subsequence) weakly-* to f € L*([0,T], WL>°(R)). Moreover, up to a subsequence,
fe— fin L=(K) for all compact set K C R x RY.

Proof. First, notice that, due to Propositions 1, 2, and 3 and hypotheses (1.4),
(1.5), and (1.6), the regularized solutions satisfy

€ ™ €
1F Ollze@ < Mfollpe@ < 75 10 (Ol @) < 1102 foll L)

4

while, if the initial datum, instead of hypotheses (1.4), (1.5), and (1.6), satisfies (1.8)
then

£SOl ®) < [[folleo®), [0z f (E)Loom) < 1.

Due to the Banach—Alaoglu theorem, these bounds imply that there exists a subse-
quence such that

ATAfE(x,t)g(x,t)dxdt—>/OT/Rf(x,t)g(x,t)dxdt
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and

T T
/ /3zf€(a:,t)g(x,t)da:dt—>/ /%f(a:,t)g(x,t)da:dt
o Jr 0o JR

with f € L*([0,T], WH*°(R)), any g € L'([0, 7] x R), and every T > 0. Fixing ¢, due
to the uniform bound in W1>°(R) and the Ascoli-Arzela theorem we have that, up
to a subsequence, f€(t) — f(t) uniformly on any bounded interval I C R. Moreover,
for all N, we have

I1f€ = fllee(Beo,n)x[0,17) — O

In order to prove this uniform convergence on compact sets we use the spaces and
results contained in [8]. For v € L>(B(0, N)), we define the norm

/ o(z)v(z)dz
B(0,N)

We define the Banach space W, > (B(0, N)) as the completion of L>(B(0, N)) with
respect to the norm (4.1). We have

(41) ”’UHW*‘ZOO(B(O)N)) = L sup
PEW, " (B(O,N)), lI#ll 2.0 <1

Whe(B(0,N)) c L=(B(0,N)) Cc W %>(B(0,N)).

The embedding L>®(B(0,N)) ¢ Wi >>(B(0,N)) is continuous and, due to the
Ascoli-Arzela theorem, the embedding W1°°(B(0, N)) C L*(B(0,N)) is compact.
We use the following Lemma.

LEMMA 13 (see [8]). Consider a sequence {un,} € C([0,T] x B(0,N)) that is
uniformly bounded in the space L>([0,T), W>°(B(0,N))). Assume further that the
weak derivative duy,/dt is in L°([0,T], L>°(B(0,N))) (not necessarily uniform) and
is uniformly bounded in L>([0,T], W >*(B(0,N))). Finally suppose that dyt,, €
C([0,T) x B(0,N)). Then there exists a subsequence of u,, that converges strongly in
L>=([0,T] x B(0, N)).

Due to this lemma we only need to bound 9;f¢ in L°°(]0,7] x B(0,N))
(not uniformly) and in L>°([0,T], W, >*°(B(0,N))) (uniformly). Using that f¢ €
C([0,T), H3(R)), the linear terms in (2.9) can be bounded easily with a bound de-
pending on e. To bound the nonlinear terms we split the integral

PV/ :PV/ + PV/ ,
R B(0,1) Be(0,1)

and we compute

| tanh(n/2)|°

PV (‘91 fe(f) SGC2 (9) W d
& 14 BnZ@)[tanh(n/2) n

tanh?(n/2)
< ¢(e) sec? (|| foll os )

tan?(6) 2 2¢
| tanh(n/2)|* — smnzoy/ay + #1(6) (1 — [ tanh(n/2)[*)

BC(O,].) tanh(r]/Z) 1 4 tanz(tezzlﬁz?;l;g)/Q)'ze

+|PV

< c(e) (sec® (|| foll Lo =)) + tan® (|| foll oo (r)))
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where we have used sec?() — 1 = tan?(), (2.7), (2.10), and

| tanh(n/2)| ,

The second term with the kernel involving 6 is

(= 1) tan(0) SR
V/ 1+ tan2(0)| tanh((xz—n)/2)|%¢ d77 S C(G) (tan (||f0HL°°(R)) + 1) :
R tanh? ((z—1)/2)

The terms with the kernel involving # are not singular and can be bounded following
the same ideas:
2(p)_tanh((z—n)/2)
sec”(0) [ (G —n) /2T

/ tan2 (@) tanh?((z—n)/2)
R 1+ anh(@—n)/o0

< c(e) sec® (|| foll Low m))

tan2(§) 2(i&) e
+ PV tanh(n/2) ~sabry/z) + Ttz (| tanh(n/2)% — 1) 1
Be(0,1) | tanh(n/2)[¢ 1 4 tan2(0) tanh®((z—n)/2)

[tanh((z—n)/2)[?¢
< c(e) (sec® (|| foll o= (ry) + tan®(|| foll L= ®)))

and

(1—¢) tan(0)
tanh((z— 2)|€ cosh?((z— 2
PV/]R | 1 ((tanz)(g))tlanh2((r(£n)/n2))/ )d’f] SC(é) tan (”fO”L"O(]R))
t T TRanh () /D

Putting together all these estimates we get

100 f< (2, 1)] < cle) (L foll 2wy + sec® (|| foll L ry) + tan®([| foll Lo (x))) »

thus we conclude with the bound in L>([0,7] x B(0, N)).

To obtain the bound in L> ([0, T], W» >°>°(B(0, N))) we extend ¢ € W' (B(0, N))
by zero outside of this ball of radius N. Then, using Lemma 1, we integrate by parts
and obtain

[ SNt @de < 1A 6l ol o
[ oA @ < I 0l ol o
[ 6@ (8= A1) Fr@de < 1 (8= A7) bl ol o
and
[ 90 (8= A7) Fo@de < I (3= A7) bl ol o

Using

o) — 8 — ) — ndad(z) = 1P / / (s — 1)O26(x + r(s — Vyp)drds,
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we bound the linear terms in (1.8) as

1—e € 1—3e €
|| (Al - ) f ||W{2’°°(B(O,N)) + H (Al - ) f ||W;2~°°(B(0,N))
1A S w2 mio,vy + I8 Sl m0,m)
+ Hasz”W*—lx(B(o?N)) + ”fEHW*‘?v"O(B(O,N)) = C||f0HL°°(R)a

¢ being a universal constant. The nonlinear terms are

= oty ([ [ ot ) o () e =

and

I, = /d) 8PV</ / )arctan( t}) )dnda:—J3+J4
B0 B0 |tanh (%]

Using the boundedness of arctan, we get
[J:] < 7TH8w¢||L1(]R) fori=1,3.

The outer part is not singular and can be bounded (as it was done before) applying
€ < 1/10. We get

|Ji| < C||¢HL1(R) (tan (”fo”Loo(R)) + 1) for i = 2,4.

Putting together all these bounds we obtain

sup Hatf(t)”vv;?vm(]g(o,]v)) <C (”fO”LOO(]R)) .
t€[0,T]

Using Lemma 13, we conclude the result. O

5. Convergence of the regularized system. Looking at (1.3) we give the
following definition.

DEFINITION 1. f(z,t) € C([0,T] x R) N L>=([0,T], WH°(R)) is a weak solution
of (1.3) if, for all ¢(z,t) € C([0,T) x R), the following equality holds:

T
/ /f(x,t)('?@(x,t)dxdt—i—/fo(x)qb(x 0)dx
o Jr R
L (@—f(r—)
_'O / /8r¢$t PV/flrctan tan(z n) dn

tanh (21121)

+ PV/ arctan (tan <;Tl w> tanh (%g)) dn | dzdt.
R

In this section we show the convergence, as ¢ — 0, of the weak formulation (see
Definition 1) of the problem (2.5).

PROPOSITION 5. Let f be the limit of the reqularized solutions f€. Then f is a
weak solution of (1.3).
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Proof. First, we deal with the linear terms. Using the weak-* convergence in
L>°([0,T], WH*°(R)) and Lemma 1, we obtain

T T
/ /fe(x,t)8t¢(x,t)dxdt—>/ /f(x,t)(’?@(x,t)dxdt,
0 R 0 R
T T
¢ drd drd
/O /R F (@, )l )dedt — /O /R f ()l O,
T T
/ /fﬁ(x,t)A}_E¢(x,t)dxdt—>/ /f(x,t)Al¢(x,t)dxdt,
0 R 0 R
T T
/ / fe(x, )N} 73p(x, t)dxdt — / / [z, t)Ayp(z, t)dzdt,
0 R 0 R
and
/ f5(@)d(z, 0)dz — / fol@)é(z, 0)dz,
R R

where, in the last step, we use the dominated convergence theorem and the L' con-
vergence of the mollifier. To deal with the nonlinear terms we split the integrals

PV/:PV/ + PV +PV/
R B(0,5) B¢(0,6)NB(0,N) Be(0,N)

for sufficiently small § and large enough N. These parameters, §, N, that will be
fixed below, can depend on fy but they don’t depend on €. For the inner part of the
integrals we get

T
I = /0 /R&Tqﬁ(x,t) <2PV/B(076) arctan (uq (¢) [tanh(n/2)|%) dn

pa(t) >
+ 2PV arctan< = | dn | dzdt
B(0,6) tanh(n/2)|
< C5||3z¢||L1([0,T]xR)-

The outer integral goes to zero as N grows. We compute

T
5= [ [ o <2PV / oy 21 0 0) b 1/2)) iy

pa(t) )
+2PV/ arctan <7E dn | dxdt.
Be(0,N) [tanh(n/2)]

As n € B¢(0,N), the integrals are not singular and we only have to deal with the
decay at infinity. Using (2.6), (2.7), (2.9), the bound € < 1/10, integrating by parts,
and using the extra decay coming from the principal value at infinity (see, for instance,
the term Ag in Proposition 4 in section 3), we have

I5 — 0 uniformly in € as N — oo.
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The only thing to check is the convergence of I5. Due to the compactness of the
support of ¢, we have

T
IS = / / Opd(x,t) | 2PV arctan (uq(t) [tanh(n/2)[) dn
o Jr Be(0,6)NB(0,N)

+ 2PV arctan <

2(t) )dn dudt
B<(0,6)NB(0,N)

_ H2Y)
|tanh(n/2)|°
T
_ / / 0,6z, 1) [ 2PV arctan (g1 (1) [tanh(n/2)[) dy
o JB,M) B<(0,5)NB(0,N)

t
+ ZPV/ arctan <L)E> dn | dzxdt,
B<(0,6)NB(0,N) [tanh(n/2)]

with M large enough to ensure supp(¢) C B(0,M). Since we have (up to a sub-
sequence) that f¢ — f uniformly on compact sets (see Lemma 12), the uniform
convergence |tanh(n/2)|¢ — 1 if |n| > §, and the continuity of all the functions in this
integral, the limit in € and the integral commute and we get

T tan (Liz)=fn)
5 — / / O (2, t) ZPV/ arctan i dn
o Jr °(0,6)NB(0,N) tanh (%)
+2PV arctan <tan <M) tanh (ﬂ)) dn | dedt = I3.
B<(0,6)NB(0,N) 2 2

We conclude the proof of Theorem 1 by taking § < 1 and N > 1 to control the
tails and then we send € — 0. d
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