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Abstract

In order to better understand nonlinearity, a substantial number of methods
have been devoted to extract the stiffness and damping functions. Although
most identification methods are based on mathematical models, some promis-
ing methods rely mainly on the use of non-parametric techniques, by plotting
and adjusting the restoring force to displacement and velocity in the time
or frequency domains. However, the identification process in these methods
is limited to amplitude-dependence and the identification of nonlinearities
that depend on both frequency and amplitude is still required. This is the
reason why, in this paper, a nonparametric identification procedure is pro-
posed and an amplitude-frequency-dependent model is developed to predict
the system’s dynamic behavior under different working conditions. The pro-
posed approach is demonstrated and validated through number of numerical
examples with nonlinearities, typically encountered in common engineering
applications. Thereafter, this approach is implemented to determine the un-
known parameters of a metal mesh isolator from transmissibility data. An
application of this technique for identifying the nonlinearity of SDOF system
subjected to multi-harmonic excitation is also illustrated.
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1. Introduction

In many engineering applications, numerous researches have investigated the
dynamic properties of nonlinear systems via numerical analysis based on
mathematical models. The main objective of the mathematical modeling is
to enable the designers to provide a better understanding and characterisa-
tion of a real system under different structural and loading conditions. Guo
(Guo, 2012) evaluated the transmissibility of nonlinear viscously damped vi-
bration system under harmonic excitation using a new method, based on the
Ritz-Galerkin method. It has been implemented to investigate the effect of
the damping characterization parameters on this system. Ozer and Ozgiiven
(Ozer and Ozgiiven, 2002) used the describing function method to determine
the nonlinearity location and evaluate the nonlinearity index by using the
complete FRFs of the system (Ozer et al., 2009) or the incomplete FRFs
(Aykan and Ozgiiven, 2013). Al-Hadid and Wright (Al-Hadid and Wright,
1989) proposed a method based on the implementation of force-state map-
ping approach for the location of nonlinearity in discrete lumped-parameter
System.

In fact, there are various proposed system identification techniques in order
to obtain more accurate mathematical models and correct prediction of dy-
namic response. Identification methods, based on the linear system theory,
have been widely applied in the mechanical vibration for many decays. For
nonlinear systems, it is possible to use the model updating techniques which
is developed for the linear systems to determine the dynamic characteristics
of the system. However, the linearity assumption is not very suitable for
identifying the dynamic characteristics of systems with strong nonlinearities,
including the friction Coulomb-type. Thus, nonlinear system identification
becomes crucial for nonlinear system modeling and several methods have
been proposed to detect, localize, determine and identify the nonlinearity
(Kerschen et al., 2006).

Some promising identification methods will be briefly reviewed in this pa-
per. A comprehensive review of the time domain methods for nonlinear
identification is widely surveyed in the literature (Lin, 1990; Dittman, 2013).
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One of the first methodologies of the temporal domain is the restoring force
surface method developed by Masri et al. (Masri and Caughey, 1979) to
analyze nonlinear systems in terms of their internal restoring forces. An-
other time domain technique, the Hilbert transform is a well-known tech-
nique used in many structural dynamics problems. Feldman showed that it
can be applied FREEVIB approach (Feldman, 1994a) based on free vibra-
tion and the FORCEVIB approach (Feldman, 1994b) on forced vibration to
identify the instantaneous nonlinear model parameters during various types
of SDOF excitation. Time domain methods are potentially appropriate for
practical engineering applications, however, they are supported by numerical
simulation results and still lack the experimental validation. An attempt to
exploit the frequency-dependent data has been developed through the use
of the Volterra (Volterra, 2005) and Wiener (Wiener, 1942) functional series
to address the frequency domain identification of nonlinear systems. Over
years, the Volterra series was expanded and the application has been rang-
ing from animal and human biology to electrical and mechanical engineering
(Schetzen, 1980). The Volterra series enable the direct generalization of the
concept of linear response function and offer more intuitive system interpre-
tation. Unfortunately, the analysis and design of the linear system cannot be
used to achieve the nonlinear system characterization in frequency domain.
A critical procedure during the implementation of the parametric methods is
the way to obtain nonlinear response of a real structure. Most of these meth-
ods are applicable to numerical examples and only a limited number of them
are suitable for real nonlinear industrial structures with a complicated model.
For more complex applications, the implementation of non-parametric iden-
tification methods, where no priori information about the nonlinearity is
required, is efficient; can accurately predict the real behavior by identifying
the unknown coefficients through the application of a regression technique.
The intend of (Carrella and Ewins, 2011) is to develop a frequency domain
method that attempts to extract the stiffness and damping functions from
measured data (Carrella, 2012) with no priori knowledge to the type of non-
linearity. The method is particularly suitable for practical applications and
implemented to extract the amplitude-dependent parameters of a commercial
anti-vibration isolator (Mezghani et al., 2017). Nevertheless, this method is
not free of limitations; it may fail when jump occurs and thus will not be two
response points measured at the same amplitude of displacement vibration.
These errors are introduced especially in the estimation of the damping.

As mentioned previously, the identification methods still require an exten-
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sion, especially for the non-linearities of damping, depending on both the
amplitude and the frequency. There is need and scope to develop a simple
technique that allows the extraction of amplitude-frequency-dependent struc-
tural nonlinearities from measurements. The Equivalent Dynamic Stiffness
Mapping technique was recently proposed by Wang et al. (Wang and Zheng,
2016) and validated numerically and experimentally through examples. This
technique has the inherent ability to deal with strong nonlinearities own-
ing complicated frequency response such as jumps and breaks in resonance
curves. However, this technique has also some limitations. The steady-state
is pre-assumed as the identification is based on deterministic FRFs. More-
over, the primary harmonic response is considered dominant, techniques in-
cluding sub- or super- harmonics still need further investigation.

Given the fairly limited literature, it can be concluded that there is need
to develop a simple technique, which allows the extraction of amplitude-
frequency-dependent parameters as well as the stiffness and damping func-
tions from measurements. In this paper, a nonparametric identification pro-
cedure is proposed and a amplitude-frequency-dependent model is developed
to predict the system’s dynamic behavior under different working conditions.
The method falls within the category of the single-degree-of-freedom (SDOF)
modal analysis methods and the sub- or super- harmonics are considered.
The proposed approach is validated through number of numerical examples
with nonlinearities, typically encountered in common engineering applica-
tions. Thereafter, this approach is implemented to determine the unknown
parameters of a metal mesh isolator from transmissibility data. Finally, the
assumption considering only the primary harmonic is extended to include the
super and sub-harmonics, and an application of this technique to identify the
nonlinearity of SDOF system subjected to multi-harmonic excitation is also
illustrated.

2. Identification of nonlinear system

2.1. Methodology of identification: Formulation
System identification methods can be classified on the base of their search
space:

(a) Parametric methods, which are used in parameter space, seek to deter-
mine the value of parameters in an assumed model of the system to be

identified.
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(b) Nonparametric methods, which are used in function space, produce the
best functional representation of the system without a priori assump-
tions about the system model.

The proposed identification method is considered as a nonparametric method.
The equation of motion of the SDOF system Eq. (1) can be expressed in the
form of Eq. (2).

mi(t) + f(z, ) = Fe(t) (1)

flz, i) = Fe(t) — mi(t) (2)
Since the acceleration and force signals are measured for a particular test
and the mass is known, the restoring force f(z,&) can be computed. The
displacement x(t) and velocity & can be found by direct measurements or
through integration of #(t).
In the Harmonic Balance Method (HBM), the response of nonlinear system
can be approximated in a truncated Fourier series, such as:

N
z(t) =do + Z A, cos (nwt) + Bysin (nwt) (3)
n=1
when using only the fundamental harmonic component, the response could
be expressed as:

z(t) = Xeos cOS(wt) + Xap sin(wt) (4)

with the Fourier coeflicient calculated as:

Xeos = %/ 7r:10(75) cos(p)dy
(5)
Xoin = %/0 x(t) sin(p)dp

The Fourier expansion of the first derivation is:
(t) = —wXeos sin(wt) + wXgy cos(wt) (6)

Due to the absence of cross-product terms, the restoring force is simply equal
to the summation of two terms; displacement-dependent term, and velocity-
dependent term.

[, @) = Kequ(t) + Cegi(t) (7)

5
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Therefore, the restoring force can be obtained by Fourier expansion up to
the first order as:

f(z, &) = Fros cos(wt) + Fyy sin(wt) (8)

x
Replacing @(t) and z(t) in Eq.(7) by their expressions in Eq. (4) and Eq.(6)
yields:

f(z,2) = Koy Xeos cos(wt) + Cey w Xip, cos(wt) )
+ Koy Xsin sin(wt) — Cey w Xeos sin(wt)

Thus (from Eq. (8) and Eq. (9)),

Fcos . Xcos U-)Xsin Keq

|:FS’LTL:| N |:Xsm _WXcos:| |:Ceq:| (1())
Once the equivalent stiffness and damping, the excitation frequency and the
displacement amplitude are obtained, the set of data are plotted as dis-
crete points in the three-dimensional space. Then, the obtained stiffness and

damping points are fitted to surface with specific polynomial function over
the displacement and the frequency and the mathematical modes are defined.

N N
K=Y Y P B (X, w) (11)

i=1 j=1

Ni Ny
Cru=_ > PI™BI™ (X, w) (12)

i=1 j=1
where me I and P2 are unknown coefficients for stiffness and damping

polynormal functions, respectively with N; and N, presenting the polynomial
order. Bf;if (X, w) and Bjj”’mp(X ,w) are the basic functions, which are power
expansion of X and w.

Bi;(X,w) = X'w’ (13)

2.2. Nonlinear equations of motion and their responses to base excitation

As explained in the previous section, there are several types of nonlinearity
encountered in the literature and employed to analyze the stiffness and damp-
ing models and to identify the unknown parameters. In this paper, three
classical numerical examples chosen by Ajjan et al. (Aykan and Ozgiiven,

6
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2012) and zer et al. (Ozer et al., 2009) and one complicated example with
combined nonlinearities are studied. The single-degree-of freedom system is
shown in Figure 1 where its parameters are taken from (Carrella, 2012) and
listed in Table 1.

I~ T x = X sin(wt + ¢)

y =Y sin(wt)

Figure 1. SDOF system of a mass suspended on a nonlinear mount with complex stiffness
and under base excitation

During the numerical simulation, direct time integration is carried out for the
dynamic equation using the Matlab solver ODE45 which is the 4""-5'" orders
Runge-Kutta procedure. For each sinusoidal base excitation, responses in 200
cycles are computed with a fixed time step. Only last 100 cycles are taken
as the steady-state responses and transformed into the frequency domain in
order to ensure the transient components can decay completely. Then, the
transmissibility is determined by computing the ratio between the Fourier
coefficient of the response and the base excitation amplitude.

2.2.1. Duffing Oscillator
The motion equation of a nonlinear system, examined herein, is written in
the form of the Duffing Oscillator as:

mz + ¢t + k12 + kn2® = w?mY sin(wt) (14)

where z = x —y presents the relative displacement between the mass and the
base and Y represents the amplitude of the base displacement. The response
displacement is computed by solving the equation of motion of the system
within the frequency range from 9.6 Hz to 10.6 Hz.
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Table 1. The nonlinear and underlying linear parameters

Mass m = 1.5 kg, Damping coefficient ¢ = 0.8 Ns/m, k = 6000 N/m

Nonlinearity Damping f.  Stiffness fj Values
Duffing Oscillator 0 fro=ku 2 Ky =710 N/m3
Quadratic damping  f. = c|7| 0 Ct = 8 Ns*>m™2
Coulomb damping  f. = Frsgn(z) 0 Fr=0.85

cubic stiffness + fe=cuz|z|  fo=kur® ky=710°N/m?

Quadratic damping Cny = 8 Ns?/m?

Figure 2 depicts the response of the system excited for several levels from
1.1072 to 4.1072 mm with a step of 1.1072 mm. It is notable that the reso-
nance frequency shifts up to higher frequencies with the increase of the level
of excitation. It is clearly observed that the system has a hardening behavior
and this is consistent with the sign of the cubic coefficient (k,; > 0). At
higher excitations, the jump phenomenon will be clearly visible and hence
the nonlinearity will be stronger.

2.2.2. Coulomb damping
Let’s consider the nonlinear system with coulomb damping specified by the
equation of motion:

mz + ci + Frsgn(2) + kz = w’mY sin(wt) (15)
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Figure 3. The response of the coulomb damping system for different levels of excitation
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where sgn represents the sign function which is defined as follows:

-1 if <0
sgn(x) =< 0 if =0 (16)
1 if x>0

The displacement response was obtained by setting the excitation frequency
from 9.6 Hz to 10.6 Hz and increasing the level of excitation from 2 mm
to 8 mm. This increase induces the increase of the resonance amplitude
from 0.2 m up to 0.85 m. Contrary to the previous type of nonlinearity, the
system behaves nominally linearly at high excitation. In the case of Coulomb
damping system, the nonlinearity is only visible if the level of excitation is
low.

0.01 T T T 0
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0.008 -

0.006 -

Displacement [m]
8
R
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0.002 -

8 9 10 11 12 8 9 10 11 12

Frequency [Hz] Frequency [HZ]
(a) Amplitude (b) Phase

Figure 4. The response of the combined cubic stiffness and quadratic damping system for
different levels of excitation

2.2.83. Combined nonlinearities: Cubic stiffness and quadratic damping
Another system, which is an interesting physical system and most studied in
the nonlinear engineering, combined cubic stiffness and quadratic damping
will be studied. In this case, the equation of motion is given by:

mz 4 ¢ 34 eyl + k 2+ ky2® = w?mY sin(wt) (17)

10
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The presented systems response, under harmonic excitation of the base, for
different amplitudes are presented in Figure 4. From the figure, it is inter-
esting to note that the raised excitation level obviously causes the increase
of the resonance frequency. Meanwhile, the jump phenomenon observed at
higher level of excitation while no obvious jump phenomenon occurs at lower
excitation. This means that the system performs as hardening stiffness under
large deformation and nearly unchanged under small deformation.

3. Numerical validations

The third section aims to evaluate the efficiency of the proposed method by
comparing the identified results with analytical expressions for stiffness and
damping functions.

3.1. Analytical stiffness and damping functions

The analytical stiffness and damping functions have been derived using the
Harmonic Balance Method to solve the nonlinear equation of motion (Worden
and Tomlinson, 2000).

In fact, the analytical expressions correspond to the stiffness and damping
of a linearized system under the assumption that the system responds at the
same frequency as the harmonic excitation. This is equivalent to expressions
determined by applying the first-order expansion using Harmonic Balance
approximation in the steady state.

3.1.1. Nonlinear Stiffness
The analysis will be simplified by considering the motion equation of a simple
oscillator subjected to a harmonic excitation as:

mij + ¢y + fs(y) = z(t) (18)

where f, represents nonlinear stiffness function.
Assuming that the nonlinear stiffness is equal to the equivalent stiffness:

fs(y) = Kegy (19)

The harmonic balance trial solution Y sin(wt) yields the nonlinear form f,(Y sin(wt)).

This function can be expanded using the Fourier series and only the funda-
mental term (first harmonic) is considered. So,

fs(Ysin(wt)) = by sin(wt) = K.Y sin(wt) (20)

11
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where b; represents the Fourier coefficient of the fundamental term.
The mathematical model of a cubic stiffness element can be expressed as

fs(y) = ky + kuy’® (21)
The first integration gives the linear part and the contribution from the
nonlinear stiffness is % kn Y2, so:

3
Koy =k + an,w (22)

where k and k,,; represent the linear parameter and the nonlinear parameter,
respectively.

3.1.2. Nonlinear Damping

The formulas presented above are limited to the case of nonlinear stiffness.
It is possible to extend its application to nonlinear damping. Let’s consider
the following system.

mij+ fa(y) + ky = x(t) (23)

where f; denotes the nonlinear damping function.

Choosing a trial output solution Y sin(wt) yields a nonlinear function fy(wY cos(wt)).

This function can be rewritten as follow:

fa(wY cos(wt)) = ay cos(wt) = CeuwY cos(wt) (24)

where a; is the Fourier coefficient of the fundamental term.
The mathematical model of a quadratic damping element can be expressed
as:

fa(y) = i+ cuyly (25)
Then, the equivalent damping is given by:

c 2w 2
g = / WY cos 0 cos §dh+ / wY cos B|lwY cosb| cosdf (26)
wYm J, wYm J,
After integration, this becomes:
8
Ceg=c+ B—chle (27)

12
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where w is the natural frequency of the linear system and Y is the amplitude
of the response at steady state. ¢ and ¢,; represent the linear and the non-
linear damping parameters, respectively.

Similarly, for the case of coulomb damping:

fa(g) =c y+cr |y?| =cy+cp sign(y) (28)
The equivalent damping is defined as:
4 Fy
Cey = —— 29
¢ =ct TwY (29)

where F is the coulomb force.

3.2. Comparison with analytical equivalent expressions

In order to validate the proposed method, three classical types of nonlinear
systems, presented above, are used in this section as examples for the nu-
merical validation study. The nonlinear stiffness and damping are calculated
using Eq. (10) and will be identified with special functions by means of
the curve fitting technique. Tables 2-4 present these polynomial fit functions
compared to their analytic expressions. The analytical stiffness and damping
expressions are demonstrated for each case in the previous section.

3.2.1. Combination of quadratic damping and cubic stiffness

The first case corresponds to a SDOF system with a combination of cubic
stiffness and quadratic damping. Results are calculated using the fourth
order Runge-Kutta method for frequency range between 8 Hz and 12 Hz
with frequency increments of 0.05 Hz. The stepped-sine base excitations are
allowed to vary from 2 mm to 5 mm with a step of 1 mm for each frequency.
From results shown in the Figures (5(a) and 5(b)), a systematic increase in
the natural frequency clearly depicts a hardening behavior of the nonlinearity
and therefore the terms of mathematical functions can be identified by mean
of fitting the corresponding data.

13
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Table 2. Identified parameters for a system with combined nonlinearities

Goodness
Ideal expressions Identified results of fit
Stffuess | Koo = 6 10° 4| Kp = 60016 + | 99
37105 X2 37.0397 105 X2
0.9997
i Cre = 0.82884 +
Damping | Ceq =08+ = 8 wX i
! 3 579388 wX

As it can be seen from Table 2, the least-squares fitting of the identified non-
linear results characteristics to a mathematical model returns the nonlinear

stiffness coefficient that is equal to % 7.0631 10° when the equivalent stiffness

coefficient is equal to % 7 10°. The estimated nonlinear damping coefficient

is equal to 3% 8.0805 when the equivalent damping coefficient is equal to

% 8. The comparison between the identified and the analytical expression
clearly shows that the proposed approach reaches a precise estimation as

indicated by the goodness of fit with values of 0.9999 and 0.9997.

6500

6400
ab
£ 6300} 5
Z =
é 2
£ =
5 6200 §
Al
6100
6000 == ‘ ‘ ‘ : : :
0 0002 0004 0006  0.008 0.01 0 02 04 06
Displacement [m] Velocity [m/s]
(a) Stiffness (b) Damping

Figure 5. Comparison between the estimated stiffness and damping functions and the ana-
lytical equivalent functions: System with combined cubic stiffness and quadratic damping
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3.2.2. Dry friction: Coulomb damping

Using the transmissibility curves obtained for the frequency range of 8 to 12
Hz with a step of 0.005 Hz and for several amplitudes of excitation ranging
between 8 mm and 2 mm with step of 2 mm, the information on the nonlin-
earities are given in Figures (6(a) and 6(b)). It can be seen that by increasing
the amplitude, the stiffness remains constant, while the damping decreases
with hyperbolic trend (due to the Coulomb damping). From results in Ta-
ble 3, a good agreement is reached between the identified function and the
appropriated analytical expression. The error is less than 0.4 % between the
identified coulomb damping and the equivalent coefficients.

Table 3. Identified parameters for the system with Coulomb friction

Goodness
Ideal expressions Identified results of fit
Stiffness | Ko, =6 10° Ky = 6.001 10° 0.9998
bt | Cer = 08 4| Cr = 08208 + | 09970
PHS 187085 (wx)! 50,8498 (wX)~0.9991
6100 T
3 amm a 5 amm
vy  aivica
) E3
geoook‘qg“_z_n.a_m_A.._a_o Z;
15&5.““_‘_1\ N N N N
59000 012 014 016 018 1 0 éO 4‘0 50
Displacement [m] Velocity [m/s]
(a) Stiffness (b) Damping

Figure 6. Comparison between the estimated stiffness and damping functions and the
analytical equivalent functions: System with Coulomb damping

15



300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

3.2.3. Duffing oscillator: Cubic stiffness

A SDOF system with Duffing oscillator is now investigated. To estimate the
stiffness and damping curves, the required response record is generated within
the frequency excitation range from 8 Hz to 12 Hz. Figure 7 shows the results
of the analysis of the transmissibility of a system with coulomb damping
under harmonic base excitations. The amplitude of the base excitation are
ranging between 1 1072 mm and 4 1072 mm with an increment of 1 1072
mm. The left hand panel shows that by increasing the amplitude of response,
there is a consistent increase in natural frequency, due to the hardening
behavior.

Table 4. Identified parameters for the Duffing oscillator

Goodness
Ideal expressions Identified results of fit
Stiffness Keg = 6 10° + | Kpir = 6002.5 + 0.9988
37100 X2 377072 106 X?
Damping C’eq =(0.8 sz‘t — 0.8206 0.9998

Meanwhile, an accurate prediction of the stiffness is achieved by implement-
ing a successful estimation using the proposed method. The identified stiff-
ness do not deviate more than 4.7 % from the ideal function, as presented
in Table 4. It is interesting to note that the right panel of Figure 7 shows
slight differences when the identified damping is compared to the analytic
expression.

Results show a good match between both approaches when estimating the
stiffness and damping in the case of strong nonlinearities. This reveals the
effectiveness of the method presented in this paper and offers the possibility
to implement the approach for real experimental measurements.

16
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Figure 7. Comparison between the estimated stiffness and damping functions and the
analytical equivalent functions: System with Duffing oscillator

4. Application of the proposed approach on the metal mesh isolator
and comparison of the measurements with predictions

To validate and demonstrate the applicability of the identification procedure
given above, experimental tests were performed on commercial metal mesh
isolator. The experimental set up is displayed in Figure 8.

USBjager System

Two tri-axial
accelerometers

Amplifier DSA4-8k Shaker G&W V400 | Four isolators

Figure 8. Experimental set-up
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The electro-dynamic shaker, Gearing and Watson V400, was driven by a
signal generator producing a stepped-sine signal. The accelerometers (EN-
DEVCO, model 656M100) were rigidly attached to the shaker-table and to the
mass plate to measure the input-output data, while the Dactron associated
software was used to observe the system response. The data were recorded
using a LASERysp shaker control system connected to a computer. The
bottom of the damper is connected to the base whereas the top is connected
to the rigid mass weighed about 30 kg. The test rig is designed to measure the
transmissibility using four vibration isolators of the same model. The tests
were repeated three times to ascertain variability of the experimental data
and only the average curves are considered during the investigation. The
magnitude and phase of the transmissibility for excitation levels of 2 m/s?
and 3 m/s?, are depicted in Figures (9(a) and 9(b)). The metal mesh isola-
tor essentially consists of a cushion of stainless steel, woven using a knitting
machine, rolled and/or pressed into the required geometric shape via a press
mold in order to achieve the desired geometric shape, so that different ge-
ometries can be manufactured depending on the application by changing the
mold process. It was produced with an relative density of 24.93 %.

4 0.
——2 m/s? ——2 m/s3
—*—3 m/si —*—3 m/sq
-05 1
3l
2 2
=) =
7] 7]
0 R
I £
2ol 2
S @ -15
= =
-2
1F
| | | | 25 | | | I
5 10 15 20 25 30 5 10 15 20 25 30
Frequency [Hz] Frequency [Hz]
(a) Amplitude (b) Phase

Figure 9. Acceleration responses to stepped-sine excitation of different amplitudes (a)
amplitude responses and (b) phase responses
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The spectrum of the response of the isolator at 11 Hz and 16 Hz are shown
in Figure 10. It is worth noticing that the sub- and super-harmonics of the
response in each stepped-sine are much less than 5% of the primary harmonic
component (Figure 10(b)). Thus, the response of the system is dominated by
the fundamental harmonic component and higher harmonic components can
be ignored. Therefore, the assumption of the primary harmonic component
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on the solution in Eq.(4) is reasonable and accurate.

Vibration
experiments
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(b) 16 Hz
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Figure 11. Flowchart of the proposed method
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32 A flowchart of the proposed method is shown in Figure 11, where the thick
553 line denote the comparison between the numerical simulations and experi-
s« mental data. Figure 12 presents the stiffness and damping maps of damper-
355 model including the calculated points using the proposed identification method
6 and the identified surfaces. The least squares polynomial approximation, via
37 surface fitting MATLAB toolbox, were used during the identification. In or-
s der to reach a good fit for stiffness and damping, the order and type of the
9 basic functions will be chosen by comparing the fitting results of different
w0 ordinary polynomials. Increasing the polynomial terms order increases the
1 complexity of the mathematical model; however, the fit quality is slightly
2 improved.

13 ' The basic function of the stiffness is obtained by substituting Ny = 3, Ny =0
3¢ and i+ j < 3 in Eq. (11), however, the damping basic function is obtained
35 by choosing Ny =4, Ny =2 and i 4+ j < 4 in Eq. (12):

366

B (X, w)=1,X, X% X* (30)

367

Bgamp<X7w) =1, X, w Xw, X3 X, Xu?, X%, X30w, X?uW? (31)
368

0 Therefore, the nonlinear stiffness mathematical model could be written as:
K(X,w) = 1.60710° — 2.77710° X + 2.52510"1X? — 7.97510'3X3  (32)

s where the goodness of fit is 0.9661.

s Also, the damping model expressed as:
C(X,w) = 1090 — 1.191107X + 3.14810%w + 3.09510° X w
—5.04210'1.X3 — 8.234108 X %w — 2073 Xw? — 1.311610'4X* (33)
+1.0861010X3w + 5.39710° X %w?

sz where the goodness of fit is 0.9585.
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Figure 12. a) Stiffness and b) damping map of metal mesh damper including calculated
points from measured data

With identified coefficients of the stiffness and damping models, the relative
transmissibility at these two excitation amplitudes (2 m/s* and 3 m/s?) can
be predicted by solving iteratively:

w2

wi (X, w) — w? + jin(X, w)wi (X, w)

Tr(Xv w) = ’ (34)

where wo(X,w) and n(X,w) are the nature frequency and loss factor, respec-
tively and can be calculated from:

K(X,w) =wi(X,w)m
(35)
C(X,w) =n(X,w)wi(X,w)m

Figures (13(a) and 13(b)) show the comparison between the predicted and
measured transmissibility. Good match of correlation between the predicted
and measured data is reached. However, the predicted resonant frequency
and peak marked in Figure 13(a) are a little lower than the measured ones.
This slight error can be explained by the limitation in the surface fitting tools
of MATLAB and some other more complicated damping that may appear.
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Figure 13. Comparison between measured and identified responses

5. Application using multi-harmonic excitation

The identification of SDOF systems parameters, using mono-harmonic ex-
citation, is demonstrated by both numerical and experimental examples in
previous sections. In this part, the proposed identification technique will be
extended to identify nonlinearity from SDOF systems subjected to multi-
harmonic excitations. This example is used to demonstrate the efficiency of
the identification method while employing multi-harmonic excitation in place
of one-harmonic.

The equation of motion can be rewritten in the matrix form:

mX + Fu(X,X) =F, (36)

where

Fu(X, X) = Oy X + Koo X (37)

As the excitation terms is periodic, it is assumed that the nonlinear dynam-
ical response and the force vector may be approximated by finite Fourier
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series with w as fundamental frequency.

Z X cos(nwt) + Xsm sin(nwt)

n=1

Z ) cos(nwt) + F\ sin(nwt)
Z ) cos(nwt) + F (”) ) sin(nwt)

where (X4, Xs(m) (F& F™MY and (P, F™) are Fourier coefficients of the
displacement, restoring force and excitation force, respectively.

In this work, a two-harmonic input (N=2) is considered for the identification
(Figure 14) and a comparative study on the success of identication is carried

out. Let’s consider the system subjected to two harmonic excitations.

X5) X X&) F)
X S(lln) X Xs(iln) E e(s];zl

_mw2 4X§§g + Ceqw 2XS(12n) + Keq Xégg = Fe(czo)b (38)
4x ) 2X ) x8 F&)

From Eq. (36), the restoring force can be written as:

Y rY X
F(_l) F@(I) X (Al)
OB SR E I L P ] (39)
P2 F§>S 4x2)

Thus, the equivalent stiffness and damping could be obtained by measure-
ment of the restoring force and displacement responses.

FY x& wxl
FOL (X —ox | (K, 10
O KE x® {c} 40
) X8 auxd
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Figure 14. Response of SDOF excited by two harmonic excitations
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Figure 15. Stiffness of the two-harmonic excited system with Duffing oscillator
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Figure 16. Damping of the two-harmonic excited system with Duffing oscillator

ws The proposed identification technique is used to identify the unknown pa-
ws rameters of the SDOF system with Duffing oscillator where the equation of
w07 Motion is given by:

408

409

410

411

412

413

414

415

416

mi +ci +kx + fo(2) + fr(r) = m w? Y] sin(wt) +m (2w)? Yy sin(2wt) (41)

Table 5. Two-harmonic excitation: parameter setting for simulation

Mass m = 1 kg, Damping coefficient ¢ = 3.6 Ns/m, k = 300 N/m

Nonlinearity Damping f. Stiffness fj Values

Duffing Oscillator 0 fr=ar® a=7510° N/m?

The parameters used in the simulation are given in Table 5. The results,
shown in Figures 15 and 16, give a much correlation in the term of predicted
results; it could be seen that the estimation of linear stiffness coefficient (less
than 0.46 % error), cubic stiffness coefficient (less than 1.31 % error) and
linear damping coefficient (less than 0.44 % error) of the unknown elements
are accurate compared to the exact values (Table 6). Thus, the Alternating
Frequency Time Domains identification technique is still efficient for systems
subjected to multi-harmonic excitations.
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Table 6. Identified parameters for a system with combined nonlinearities

Goodness
Ideal expressions Identified results of fit
Siffnees | Koo = 300 4| Kp = 2086 4 | 0998
375 10° X? 3 7.5987 10° X2
0.9956
Damping | Cey = 3.6 w Ctit = 3.616 w
Conclusion

A nonparametric technique for the identification of nonlinear systems has
been proposed by alternating between the frequency and time domains. This
procedure is developed to extract the stiffness and damping that depend on
the response amplitude and frequency, and thus these points will be plotted
as discrete points. The mathematical model of the system is obtained and un-
knowns parameters are identified by surface fitting these points. Numerical
examples and then real experimental example demonstrate the effectiveness
and accuracy of the identified results with this technique. Good agreements
are reached between the predicted and measured results. Finally, an applica-
tion of the method to SDOF system subjected to multi-harmonic excitations
is also illustrated.

The contribution of this paper is the development of a new methodology for
the characterization of the nonlinear behavior and the identification of un-
known parameters of a commercial vibration isolator. The objective of this
method is to define a mathematical model to provide a better understanding
of the real system characterization. The developed model consists on predict-
ing the response of the isolator under different excitation amplitudes. In addi-
tion, the assumption considering only the primary harmonic can be extended
to include the super- and sub-harmonics. Besides, this technique is applied
to identify the linear and nonlinear parts using ordinary polynomials and no
prior information about the nonlinearity is required. Thus, the method can
provide reliable model of the complex nonlinear system. However, this tech-
nique has also some limitations. The estimated damping-model, expressed
in polynomial form, has no physical meaning. So, the physical constrictive
model must be taken into consideration. That is to say, the combination of
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different types of nonlinearities, such as viscous damping, coulomb damping
and quadratic damping, should be reflected in the identification of damping.
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