PHYSICAL REVIEW A VOLUME 56, NUMBER 3 SEPTEMBER 1997

Dispersion cancellation and quantum eraser experiments analyzed
in the Wigner function formalism
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We extend the Wigner function formalism for parametric down-conversion experiments presented in a
previous papefPhys. Rev. A55 3879 (1997)] to experiments involving propagation through a dispersive
medium[Steinberget al, Phys. Rev. A5, 6659(1992 ], and polarizatiofKwiat et al,, Phys. Rev. A45, 7729
(1992]. [S1050-294®7)02009-X
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I. INTRODUCTION On the other hand, to second order in perturbation theory,
the signal beam leaving the crystal can be expressed as
Parametric down-conversion experiments in the Wigner
representation have been recently studig@]. In this sec-  F{7(r,t)=FyS(r,t) + gVGF, ) (r,t) +g?|V|2IFL(r ),
tion we present a brief summary of the most importants re- 6
sults in order to apply them to new experiments. In the
Wigner representation the electric field corresponding to avhere we have represented the pumping laser beam by a
narrow light beam may be writtefwithout taking the polar- plane wave of amplitud€ andg is a dimensionless coupling

ization into account constant. A similar expression holds for the idler beam by
exchanging the indicess” and “i.” F{!) is the vacuum
) hwy 1z , field entering the crystal in the direction of the signal beam,
E(+)(r,t)=|% e (e, (1) andF§" is the vacuum field in the direction of the idler

beam.wg and w; are the average frequencies of the beams
with wave vectorks, k;, respectively, fulfilling the match-

where we assume that the light beam contains frequengies ing conditionsw,-+ @; = g, ket ki~kg, with wo andkg be-

in an interval @ in,®mad, @nd wave vectors with a limited . :
transverse componefit’| <, /c. ing the frequency and wave vector of the pumping laser

It is convenient to work with slowly varying amplitudes peam.Q _andJ are linear operators expressing the_ Interac-

: tion, within the crystal, of the laser with the zero-point field.
defined by . : . i
The correlation properties of these fields are as follows:
(a) Autocorrelations Taking the signal field at a poimt

FOO(rn=e“'e™r,), ) and timest andt’, we have

w, being an average frequency more or less midway be-

(+) (=) "y _(E(H) (=) '
tweenw i, and wmax. If the complex amplitudey, (t) has a (Fs (R (") =(Fos (r)Fos (r.t")

free evolution of the form = 2g? V2GRS (r, ) G*FS (1 t')
ak(t):ak(O)e*iwkt, (3) Egz|V|2,lLS(t’_t),
then the amplitude=(*)(rg,t) in terms of the amplitude (FOrHFMD(r,t))=0. 7)

F(*)(r,,t) at another point of the light beam is
Here() means an average using the Wigner function in the

FaB\ vacuum state as probability densifys(t—t") is a correla-
(+) —g(+) _ APl alwgrag/c s

Fre H=F (rA’t c )e wAE 4 tion function that goes to zero whetl —t| is greater than

the correlation time of the signat;. Similar expressions
whererag=rg—ra, rag=|ragl, and it is assumed that _hold for the idler field by exchanging the indices™and *“
i

c (b) Cross correlationsTaking the signal and idler fields

A< (5)  at the center of the crystal=r’=0 and timest andt’, we

Wax— Omin
max min have

FUOOOFM(0t))y=gVu(t' —1).
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FIG. 1. Experiment of dispersion cancellation.

Here »(t’—t) is a function that vanishes whet’ —t| is  to the Hong-Ou-Mandel interferometg8], but with a dis-
greater than the coherence time between signal and idlepersive medium inserted in one arm. In order to calculate the
From Eq.(8) it is possible to derive all cross correlations at joint probability we are going to express the fields at the
different pointsr#r’ by using Eq.(4). detectorsD; and D,, by propagating the slowly varying
Finally, the quantum theory of detection in the Wigner functionsF(*) from the crystal to the beam splitt&S (the
representation gives us the following results for single anghase factor fronB8 Sto the detectors is dropped because it is
joint detection probabilities: not important. The main difference with the other experi-
(a) Single probability The following result is a general ments that we have explained in the Wigner formalism lies
expression for calculating single probabilities in the Wignerin the fact that we have to propagate the fiE@) through
representation: the dispersive medium. Let us start by writing the fields at
the detectord, andD, at different timest andt+ 7. As-
P1(ry,)e(I(ry, ) =lo(ra)), ©) suming, for simplicity, thaff = R=1/y/2 for the beam split-

wherel(r;,t)=|EC)(ry,1)[2 andlo(r,) is the intensity of " We have

the vacuum field at the position of the detector.
(b) Joint probability It can be proved that in parametric F(ry )= i[F-(“(r H+iF*(r,0]
down-conversion experiments o PR s Vb

Paa(ro,tirg t+ m)oc({1(ry,t) —lo(ry)} 1
){(rp t47) = lo(r2)}). (10) F<+)(rz,t+r)=E[Féﬂ(rzﬁT)+iF§”(rz,t+r)],
(12

By taking into account that the Wigner field amplitudes are

Gaussian, and neglecting fourth-order termgjrwe have where

Pio(ry,tiro, t+ 7)o (B (r HEM (1, t+ 7))]2. Sl
(11) Fi(+)(r1't):|:i(+)(0’t__)eiwiﬁllc' (13)
c
Finally we point out that these expressions for the detec-
tion probabilities remain valid when we use the amplitudesgng similarly for|:i(+)(r2,t+ 7). 8l is the optical path length

F() andF() in place ofE*) andE(™). in the lower arm of the interferometer.
In order to obtaing+)(r1,t) we shall use the expressions
Il. DISPERSION CANCELLATION (1) and(2). We have

In this section we present a study of dispersion cancella-
tion in a fourth-order interferometd#], using the Wigner
formalism. This kind of process has been considered as an +oo ‘ _
example of nonlocality in quantum mechanics, due to the =KJ doy_a(wy)e @) Te v ost,
fact that there is no dispersion cancellation in “classical” -
optics[5]. However, the Wigner formalism suggests a fully (14
local interpretation of this and many other phenomena, in the
sense that a description in terms of fields propagating invhere we have replaced the sum by an integral and extended
space time is possible without ever surpassing the velocity dhe range of the integral ta o because the functioa(wy )

light. This possibility rests upon the fact that, in parametricis peaked atv, ~ws, and we have introduced a const#nt
S

df\;vn-cc&n_versioné the Wigne(rj function ti)s bplg)sit(ij\{e (.jbeﬁnitewhich includes some other constants that are irrelevant for
[1,2] and it may be interpreted as a probability distribution. i, purposes. We may expand the wave numities, ) to
Consequently, the Wigner representation of the experiments s

offers a counterexample to the claim that no local realisS€c0Nd order in a Taylor series abas as follows:
model may account for the said experiments.
The experimental setup is shown in Fig. 1. This is similar

FO(r =B (ry el

k(@) =Kot a(w — wg) + Blwy — ws)?, (15
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FIG. 2. Experiment

with @ and B8 being constants appropriate for the dispersive
medium.

In order to expresg{") atr=r, in terms ofF{") atr=0,
we take into account thai(wks) is the inverse Fourier trans-

form of E{7)(0,1), that is,
1 [+ o,
a(wks)= ﬂj_ dt’ E(S”(O,t’)e""kst

+o0 . ,
dt/F{P(0,t))e (@9t (16)

—o0

27

By taking into account Eqs(16), (14), (12), and (13) we
finally have

iwjdllc | ﬁ A
2

1 sl
F(+>(r1,t)=E{Ff“(o,t—?)e doy_

+ oo
Xf dt/F(S+)(0’t/)ei(wkSws)(’['t)eik(wks)d},

7

with a similar expression foF (V)(r,,t+ 7).
The coincidence detection probability is given by the cor-
relation

gVKéwiﬁllc too

dwkseik(wks)d
o]

+) +) _
<F (rl!t)F (r21t+T)> 27T|

X e*i(wksfws)éllc V(wks_ ws)

X sir (i~ wg) 7], (18)

where we have used Egé7), (8), and defined the Fourier
transform ofv

+oo .
v(wks—wS)ZJ duv(u)e (@@, (19

Multiplying Eqg. (18) by its complex conjugate and using
Eq. (11) we can calculate the joint detection probability. Af-
ter some easy algebra, making use of the relation

fowdx sinax sinbx= g[é(a— b)— s(a+b)],

and assuming that(w) is symmetric inw, we have

of quantum eraser.

P12: CJ

+oo _
doy | v(@, — o)

X [ 1—e” 2i (u)ks— wg) 5|/Cei [k( a)ks) —k(2wg— u)ks)] d] ,
(20)

C being a constant. Finally, by substituing Ed5) into Eq.
(20) and definingw = wy_— ws we obtain the final result for

Pi:
P12: Cf

This result is similar to the one obtained in E2) of [4].

+

mdw|v_(w)|2[1— cog2w(a—dl/c)]]. (21)

— o0

IIl. THE QUANTUM ERASER

In 1992 Kwiat and co-worker§6] performed an experi-
ment to show how the information may be erased from the
state vector. This effect is known as theantum eraseand
shows the relation between quantum coherence and distin-
guishability. An outline of the experimental setup is shown
in Fig. 2. A half wave plate at an anglep(2) to the hori-
zontal is placed in one arm of a Hong-Ou-Mandel interfer-
ometer giving rise to a change in the polarization state of the
light in this arm. Two polarizer®,; andP, at anglesp, and
¢, to the horizontal are inserted in front of detectbrsand
D,, respectively.

We now present an analysis of this experiment in the
Wigner formalism. This time we have to take into account
the polarization of both the light beam and the vacuum field.
The field is now represented by a vector

FO(rh=i >,

1/2

ho ap (e e elea ) (22)
T | 213 k(L) €k x )
€\ being orthonormal polarization vectora €1 denotes
horizontal polarization and =2 vertical polarizatiohn

It can easily be proved that the expressions for the detec-
tion probabilities(9), (10) remain valid. Moreover, the final
expression for the joint detection probability when we deal
with parametric down-conversion experiments involving po-
larization is

Pu(rl,t;rz,w)ocg > (S HF (o t+ 1) %
)\/
(23)

In order to apply Eq(23) we must calculate the fields at
the detector®, andD,. For the sake of simplicity we shall
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consider that the half wave plate is placed 0. The signal F(*(0,t)=F!")(0,1)(1,0). (24)
beam coming out the half wave plate and the idler beam
outgoing the crystal are
+) +) ) The field corresponding to the output port of the 50:50 beam
Fs(0,t)=F¢ '(0,t)(cosp,sing), splitter (placed atr =R) in the direction of detectoD; is

1 1 . _ _
FIO(R, )= E[Ff“(R,t)Jr i FS(R,t)]zﬁFf“(O,t— )€ “i2+iF{7(0,t— 7)€ “s"icosp,iFL7(0,t— 7)€ “sising.
(25)

Here 7, and 7, are the propagation times from the crystal to the beam splitter. When a polarizer oriented ap atmlde
horizontal is placed in the output port of the interferometer, the field at the def@¢t@placed atr;) at timet is

F(r, ) =[F(R,t)- (cospy,sing;) ] (cosps , sing)
_ 1
2

where we have dropped an irrelevant phase shift coming from the propagation b&®eedD ;. In the same way, we write
for the field at the detectdD, (placed atr,) at timet+ 7

[F{T(0,t— 7)€/ “i2cospy +iF {7(0,t— 1) €'“s™icog ¢ — 1) ] (cOspy , SiNgss ), (26)

1 . .
FCO(r, t+ T)=E[iFi(+>(0,t+ 7— 1,)€“i"2c0sp,+ FLT(0,t+ 7— 7)) e “s™icod ¢ — ¢by) ]

X (cosp,,sing;). 27

In order to calculate the joint probability we combine E@S), (26), and(27), and take into account the correlation properties
of the field given by Egs7) and(8). After some easy algebra and an integratio®Pgf( 7) over the time intervatr, we obtain
the coincidence probability

P1,=C| [c0S ¢;1COS(p— py) + COS O (p— ¢by)]

Xf |v(7)|?d7— 2c0sp,C0q — ) COSP,COS h— h7) Ref v(8t— 1) v* (S1+ 7)dT7|, (29
0 0
with 7= 7,— 7,, andC being a constant. Whefir=0 we have

P1o=C'sir¢sin’(¢,— 1), (29

C’ being another constant. This expression is similar to the one obtained in the Appeffijx of
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