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1 Introduction

This paper is dedicated to the study of the optimal control problem
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where y is the unique solution to the Dirichlet problem
fAy—i-f(:r,y) = UXw in 97 (1 1)
y= 0 onlI. ’
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The control domain w is an open subset of 2 with a Lipschitz boundary. We assume
that a >0, > 0,7 >0, yg € L?(2), and £ is a bounded domain in R", n = 2 or
3, with Lipschitz boundary I'. Additionally we make the following hypothesis:

if n=3, then >0 is assumed. (1.2)

Here, BV (w) denotes the space of functions of bounded variation in w and
J., IVu| stands for the total variation of u. The assumptions on the nonlinear term
f(z,y) in the state equation will be formulated later. By introducing the penalty
term involving the mean of w when g > 0 we realize the fact that constants
functions constitute the kernel of the BV-seminorm. If v+ = 0, in dependence on
the order of the nonlinearity f it can be necessary to choose 8 > 0 to guarantee
that (P) admits a solution.

The use of the BV-seminorm in (P) enhances that the optimal controls are
piecewise constant in space. Thus the cost functional in (P) models the objec-
tive of simultaneously determining a control of simple structure and resulting in
a state y = y(u) which is as close to y4 as possible. Comparing with the common
formulation of using L?(w) or LP(w) control-cost functionals, with p > 2 to match
the nonlinearity f, these later functionals will produce smooth optimal controls
which may be more intricate to realize in practice than controls which result from
the BV —formulation. Piecewise constant behavior of the optimal controls can also
be obtained by introducing bilateral bounds a < u(x) < b together with only the
tracking term in (P). In this case we can expect optimal controls which exhibit
bang-bang structure. If an L'(w) control cost term is added then the optimal con-
trol will be of the form bang-zero-bang. But this type of behavior is distinctly
different from that which is allowed in (P), since the value of the piecewise con-
stants plateaus is not prescribed. This is distinctly different from the bilaterally
constraint case where the optimal control typically assumes one of the extreme
values a or b. This in turn can lead to unnecessarily high control costs.

Possibly one of the first papers where this was pointed out, but not system-
atically investigated is [15]. In [9] semilinear parabolic equations with temporally
dependent BV-functions as controls were investigated. Thus we were focusing on
controls which are optimally switching in time. The analysis for this case is sim-
pler and exploits specific properties of BV-functions in dimension one. Numerically
the simple structure of the controls which is obtained for BV-constrained control
problems was already demonstrated in [5,9] and a recent master thesis [19]. BV-
seminorm control costs are also employed in [8], where the control appears as
coefficient in the p-Laplace equation. Beyond these papers the choice of the con-
trol costs related to BV-norms or BV-seminorms has not received much attention
in the optimal control literature yet.

In mathematical image analysis, to the contrary, the BV-seminorm has received
a tremendous amount of attention. The beginning of this activity is frequently
dated to [22]. Let us also mention the recent paper [2] which gives interesting in-
sight into the structure of the subdifferential of the BV-seminorm. Fine properties
of BV-functions, in the context of image reconstruction problems, in particular
the stair casing effect were, analyzed for the one-dimensional case in [21], and in
higher dimensions in [20,14], for example. In [11] the authors provided a conver-
gence analysis for BV-regularized mathematical imaging problems by finite ele-
ments, paying special attention to the choice of the vector norm in the definition
of the BV-seminorm.
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Let us also compare the use of the BV-term in (P) with the efforts that have
been made for studying optimal control problems with sparsity constraints. These
formulations involve either measure-valued norms of the control or L!-functionals
combined with pointwise constraints on the control. We cite [5,7] from among the
many results which are now already available. The BV-seminorm therefore can
also be understood as a sparsity constraint for the first derivative.

Let us briefly describe the structure of the paper. Section 2 contains an analysis
of the state equation and the smooth part of the cost-functional. The non-smooth
part of the cost-functional is investigated in Section 3. Special attention is given
to the consequences which arise from the specific choice which is made for the
vector norm in the variational definition of the BV-seminorm. In particular, we
consider the Euclidean and the infinity norms, which at times are also referred to
as the isotropic and anisotropic cases. Existence of optimal solutions and first order
optimality conditions are obtained in Section 4. Second order sufficient optimality
conditions are provided in Section 5. Finally in Section 6 we consider (P) with an
additional H 1(w) regularisation term and investigate the asymptotic behavior as
the weight of the H'(w) regularisation tends to 0.

2 Analysis of the state equation and the cost functional

We recall that a function v € L'(w) is a function of bounded variation if its
distributional derivatives dz,u, 1 < i < n, belong to the Banach space of real and
regular Borel measures M(w). Given a measure pu € M(w), its norm is given by

Iy = supd | zdu s 2 € Colw) and [lllcye < 1} = lul(w),

where Cp(w) denotes the Banach space of continuous functions z : @ — R such
that z = 0 on Ow, and |u| is the total variation measure associated with . On the
product space M(w)™ we define the norm

el My = sup{/ zdu:z € Co(w)" and |2(z)] <1 Vo € w}, (2.1)

where | -] is a norm in R”™.
On BV(w) we consider the usual norm

llull BV (w) = llull 1wy + IVl Aeyn

that makes BV (w) a Banach space; see [1, Chapter 3] or [18, Chapter 1] for details.
We recall that the total variation of u is given by

IVl p oy = sup{/ divzudz: 2 € C5°(w)" and |z(z)| <1 Vz € w}.
w

We also use the notation

[Vu| = [[Vull pm(wyn s
w
as already employed in (P). For these topologies V : BV (w) — M(w)" is a linear
continuous mapping.
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In the sequel we will denote
ay = ﬁ/ u(z)dr and 4 =u—a, for every u € BV (w).
w

Using [1, Theorem 3.44], it is easy to deduce the existence of a constant Cy, such
that

l[ull := |au| + [Vul pewyn < max (1, ﬁ)HuHBV(w) < Collull. (2.2)
In addition, we mention that BV (w) is the dual space of a separable Banach space;
see [1, Remark 3.12] for a description of this space. Therefore every bounded
sequence {ug}pe; in BV (w) has a subsequence converging weakly® to some u €
BV (w). The weak* convergence uj, — u implies that u; — u strongly in L'(w)
and Vuy, = Vu in M(w)"; see [1, pages 124-125]. Recall that w has a Lipschitz
boundary and, hence, it is an extension domain [1, pp. 130-131]. We will also use
that BV (w) is continuously embedded in LP(w) with 1 < p < -5, and compactly
embedded in LP(w) for every p < -+; see [1, Corollary 3.49]. From this property
we deduce that the convergence uj, — u in BV (w) implies that uj, — u strongly in
every LP(w) for all p < 2.
We make the following assumption on the nonlinear term of the state equation.
We assume that f: 2 x R — R is a Borel function, of class C? with respect to
the last variable, and satisfies

£(-,0) € LP(2) with p > g (2.3)
of
—_— > .
ay(:my) >0 VyeR, (2.4)
of % f
== —_— < < .
VM > 0 and Vp > 03e > 0 such that
82 62 . 2.6
L)~ S| <pitlie =l <cand il ol < 01, ¢ )

for almost all z € £2.

Let us observe that if f is an affine function, f(z,y) = co(z)y + do(x), then
(2.3)-(2.6) hold if co > 0 in 2, co € L>(£2), and do € LP(£2).

By using these assumptions, the following theorem can be proved in a standard
way; see, for instance, [26, §4.2.4]. For the Holder continuity result, the reader is
referred to [17, Theorem 8.29].

Proposition 1 For every u € LP(w) the state equation (1.1) has a unique solution
yu € C°(2) N HE(2) for some o € (0,1). In addition, for every M > 0 there exists a
constant Ky such that

lvullco @y + lvullmro) < Km Vu € LP(w) : lull ey < M. (2.7)

In the sequel we will denote Y = C(2) N HE(2) and S : LP(w) — Y the
mapping associating to each control u the corresponding state S(u) = y,. We have
the following differentiability property of S.
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Proposition 2 The mapping S : Lﬁ(w) — Y is of class C2. For all elements u,v
and w of LP(w), the functions zo = S’ (u)v and zvw = S” (u)(v,w) are the solutions
of the problems

oy (2.8)

—Az + a—f(m, Yu)z = vXw N §,
z=0 on I

and

0 o .
—Az + %(m,yu)z + Tyéc(x,yu)zvzw =0 in £,

z=0 onl,
respectively.

The proof is a consequence of the implicit function theorem. Let us give a
sketch. We define the space

V={yeY:AyeL’(2)}
endowed with the norm
il = Wl + Il @) + 143l -

Thus, V is a Banach space. Now we introduce the mapping F : V x Lﬁ(Q) —
LP(£2) by

Fly,u) = —Ay + f(z,y) —u.
From (2.5) we deduce that F is of class C? and

%;:(y, w)z =—Az+ %(x’ Y)z.

From the monotonicity condition (2.4), we obtain that %—i(y,u) CV — LP(Q)
is an isomorphism. Hence, the implicit function theorem and Proposition 1 with
w = £ imply the existence of a C? mapping S : LP(2) — Y associating to every
element u its corresponding state S(u) = yu. When w & {2, we use that S = SoS.y,
where S, : LP(w) — LP(12) is defined by S,u = uxw. Hence the chain rule leads
to the result.

Next, we separate the smooth and the non smooth parts in J: J(u) = F(u) +
aG(u) with

P =g [ =l do+5( [ u@an)’ +3 [ @) de and Gl = o(va),

where g : M(w)" — R is given by g(u) = [|ut[| p(w)»- In the rest of this section
we study the differentiability of F. From Proposition 2 and the chain rule the
following proposition can be obtained.

Proposition 3 The functional F : L? (w) — R s of class C?. The derivatives of F
are given by

F'(u)v = /w [cpu(m) +yu(z) + B( /w u(s) ds)]v(x) dx, (2.10)
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and
*f
/! _ _ v J
F"(u)(v,w) —/Q (1 gouayQ (x,yu))zyzwd;c+'y/wvwdx+ﬁ(/wvdx>(/wwdx)
(2.11)
with 2y = S'(u)v, zw = S’ (u)w, and pu € Y the adjoint state which satisfies
of )
—Apy + = (x, = Yu — in $2,
Pu ay( yu)SDu Yu — Yd (2.12)

pu =0 on I.

The C(R2) regularity of ¢, follows from the assumptions on y; € L?(£2) and
the fact that y, € L(£2).

Remark 1 If n = 2, since BV (w) is embedded in L?(w), then the functional F :
BV (w) — R is well defined and it is of class C? with derivatives given by (2.10)
and (2.11). However, if n = 3, then BV (w) is only embedded in L3/?(w). Hence, for
elements u € BV (w) Proposition 1 is not applicable and, therefore, the functional F
is not defined in BV (w). To deal with the case n = 3 we introduced the assumption
(1.2), i.e. v > 0. Hence, the functional F : BV (w) N L?*(w) — R is well defined and
of class C2.

The assumption (1.2) can be avoided if we suppose that the nonlinearity f(z,y)
has only polynomial growth of arbitrary order in y. In this case, Propositions 1 and
2 hold if we change Y to Yy = L9(2)N H} (2) with ¢ < oo arbitrarily big. We recall
that for a right hand side of the state equation belonging to L3/2(Q) the solution of
the state equation does not belong to L°°(£2), in general, even for linear equations.
However, since L%/2(£2) ¢ W~13(12), we can use [25, Theorem 4.2] to deduce that
yu € LI(2) Vg < co. To analyze the semilinear case one can follow the classical
approach of truncation of the nonlinear term, Schauder’s fix point theorem, and
Li-estimates from the linear case combined with the monotonicity of the nonlinear
term. Finally, since v = 0, we have that the functional F': BV (w) — R is of class
c2.

Remark 2 In the state equation, the Laplace operator —A can be replaced by a
more general linear elliptic operator with bounded coefficients. All the results
proved in this paper hold for these general operators.

3 Analysis of the functional G

Now, we analyze the functional G. We already expressed G as the composition
G = go V. Concerning the functional g, we note that it is Lipschitz continuous
and convex. Hence, it has a subdifferential and a directional derivative, which
are denoted by dg(u) and ¢'(u;v), respectively. Before giving an expression for
9g(r) and ¢'(u;v), we have to specify the norm that we use in R™. Indeed, in the
definition of the norm ||u|| a4y~ We have considered a generic norm | - | in R".
The choice of the specific norm strongly influences the structure of the optimal
controls. In this paper, we focus on the Euclidean and the |- |oc norms, which
lead to different properties for g, that we consider separately in the following two
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subsections. To illustrate one aspect, let us observe that the use of the |- |oc norm
on R™ in the definition of || - || x4y~ implies that

n
Il ameyr = D isllv) Vi€ M(w)™. (3.1)

i=1

In particular, it holds that

n
/ |Vu| = Z 10z, ull m(wy Vu € BV (w).
w =1

However, if in (2.1) we take the Euclidean norm for the constraint |z(z)| < 1, then,
in general,
n 1/2
el sy # (D0 M) - (3:2)
j=1

Indeed, the identity (3.1) is an immediate consequence of the definitions of the
norms | - [ amew)y and || - | ag(eyn- To verify (3.2) we give an example. Let us fix
n different points {¢'}"_, in w and take ¢ > 0 small enough such that the balls
Be(£%) are disjoint. Now, applying Urysohn’s lemma, cf. [23, Lemma 2.12], we get
functions z; € Co(w) such that 0 < z;(z) < 1 Vz € w, 2(¢") = 1 and supp(z;) C
Be(¢%). We set z = (z1,...,2n) and p = (0¢1, ..., 0¢n). Then, since |z(z)|2 < 1
Vz € w, we have

n

mezz/

i=1"%

n
zi(z) dpi(z) = Zzi(él) =n.
i=1
On the other hand, we get

n 1/2
(D i) = v
j=1

3.1 The use of the Euclidean norm |- |2

In order to give an expression for dg(u) and ¢’ (i; v), let us introduce some notation.
We recall that if p € M(w)™, its associated total variation measure is defined as a
positive scalar measure as follows

oo o0
|| (A) = sup{ Z |u(Eg)|2 : {Ex}x C B are pairwise disjoint and A = U Ek},
k=1 k=1

where B is the o-algebra of Borel sets in w, and |u(Fj)|2 denotes the Euclidean
norm in R™ of the vector u(Ey). Let us denote by h,, the Radon-Nikodym derivative
of p with respect to |u|. Thus we have

hy € LM w, |u))™, |hu(z)|2 = 1for |u|—a.e. z € wand u(A4) = /A hy(z)d|pl(z) VA € B.

Given a second vector measure v € M(w)", the following Lebesgue decomposi-
tion holds: v = vq +vs, dva = hud|p|, where vq and vs are the absolutely continuous
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and singular parts of v with respect to |u|, and h, is the Radon-Nikodym derivative
of v with respect to |u|. Then, the following identity is fulfilled

Yl meyr = Ivall amyn + ¥l At wyn :/ [P () |2 dlp|(z) + (sl A(w)yn-
w

The reader is referred to [1, Chapter 1].
Now, we analyze the subdifferential dg(u). It is well known that an element
A€ 9g(p) if

v =+ el My < Ivllme)n Vv € M(w)™. (33)

This is equivalent to the next two relations
<>‘7.u> = ||.U'HM(w)"7 (34)
<)\, I/> < HV”M(w)” Vv e M(w)" (35)

Observe that A belongs to the dual of M(w)™, which is not a space of distributions.
However, due to (3.5), the restriction of the functional A to L*(w)" € M(w)™ can
be identified with a function of L™ (w)™ with [|A[[ e )» < 1. However, we observe
that much information on A can be lost when it is restricted to L!(w)™. Indeed,
let us consider the following example. Let {A4;}7_; a family of pairwise disjoint
compact subsets of w with zero Lebesgue measure. Set pn = (u1,...,un) € M(w)"
with supp(u;) C A; and p; being a positive measure for all j =1,...,n. Now, we
define A € [M(w)"]* by

n

)= vi(4)) Yre Mw)"

=1

It is easy to check that (3.4) and (3.5) hold, hence X € 9g(u). If we consider the
restriction of A to L'(w)", due to the fact that every A; has a zero Lebesgue
measure, we have

<>\7’U>[M(w)n]*7M(w)n = Z /A vj(x) dr =0 Yve Ll(w)n.
j=1"4

Therefore, the restriction of \ is zero.
In the special case where \ is weakly® continuous, then ) is identified with a
function of Cp(w)™. Thus, the action of the functional X is given by the integral

n
<)\,I/>[M(w)n]*7M(w)n = Z/ )\J(m) dl/j(l') Yv € /\/l(w)”,
j=17
and we can establish some precise relations between A and pu. Before proving these
relations, let us mention that here we have
Izl cy(wyn = sup{|z(z)|2 : € w} Vz € Co(w)".

Proposition 4 If X\ € Co(w)" Ndg(u), then ||Allc,wy» < 1. Moreover, if u # 0, then
the following properties hold

1. ”)‘”Co(w)" = ]., and
2. supp(p) C {r € w: A (z)|2 = 1}.
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Proof The inequality [|A||c,(wy» < 1 follows from (3.5). Additionally, if u # 0, then
(3.4) implies 1. To prove 2. we use (3.4) as follows

[ (@) = Il = Qo = [ M@ du(a) = [ A@) - o) dl @)

w w

Then, using that |A(z)]2 < 1Vz € w and |hu(z)|]2 =1 |p|-a.e. in w we deduce from
the identity

[ @) = [ 2@)-hy(a) @)

that A(z) - hu(x) = 1 |u|-a.e. in w. Using again that |hu(z)|2 = 1, |ul|-a.e., we
conclude that A(z) = hy(z), |u|-a.e. Therefore, we have that

H(fe ew: M@z < 1}) =0,
which implies 2.
Next we study the directional derivatives of g.

Proposition 5 Let y,v € M(w)", then

§ (i) = / oy dpt+ [V oy (3.6)
w
where v = vq + vs = hyd|p| + vs is the Lebesque decomposition of v respect to |u|.

Proof As above, let us write dy = hyd|p|. Then we have

. + vl mewyr = il myn
/ ) = lim 12
g (u;v) Jim ,
— lim e+ pvall vy + lovsliamyn — Ll veyn
P\O 14

. 1
:me%mwmmmmw—/WWMM®+mwwn

PNO P w w

[ 1 Uate) ol ~ Pl

lim ; (@) + sl ey

_ / hu(2) - b (2)
w |h# (17)‘2
Since the quotients are dominated by |hy|2, we applied Lebesgue’s dominated
convergence theorem above. Moreover, we use that |hy(z)|]2 = 1 |pl-a.e. in w in
the last equality and also to justify the differentiability of the norm |- |2 at every
hy(z) with z in the support of |ul.

ﬂmm+mmmw=/mw+mmmw
w

Now, we come back to the mapping G. To this end, let us recall that the adjoint
operator V* is defined by

v [M(UJ)”]* — BV(w)*, <V*>‘7U>BV(w)*,BV(w) = <)\,VU>[M(W)H]*,M(UJ)H.
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Proposition 6 The following identities hold for all u € BV (w):
G(u) = 9(go V)(u) = V*'9g(Vu), (3.7)

G (u;0) = (g0 V) (u3v) = /w ho d(Vu) + [[(Vo)s [ v (3.8)

where Vv = hyd|Vu|+(Vv)s is the Lebesgue decomposition of Vv with respect to |Vul.

Proof Since V : BV (w) — M(w)™ is a linear and continuous mapping and g :
M(w)™ — R is convex and continuous, we can apply the chain rule [16, Chapter I,
Proposition 5.7] to deduce that 8(go V)(u) = V*9g(Vu), which immediately leads
to (3.7).

To verify (3.8) it is enough to observe that

(g0 V) (u;v) = ¢’ (Vu; V)

and to apply (3.6).

3.2 The use of the |- |oc norm
The use of |- |coc norm implies that
Izl ¢y (wyn = sup{|z(z)|oc : T € w} Vz € Co(w)".

We recall that every scalar real measure p € M(w) admits a Jordan decomposi-
tion p = pT — ™, where uT and p~ are positive measures with disjoint supports.
Further, if h, is the Radon-Nikodym derivative of p with respect to ||, then
pt = htd|p| and p~ = h™d|u|, where h = h™ — h™ is the decomposition of A in
positive and negative parts.

Proposition 7 If A\ € Co(w)" N dg(p), then |[Njlloyw)y < 1 for all j = 1,...,n.
Moreover, if puj # 0, then the following properties hold

1. ”)‘j”Co(w) =1, and
2. supp(uj) C{zr €ew:Aj(z) =41} and supp(p; ) C {z €w: \j(z) = —1}.

Proof Inserting (3.1) in (3.4) and (3.5) we get

Z iy Ai) Z HﬂiHM(w): (39)
i=1 i=1
Z Viy Ai) Z il mewy Vv € M(w)™. (3.10)

.
Il
-

Let us fix 1 < j < n and take in (3.10) v; = 0 for every ¢ # j and v; = £, with
z € w arbitrary. Then, we obtain

i (2) = (v, N)) < IVl mey = 1-
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This proves that |\j(z)| <1 Vz € w for every j. Then, from (3.9) we infer

n

S il ame) =D i Aa) < D il v INillcow) < D il ame)-
=1

i=1 i=1 i=1
This implies that ||Aillc,w) = 1 and {u;, i) = ||pillpmw) for every i such that
w; # 0. Hence, 1. holds. The second part was proved in [6, Lemma 3.4].

Now, we compute the directional derivatives of g'(u;v). Then, we have the
following expression which is similar but different from the one obtained in Propo-
sition 5.

Proposition 8 Let u,v € M(w)™, then

n

g (mv) = / ho dp A+ ||vsl| pmyr = D {/

hoy i +105)slan o (311)
j=1 7%

where vj = (vj)a + (v5)s = huy;d|pj| 4+ (v))s is the Lebesgue decomposition of v; with
respect to |p;| for 1 < j < n.

Proof For the proof it is enough use (3.1) to obtain

n

+ pv n — n ; + V; n — 1 n
¢ () = lim e+ prliaen = el _ lim li + pvill mewyr — sl ) .
PO 14 P PO 4
Then, we proceed as in the proof of [10, Proposition 3.3].

With the same proof we infer that Proposition 6 is also true for the |- |s norm
with (3.8) being interpreted as follows

G/ (wiv) = (90 V) (wv) = [ hod(V0) + [(V0)slpagorr

w

B i { /w hug (02 0) + 102, 0)slLatgen (3.12)

where 9z;v = hy j|0z;ul + (Oz,;v)s is the Lebesgue decomposition of dz,v with
respect to |0z, ul.

Remark 8 For the well-posedness analysis of (P) we could equally well use the norm
(= ||8xju||?w(w))1/2 instead of 3>, [0z, ullas(w), Which was mentioned in (3.2)
above. For the sake of interest, we specify the changes which become necessary for
this norm when compared to the assertions made in Proposition 7:

n 1/2
LS lEyw) <L

1/2
2. 16 p# 0, then (7-1 INI3,) =1
3. If pj # 0, then supp(uj) C{zcw:Aj(x) = +[INjllcyw) } and supp(p;) c{ze
w:Aj(@) = =\jlley )}

Since, for our purposes, we see no advantages of this norm over the norms defined
by the duality in (2.1) we shall not follow it up.
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4 Existence of an optimal control and first order optimality conditions

The proof of the existence of an optimal control follows the lines of [9, Theorem
3.1] with the obvious modifications.

Theorem 1 Let us assume that one of the following assumptions hold.

1. B+~v>0.
2. There ezist q € [1,2) and C > 0 such that

g—zjj(m,y) <C+y|?) for a.a. x € 2 and Yy € R.
Then, problem (P) has at least one solution. Moreover, if f is affine with respect to y,
the solution is unique.

Now, we prove the first order optimality conditions satisfied by any local min-
imum of (P).

Theorem 2 Let @ be a local solution of (P). Then, there exists X € dg(Vi) such that

a()\, Vv)[M(w)n]*,M(w)n + / (Sé_? + ’YfL + /8/ ﬁdz)vdx =0 We BV(LU) n L2(w),
N N (4.1)
where @ € HE(2) N C(2) is the adjoint state corresponding to .

Proof Let us denote by ¢ € C(£2) N Hg(£2) the adjoint state corresponding to the
local solution @. Given v € BV (w) N L?(w), from the local optimality of @ and the
convexity of G we deduce for every 0 < p < 1 small enough
0< J(u+pv) —J(@) _ F(u+pv) — F(u) +aG(u+pv) - G(u)
P p P

Hetet) =P 4 af6(a+v) - 6()

<

Passing to the limit as p — 0 in the above inequality and using (2.10) we obtain
for every v € BV (w)

0< / (2(e) + () + 5/ i ds)o(z) d + oG (i +v) ~ G(@)].
w w

Replacing v by u — 4, this inequality can be written

_é / (@ + v+ ,8/ ﬂds)(u —a)de+ G(a) < G(u) Yue BV(w)N L*(w).

w w
This along with (3.7) implies
1, . I
—7(4,0+’yu—|—ﬂ uds) € 0G(u) = V*9g(Va).

« w
Hence, there exists A € dg(Va) C [M(w)"]* such that

-1
N V) M (w)n)* M) = —/ [(,5—1—6/ ﬁds]vdz Yo € BV (w) N L*(w),
a w w

which implies (4.1).
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Remark 4 As mentioned after inequality (3.5), the restriction of A to L (w)™, de-
noted by A1, can be identified with a function in L°°(w)". Then, if we take
v € C§°(w)™ in (4.1), we deduce that the identity

divA| :gB—l—’yﬁ—l—B/ﬂdm
w

holds in the distribution sense, and hence div\|;1 € BV(w) C LP(w) for p =
n/(n — 1). Then, it is well known that A|z1 - v is defined in a trace sense on dw,
where v is the outward unit normal vector to dw. Moreover, taking v € C°°(@)"
in (4.1) and using Green’s formula, we infer that A|;1 -~ = 0 on dw. Hence,
we conclude that X|z: belongs to L (w) N WY (div;w) N BV (w). Here we use the
standard notation

W (div;w) = {v € LP(w)" : divw € LP(w) and v-v = 0 on dw}.
See Proposition 7 of [2] for a related result.

Since A € [M(w)"]* and [M(w)™]* is not a space of distributions, sometimes
it can be more convenient to handle a different optimality system involving dis-
tributional spaces, mainly if we think of the numerical analysis. To this end, we
present the following equivalent optimality conditions.

Theorem 3 Let us assume that n = 2. Givenu € BV (w), lety and @ be the associated
state and adjoint state. Then, there exists A € dg(Vau) satisfying (4.1) if and only if
there ezists ® € Co(w)™ such that

a(Vv,dg)M(w)n’Cn(w)n +/ [(,5 + yu + ,6’/ ﬂds]vdx =0 Vv € BV (w), (4.2)

w

(Vv, >M(w)n700(w)n < HV'UHM(w)" Yv € BV(UJ), (4.3)
(V, D) Mm(wyn,Co(w)n = IVEl pwyn- (4.4)

Proof Assume that A € 9g(V4) satisfies (4.1). We define a linear form Tp in M (w)™
as follows

D(To) ={Vv:v e BV(w)} and To(p) = (A, Vo) pm(w)n)s , M(w)yr  if = Vo.
From (3.4) and (3.5) we have
To(Va) = [V pwyn s (4.5)
To(p) < lpllmeyn Vi € D(To). (4.6)

Let us prove that Ty is weakly™ continuous on its domain. First, we prove that
T57(0) is sequentially weakly™ closed in M(w)™. Indeed, let {u;}1 C Ty *(0) and
1 € M(w)™ be such that pj, = p in M(w)™. By definition of D(Tp) there exist
elements {vp}r C BV(w) such that pp = Vug. Without loss of generality we
assume that the integrals of each v; in w are zero. Then, using (2.2), we know
that {vi}x is bounded in BV (w). Therefore, there exist a subsequence, denoted
in the same form, and an element v € BV (w) such that v, = v in BV (w). This
implies that uj, = Vo, = Vo in M(w)"™. Hence, the identity Vo = u holds and,



14 Eduardo Casas, Karl Kunisch

consequently, p € D(Tp). We have to prove that To(x) = 0. From the continuity
of the embedding BV (w) ¢ L?*(w) due to n = 2 and the convergence v, — v in
BV (w), we obtain that v, — v in L?(w). Therefore, we get with (4.1)

= lim T, = lim (A e n
0= lim o(pe) i (X Vo) puyngs M)

= lim ;1/ [¢+7ﬁ+6/ﬁds]vkdx (4.7)

k—oo

-1 L ~ -
= —/ [go—l—’yu—‘-/j'/ uds}vdac = (A V) (), My = To(w).
« w w

Thus 4 € T; *(0) holds and, hence, T}, *(0) is sequentially weakly* closed in M (w)™.
As a consequence, we also have that 75 *(0) N B, (0) is sequentially weakly* closed
in M(w)™ for every closed ball By (0) of M(w)™ centered at 0 and arbitrary radius
r > 0. Due to the fact that Co(w)” is a separable Banach space, we have that
Br(0) is metrizable in the weak* topology of M(w)". Hence, T, '(0) N B,(0) is
sequentially weakly™ closed in M(w)™ if and only if it is weak™ closed. Finally,
from the Krein-Smulian Theorem [3, Theorem 3.33], we infer that 7, *(0) is weak*
closed in M(w)™, which implies the weak™ continuity of Tp.

Hence, there exists a weakly™ continuous linear form T : M(w)™ — R extend-
ing To; [24, Theorem 3.6]. In this case, we know that T can be identified with an
element @ € Cp(w)", i.e.

T(1) = (1 ) M) Colew)r = / Pdp Ip e M(w)";

see [3, Proposition 3.14]. The function @ fulfills (4.2)—(4.4). Indeed, (4.2) follows
from the definition of Ty and (4.1), and (4.3)-(4.4) are the same as (4.5)-(4.6).

Reciprocally, assume that ¢ € Co(w)™ satisfies (4.2)—(4.4). This time we define
the linear operator

D(To) = {V’U HEONS BV(UJ)} and T()(/,L) = <VU7§E>M(UJ)",CO(UJ)" if n = V.

From (4.3) we know that Tp is a continuous operator in D(Tp) for the strong topol-
ogy of M(w)", and ||To|[(a1(w)»]~ < 1. Hence, the Hahn-Banach theorem implies the
existence of an operator A € [M(w)"]" extending To and such that | X[l rq(wyny- < 1.
This along with (4.3) implies that

(A, V) = [Vl pwyns
vy < Il pmyn Vv € M(w)™.

Hence, we have X € 9g(Vu); see (3.3)—(3.5). Finally, (4.1) follows from (4.2) and
the definition of Tp. This concludes the proof.

Remark 5 Theorem 3 is still valid in dimension n = 3 if we take v = 0 and we
assume that the nonlinearity of f(x,y) has a polynomial growth of arbitrary order
with respect to the variable y; see Remark 1. Indeed, let us observe that the limit
(4.7) is still valid because vy, — v in L*?(£2) and ¢ + B [, uds is a continuous
function in £.
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Remark 6 It would be interesting to prove the existence of a function ® € Co(w)™N
dg(Vu) satisfying (4.3)-(4.5). Indeed, Theorem 3 does not guarantee that ||| ¢, (u)n
1. In this hypothetic case, we could deduce from Propositions 4 and 7 the following
sparsity structure of Vau.

1. For the |- |2 norm, if Vi # 0 we have ||5||Co(w)n =1 and
supp(Va) C {z € w : [®(z)]2 = 1}.

2. For the |- | norm, for any 1 < j < n such that if 9;;% # 0 we have |85, () =
1, and

5 Second order optimality conditions

The goal of this section is to prove necessary and sufficient second order optimality
conditions for problem (P). In the whole section, 4 will denote a fixed element of
BV (w) N L*(w) satisfying the optimality conditions given in Theorem 2. As in
Section 3, we will distinguish the cases where the norms |- |2 and |- | in R"
are used in the definition of the measure ||Vul|p((,)n- First, we analyze the case
corresponding to the norm |- |w. For this case, the gap between the necessary
and sufficient second order optimality conditions is smaller than the ones that we
provide for the case of the norm | - |2.

5.1 The use of the |- | norm

As pointed out in (3.1), the use of the |- |s norm in R™ leads to the identity

i { /w |h“aj| d|81jﬂ| + ”(aacjv)sHM(w)} (5.1)

n
VUl peyr = Z 10z 0]l M) =
=1 i=1

Vv € BV (w), where Oz,v = hy ;|0z,4| + (0x,;v)s is the Lebesgue decomposition of
Oz;v with respect to the measure |0z,u, 1 < j < n. Moreover, for every 1 < j <n
there exists a Borel function h; such that

|hj(z)| =1, |0z;u|—a.e., and O, = h;|0z,l. (5.2)

In the sequel, we will denote hy = (hy.1,-..,ho,n) and b = (h1,..., hn).
First, we state the second order necessary optimality conditions. To this end
we define the cone of critical directions Cy as the closure in L?(w) of the cone

Ca ={v e BV(w)NL*(w) : F'(@)v+ oG (G;0) =0
and hy j € L?(|0z,a]), 1 <j <n}. (5.3)

Then, we have the following result.

Theorem 4 If @ is a local minimum of (P), then F"(@)v? > 0 Vv € Cy.

IN
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Proof We will prove the result for every v € Egz. Then, the theorem follows by
using the continuity of quadratic form v € L?*(w) — F"(a)v® € R. Given v € Eg

and p > 0 we set

We have with Schwarz inequality

0r 1l \ ) <20 [ ()l dion, @

WAWp, j

1/2
< 20y/10s, 7l \ ) [ o Mg o)

WA\Wp, j

which implies

1/2
102, 1l(w\ wp ;) < 2p(/ [l @) dlde,al) 1< G <.

w wpyj
Taking into account (5.2) we get for 1 <j<n

| () + pho,j (@)] — ki ()] _

) h1,7j(:v)}_zj(x) [10z;a]] —a.e. z € wp ;.

Using this identity and (5.1) we get

G(u+ pv) — G(u)

)
] _
|hj + pho gl = 1hsl o
s ol =il g, )+ (02,0l
j=1 e g
h'+ hy | — FL _
+Z/ %d@jm
1 w\wp,j P

j=
n

=S (o) 0,7 + 10,0t )

P:J

- hj + phy | — |hj
z/ | +p U,]| ‘]|d|argﬁ|
w\ P

j= Wp,j

<.
—

_|_

n

=2

j=1

hv J daﬂ?]u + ||(8IJ ) HM(‘*’)W}

e

[

+

j=1 W\Wp, j

- hj + phy ;| — |h; ~
Z{/ Wy o Phog] J|d|a%'ﬂ|_/ (hvyjhj)dw%'m}‘
w\wp, ; 14

(5.4)
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Now, from (3.12), (5.2), Schwarz inequality, and (5.4) we infer

G(ﬁ-FPZ) G(U) +22/ |hv7j|d|a/rjﬂ|

\wp, j

1/2
<G (a;v +QZ |0z u| (w \wp’j)(/‘ |hv’j($)|2 d\@xjm)
w\wp,j
< &) +4pz/ o () 2 0 .
j:1 w LUp,j

Next we use the local optimality of w. By a Taylor expansion of F around
and using that v € Eg, we get for p > 0 small enough

0< J(a + pv) — J(@) = p[F'(@)v + oG’ (7;v)]

(F//(u+0pv)v +80(Z/ ()| d|8gg]u|)

Wp]

_%( //(u+9pvv +80¢Z/ d‘@xjuo

\Wwp,j
with 0 < 6, < 1. Dividing the above expression by p?/2, passing to the limit as
p — 0, and taking into account that h,, ; € L*(|9z,4|) and |0z, 1|(w \ w,, ;) — 0, we
conclude that F”'(@)v? > 0.
For the sufficient second order conditions we introduce the critical cones

Cr = {ve BV(w)NL*(w) : F'(@)v + oG (u;v) < [zl L2(2)}s (5.5)

where 7 > 0 and z, = S'(&i)v. The reader is referred to [4] for some second order
conditions based on these cones; see also [12] and [13]. Let us observe that (4.1)
and the inequality G'(;v) > (X, V) [ Aq(w)n)*, M(w)yn imply that Vo € BV (w)NL?(w)

F,(’U,)’U + OéG/('EL; ’U) Z F’(ﬁ)v —|— a(/_\, vv>[./\/l(w)"]*7./\/l(w)" = 0 (56)

Theorem 5 Let 4 € BV (w)NL%(w) satisfy the first order optimality conditions stated
in Theorem 2 and the second order condition

36 >0 and 3r > 0: F"()v® > 8||20[|720) Vv € CF. (5.7)
Then, there exist & > 0 and € > 0 such that
J@) + g~ B3y < ) Vu€ BV(W) N LAw) ¢ =il <e (58)
where yu = S(u) and g = S(u).

Proof We follow the proof of [4, Theorem 3.6] with some changes. First, from [4,
Lemma 2.7] we deduce the existence of eg > 0 such that

[[F" (u) — F" (@)]v?] < guzvnizm) Vv € L*(w) and all [lu — al| 2.y < 0. (5.9)
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Moreover, from Proposition 2 we deduce the existence of a constant C; > 0 such
that

lzollz22) = 18" @l L2y < Crllvllra) Yo € L*(w). (5.10)
Now, from (2.7) we have that there exists a constant K such that [|yullcn) < K
if [Ju — @[/ 12(w) < €0. From the adjoint state equation (2.12) and (2.4) we deduce
that [lpullc(p) < K for every |lu — | 12(,) < €0 and some constant K'. Finally,
using these estimates, (2.5) and the expression (2.11) we infer the existence of a
constant C2 > 0 such that

F"(w)v® > y|[vl|F2(0) — Callzolliz(ny for all |lu— 12, < eo and Vo € L ().
(5.11)
Now, we set

€ = min {Eo, Gt +267’-2)C’1 }

with 7 and & given in (5.7). Let u € BV (w) N L?(w) such that |ju — || 2wy <& We
distinguish two cases.

Case I: w — u € CF. Making a Taylor expansion of F around u, using the
convexity of G and (5.6), (5.7) and (5.9), we get for some 0 <6 <1

J(u) — J(@) > [F'(a)(u —a) + oG’ (@;u — )] + %F”(ﬁ +0(u—a))(u—a)?

> 3P @) (- + 5[ (@+ 0(u - 7)) - F@)(u - )?
4 2 g 2 4 2
2 llzu-allzz (o) = gllzu-allzz (@) = glzu-allzz(2)- (5.12)

Case II: v — u ¢ Cg. This implies that
F'(a)(u —a) + oG’ (@;u — @) > Tllzu—allL2(2)- (5.13)
Moreover, from (5.10) and the definition of € we infer

_ 27
llzu—allz(2) < Cillu —allpz(o) < 51 Gy

and therefore 54
oy 2 Nlzu—allp2(e) < 1. (5.14)

Using again the convexity of G, (5.11), (5.13) and (5.14) we infer

J(u) — J(@) > [F'(@)(u —a) + oG’ (@ u — )] + %F”(ﬂ +0(u—a))(u—a)?

2
> 7llzu—allr2(2) — C2llzu-allz2(0)

5+ Co 2 g
25 | zu—allZ2(2) — 7||Zu—ﬂ||%2(9) = §qu—ﬁ||2L2(Q)~ (5.15)

From (5.12) and (5.15) we deduce that [4, page 2364]
_ 0 _
J(u) — J(u) > Zqu,aH%z(Q) Vu € BV (w) N LA (w) : |ju — all g2y < e
Finally, choosing e still smaller, if necessary, we have that [4, page 2364]
1 _ _
Sllvu =9llLz @) < llzu-allL2@) Vo€ BV(w)N L(w) t lu—1l g2 <e.

The last two inequalities imply (5.8) with x = %.
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We observe that (5.7) is a sufficient second order condition for strict local
optimality of @ in the L?(w) sense. Moreover, by using (5.8) we can prove stability
of the optimal states with respect to perturbations in the data of the control
problem. However, it does not provide information on the optimal controls. If v > 0
we can change (5.7) by a stronger assumption leading to a quadratic growth of the
controls instead of the states; i.e. |lyu — §H2LQ(Q) can be replaced by |lu — /(_L”%z(w)
in (5.8). However, if v = 0, then this is not possible; see [4].

Theorem 6 Suppose that v > 0 and let u € BV (w) N L*(w) satisfy the first order
optimality conditions stated in Theorem 2 and the second order condition

36 >0 and 3r > 0: F"(@)v” > 6||v[|F2(,) Vv e CF. (5.16)
Then, there ezist k > 0 and € > 0 such that

J@) + Sl —alfa) < J(@) Vue BV(@)N L W) : u—allpaw) <& (5.17)

Proof Using again [4, Lemma 2.7] along with (5.10) we infer the existence of € > 0
such that

[[F" (u) — F" (@)]v?| < gnvn%z(m Vv € L?(w) and all [Ju — @2y < e (5.18)

Arguing similarly to (5.12), but using (5.16) and (5.18) we obtain for every u €
BV (w) N L?(w) such that |ju — Ullr2y <eand u—u € Cy

Jw) — J(@) > [ (@) () + oG (@0 — 0)] + 3 F (a4 0(u — 1)) (u — )

> LF @) () 4 L[ (@ 00— 1))~ F ()] (u — )

N[ =

1 _ 1) _ 1 _
2 5llu— 720y — v |72 () = 7llv— 72 (0)- (5.19)

Thus, (5.17) holds with x = g assuming that v — a € CF. Now, we argue by

contradiction, and we assume that there do not exist x > 0 and £ > 0 such that
(5.17) holds for all the elements u € BV (w) N L*(w) with |ju — |2,y < e. This
implies that for every integer k > 0, there exists an element u;, € BV (w) N L?(w)
with 1 L

luk = ull 2wy < ¢ and J(@) + Zlluy, — l| 72wy > J(uk). (5.20)

From (5.19) we know that uy — u € CF, hence with (5.14)
_ _ _ _ 0+ C

F'(a)(ug — a) + oG (@5 up, — @) > 7l 2u—allL2(0) = TQHZurﬁHQLQ(Q) (5.21)
for every k large enough. Using (5.11), (5.20) and (5.21) we obtain

1 _ _

57 lluk — “||%2(w) > J(uy) — J ()

2k

1
> [F'(a) (up — @) + oG (@ up — @) + 5 (@ + O (up, — @) (up, — u)?

6+ Co % _ Co 0% _
z lzu—allZ2(o) + §||uk — )2 — 7||Zuk—ﬂ||%2(9) > 5”% — )72,

which is a contradiction because v > 0.
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5.2 The use of the | - |2 norm

Given an element v € BV (w), we consider the Lebesgue decomposition of Vv with
respect to the positive measure |Vu|: Vv = hyd|Va| + (Vv)s. Hence, we have

Vol = [ (@)l diVal+ 1(T0)s . (5.22)
We also set Vi = h|Vii|, where |h(z)|2 = 1 |Vii-a.e. in w. Then, we have with (3.8)
G (a;v) = /w(h - hy) dIVE] + [[(V0) sl p oy - (5.23)
Now, we define the cone of critical directions
Ca={v€BV(w)NL*(w): F'(a)v+ aG'(a;0v) = 0 and |hy|2 € L*(|Val)}. (5.24)
Then, we have the following second order necessary optimality conditions.

Theorem 7 If @ is a local minimum of (P), then

@) + a /

w

(\hv(m)@ — (h(z) -hv(:c))Q) dVa| >0 Yo e Ca. (5.25)

Proof For fixed v € Cy and given p > 0, we define

1
wp ={z € w: plho(z)|2 < 5}-

Arguing as in the proof of Theorem 4 we get the following inequality analogous to

(5.4)
VIvale\w,) <20( [

w\w

1/2

[ho (@) 3 d| V) (5.26)

Using the differentiability of the |- |2-norm z € R™ — |z|2 for every = # 0, the fact
that |h(z)]2 = 1 |Val-a.e., (5.23), the Schwarz inequality, and (5.26), we get for
0<0,(z)<1
G(u+ pv) — G(u)
p
h+ phylz — |h h+ pho|2 — |k
= [ PR = a4 (Goplmy + [ PR oy
w w

Wpo

P
_ P o3 (h + 6pphv) - hy y
=/ |hho+b(= - [V
~/w,, |: v 2(\h+9pphv|2 |h+9pphv|§ ):| ‘ |

|E + th|2 - \71|2
p

7 = 14 |hv\§ (B‘F‘L)pphv)'hv -
< [ (h-hy)d|Va| + 7/ - - = d|Vu
/w( ») dIVal 2w, [|h+gpphv|2 |h+ 0pphol3 } Ve

FITDlaarn + | vl
w\w)p

+ (V) s]| My +2/\ |ho|2 d|Val

WA\Wp

SG/(ﬁ;U)+B{/ B o3 _(B_Jrepphv)-Bhu]d|va|+g/ hol3 IVl }.
2 U/, Hh+ 6pphol2 |h + 6pphol3 \

WA\Wp
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Using this inequality and the local optimality of @, we infer with u, = u + 6,pv,
0<0,<1,

2

0< J(a+p)— J@) = p[F'(ﬂ)v +a + %F”(up)v

G(a+ pv) — G(a)}
P
< plF' (@) + a6’ (@ 0)) + - { F" (up)o?

2 A .
+a/ [ wlz  (ht6ppho) 3h”]d|va|+8a/ ho[3dival}.
w, LR+ 0pphol2 |h =+ 0pphol; w\w,

Now, taking into account that v € Cy and dividing the above inequality by p?/2
we get

2 h .
OSFH(up)’UZ-i-Oz/ [_ |hol2 7(h_+ 0pphv) 3’%] d\Vﬁ|+8a/ |hv|§ d|Vi).
w, |h + 6pphy |2 |h + 6pphy5 w\wp

Finally, using that |Va|(w \ wp) — 0 as p — 0, |h(x)]2 = 1, and

N w

1 - _ .
5 <1—plho(z)]2 < |h+ 0ppholz <1+ plho(z)|2 < = |Vil-a.e. in wp,

we pass to the limit as p — 0 in the above inequality with the aid of the Lebesgue
dominated convergence theorem and we obtain (5.25).

The proofs of Theorems 5 and 6 can be used without changes to prove the
following analogous results.

Theorem 8 Letu € BV (w) NL? (w) satisfy the first order optimality conditions stated
in Theorem 2 and the second order condition

36 >0 and 37 > 0: F"(@)v® > 8||20[|720) Vv € CF, (5.27)
where CF is defined by (5.5). Then, there exist k > 0 and € > 0 such that
T@) + Sl = 33 < I Vue BY(@)NL2w): [l oy <2 (5.28)
where yu, = S(u) and § = S(u).

Theorem 9 Suppose that v > 0 and let u € BV (w) N L*(w) satisfy the first order
optimality conditions stated in Theorem 2 and the second order condition

36 >0 and 3r > 0: F"(@)v* > 6||v[|F2(.,) Vv e CF. (5.29)
Then, there exist & > 0 and € > 0 such that
J () + gHu — |72y < J(u) Vu€ BV(w)NL*(w) : [lu— il f2q,) <e  (5.30)

Remark 7 To reduce the gap between the necessary and sufficient conditions for
optimality, we should prove that the conditions

F"(ﬂ)v2+a/ (|hv(a:)|§—(ﬁ(x)-hv(x))2) d|Va| > 8|z 32y Yo € CF
and
F'(@0? + o [ (Jho(@) = (h(a) o (@)?) dIVa] > 8ol Faqe) Vo€ O

imply (5.28) and (5.30), respectively. This, however, remains as a challenge.
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6 A regularization of problem (P)

Here we briefly discuss the effect of introducing an H'(w)-regularization term.
Throughout this section we assume that assumptions 1. and 2. of Theorem 1 hold.
We discuss the optimality conditions of the regularized problems and investigate
their asymptotic behavior as e — oo. We also compare the optimality conditions
which arise from the asymptotics of the regularized optimality conditions with
those obtained in Section 4. For € > 0 we thus consider

. _ € 2
(Pe) uergllr(lw) Je(u) = J(u) + 5 /w |Vu(z)|” de,

subject to (1.1), and denote a solution by wu.. Let us set
Je(u) = Fe(u) + G(u),

where F.(u) = F(u) + § [ |[Vu|* dz for u € H'(w). We have
Fl(u)v = F'(u)v + 5/ Vu-Vudz, and 0G(u) = V*dg(Vu) for u e H'(w),

where now G(-) = (go V)(-), V: H'(w) — L*(w)", and g : L*(w)™ — R is given by
g(v) = |[v|lp1(wyn- We have the analog of Theorem 2, i.e. for every local solution
ue of (P¢) there exists A\e € 9g(Vue) such that

a(Xe, V) p2(yn + Fi(ue)v =0, for all v € H' (w). (6.1)
Let us focus on A: € g(Vue) next. It is equivalent to
(Ae, Vue) = [[Vuel L1 (wyn, and (Ae,v) < [lv|lp1yn for all v e LY (w)™. (6.2)

The use of the Euclidean norm |- |2: Here (6.2) results in

n n n n
Z()\s,hazius) = / (Z |8wiu5|2)% dxr, and Z(AE,izvi) < / (Z |Ui|2)% dz,
i=1 “ =1 i=1 i=1

w 4

(6.3)
for all v € L'(w)™. The second expression in (6.3) implies that Al Loo (o, rmy < 1.
Moreover, if Vue # 0,

[AellLoe (w,rmy = 1 and supp Vue C {z € w: [Ae(z)]2 = 1}. (6.4)

The first claim follows from the equality in (6.3). This equality can also be ex-
pressed as fw |Vue|o dz = fw(Vu5~/\5) dz, which, together with [A¢(x)]2 < 1 implies
the second assertion in (6.4).

The use of the |- |oo-norm: In this case (6.2) results in

n n n n
D> i Oniue) =Y |0nucllrrw and > (Aeivi) <D lvillpiwy,  (6.5)
=1 =1 i=1 =1

for all v € L'(w)™. This implies that [Ae,jllzoe(y < 1 forall j =1,...,n and if
Op,ue # 0

[Ae,jllLoe () =1, and supp ((%;jug)i Cl{rew: A ; ==*1} (6.6)
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In fact, for any 1 < j <n, let v; =0 for all i # j and v; = A. ; on S;-r ={z: A ;>
1}, and equal to 0 otherwise. Then [¢+ (A?_]— — Acj)(x) dz < 0, while the integrand
e,
is strictly positive a.e. Hence meas(SJT) = 0. In an analogous form we exclude the

case A¢ j < —1, and hence ||\ j||r~ () < 1, for all j. Using the first expression in
(6.5) we have

n n n

S 0ziuellLi@w) = > (Aeyis Oziue) < Y [10ttell 11 o)

i=1 i=1 i=1
which implies (6.6).
Asymptotic behavior: Finally we consider the asymptotic behavior of (6.1), (6.2)
as ¢ — 07. From the inequality J(us) < J(0) for all € > 0, we deduce with (1.2)
the boundedness of {uc}e in BV (w) N L?(w). Moreover, (6.4) and (6.6) imply the
boundedness of {\:}e in L (w)". Hence there exists (@, \) € (BV (w) N L?(w)) x
L™ (w)™ such that on a subsequence (ue, Ae) — (@, \) weakly* in (BV (w)NL?(w)) x
L (w). In particular Ae = X in L™ (w). Moreover y,. — ya in L%(£2).

Now, given an arbitrary element u € H'(w), the optimality of ue and the

structure of J implies

J(u) < liminf J(ue) < limsup J(ue) < limsup Je(ue) < limsup Je(u) = J(u).
e—0 e—0 e—0 e—0
Since H'(£2) is dense in BV (w) N L?(w), the above inequality implies that @ is a
solution of (P) and
J(u) = lim J(u:) = limsup Je(ue) = inf (P) = J(a). (6.7)
e—=0 e—0

This implies that J(uc) — J(u) and § [ |Vuc|* dz — 0. Moreover, from the con-
vergence properties of {u.}e and {ye} we deduce that

li 1 2 +B d 2 _1 = 2 +5 ud ’
Im | S llyu. —vallLz2) + 5 | ueds = 5llva —valz22) + 5 udr)

(6.8)
/W|Vﬁ| < llgrglglf/u)|Vﬁs|. (6.9)
Combining (6.8) with the convergence J(us) — J(u) we infer
lim ( Zlucl220,) +a | [Vuel) = a2z, + o [ |Vl (6.10)
lim ( 5luelZe) +a | [Vuel ) = Fllile) +o [ [Vl :

If v = 0 then this identity is reduced to [ [Vue| — [ |Val|. Let us prove
that this convergence property also holds for v > 0. Using (6.10), the convergence
ue — @ in L?(w), and (6.9) we obtain

Yi=2 P Y 2 . 0 2
Sl < timind 3 juc 2y < lmsup el

. 2 2 PR —
< L \V4 — V
lll:lS(l)lp<2||U6||[2( )+O£/ | Us') ah?ll(r)lf/ | UE|

< (gnﬁn’iz(ma / IVﬁl)*a [ 1w = G,
w w
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Therefore, ||ucl|r2(w) — |14l 12(w) holds. Combining this fact with the weak conver-

gence we conclude that uc — @ strongly in L?(w). Inserting this in (6.10) it follows
that [ |Vue| — [ [Val.
From (6.1) we have that

a(Ae, Vo) + /

w

(g@(ug) + yue + 5/ Uge dz)vd:r - s/ usAvdr =0, Vv € C§°(w).
w w
Taking the limit e — 0 we obtain
a(X, Vo) +/ (g@(ﬁ) +yu+ 6/ ﬂdz)vda: =0, Yve 5 (w),
w w

which corresponds to (4.1). Moreover, since C§°(w) is dense in L?(w) the above
relation implies that A € H4Y(w), and

—adiv5\+<p(ﬂ)+7ﬁ+ﬂ/ idz =0 in L*(w). (6.11)

w

From (6.1), the above identity, and the established convergence ¢ [ [Vue|® dz —
0 we find

. .1 .1
Eh_r)%()\g,Vue) = — Elgr%) EFE’(ug)ug = —lim 7(Fl(u5)ug — E/

e—=0 w

|Vue|? dx)
1 s —\ — . T =
= —=F'(a)u = —(div,a).
«
Now, from (6.2) and the convergence [ |Vue| — [ |Va| we infer
lim (A, Vue) = [[Val| p oy

From the last two identities, and using again (6.2) along with the convergence
Ae = Xin L% (w) we obtain

(—div A, @) r2(y = IVl pmwyn, and (A v)pee 11 < [0]g1(yn for all v e L (w)™.
(6.12)
We now summarize the important issues of the above developments as a the-
orem.

Theorem 10 Let assumptions 1. and 2. of Theorem 1 hold, and let {us}e>0 denote
a family of solutions to (Ps). Then for each € there exists Ae € L°°(w) such that
a(Xe, V) 2oy + FE(ue)v =0, for all v € H'(w), and
(e, Vue) = [[VuellL1(wyn, and (Ae,v) < |[v]|1(yn for all v € LY (w)™.
For each weakly* convergent subsequence of {(ue,\e)}e C (BV (w) N L*(w)) x L™ (w)

with limit (4, \), of which there exists at least one, the following properties hold: Ae
HY¥(w), and (@, \) satisfy the necessary optimality conditions (6.11), (6.12).
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Remark 8 Here we compare X from Section 4 to A obtained by the regularisation
approach. Since L'(w)"™ € M(w)"™ we can conclude from \ € dg(Va) and (3.5) that
X restricted to L!(w)™ can be identified with an L°°(w)™ function that we denote
by A|p:. Restricting (4.1) to v € C§°(w) and using density of C§°(w) in L?(w) we
conclude that A1 € H4V(w), and we have

—adivA|p +g0(ﬂ)+’yﬁ+ﬁ/ﬂdz=0 in L?(w).
w

Thus div A|;: from Section 4 coincides with div A obtained by regularization and
it is uniquely defined by (6.11). We cannot assert, however, that A = X|p1.

But we can compare (6.12) and X € 9g(Vi) C [M(w)"]* which was obtained
in Theorem 2. By (3.4) and (3.5) the latter implies that (V*A, @) gy (), BV (w) =
V|| pgwyn and (X, v) < |[v]| pg(wy for all v € M(w)™, which coincides with (6.12),
when restricted to v € Ll(w)". Summarizing, the regularisation approach recovers
X when restricted to L*(w)".

7 Conclusions

An analysis for BV-regularised optimal control problems associated to semilinear
elliptic equations was provided. Existence, first order necessary and second order
sufficient optimality conditions were investigated. Special attention was given to
the different cases which arise due to the choice of a particular vector norm in
the definition of the BV-seminorm. If (P) is additionally regularised by an H*(w)-
seminorm, then the set where the gradient of the optimal solution vanishes, can
be characterised conveniently by an adjoint variable, see (6.4) and (6.6). For the
original problem (P) without H'(w)-seminorm regularisation, such a transparent
description of the set where the measure |Vu| vanishes is not available, rather it
was replaced by the properties specified in Theorem 3.
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