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RECENT ADVANCES IN THE ANALYSIS OF POINTWISE
STATE-CONSTRAINED ELLIPTIC OPTIMAL CONTROL PROBLEMS *

EDpUARDO CAsas! AND FREDI TROLTZSCH?

Abstract. Optimal control problems for semilinear elliptic equations with control constraints and
pointwise state constraints are studied. Several theoretical results are derived, which are necessary to
carry out a numerical analysis for this class of control problems. In particular, sufficient second-order
optimality conditions, some new regularity results on optimal controls and a sufficient condition for
the uniqueness of the Lagrange multiplier associated with the state constraints are presented.
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1. INTRODUCTION

In this paper, we consider different issues of state-constrained optimal control problems for semilinear elliptic
equations, which seem to be important for a related numerical analysis. In the last years, state-constrained
optimal control problems have attracted increasing attention. There are several reasons for this remarkable
activity in the research on state-constrained problems.

First of all, state constraints are very important in various applications of the optimal control of PDEs.
Moreover, in contrast to control-constrained problems, many interesting questions are still open or not yet
satisfactorily solved with state constraints. This concerns in particular second-order optimality conditions,
the error analysis for finite element approximations of the problems, numerical algorithms, and the associated
convergence analysis.

Let us motivate our results presented here in the context of recent developments in the numerical approxi-
mation of state-constrained optimal control problems by finite elements, where only a few results are known.
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In [3,5], error estimates for approximated locally optimal controls were shown for problems with semilin-
ear elliptic equation and finitely many state constraints. Recently, in [17], higher order error estimates were
established for a similar setting with control vectors instead of control functions.

A study of these three papers reveals that second-order sufficient conditions at (locally) optimal controls are
indispensable to obtain results on convergence or approximation of optimal controls. This is due to the non-
convex character of the problems with nonlinear equations. It is meanwhile known that second-order sufficient
optimality conditions are fairly delicate under the presence of state constraints. In [9], second-order sufficient
conditions were established, which are, in some sense, closest to associated necessary ones and admit a form
similar to the theory of nonlinear programming in finite-dimensional spaces. Here, we briefly discuss this result
and show its equivalence to an earlier form stated in [8] that was quite difficult to explain.

Error estimates for the approximated optimal controls of problems with pointwise state-constraints were
derived by Deckelnick and Hinze [10,11] and Meyer [18], who all consider linear-quadratic problems. It is known
from the control-constrained case that optimal estimates need a precise information on the regularity of the
optimal control. Therefore, the smoothness of optimal controls is a key question. We show for a problem with
pointwise state constraints in the whole domain that the optimal control is Lipschitz, if the state constraints
are only active at finitely many points.

We also present a counterexample that this result is not true for infinitely many active points. On the
other hand, we prove the somehow surprising result that optimal controls belong to H'(€) no matter how
large the active set is. Moreover, we discuss the uniqueness of the Lagrange multiplier associated with the
state-constraints.

2. THE CONTROL PROBLEM

Let © be an open, connected and bounded domain in R”, n = 2,3, with a Lipschitz boundary I". In this
domain we consider the following state equation

(2.1)

AeraO(:c,y) = u il’lQ,
Y 0 onl,

where ag : 2 Xx R — R is a Carathéodory function and A denotes a second-order elliptic operator of the form

n

Ay(z) == > 0s,(aij(x)0s,y())

ij=1

and the coefficients a;; € L™ () satisfy

Mlél? < Y aij(2)&E VEER, Vo e Q

4,j=1

for some A4 > 0. In (2.1), the function u denotes the control and we will denote by y, the solution associated
to u. We will state later the conditions leading to the existence and uniqueness of a solution of (2.1) in
C(Q)NHY(Q).
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The optimal control problem is formulated as follows

min J() = [ Lwla d:ch—/

(p){ subject to (Yu,u) € (C(Q) N HL(Q)) x L>=(Q),
)

afz) <u(z) < Bz
a(z) < g(z,yu(x)) < b(z) V€ K,

for a.e. = €,

where K is as compact subset of €.
We impose the following assumptions on the data of the control problem.

(A1) In the whole paper a real number N > 0 and functions «, § are given in L*°(Q), with o < 8 a.e. in .
We introduce the sets

Uap = {ueL™®(Q): alzx) <u(z) < p(r) ae. in 2}

Una {u €Uy p: a(z) < g(x,yu(x)) < blx) Vo € K}.

(A2) The mapping ag : 2 x R — R is a Carathéodory function of class C? with respect to the second variable
and there exists a real number p > n/2 such that

ap(+,0) € LP(Q), ——(z,y) >0 fora.e. x € Q.

For all M > 0, there exists a constant Cp ps > 0 such that

dag 32&0
, (z,y) ¥ (x,y)| < Con for ae. x € Q and for all |y| < M,
0%a 32& v
‘ y20 (z, y2) — o 9z, y1)| < Co,my2 — 31| for a.e. x € Q, V|y1|, [y2| < M.

(A3) L : xR — R is a Carathéodory function of class C? with respect to the second variable, L(-,0) € L*(€),
and for all M > 0 there exist a constant Cr, ps > 0 and a function s € Ll(Q) such that

0%L
—(1’; y)‘ S C4L,M7

S| <vuta). |55

a_y(a

A%L 0%L
‘ < Cr.m(ly2 — wl),

a 2 (I y2) ayQ L(Iayl)

for a.e. x € Q and |y|, |yi| < M, i=1,2.

(A4) The function g : K x R — R is continuous, together with its derivatives (87¢g/0y’) € C(K x R) for
j = 1,2. We also assume that a,b : K — [—00, +00] are measurable functions, with a(z) < b(x) for every
x € K, such that their domains

Dom(a) = {z € K: —oo <a(x)} and Dom(b) = {z € K: b(x) < oo}
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are closed sets and a and b are continuous on their respective domains. Finally, we assume that either KNT = ()
or a(z) < g(x,0) < b(z) holds for every x € K NT. We will denote

Yo ={2 € C(K): a(z) < z(z) < b(z) Vz € K}.

Let us remark that a (b) can be identically equal to —oco (4+00), which means that we only have upper (lower)
bounds on the state. Thus the above framework define a quite general formulation for the pointwise state
constraints.

Example. With fixed functions yg4, e € L?(Q), a power A > 2, and real constants o < 3, a < b, the following
particular problem satisfies all of our assumptions:

min J(u) := l/Q(yu(:n) —ya(2))? dz + g/ﬂu(x)Q dz

2
subject to
Ay+yPy = u i,
y = 0 onl,
a<u(x) <@ forae x€qQ, a<y,(zr) <b VreK.
Another interesting example for the semilinear term of the state equation can be ag(z,y) = 601(x) +

02(z) exp (y), with 0, € LP(Q), 6 € L>(2) and 63(x) > 0.

Let us state first the existence and uniqueness of the solution corresponding to the state equation (2.1).

Theorem 2.1. Under assumption (A2), equation (2.1) has a unique solution y, € Hj(Q) N C(Q) for every
u € L*(Q). If the coefficients of A, {ai;}}';—,, are Lipschitz functions in Q, then y, € H*(2) if  is conver and

yu € W2P(Q) if T is of class Ct* and u € LP(L).

It is well known that, for every u € LP(f2), equation (2.1) has a unique solution y,, € H () N C(Q). A proof
of this result can be obtained by the usual cut off process applied to ag, then applying the Schauder fix point
theorem combined with the monotonicity of ag with respect to the second variable and the L estimates for
the state; cf. Stampacchia [20]. The continuity of y,, is proved in [12]. The W2P?(Q) and H?(Q)) estimates can
be found in Grisvard [13]. For details, the reader is referred to [1] or [2].

Now the existence of an optimal control can be proved by using standard arguments.

Theorem 2.2. If the set of controls Uaq is not empty, then the control problem (P) has at least one solution.

In the rest of the paper, @ denotes a local minimum of (P) in the sense of the L>°()-topology and g will be
its associated state. The pair (y,u) is our local reference solution. At this local solution, we will assume the
linearized Slater condition:

(A5) There exists ug € Ua,3 such that

a(z) < g(z,9(@)) + 5 (z.9(x))20(z) <b(z) Yz € K, (2.2)

where 2o € H3(Q) N C(£) is the unique solution of

Az + %(m,y)z = up—u inQ
dy (2.3)

z = 0 on I
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Taking into account that a and b are continuous on their domains Dom(a) and Dom(b) respectively and these
sets are compact subsets of K (see assumption (A4)), we deduce that (2.2) is equivalent to the existence of real
71, T2 € R such that

a(z) < < gz, gy(x)) + g—Z(x,gj(x))zo(ac) <1 <b(z) VreK. (2.4)

3. FIRST AND SECOND ORDER OPTIMALITY CONDITIONS

Before deriving the first order optimality conditions satisfied by the local minimum #, we recall some results
about the differentiability of the mappings involved in the control problem. For the proofs, the reader is referred
to Casas and Mateos [5], where a Neumann boundary condition was considered instead of a Dirichlet condition,
which we consider in this paper. However, the method of proof is very similar and the changes are obvious.

Theorem 3.1. If (A2) and (A3) hold, then the mapping G : L*(2) — C(Q) N H(Y), defined by G(u) = y,
is of class C?. Moreover, for all u,v € L*(2), z, = G'(u)v is defined as the solution of

6@0
Azy + —(z,yy)ze = v in

z, = 0 onT.

Finally, for every vi,vy € L?(Q), 2p,0, = G (u)v1vy is the solution of

é?ao 82 aq

AZ'U1U2 + a—y(xayu)zvlvg + —8y2 (x,yu)zvlzw = 0 in®
Rvivg = 0 onT,

where z,, = G'(u)v;, i = 1,2.

Remark 3.2. The assumption n < 3 is required to make the second order optimality conditions work, because
the differentiability of G from L?(Q) to C(Q) is needed for the associated proof. This result holds true only for
n < 3.

Theorem 3.3. Suppose that (A2) and (A3) hold. Then J : L?(Q2) — R is a functional of class C*. Moreover,
for every u,v,v1,ve € L*(Q)

J'(u)v = /Q (pou + Nu)vdz (3.3)

and

J( _ [ 2L N &ao 3.4
u)vivy = o y? (Iayu)zmzw + Nv1v2 — Qou Y2 (x’yu)Z'UlZU2 de, ( : )

where y, = G(u) and o, € Wy*(Q), for all s < n/(n — 1), is the unique solution of the problem

é?ao OL .
Ao+ — (2, Y. = —(z,y,) in
@ 8y( Yu)p 8y( Yu) (3.5)

p = 0 on T,

A* being the adjoint operator of A and z,, = G'(u)v;, i = 1,2.

The previous theorem and the next one follow easily from Theorem 3.1 and the chain rule.
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Theorem 3.4. If (A2) and (A3) hold, then the mapping F : L*(Q) — C(K), defined by F(u) = g(-,yu(+)), is
of class C?. Moreover, for every u,v,vi,ve € L?(£2)

P = 52 ()0 (3.6)
and , )
F”(u)vlv2 = a—yg(ﬁyu('))zm ()ZU2() + a_g('7yu('))zv1v2(') (37)

Before stating the first order necessary optimality conditions, let us fix some notation. We denote by M (K)
the Banach space of all real and regular Borel measures in K, which is identified with the dual space of C(K).
The following result is well known, it follows from the Pontryagin principle that was derived in [7].

Theorem 3.5. Let @ be a local solution of (P) and suppose that the assumptions (A1)—(A5) hold. Then there
exist a measure fi € M(K) and a function € Wy'*(Q), for all 1 < s < n/(n — 1), such that

At %—C;%x,g(x»@ - ‘;—j@,m ; g_g@,g(x»p in . .
e = 0 on T,
/K (+(2) — gle, §(@)))da(e) <O ¥z € Van, (3.9)
/(@+Nﬂ)(u—ﬂ)dx20 Yu € Uy . (3.10)
Q

Remark 3.6. Inequality (3.9) is equivalent with the well-known complementary slackness conditions. Along
with the constraint a(x) < g(z, §(x)) < b(x), it implies that the support of i is in the set

Ko=K,UK,

with

Ko =A{z € K: g(z,y(x)) = a(z)} and K, = {z € K: g(z,y(z)) = b(x)}.
The Lebesgue decomposition of i = py — p— into the positive and negative part of the measure p shows
that suppuy+ C K and supppu— C K,. Because of this property and the assumption (A5), we have that
supp i N T = (). Notice that the continuity of a and b on their respective domains (assumption (A4)) implies
that K, and K} are closed subsets.

Remark 3.7. From (3.10) it follows for almost all « € € that

) = Projan o  ~ (o) ) = maxfate),min(p(a). 52} ) (3.11)

Let us formulate also the Lagrangian version of the optimality conditions (3.8)—(3.10). The Lagrange function
L: L*(Q) x M(K) — R associated with problem (P) is defined by

() = T(u) + /K o, yu(2)) dp(z).
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Using (3.3) and (3.6) we find that

g—ﬁ(u, HES /Q (pu(z) + Nu(x)) v(z) dz, (3.12)

where @, € W,*(2), for all 1 < s < n/(n — 1), is the solution of the Dirichlet problem

Oag oL Jg .
Ao+ — (2, Yu = 75T, Y%u) + 77 (T, YulT in 2
o+ G ae = G+ g s )
p = 0 on I

Now the inequality (3.10) along with (3.12) leads to

oL

G (@A) (u—1) 20 Vu€Uap. (3.14)

t|

Before we set up the sufficient second order optimality conditions, we evaluate the expression of the second
derivative of the Lagrangian with respect to the control. From (3.7) we get

v = "o+ [ [ e (0 0) + Sl 0] o)

By (3.2) and (3.4), this is equivalent to

9L 9L i
5 = (U, pvivy = / [8 5 (%, Yu) 20, 20, + Nv1v2 — @ 8;20 (x,yu)zvlzw] dx
0%g
+ [ G () @)z @) dta). (315)

where ¢,, is the solution of (3.13).

Associated with u, we define the cone of critical directions by

Cy = {v € L*(Q): v satisfies (3.16), (3.17) and (3.18) below?},
>0 if a(x) = ax),

v(z) = <0ﬁu() () (3.16)

99 >0 1f:c€K

0y(my { <0 if z € Ky, (3.17)
dg,

/0y( §(@))z0(@) dpfw) = 0, (3.18)

where z, € H} () N C(Q) satisfies

v in

da
Azy + a—;($,g)zv
z, = 0 onT.

The relation (3.17) expresses the natural sign conditions, which must be fulfilled for feasible directions at active
points x € K, or Ky, respectively. On the other hand, (3.18) states that the derivative z, must be zero whenever
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the corresponding Lagrange multiplier is non-vanishing. This restriction is needed for second-order sufficient
conditions. Compared with the finite dimensional case, this is exactly what we can expect. Therefore the
relations (3.17)—(3.18) provide a convenient extension of the usual conditions of the finite-dimensional case.

We should mention that (3.18) is new in the context of infinite-dimensional optimization problems. In earlier
papers on this subject, other extensions to the infinite-dimensional case were suggested. For instance, Maurer
and Zowe [16] used first-order sufficient conditions to account for the strict positivity of Lagrange multipliers.
Inspired by their approach, in [8] an application to state-constrained elliptic boundary control was suggested
by the authors. In terms of our problem, equation (3.18) was relaxed by

99

[ (o ita))zu(a) i) = =< [ o(@)] do

{z:|p(@)+Nu(z)|<T}

for some ¢ > 0 and 7 > 0, ¢f. [8], (5.15). In the next theorem, which was proven in [9], Theorem 4.3, we
will see that this relaxation is not necessary. We obtain a smaller cone of critical directions that seems to be
optimal. However, the reader is referred to Theorem 3.9 below, where we consider the possibility of relaxing
the conditions defining the cone Cj.

Theorem 3.8. Assume that (A1)—(A4) hold. Let @ be a feasible control of problem (P), § the associated state
and (@, i) € Wy*(Q) x M(K), for all 1 < s < n/(n — 1), satisfying (3.8)~(3.10). Assume further that

O*°L,
W(u,u)v >0 Vv e Cy\{0}. (3.19)

Then there exist € > 0 and 0 > 0 such that the following inequality holds:
L, 0 2 : _
J(u) + §Hu — uHLz(Q) < J(w) if lu— a2 < e and u € Ugq. (3.20)

The condition (3.19) seems to be natural. In fact, under some regularity assumption, we can expect the
inequality
oL,
w(u,u)vQ >0 Vv eCy
to be necessary for local optimality. At least, this is the case when the state constraints are of integral type,
see [5], or when K is a finite set of points, see [4]. In the general case of (P), to our best knowledge, the necessary
second order optimality conditions are still open.

We finish this section by establishing an equivalent condition to (3.19) that is more convenient for the
numerical analysis of problem (P). Let us introduce a cone C7 of critical directions that is bigger than Cjy.
Given 7 > 0, we define

Cr={ve LQ(Q) | v satisfies (3.21)—(3.23) below},

>0 if u(x) = a(x),
v(x) =< <0if a(x) = B(x), (3.21)
=0if |g(z) + Nu(x)| > T,

+
> 7T||U||L2(Q) if x € K,
<

R 3.22
rlloll sz if @ € Ko, (3.22)

0

oy

| gz (e) dnte) 2 —rloll o (329
K Y
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Theorem 3.9. Under the assumptions (A1)—(A4), relation (3.19) holds if and only if there exist 7 > 0 and
p > 0 such that
0L

@) 2 pllelda o€ CT. (3.24)

Proof. Since Cy C CZ, it is clear that (3.24) implies (3.19). Let us prove by contradiction that (3.24) follows
from (3.19). Assume that (3.19) holds but not (3.24). Then, for all positive integers k and all p = 7 = 1/k,

there exists an element vy, € C’é/k such that (3.24) is not satisfied, i.e.

oL, _ 1
%('WM)UI% < E||Uk||%2(g)- (3.25)

Redefining vi, by vi/|lvk|l2(0) and selecting a subsequence, if necessary, denoted in the same way, we can
assume that

1
lvkllrz) =1, vk — v weakly in L*(2) and g—i(ﬂ,ﬁ)vi < (3.26)
and from (3.21)—(3.23)
>0 if u(x) = a(x),
ve(z) =< <0if a(z) = B(x), (3.27)
=0if |p(z) + Na(x)| > 1/k,
g [ >-1/k ifz €K,
oD ={ Z 110k e e (3.25)
99, _
| 5w gla))z0, (@) o) = <1/ (3.29)
K 9Y
Since z,, — z, strongly in H(Q2) N C(Q), we can pass to the limit in (3.26)—(3.29) and get that v € Cy and
Z—ﬁ(a, i)v? < 0. (3.30)

This is only possible if v = 0; see (3.19). Let us note that the only delicate point to prove that v € Cjy is to
establish (3.18). Indeed, (3.16) and (3.17) follow easily from (3.27) and (3.28). Passing to the limit in (3.29)
we get
g, _
= (@,9(x)) 2o (x) dfi(x) = 0.
K Oy

This inequality, along with (3.17) and the structure of fz, implies (3.18).

Therefore, we have that vy, — 0 weakly in L?(2) and z,, — 0 strongly in H}(Q) N C(£2). Hence, using the
expression (3.15) of the second derivative of the Lagrangian we get

oL
IR TI 2 sk = )2
N = 1gg£fN||vk||Lz(Q) < hkrggéf %(u,u)vk <0,

which is a contradiction. O

4. REGULARITY OF THE OPTIMAL CONTROL

In this section, the existence of the second derivatives of the functions involved in the control problem is
not needed (c¢f. assumptions (A2)—(A4)). Let us start with the following well known regularity result for the
optimal control:
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Theorem 4.1. If (g,u) € (H(Q) NC(Q)) x L>=(Q) is a feasible pair for problem (P) and (y,u,p) with
p € ><_VV01’S(Q) satisfies the optimality system (3.8)—(3.10), then u € WbH5(Q) for all s < n/(n — 1) and
ue C(Q\Ko).

Since a, 3, ¢ € W15(Q) for every 1 < s < n/(n — 1), the regularity u € W15(Q) follows immediately
from (3.11). The continuity u € C(Q\ Kp) is deduced in the same way. This regularity result on the control
can be improved if there is a finite number of points, where the state constraints are active. More precisely, let
us assume that Ko = {x;}72; C Q. Then Remark 3.6 implies that

=3 41y 20 il g0, 5(2)) = b

where d,,; denotes the Dirac measure centered at x;. If we denote by ¢;, 1 < j < m, and @o the solutions of

8a0

A @i+ —(z,9(x))p; = 6z inQ,
G (@)%, )
p; = 0 on I
and 5 oL
_ ag _ _ _
A*¢o+ ——(z,9(x))po = ——(z,9) in,
o (z) 5, @0) s
po = 0 onT,
then the adjoint state associated to u is given by
L NA D9,
¢ =¢o+ )\j—y(% y(@5))ps- (4.4)
j=1

Now we have the following regularity result.

Theorem 4.2. Assume p > n in assumption (A2) and ¥y € LP(Q) in (A3). Suppose also that a;j, o, [ €
CO%YQ), 1 <4, j <n and that T is of class VY. Let (4,4, @) € HL(Q) N C(Q) x L=(Q) x W, *(Q), for all
1< s<nf/(n—1), satisfy the optimality system (3.8)—(3.10). If the active set consists of finitely many points,
Le. Ko ={z;}., CQ, then @ belongs to C*'() and g to WP(1).

Since p > n, it holds that W2?(Q) c C*(€) and therefore gy € C*(Q). On the other hand, @;(z) — 400
when & — z;, hence ¢ has singularities at the points z; where A\; # 0. Consequently ¢ cannot be Lipschitz.

Surprisingly, this does not lower the regularity of @: Notice that (3.11) implies that u is identically equal to
a or § in a neighborhood of x;, depending on the sign of A;. This implies the desired result; see Casas [4] for
the details.

Now the question arises if this Lipschitz property remains also valid for an infinite number of points where
the pointwise state constraints are active. Unfortunately, the answer is negative. In fact, the optimal control
can even fail to be continuous if Ky is an infinite and numerable set. Let us present an associated

Counterexample. We set

_ 1 if [|zf| <1
0= o R el < VB T = { (e 10 1% fel < v3

1 - L
K = {zF}2°, U {z>}, where 2" = (E’O) and ™ = Z —2
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Now we define ¢ € Wy *(Q) for all 1 < s < n/(n — 1) as the solution of the equation

-Ap = yg+p inQ,
{ p =0 on I (4.5)

The function @ can be decomposed in the following form
_ > 1
)+ k(@) + ole — o)),
k=1

where ¢(z) = —(1/27)log||z| is the fundamental solution of —A and the functions ¢, ¢ € C?(f) satisfy

—AP(z) = glz) nQ, — A () 0 in Q,
P(z) = 0 onT, Ye(z) = —¢(z—aF) onT.

Finally we set

‘ Jrzkgl/fk

u(z) = PYOJ[fM,JrM](*@(x))
and ag(z) = @(z) + Ag(z). Then @ is the unique global solution of the control problem

=1
Z eidl (4.6)

min J(u) = %/Q(yi(x) +u?(z))dx

Q) subject to (y.,u) € (C(Q) N HY(Q)) x L=(Q),
—M <wu(zx)<+M forae x€Q,
-1 <y,(z) <+1 Vz e K,

where g, is the solution of

{ —Ay + ap(z) u in €, (@7)

y = 0 onl.

As a first step to prove that @ is a solution of problem, we verify that M is a real number: Since {p(z—2")}2,
is bounded in C?(I"), the sequence {1/} }72, is bounded in C?(Q2). Therefore, the convergence of the first series
of (4.6) is obvious. The convergence of the second one is also clear,

=1 I & 1

k=1

Problem (Q) is strictly convex and @ is a feasible control with associated state § satisfying the state constraints.
Therefore, there exists a unique solution characterized by the optimality system. In other words, the first
order optimality conditions are necessary and sufficient for a global minimum. Let us check that (7,4, @, i) €
HA(Q) N C(Q) x L=(Q) x Wy*(2) x M(K) satisfies the optimality system (3. 8) (3.10). First, in view of the
definition of ay, it is clear that § is the state associated to 4. On the other hand, @ is the solution of (4.5), which
is the same as (3.8) for our example. Relation (3.10) follows directly from the deﬁmtlon of @ given in (4.6).
Finally, because of the definition of & and K, (3.9) can be written in the form

— 1 1
E 727 E = Vz € C(K) such that —1<z(z) <+1 VaxeK,
k=1 k=1

which obviously is satisfied.
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Now we prove that @ is not continuous at z = 0. Notice that @(z¥F) = +oo for every k € N, because

#(0) = +o00. Therefore, (4.6) implies that @(z*) = —M for every k. Since 2* — 0, the continuity of @ at z = 0
requires that u(z) — —M as z — 0. However, we have for & = (27 4+ 29%1) /2 that

: 1
Jj—00 jli{?go< €] +Zk2wk kgk_ _x )

lim (&%)
= Z ki Z ki (4.8)

k=1 k=1

as we will verify below. Moreover, by the definition of M

| | =1
)+ 2 0+ 2 50l < 90+ 2 i

k=1 k=1 k=1

iki =M-1< M,
k=1

therefore (4.8) implies lim;_.o ¢(&7) > —M and hence lim; .o u(&7) > —M by the definition (4.6) of @, in
contrary to @(z) —» —M as z — 0.

Let us finally justify (4.8). To this end, we only have to show that

1 1 1 1
S fatule) + 3 g€~ ah) 3 01+ gt
k=1 k=1 k=1 k=1
as j — oo. This holds true, if the associated function series are uniformly convergent. For the first series, this
is easy to see since the functions v, are uniformly bounded on €2, hence a multiple of Y -, 1%2 is a dominating

series. Uniform convergence follows by the Weierstrass theorem. The second series is more delicate. To find a
dominating series, we estimate the items as follows: We consider

; 1 111 1 1
I P = —— oo |= |2+ — | — Z|.
|6 — ) = —5— Og‘Q[j+j+J k‘

The right-hand side can admit its maximum only at j = k or j = k — 1 as one can easily confirm. Therefore,
this maximum is certainly smaller than the sum of both values,

1 1 n 1 1

2 k-1 &k k

111 1 1
{ + ] — —‘ + log
1
< —log[2k(k + 1)].
77

, 1

e~ o)1 < ~5- froe | |1+ 77| - 7
1
2k(k—1)}—

271'

+ log

1
— 1
or { Cok(k+1)
On the other hand,

= L 21 log[2k(k + 1)]
Y Slog2k(k+ 1)) =>
k=1 kQ k=1 k572 \/E

is obviously convergent, since log[2k(k 4+ 1)]/vE — 0 as k — oo.

Nevertheless, we are able to improve the regularity result of Theorem 4.1.

Theorem 4.3. Suppose that @ is a strict local minimum of (P) in the sense of the L*(Q) topology. We also
assume that assumptions (A1)—(Ab5) hold, o, B € L=(Q)NHY(Q), a;; € C(Q) (1 <14, j <n)and Yy € LP(Q),
p>n/2, in (A3). Then u € H*(Q).
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Let us remark that any global solution of (P) is a local solution of (P) in the sense of L?(£2), but we can
expect to have more local or global solutions in the sense of L?(2). Theorem 3.8 implies that @ is at least a
strict local minimum in the sense of L2(f2), if the sufficient second-order optimality conditions are satisfied at .
This guarantees that u is the unique global solution in an L?(£2)-neighborhood. However, the quadratic growth
condition alone does not imply that @ is an isolated minimum. The control % might be an accumulation point
of different local minima.

Proof of Theorem 4.3. Fix g5 > 0 such that 4 is a strict global minimum of (P) in the closed ball B., (u) C L?().
This implies that @ is the unique global solution of the problem

min J(u) B
subject to (yu,u) € (C(2) N H(Q)) x L>(Q),

(Po) a(z) < u(z) < Bz

) forae ze€Q, |lu—alr2q) <ea
a(z) < g(x,yu(r)) < b(x) V€ K,

where y,, is the solution of (2.1).

Now we select a sequence {z;}7>, being dense in Dom(a) U Dom(b) and consider the family of control
problems
min J(u)
subject to (yu,u) € (C(Q) N HY(Q)) x L>(1),

(Px) a(z) <u(z) < B(z) forae ze€Q, |u—ulr2) <eaq
a(z;) < g(j, yu(ey)) < blz;), 1<j<k

Obviously, @ is a feasible control for every problem (Py). Therefore, the existence of a global minimum wy,
of (P) follows easily by standard arguments.

The proof of the theorem is split into three steps: First, we show that the sequence {ux}g>, converges
to @ strongly in L?(£2). In a second step, we will check that the linearized Slater condition corresponding to
problem (P;) holds for all sufficiently large k. Finally, we confirm the boundedness of {u;}72, in H'(€).

Step 1: Convergence of {u;}7° ;. By taking a subsequence, if necessary, we can suppose that u, — 4 weakly
in L%(Q2). This implies that yi = yu, — § = ya strongly in H}(Q) N C(Q). Because of the density of {x;}°
in Dom(a) U Dom(b) and the fact that

a(z;) < g(xj, y(w;)) = hm g(az,ye(e;)) < blay) Vj=1,

it holds that a(z) < g(z,y(z)) < b(z) for every x € K. The control constraints define a closed and convex subset
of L?(€2), hence @ satisfies all the control constraints. Therefore @ is a feasible control for problem (Py). Since
@ is the solution of (Py), uy is a solution of (Py), and @ is feasible for every problem (Py), we have J(uy) < J(@)
and further
J(@) < J(u) < liminf J(ug) < limsup J(ug) < J(@).
k—o0 k—o0

Since @ is the unique solution of (Py), this implies @ = @ and J(ug) — J(@), hence the strong convergence
u — @ in L?(Q) follows from this convergence along with the uniform convergence yj — .

Step 2: The linearized Slater condition for (P;) holds at u;. Assumption (A5) and (2.4) ensure the
existence of a number p > 0 such that for every x € K the following inequalities hold

a(@)+p<1i+p<glzyga)+=(zgx)z(r) <m—p<bz)—p (4.9)
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Given 0 < € < 1, we multiply the previous inequality by ¢ and the inequality a(x) < g(x, g(z)) < b(x) by 1 —e.
Next, we add both inequalities to get

dg

Ea—y(x,g(x))zo(ac) <b(zr)—ep VrekK. (4.10)

a(x) +ep < g(z,y(x)) +

We fix

0<5<mm{1,€7u}
[|uo —“||L2(Q)

and define ug . = e(ug —u) +@. It is obvious that ug . satisfies the control constraints of problem (Py) for any k.
Consider now the solutions zj of the boundary value problem

0
Az + aiyo(m, Yp)z = Uge —up in
z = 0 on I

In view of uj, — @ in L%(Q) and y, — 7 in C(£2), we obtain the convergence zj, — 2o in Hi(Q)NC(). Finally,
from (4.10) we deduce the existence of kg > 0 such that

ala;) + 5 < gl unle;) + g—z@j,ymj»zk(xn < ba;) b (4.11)

for 1 < j <k and every k > k.

Step 3: {ux}3, is bounded in H'(Q2). The strong convergence u; — « in L?(2) implies that |luj —
|20y < €q for k large enough. Therefore, us does not touch the boundary of the ball {u | [|u — | 2y < €a}.
Consequently, the additional constraint ||uy — [/2(q) < 4 is not active, and hence uy is a local minimum of
the problem

min J(u) B
subject to (yu,u) € (C(2) N HY(Q)) x L>(Q),

(Qx) alz) <wu(z) < p(z) forae. z €,
a(z;) < g(@j, yulz;)) < blx;) 1<j <k

Now we can apply Theorem 3.5 and deduce

. 1
with
Ok =ro+ Y Ak,ja—y(% Yi(@5))Pr,j- (4.13)
7j=1

Above, { g ; }?zl are the Lagrange multipliers, more precisely

k .
=3 sty with Aoy = { 20 il g(ona5) = blzy) e

~ <0 if g(aj, yk(z;)) =
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Finally, ¢k 0 and {¢x,; }?:1 are given by

8a0 oL
A0 + o (T, Y6 (7)) pro = T,yg) infQ,
e o) -
Pko = 0 on F,
8a0
A*cpk,' + = T, Y\T) )Pk, 5 = 5%- in Qa
+ G2 o
or; = 0 onl.
Let us prove the following boundedness property:
k
3C >0 such that [ukllarr) = Y Akl < C k. (4.17)
j=1
Indeed, from (4.11) we get
N _ N p oy 99, _ , P
kg > 0= g(z5, yr(z;)) = b(z;) = a—y(%,yk(ﬂfg))zk(%) < &5
dg P
Mg < 0= g(ajn(e)) = alay) = Glay.n(e)anlay) = +25:
Next, in view of (3.14) and ug = £(ug — @) + % we obtain
0< 2 g ) o — ) = ) e — )+ ZAg () 0(7)
< J(uk)(uoe — ug) — gg Z i
j=1
This implies that
k 2
Z |Ak,j] < —J (uk)(uo,e — ug) — pJ'( @) (ug —u) when k — oo,
=1
hence (4.17) holds. Now (4.13), (4.15) and (4.16) lead to
8a0 oL 8g .
Ao+ —— (@, k(@) = (2, u%) + 5= (@, yk (@) e in Q,
72 o) o)+ 5 (o) o
vr = 0OonlI.
Let us set
Cap = llalle@) + |8l L) + 1
and

. 1
ve(z) = Proji_c, , 4. 4] <N50k(:c))
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From the last relation and (4.12) it follows that

ug () = Proja(a),a(2)) (v (7))

Notice that the trace of ug on I' is not necessarily zero, if 0 ¢ U, g. Therefore it is a delicate question to
multiply equation (4.18) by uy and to integrate by parts. However, vy vanishes on I' and hence the previous
operation can be done without difficulty and we will do it later.

The goal is to prove that {v;}72, is bounded in H'(£2), which yields the boundedness of {ux}7° , in the same
space. The last claim is an immediate consequence of

[Vug(z)] < |Vup(z)| + |[Va(z)] + |[VE(x)] ae. Q.

If {ug}32, is bounded in H'(), then @ € H'(Q) obviously.

Let us prove the boundedness of {vx}72, in H}(2). The solution of a Dirichlet problem associated with an
elliptic operator with coefficients a;; € C(Q) and Lipschitz boundary I' belongs to WO1 (), if the right hand
side is in W17 (Q) for any n < r < n+e,, where £, > 0 depends on n and n € {2, 3}; ¢f. Jerison and Kenig [14]
and Mateos [15]. If p > n/2, then LP(Q) ¢ W~12(Q) and consequently oo € Wy (Q) holds for all r in the
range indicated above with r < 2p.

In view of this, we have o € Wy *(Q) N W' (Q\S}), where S, is the set of points z; such that A ;(g/dy)
(xj,yx(z;)) # 0. Notice that by (4.13) only these ¢y ; appear in the representation of . Taking into account
that vy, is constant in a neighborhood of every point z; € Sj, we deduce that vy, € Wy (Q) € C(Q). Therefore,
we are justified to multiply equation (4.18) by —uvj and to integrate by parts. We get

n

k
dag oL dg
- 3" 4 (2)00, 000, 01 + A2 (o, de = — [ (@ yonde — 3 My o (a0, yul(ay ).
/Q m:lay(x) VkOz; P + 3y (z,yx)vrer | do /Qay(w Yi vk do 2 kgay(% Yr(z;))vr(x5)

(4.19)
From the definition of v;, we obtain for a.a. = € )

1 . 1
_Nv@k(x) if _Ca,ﬁ < _N(Pk(w) < +Ca,ﬁ

Vg (z) = (4.20)

0 otherwise.

Invoking this property in (4.19) along with the boundedness of {y;}72, in C(€2), the estimate ||v; || () < Ca,s,
and the assumptions (A3) and (A4), we get

k
AAN/ IVor* dz < [l 2o vkl 2oy + C D g okl L) < €.
9]

j=1

Clearly, this implies that {v;}72, is bounded in H'(£2) as required. O

5. ON THE UNIQUENESS OF THE LAGRANGE MULTIPLIER 7!

In this section, we provide a sufficient condition for the uniqueness of the Lagrange multiplier associated with
the state constraints. We also analyze some situations, where these conditions are satisfied. It is known that a
non-uniqueness of Lagrange multipliers may lower the efficiency of numerical methods, e.g. primal-dual active
set methods. Moreover, some other theoretical properties of optimization problems depend on the uniqueness
of multipliers. Therefore, this is desirable property.
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Theorem 5.1. Assume (A1)—(A5) and the existence of some & > 0 such that

T:L*(Q.) — C(Ky), with Tv = ?(m,y(x))zv, has a dense range, (5.1)
Y

where
Qe ={zeQalx)+e<u(r) <pz)—e}
2, € HY(Q) N C(Q) satisfies

6@0 .
Azy + —(2,9) 20 v in Q
Ay @9) (5.2)

Zzy, = 0 onl,

and v 1is extended by zero to the whole domain Q. Then there exists a unique Lagrange multiplier p € M(K)
such that (3.8)—(3.10) hold.

Proof. Let us assume to the contrary that p;, ¢ = 1,2, are two Lagrange multipliers associated to the state
constraints corresponding to the optimal control @. Then (3.14) holds for o = f;, ¢ = 1,2. Taking v €
L>(Q:)\{0} arbitrarily, we have for a.e. z € Q

a(z) < up(r) = u(z) + pu(r) < B(x) Vip| <
[v]l o< (@.)

where v is extended by zero to the whole domain (2. Inserting u = u, in (3.14), with positive and negative p
and remembering that supp i; C Ko (Rem. 3.6), we deduce

which leads to
(i, Tv) = —=J"(u)v = (2, Tv) Vv € L>®(,).

Since L>(f2.) is dense in L%(Q2.) and T(L?(€.)) is dense in C(Kj) we obtain from the above identity that
1 = po. u

Remark 5.2. For a finite set K = {x; }?:p assumption (5.1) is equivalent to the independence of the gradients
{G’(@)}jer, in L*(Q:), where the functions Gj L?*(Q.) — R are defined by G;(u) = g(zj,yu(x;)) and Iy is
the set of indexes j corresponding to active constraints. It is a regularity assumption on the control problem
at @. This type of assumption was introduced by the authors in [6] to analyze control constrained problems
with finitely many state constraints. The first author proved in [4] that, under very general hypotheses, this
assumption is equivalent to the Slater condition in the case of a finite number of pointwise state constraints.

We show finally that (5.1) holds under some more explicit assumptions on @ and on the set of points Kj,
where the state constraint is active.
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Theorem 5.3. Assume that (A1)—(A5) hold and that the coefficients a;; belong to CO1(Q) (1 <4, j <n). We
also suppose the following properties:

(1) The Lebesgue measure of Ky is zero.
(2) There exists € > 0 such that, for every open connected component A of Q\ Ko, the set AN Q. has a
nonempty interior.

(3) (99/0y)(x,y(x)) # 0 for every x € Ko.
Then the regularity assumption (5.1) is satisfied.

Remark 5.4. If a, 8 € C(Q), then @ € C(Q\ Ky); ¢f. Theorem 4.1. Hence property (2) of the theorem is
fulfilled, if @ is not identically equal to o or § in any open connected component A C Q\ K. Indeed, since
ue€ C(A) and @ # a and 4 # 0 in A, there exists xp € A such that a(xg) < @(rg) < B(xo). Consequently, the
continuity of @ implies the existence of € > 0 such that AN Q. contains a ball B,(x).

Let us also mention that property (3) of the theorem is trivially satisfied if the state constraint is a(z) <
y(x) < b(x) for every z € K.
Proof of Theorem 5.3. Fix € > 0 as in property (2). We will argue by contradiction. If R(T) # C(Ky), then
there exists p € C(Ky)' = M(Kp), pt # 0, such that

0= (u,Tv) = . g—i(x,g(x))z@(ac)du(x) Yo € L3 (). (5.3)

We take the function ¢ € W, *(Q) for all 1 < s < n/(n — 1) satisfying

. dag , _ Y99, i
Av+ @ g@)y = FEage)u o (5.4
,lp = 0 on I

From (5.3) and (5.4), it follows for every v € L?(.)

/ Yo da
Qe

_ oy,
/Qwvdav—/Q [sz—i— By (,5(2))zy | ¥ da
= [ St gz du= (. Tr) =0

which implies that ¢ = 0 in Q.. Consider now an open connected component A of Q\ Ky. It holds ¢ = 0 in the
interior of AN Q. and

da
A+ 52 (@, g(@) = 0 in A
therefore ¢ = 0 in A; see Saut and Scheurer [19]. Thus we have that ¢¥» = 0 in Q\ Ky, but Ky has zero Lebesgue
measure, hence ¢ = 0 in ) and consequently p = 0 in contrary to our previous assumption.

We conclude our paper by proving that the regularity condition (5.1) is stronger that the linearized Slater
assumption (A5).

Theorem 5.5. Under the assumptions (A1)—(A4) the regularity condition (5.1) implies the linearized Slater
condition (A5).

Proof. We define the set

B = {= € C(Ko): alz) — g(a, §(a)) < 2(z) < b(x) — g(z, §()) Va € Ko}.
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From our assumptions it follows that B is a non empty open set of C'(Kp), hence condition (5.1) implies the

existence of v € L?(Q.) such that Tv € B. By density of L>(€2.) in L*(Q.) we can assume that v € L>(Q.).
Outside ()., we extend v by zero. The inclusion Tv € B can be expressed by

a(z) < g(z,g(x)) + = (x,7(x))zy(z) < b(x) Vo € Koy, (5.5)
where z, € H}(2) N C(Q) is the solution of (5.2). From here, we deduce the existence of p; > 0 such that
a(x) + p1 < gz, g(x)) + = (2, 7(x))zp(z) < b(z) — p1 V2 € K. (5.6)
Given p € (0,1) arbitrarily, multiplying the inequalities

a(z) < glx,g(x)) <blx) Vee K (5.7)

by 1 — p, (5.6) by p, and adding the resulting inequalities we get for every 2 € Ky and all p € (0, 1]

a(x) + pp1 < g(2,5(2)) + po= (2, 4(2)) 20 () < b(x) — pp1- (5:8)

Define now, for any § > 0,
Ko5 ={z € K: dist(z, Ko) < 0}.
Taking ¢ small enough, we get from (5.8) for all x € Ky s and every p € (0, 1]

ala) + 95 < gl 3(@) + P (0,5(0)2 (0) < bla) — (59)

On the other hand, since the state constraint is not active in the compact set K \ Ky s, we deduce the existence
of 0 < p3 < 1 such that

a(x) + p2 < g(z,g(x)) < blx) —p2 Vo e K\ Kos. (5.10)
If we select a p € (0,1) that satisfies
p @(x g(x))zp(x)| < P2 eek
oy 2 ’

we obtain from (5.10)

P _ dg, p
a@) + 5 < 9(@,§(2) + p3 (2. 5(@)2 (x) < ble) = - (5.11)
Finally, taking 0 < p < £/[|v||z(q.), recalling the definition of 2. and that v vanishes in Q \ Q., we deduce
that wg = @ + pv € Usp. Moreover, (5.9) and (5.11) imply that (2.2) holds, which concludes the proof. O
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