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Abstract. In this paper, we consider an optimal control problem for the two-dimensional
stationary Navier—Stokes system. Looking for sparsity, we take Borel measures as controls. We
prove the well-posedness of the control problem and derive necessary and sufficient conditions for
local optimality of the controls. Finally, under a second order condition, we prove rates of the optimal
states with respect to small perturbations in the data of the control problem.
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1. Introduction. In this paper we investigate the following optimal control
problem

1 2
! ’ =5 - d + w)
(y’u)eern(gl)m(w)J(y u) 2/Qly yal? dz + allul| v

where y and u are related by the Navier—Stokes system

) —vAy 4+ (y - V)y + Vp =1fy + xou in Q,
' divy=0 inQ, y=0 onT.

Here, Q2 denotes a bounded domain in R? with a C? boundary I', and w is a relatively
closed subset of Q. We denote M(w) = M (w) x M (w), where M (w) is the space of real
and regular Borel measure in w. In the cost functional 7, the target y4 € L?(Q) and
the parameter o > 0 are fixed. Regarding the state equation, v > 0 is the kinematic
viscosity coefficient, y,u denotes the extension of u by zero outside w, and fj is a
given element of W~1P(Q) x W~LP(Q), where p € (4/3,2) is fixed.

Let us comment about the norm in M(w) appearing in J. First, we recall that
M (w) is a Banach space when endowed with the norm

i = swp | o) due) = ful(w),
l¢llcg)y<1Jw

where

Cow)={peC(@):¢(x)=0 Vzredownl}
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is a separable Banach space, and |u| represents the total variation measure of u; see
[23, page 130]. Note that Cp(w) # C(w) only in the case that @ has a nonempty
intersection with the boundary of Q.

Associated to a norm | |gz in R? we define

(1.2) [allviqe) = [luallar ) 12l are)) |r2,

which makes M(w) a Banach space. It is the dual space of Cy(w) = Cp(w) x Cp(w).

To the best of our knowledge this is the first work that addresses the optimal
control of Navier—Stokes equations with Borel measures as controls. The motivation
for this approach is the search of optimal controls which are sparse, allowing controls
having a support of zero Lebesgue measure. Such type of controls have been investi-
gated for linear partial differential equations; see [1], [2], [3], [5], [9], [8], [10], [11], [19],
[20]. The only work addressing the case of nonlinear partial differential equations is
[4]. Different type of sparsity promoting formulations in a function space setting have
been investigated. We mention the first one in the framework of partial differential
equations [25] and refer to [1] for additional references.

A first difficulty in the analysis of the control problem (P) is its well-posedness.
The usual approach to prove the existence of an optimal solution is based on the
coercivity of the cost functional with respect to the control, which implies boundedness
of the states with respect to the controls through the state equation. For our state
equation, estimates of the states in terms of the measure space norm of the controls
are not available. To address this difficulty we also require coercivity of the cost
functional with respect to the state variable. The choice of this functional enjoying
the required coercivity is delicate. Here we want to do it in such a way that we obtain
existence of solutions and at the same time a second order analysis can be carried
out. For this purpose we have carefully analyzed the state equation getting estimates
showing that the coercivity of the cost functional with respect to the state in LP for
any p € [1,00) is sufficient for existence. The choice p = 2 allows us to prove existence
of a solution and to address the second order analysis. In particular, this permits us
to treat the classical tracking cost functional.

Due to the nonuniqueness of solution of the Navier—Stokes systems, an assumption
guaranteeing local uniqueness of the state equation around the optimal controls is
needed to derive first and second order optimality conditions. In the literature this
assumption relates to the smallness of the controls with respect to the kinematic
viscosity. Our regularity condition is more general in the sense that it is satisfied
whenever the smallness assumption on the the controls is fulfilled. Since the norm of
the measures appears in the cost functional, the second order optimality conditions
does not fit in the classical second order analysis. We provide a second order condition
that is finally used to prove stability of the optimal states with respect to perturbations
of the data in the formulation of the control problem.

For related papers addressing the control of the stationary Navier—Stokes system
the reader is referred to [6], [12], [13], [17], [26].

All along this paper the following spaces will be considered.

H} () = HY(2) x H}(Q)

o WIP(Q) = WP () x WP (Q)

V ={y e H}(Q) : divy = 0 in Q}

W, = {y e WyP(Q) : divy = 0 in Q}
LP(Q)/R = {¢ € LP(Q) : [, ¢(x) dz = 0}
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2. Analysis of the state equation. In this section, we will study the existence
and regularity of solutions of (1.1), as well as the differentiable dependence with
respect to the right-hand side. The analysis of existence of solution will be carried
out for an arbitrary p € (1,00) and f € W=17(2). We recall that M(w) is compactly
embedded in W~1P(Q) for every 1 < p < 2. Later, in the analysis of (P) we will fix
pin (4/3,2).

Let us start by giving the definition of solution of (1.1). To this end we first
observe that (y - V)y € LY(Q) for all y € WP (Q) with p > 4/3. This inclusion
is a consequence of the embedding Wé’p(Q) c LY (Q) for p > 4/3. However, the
integrability can fail for p < 4/3. Therefore, the function (y-V)y is not a distribution
in such a case. To overcome this difficulty we formulate the state equation in the
following way

(2.1)

—vAy +div(y®y) + Vp =1f in Q,
divy=0 inQ, y=0 onT.

Due to the fact that divy = 0 in Q, we have div(y®y) = (y - V)y for every y €
WP (Q) with p > 4/3. If (y - V)z € L*(2) we write indistinctly div(y®z) or (y-V)z.

DEFINITION 2.1. Given £ € WLP(Q) with 1 < p < oo, we say that (y,p) €
WP(Q) x LP(Q) /R is a solution of (2.1) if the partial differential equations of (2.1)
are satisfied in the distribution sense in Q. This is equivalent to the following varia-
tional identities:

/Q(Vsz—(y-V)zy)dx— deivzdx:<f,z> VzEWé’pl(Q),
(2.2)

/qdivydazzO Vg € L” (Q)/R.

Q

Let us observe that WyP() ¢ L?(Q), hence (y - V)zy € LY(Q) for every
z € WP (Q). Thus, the above integrals are well defined.

Remark 2.2. From (2.2) we deduce that y € W, and
(2.3) /(Vsz —(y-V)zy)dr = (f,2) Vz € W,.
Q

Conversely, if y € W, satisfies (2.3), then de Rham’s theorem implies the existence
of p € LP(02)/R such that the first identity of (2.2) holds.

THEOREM 2.3. For every f € W—1P(Q) there exists at least one solution (y,p) €
W, x LP(Q)/R of (2.1). Furthermore, there exist constants C, and M, such that for
any solution (y,p) we have

(2.4) ||Y|\w(1)vp(sz) +Ipllzr) < Collfllw-1r(0) (1 + ||f||wflvv(s2)> ifp>2,
(2.5) ||YHW(1)’IJ(Q) +Ipllzr) < Cp(”ﬂlW*l’P(Q) + HYH%PP(Q)) if p <2,

L4
26)  lyllwieq) * IPllzr@) < Mpllflw-10(0) (1 + ||YHL4(Q)) fg<p<2
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Proof. The existence of a solution is well known from [18, 24]. Let us prove the
estimates (2.4)—(2.6). For p = 2 the a priori estimate is well known to be

(2.7) ¥l 0) < Collflla-1(a)-

It uses the conservative property of the nonlinearity. Let us then turn to the case
p > 2 and write (2.1) in the form

—vAy+Vp=g in Q,
(2.8)
divy=0 inQ, y=0 onT,

where g = f — div(y®y). We aim to apply the well known estimates for the Stokes
problem [15, Theorem IV.6.1]

(2.9) I¥llwr @) + IPlr@) < Cllglw-1r(0)-

In order to use this estimate to deduce (2.4) we need to prove that div(yy) €
W~1P(Q) and to get an appropriate estimate for it. For this purpose we introduce
the trilinear form

2
bly,z,w) = / (y-V)zwdz = Z / YiO, zjw; de = —(div(y@w), z).
Q Q

ij=1

We have for y € W5P(Q) and z € Wé’p/(Q)

by 2.3 < [ 5P1aldo < I o o
which implies that div(y®y) € W~1?(Q) and
(2.10) 1 div(y®y)llw-1r) < I¥lE20q)-

Now, from (2.7) and the continuous embeddings W5 (Q) ¢ Hj(Q) ¢ L2(Q) and
W-LP(Q) c H 1(Q) for p > 2, we infer from the above inequality and (2.7)

[ diV(Y@Y)HW*LP(Q) < C||f||%vfl=p(sz) Vp > 2.
Hence, g € W~1P(Q) and
lellw-rr) < [Ellw—sote + CIEIZy 1m0y ¥p > 2

Combining this inequality with (2.9) we obtain (2.4). Inequality (2.5) follows from

(2.9), (2.10), and the fact that WA P(Q) € L777(Q) € L2P(Q) for 1 < p < 2.
Finally, we prove (2.6). We consider the Stokes problem

—vAp+Vr=1f in Q,
divg=0 inQ2, =0 onT.

Using again [15, Theorem IV.6.1] as above we infer that ¢ € W,(Q) and for some
constant depending on p but independent of f

@llw:r ) + I7llLe) < Cillfllw-100)-
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Set (z,q) = (y — ¢,p — 7). From the above equation and (2.1) we obtain

{ —vAz+Vq=—div(y®y) in Q,

(2.11)
divz=0 inQ, z=0 onT.

For every w € H}(Q) we have
~ivly@y)w) = [ (v V)wyde < [yl v hyo,
Hence, — div(y®y) € H™1(Q) and

1 div(y®y)lla-1@) < I¥llfiq)-
Therefore, z € H}(2) holds. Multiplying (2.11) by z, integrating by parts, and using
that y = z 4+ ¢ and the properties of the trilinear form b, we infer
v||z|f ) = (— div(y®y), 2) = b(y.2,y) = b(y,2,®) < ||yllLa@lldllLa@llz]m @)
< GCollyls@ll@llwe o l2lmy0) < Crlellfllw-1r @Iy llLs @ |zl @) -

Here we have used that WP (€2) ¢ L*(Q) because p > 4/3. The above inequality

leads to
C10y

v

Izl ) < [ llw-1.0 )Y ]lLe )

and, hence
H}’ngm(n) = ”z“Wé”’(Q) + ”d)HWé’p(Q) < Myl fllw-1r@) (1 + [[yllLa@),

which proves the estimate (2.6) for y. The estimate for p follows from de Rham’s
theorem. O

Remark 2.4. Let us observe that W *(Q) C L%(Q) CLPQ)V1<p<2
Hence, the right-hand side in (2.5) is finite.

Remark 2.5. Theorem 2.3 proves that for f; € W12 (Q) with p € [4/3,2) and all
u € M(w) system (1.1) has a solution (y, p) € W4 P(Q) x LP(Q)/R, and the following
estimate holds

(212)  I¥lwiog) + IPler@ < My (Ifollw-so@) + ullme ) (1+ 15l )-

Remark 2.6. In dimension 3, the embedding M(Q2) C W~1P(Q) is valid only for
p < 3/2. However, the existence of a solution of (2.1) in dimension 3 for f € W=17(Q)
with 1 < p < 3/2 is an open issue; see [18] or [24]. Thus the three-dimensional case
will require a treatment that is different of that used in the present paper.

DEFINITION 2.7. Let (y,p) be a solution of (1.1) associated to some control
0 € M(w). We say that § is regular if for every g € H™1(Q) the system,

(2.13)

—vAz+(y-V)z+(z-V)y+Vqg=g inQ,
divz=0 inQ, z=0 onT,

has a unique solution (z,q) € H}(Q) x L2(2)/R.
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Observe that the above definition implies that the linear operator

T:VxL}*Q)/R — HY(Q)

(2.14) (z,q) — —vAz+(y-V)z+(z-V)y +Vq

is an isomorphism.

Remark 2.8. Let us mention that the regularity assumption of y fails only if 0 is
an eigenvalue of the operator T. We recall that the spectrum of T is formed by an
unbounded sequence of eigenvalues with no finite accumulation point. This type of
assumption on the linearized Navier—Stokes equations has been considered by some
authors in different contexts; see, for instance, [6] and [16, section IV-3.1]. In Remark
3.3, we will show that for v large enough the optimal states for problem (P) are
regular.

Assumption. From now on it will be assumed that f, € W=1P(Q) and p € (4/3,2)
is fixed.

THEOREM 2.9. Let y be a regular solution of (1.1) associated to some control
u € M(w). Then, for all g € W~1P(Q) system (2.13) has a unique solution (z,q) €
W,P(Q) x LP(Q)/R. Hence,

(2.15) T,: W, x LP(Q)/R — W12 (Q)
' (z,q) — —vAz+(y-V)z+ (z-V)y+Vq
is an isomorphism.

Proof. The proof is based on a duality argument, and it is split in several steps.

Step 1. Adjoint system in 'V x L?(2)/R. Given ¢ € H~(Q), we consider the
system

(2.16)

—VvAp —(y-V)p+ (Vy) ¢+ Vr=1 inQ,
divg=0 inQ2, =0 onT.

Associated with the above system, we define the operator

S:VxLYQ)/R — H Q)
(p,m) — —vAPp—(¥y-V)op+ (Vy)Tep+ Vr.

We prove that S is an isomorphism. To this end, we first establish the following
estimate:

(2.17)
3C > 0: |9l + 17llz2 @) < CIS(@ m)lla-1(0)  ¥(e7) € V x L*(Q)/R.

Let us take g € H™1(2) arbitrarily and (z,q) € V x L*(Q)/R such that T(z,q) = g.
Then, integrating by parts and using that div ¢ = divz = 0 we obtain

(8, 0) = (T(z,9),¢)) = (S(¢,7),2))
< [15(¢: M)l (@ |zl my ) < CLlIS(D, M) -1 (o) lI8 ]l (@) -

The last inequality follows from the fact that T is an isomorphism due to the regularity
of y. Since g was arbitrary in H~1(£2), we conclude that

||¢HH(1)(Q) < Cl||S(¢, 7T)||H71(Q),
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Now, from this estimate, (2.16) and arguing as in (2.10) with p = 2 we conclude that

IV7la-10) < IS(@, m)lH-1(0) + [VAD + (¥ - V) — (Vy)th”H*l(Q)
< 118, sy + (v + CollFle) ) 1@llma e < CollS (@) 110
Hence, (2.17) is proved.
From (2.17) we deduce that S is an injective operator with a closed range in
H~1(Q). Let us prove that it is surjective. We proceed by contradiction. If it

is not surjective, then there exists an element z € H}(Q) with z # 0 such that
(S(¢p,7),z) =0 for all (¢,7) € V x L*(Q2)/R. This means that

/Q (V- Vi— (5 V)b — (V§)dla+ Vrz) de =0 V(g,m) € V x L2(Q)/R.

Setting ¢ = 0 and 7 arbitrary in L%(Q)/R, we infer that divz = 0, hence z € V.
Now, setting m = 0 and ¢ € V arbitrary we get after integration by parts

/Q{yw)-vm (§-V)z+(z-V)§lo} dz =0 Ve V.

Once again, from de Rham'’s theorem we infer the existence of q € L?(Q)/R such that
—vAz+ (y-V)z+(z-V)y +Vq=0.

This means that T'(z,q) = 0, and thus z = 0, which contradicts our assumption. Thus
S is surjective and (2.17) holds. This implies that S is an isomorphism.

Step 2. Adjoint system in W,y x LP (Q)/R. Associated with the system (2.16),
we define the operator

Spr: Wy x L (/R — W_l’p,(Q)
(p,7) — —vAp—(y-V)o+ (Vy)'¢p+ V.

We will prove that S, is an isomorphism. First, we prove surjectivity. Let @ €
W17 (Q) be arbitrary. Since p < 2, we have that W= (Q) ¢ H1(Q). Therefore,
there exists (¢, 7) € V x L?(Q)/R such that S(¢, 7) = 1. This implies that

{ —VvAPp+Vr =1+ (y-V)p— (Vy)Te inQ,

(2.18)
divgp=0 inQ, =0 onT.
Let us prove that the right-hand side of this equation belongs to WL (Q). Let

us take w € Wé’p(Q), then with the Holder inequality for r = 22]:72 and r’ = gz:i

/Q(S' -V)ow dz /Q(y -V)wo dx

<|y- ¢’HLP’(Q)||W||W5P(Q) < ||5’“L%(Q)|‘¢||L3354(Q)”W”wém(n)’

From here we deduce

15 )bl < 191, o, o 81, 2o

Q) 31 (Q)
< Cilyllwr o) l@llay @) < Calldlla-1o) < CsllYllw-1.0 ()
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The estimate for ||(Vy)T¢HW,1,p/(Q) follows in an analogous way. Now, from es-

timates for the Stokes system (2.18) we obtain the existence of a constant C' such
that

(2.19) 18l 17l 2 < Cllllw 10y

see [15, Theorem IV.6.1]. We have proved the surjectivity of S.

Let us establish the injectivity. Assume that S, (¢, m) = 0 for some (¢, 7) €
W, x L' () /R. Due to the embeddings W, C V and L” (Q)/R C L*(Q)/R, we have
that S(¢, m) = Sp (¢, m) = 0. Since S is an isomorphism we infer that (¢, 7) = (0,0).
Hence, S;/ is an isomorphism.

Step 3. T, is an isomorphism. Let us consider a sequence {gj}3>, C H~1(Q)
such that g — g in W~5P(Q). Due to the regularity of y, we know that there exists
a unique element (zy, qx) € V x L?(2)/R such that T(zg, qx) = gx. We are going to
prove the boundedness of {(z, qx)}5>, in WP (Q) x LP(Q)/R by a duality argument.
To this end, given ¢ € W17 (Q) arbitrarily we take (¢,7) € W,y x L (Q)/R such
that Sy (¢, m) = 9. Using that divz, = div¢ = 0 and integrating by parts we infer

<¢vzk> = <Sp/(¢7ﬂ-)azk> = <T(Zk7qk)’¢> = <gka¢>

< llgrllw-12@ll@llg10 o) < Crllgllw-1r@ 1% w1 ()-

This implies that
Izellwir o) < Cillgllw-rr@) VE.

Thus, on a subsequence, we have that z; — z in Wé’p(Q). We have divz = 0 and
passing to the limit in the variational equation for z; we get

5 {vWVz - Vw+[(§-V)z+ (z- V)y|w} de = (g, w) Ywe Wy,.

By de Rham’s theorem we deduce the existence of q € LP(2)/R such that (z,q)
satisfies (2.13). We have proved that T, is surjective.
To prove injectivity, let us assume that T,(z,q) = 0 for some (z,q) € W, x

LP(Q2)/R. Therefore, (T;,(z,q),¢) = 0 for all ¢ € W(I)’pl (©). Hence, since divz = 0,
this equality implies after integration by parts that

/Q (Ve -Va— [y V)d— (V§)dla+ Vrz) de =0 V() € Wy x L¥ (Q)/R.

This means that (S, (¢,7),2) = 0 for every (¢,7) € W, x L? (Q)/R. From the
surjectivity of S, on W1 (Q) we deduce that z = 0. Now, from T}(z,q) = 0 we
deduce that Vq = 0 and, hence, g = 0. Finally, since T}, is obviously continuous, we
conclude that T}, is an isomorphism. a

The next theorem addresses the differentiability of the relationship f — (y,p)
around a regular velocity ¥.

THEOREM 2.10. Let (¥,p,0) € W, x LP(Q)/R x M(w) satisfy (1.1). If§ is
reqular, then there exist open neighborhoods Ny, ¥,, and P, of fo + x.0, ¥ and p in
W-L2(Q), W, and LP(Q)/R, respectively, and a C* mapping G : N, — Y, X P,
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such that G(fo+x0) = (¥,p) and (ye, pe) = G(£), f € N, is the only solution of (2.1)
in Y, x Pp. Moreover, N, can be taken such that G'(f) : W=1P(Q) — W, x LP(Q) /R
is an isomorphism for each £ € N,. Furthermore, if we denote (zg,qg) = G'(f)g
and (z,q) = G"(f)(g1,82) with g, g € W1P(Q), then the following relations are
fulfilled:

(2.20) —vAzg + (yg - V)zg + (2g - V)ys + Vag =g in Q,
. divzg =0 inQ, zg =0 on T,

and

(2.21)

—vAz + (yf : V)Z + (Z : V)yf + VC[ = _(Zgz : v)zgl - (Zgl : V)Zgz in Qu
divz=0 inQ, z=0 onT.

Proof. The proof is based on the implicit function theorem. For this purpose we
define
F: W, x LP(Q)/R x W~LP(Q) — W1P(Q),

Fy,p,f) = —vAy +(y-V)y + Vp — £.

It is easy to check that F is well defined and it is of class C°°. Moreover, we have
F(y,p,0) =0 and

oF
o(y,p)

According to Theorem 2.9 this is an isomorphism. Then, the implicit function theorem
implies the existence of open neighborhoods N,, V,, and P, of fy + x,u, y and
p in WLP(Q), W, and LP(Q2)/R, respectively, and a C°> mapping G : N, —
Y, x P, such that G(fy + x,1) = (¥,p) and (y¢,pr) = G(f) is the only solution of
(2.1) in Y, x Pp. Since G’ : N, — L(W1P(Q), W, x LP(Q)/R) is continuous and
G (fo + xw@) = T, ! is an isomorphism, then G'(f) is also an isomorphism if f € A,
and this open neighborhood of fy 4+ ., is small enough. Finally, (2.19) and (2.20)
follow differentiating the identity F(G(f),f) = 0. d

COROLLARY 2.11. Let (y,p,u) satisfy the assumptions of Theorem 2.10. Then
there exists an open neighborhood U, of @ in M(w) and a C*° mapping (with respect to
the norm in M(w)) G : U, — YVp X Pp such that G() = (¥,p) and (Yu,pu) = G(u)
is the unique solution in Y, x P, of (1.1). Furthermore, the derivatives G'(u)v and
G"(u)(vy,v2), for v,v; € M(w), are the solutions of (2.19) and (2.20) replacing g
and (yg,9¢) by Xwv and (Yu, qv), Tespectively.

Proof. Since the mapping ¢ : M(w) < W~12(Q) defined by t(u) = fy + y,u is
continuous and affine, then U, = ¢=*(\,) is an open set in M(w) containing u. Now,
with G = G o« the statements of the corollary follow. O

(y7ﬁ7 fO + Xwﬁ)(za q) = —vAz + (y : V)Z + (Z : V)y + Vq = T;D(zv q)

3. Existence of solutions of (P) and first order optimality conditions.
In this section, we prove the existence of at least one solution of (P). Then, assuming
the regularity of the optimal velocity, we derive the first order optimality conditions
and deduce the sparsity structure of the optimal controls.

THEOREM 3.1. There exists at least one solution (y,u) of (P).
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Proof. Let yq be a solution of (1.1) associated to the control u = 0. It is obvious

that (yo,0) is a feasible point of (P). We assume that y4 # yo, otherwise (yg,0) is
the unique solution of (P). Take a minimizing sequence {(yx, ux)}7>,; with

1
I (¥, ux) < T (y0,0) = §||YO —yalliz) VE>1.
This implies that {(yg,ux)}?, is bounded in L?(2) x M(w). Let us prove that

{yr}52, is bounded in WP(Q). Since p > 3, then the embedding W,P(Q) c LA(Q)
is compact. From (2.12) we obtain

1¥illwie oy + Pklles@) < My (Ifollw-roe) + Ikl ) (1 + 1y luae)

< My (Ifollw—r(0) + 31130 = yallZa(y ) (1 + Iysllzsce):

Applying the Lions lemma [22, Lemma 2.6.1] to the spaces W (€2) € L*(Q) ¢ L2(Q2)
we deduce the existence of a constant C' > 0 such that

-1
il < g3 (Wolwoa + 5¥0 = voliem ) Wilhwgoey + Clilooc
The last two inequalities imply
1
Iyellwe ) + IprllLe@) < Slyrlwir )
+ MP(HfOHW—lJ’(Q) + %HYO - yd”%ﬂ(sz))(l + CllyrllLz())-

From here and the inequality J(yx, ux) < J(yo,0) we deduce

1

§||yk||wg"’(9) + [pkllLe @)

< Mp(||f0||w—1m(sz) + %HYO - y(zH%z(m) (1 + ClllyallLz ) + llyo — Ydlle(Q)])~

Then, we can extract a subsequence, denoted in the same way, such that (yg,px) —

(7,p) in WP(Q) x LP(Q) and uy, = @ in M(w). We prove that (§,p) is a solution
of (1.1) corresponding to u. To this end, we pass to the limit in the identity

/(Vkaz —(yr-V)zyy)dx — / pr divzde = (fy, z) +/ zdu, Vz € Wé’pl(Q).
Q Q Q
The only delicate point in this limit concerns the nonlinear term. Observe that since

W,?(Q) is compactly embedded in L2(Q), we obtain y, — y in L2’(2). Hence,
taking z € W' (Q) we have

/Q(yzc-V)Zyk dx—>/9(y-V)zyda:.

Therefore, we infer that (¥, p) is a solution of (1.1) associated to @. Finally, from the
lower weak* semicontinuity of the norm in M(w) we conclude that

J(y,u) < likm inf J(yx, ug) = inf (P). 0
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Remark 3.2. For estimates below (3.1) it is essential that the norm of y on the
right-hand side of (2.12) appears linearly rather than of quadratic nature.

Since (P) is not a convex problem, it is convenient to discuss necessary opti-
mality conditions in the context of local solutions. Here, we say that (y,@) is a
local solution of (P) if there exists a neighborhood A of (¥, @) in W™ (Q) x M(w)
such that J(y,u) < J(y,u) for all (y,u) € A. If the inequality is strict for all
(y,u) € A\ {(y,0)}, we say that (y,u) is a strict local solution. We will also
consider local solutions in the W§?(2) x W~12(Q) topology. Let us observe that
the continuous embedding M(w) € W~1P(Q) implies that any local solution in the
WP (Q) x W 1P(Q) topology is also a local solution in the WP (Q) x M(w) topology.

In the rest of this section, (y,u) will be a local solution such that y is regular. In
this case, Corollary 2.11 implies the existence of neighborhoods U, ), and P, of 1, ¥
and p in M(w), W§*(€) and L?(Q)/R, and a C> function G : U, — Y, X P, such
that G(u) = (¥,p) and (yu,pu) = G(u) is the unique solution of (1.1) in Y, x P,
associated to u.

Remark 3.3. Here, we show that y is regular if the kinematic viscosity v is big

enough. Arguing as in the proof of the previous theorem, we can prove that if
J(¥,1) < J(yo,0), then the following estimate holds:

¥ llwzr o) < M,
= My (2lfollw-1.0(0) + I¥o = Yalliz(ey ) (1 + Cllalliaey + Ivo = vallea)])-

Tracking the proof of this estimate it is easy to check that Mp = K, /v for some con-
stant K, independent of v. Let us study the coercivity of the bilinear form associated
to the operator T on the space V:

V/ ([Vz||> + (7 - V)zz + (z - V)yz| dx = V/ [|Vz||* — (z - V)zy] dz
Q Q

2 VHVZH%?(Q) —[I¥7lls 1zl [ V2]lL2 @)

CapKp 2
T) 1Vz|{z2q)-

> || Va|iaq) - CQ,P”S’HW&”’(Q)HVZH%,?(Q) > (V -
Then, the bilinear form is coercive if v > /Cq ,K,. Hence, the existence and
uniqueness of the velocity z follows from the Lax—Milgram theorem and the asso-
ciated pressure is deduced by de Rham’s theorem. This proves that y is regular if

JF,u) < J(yo,0) and v > /Co p K.
For the local analysis of (P), we introduce the functions F : U, — R and
j:M(w) — R by

1 .
F(u) = 3 /Q lya — yd|2dx and  j(u) = [Julmw)-

Additionally we set J : U, — R as J(u) = J(yu,u) = F(u) + aj(u). With this
notation and the above discussion, we have that u is a local solution in the M(w)
topology of the problem

(Ploc) 1?615; J(u).
By assuming the regularity of ¥ we have reduced the problem (P) with two variables
and a PDE constraint to an unconstrained problem in one variable. In addition the
functional F' involved in J is differentiable as we prove next.
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THEOREM 3.4. The functional F' is of class C* and the following identities hold
(32 Flapy = [ (o) dv(a),
Q
(33) v = [ {iaf? - 20a - Vavepy} do
Q

for all v € M(w), where z, = G'(u)v and ¢, € W(l)’pl (Q) is the adjoint state, the
unique solution along with Ty of

(3.4) —vAp, = (Yu- V), + (Vyu) e, + VIu =yu —ya in €,
. divp,=0 inQ, ¢o,=0 onl.

Proof. The C* differentiability of F' is a straightforward consequence of Corol-
lary 2.11 and the chain rule. The existence, uniqueness, and regularity of the adjoint
state is obtained as follows. First, we recall that y — y4 € L2(Q) ¢ W17 (Q).
As established in the proof of Theorem 2.9, (2.16) has a unique solution (¢, 7) €
W' (Q) x LY (Q) /R for every ¢ € WL#'(Q). Setting ¥ = yyu — ya, We infer that
(3.4) has a unique solution (¢, Tu) € W(l)’p/(Q) x L' (Q)/R, and with (2.19)

(3.5) H‘Pu”Wé,p'(Q) + H7Tu||Lp'(Q)/1R < Cllyu = yallLz(o)-

Finally, (3.2) and (3.3) follow from (2.20), (2.21), (3.4), and an integration by parts.

Recall that Wé’p,(Q) C Co(w) because p’ > 2; hence the integral in (3.2) is well
defined. ad

Contrary to F', the functional j is not differentiable, but it is convex and Lipschitz.
Hence the directional derivatives j'(u;v) at every point u € M(w) and in every
direction v € M(w) exist. The functional j is also subdifferentiable at every point
u € M(w). We recall that A € 9j(u) C M(w)”™ if

(3.6) AV — )My Mw) Hi() <j(v) Vv e M(w).
This definition is equivalent to the following two relationships:

(37> <A7 u>M(w)*,M(w) = j(u)7
(3.8) (A VIM@)* Mw) <J(v) Vv eM(w).

Indeed, (3.7) is deduced from (3.6) taking v = 0 and then v = 2u, and using that
j(pu) = pj(u) for every p > 0. Inequality (3.8) is an immediate consequence of (3.6)
and (3.7). The converse implication is obvious. Next, we derive some important
relations between A and u when A € Cy(w) N dj(u). To this end, we will distinguish
three cases according to the norm | [g> considered in the definition of || |[ng(); see
(1.2). Let us introduce the following notation for u = (uy, uz)

(3.9) ally = [(lurllar ) lvallare) e = llwallare) + llvallarw)s

1/2
(310)  Ilulle = (sl luzllar)l = (B + lu2lre )
(811 Julloo = I laseys I llarey)loe = ma { un oy Nuzllnrce) }-
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We also set ji(u) = |luf|1, j2(u) = [lull2 and jo(u) = [[ulje. Analogously, for any
function XA = (A1, A2) € Co(w) we consider the dual norms

(3.12) 1Nloo = 10X loes Ialloe) oo = max {1 oy [1Aalloc

9 9 1/2
(3.13) 1N = 10 s I lloo) o = (I + 12a2)
(3.14) 1N = 10 o T2 o)1 = It + Aalle-

As usual, given a measure u € M (w), we denote the Jordan decomposition of u
by u=ut —u".
With the above notations, we have the following result.

PROPOSITION 3.5. Let u € M(w) with u = (uy,us) # 0 and XA € Cy(w) N Ij(u).
Then, the following properties are fulfilled.
1. If j = j1, then || A||o = 1. Moreover, if u; # 0, then || Ai]|lc =1 and

(3.15) { Supp(u]) C {x € w: \i(x) = +1},

Supp(u; ) C {z € w: \;(x) = —1}.
2. If j = ja, then ||A||2 = 1. Moreover, for i =1,2, if u; # 0, then

(3.16) { Supp(u) € {z € w: \ilw) =+ Ao},

Supp(u?) C{rew: () =—||\illoo]-

3. If j = joo, then ||A||1 = 1. Moreover, fori=1,2, if u; # 0, then (3.16) holds.
Proof. Case j = j;. Taking v = (v1,u2) in (3.6), we get

/ A(z) d(vr —u) (@) + lurllare) < orllae)  Vor € M(w).

Analogously to (3.7)—(3.8), the above inequality is equivalent to

/ M (2) dur(z) = lur s,

/Al(aﬁ) dvi(z) < ||villm) Yo € M(w).

From the second inequality, it follows that ||A;||cc < 1. Moreover, if u; # 0, the first
inequality implies that ||A1||lcc = 1. The relations (3.15), for ¢ = 1, were proved in
[3, Lemma 3.4]. In the same way we can argue for ¢ = 2. Finally, since u # 0, then
the identity ||A;]lcoc = 1 holds for at least one i. Therefore, we have || Al = 1.

Case j = jo. From (3.7)—(3.8) we infer

(3.17) /)\1(1:) dul(x)—l—/)\g(x)dug(x) = [[ulla,

(3.18) A1(x) dvy (z) —|—/ A2(x) dvg(z) < |[v]2 Vv € M(w).

w

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/15/19 to 193.144.185.39. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CONTROL OF NAVIER-STOKES EQUATIONS WITH MEASURES 1341

Using (3.17) we obtain
k= [ M) + [ Xale) duao)
< [ n@ldul@) + [ Pa@)ldiuzl(@) < sl + el

< (M + IX2l2) 2l 13y + lluzllare)* = [IX]2]ullo-
(3.19)
Since u # 0, the above inequality implies that |[Al|] > 1. To prove the equality we

select two points z; € w, i = 1,2, such that |A;(2;)| = || Ail|o- Setting v = (A1 (21)04,,
A2(22)05,) in (3.18) we obtain

X = [ M) dua(e) + [ dafa)dea(a) < vl = Al

Hence, |All]2 < 1 and the equality ||Al|]2 = 1 holds. Now, we assume that u; # 0 and
denote
wi ={z €w:[M(@)| = Mo}

Let K C w\ w;y an arbitrary compact set. By definition of wy, we have that px =
IMllexy < Al For every element z € C(K) with |zllcx) < Moo — Pk,
extended by zero to w, we have ||A1 + z|lcc = ||A1]loo- Then, using (3.17) we infer

/(Al(ﬂ?) + 2(2)) dus (2) +/ Ao () dus(z) < (1A + 2[1% + A2 ]13) 2 a2
= IAlalfull = fale = | M@ dua(o) + [ da(o) dus(o).
This yields
[ o) duo) = [ s@dn) <0 v 0 lelleu < il -
This implies that |ui|(K) = 0. Since K is an arbitrary compact subset of w \ w;
and u; is a regular Borel measure, we conclude that |u;|(w \ w1) = 0. Therefore, the

support of uy is contained in wy. To deduce (3.16), we observe that (3.19) and the
fact that [|[All2 =1 imply

/Al ) dus (x //\2 ) dus(z /|)\1 )] dlus| (z) + /w|)\2(x)|d|u2|(x).

This identity and the inequalities

//\i(x)dui(az)g/|/\i(x)\d\ui|(x) for i = 1,2,

lead to the identities

/ ) duy (i /|/\1 )| dlus|(z) fori=1,2.

This identity for ¢ = 1 and the fact that Supp(u;) C w; prove (3.16) for ¢ = 1. The
same arguments can be applied for i = 2 if uy # 0.
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Case 7 = j3. The same arguments used in the previous case can be repeated to
deal with this case. Let us point out some small differences. The relations (3.19)
change this time as follows:

ule = [ Ma(@)dur(o) + [ dofa) dua(a)
/‘)‘1 ) dlu|(x /|)‘2 ) dlua|(z) < [[A1lloollullarw) + [[A2lloolluz]l ar(w)
< (A lloe + IP2lloo) max { s lnr ozl n § = 1A oo

This proves that ||A||; > 1. To prove the contrary inequality we select two points

21,9 € w such that |A;(z;)] = || Ailleo and set v = (sign(A1 (1)), , sign(Aa(22))dz, )-
Thus we obtain with (3.8)

1Al —/Al ) dvn (z /A2< ) dvs(z) < [V]loo = 1.

The rest of the proof follows the steps of the second case. ]

Next, we study the derivatives j'(u;v) for the previous three cases. To this end,
let us introduce some additional notation. Given two measures u,v € M(w), we
consider the Lebesgue decomposition of v = v, + vs with respect to |u|, where v, is
the absolutely continuous part of v with respect to |u|, and v, is the singular part.
Now, we take the Radon—Nikodym derivative of v, with respect to |u|, dv, = gud|ul.
Then we have

[0lla1w) = llvallarqy + sy = / |gv] dlu] + [[0s || 2wy -

In particular, it is obvious that u is absolutely continuous with respect to |u|. Hence,
we can express du = hd|u|, where h is measurable with respect to |u| and |h(z)| =1
for all x € w, du™ = h*d|u| and du™ = h~dJu|, where u = u™ — u~ is the Jordan
decomposition of u. See, for instance, [23, Chapter 6] for details.

Let us define jo : M(w) — [0,00) by jo(u) = ||ullar(). The authors proved in
[4, Proposition 3.3] that

(3.20) Jolu;v) = / go(x) du(z) + HUSHM(W) Yu,v € M(w),

where v = g,d|u| + vs is the Lebesgue decomposition of v with respect to |u|. Using
this identity we get the following result.

PROPOSITION 3.6. For every u,v € M(w) the following identities hold

(3:21)  ji(w;v) = gg(u; v1) + o (uz; va),
[v]l2 ifu=0,

3.22 i (u;v) = 1 . . .
(3.22)  ja(w;v) Tl (s unson) + Bzl soas 2)) - i 0,

) Jo(u;v1) if llurllar) > llwzllare),
(3.23) o (usv) = Jo (uz;v2) if llurllarw)y < luzllpw),
max{jo(u1;v1), jo(uz;v2)}  if [[uallar(w) = vzl arw)-
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Proof. The identity (3.21) is an immediate consequence of (3.20) and the fact
that ji(u) = jo(u1) + jo(uz). If u = 0, the first identity of (3.22) is obvious. For
u # 0, the identity is easily deduced from the fact that jo is the composition of the
mapping u € M(w) — (jo(u1),jo(uz2)) € R? and the Euclidean norm in R%. The first
identity of (3.23) is a straightforward consequence of the fact that jo(u) = jo(uq)
and joo(u+ pv) = jo(ur + pvy) for all p sufficiently small if [|uy||ary > [Juallar(w)-
The same argument proves the second identity. To prove the last identity we use that
Jo(u1) = jo(uz) as follows

lim Joo(W 4+ pV) — joo (1) — lim max{ jo(u1 + pv1), jo(uz + pv2)} — jo(u1)

PO p Y p
— 1im max {JO(UI + pv1) — JO(UI)’ Jo(ua + pva) — jo(ue) }
PO P P
= max{jg(u1;v1), jo(u2; v2)}. 0

Now, we write the first order optimality conditions satisfied by the local solution
(¥, 1).

THEOREM 3.7. Let (y,u) be a local solution of (P) such that y is regular. Then,
there exists a unique element (@, T) € Wé’p,(Q) x LP' (Q)/R such that

(3.24) —VvAp—(y V) +(Vy)'e+Vi=y—ya inQ,
’ divg=0 inQ, =0 onT,

1
(3.25) — — € 0j(w) N Co(w).

Proof. First, we recall that @ is a local solution of (P},.). We also have that

Theorem 3.4 implies that (3.24) has a unique solution (¢, 7) € Wé’p'(Q) x L' (Q) /R,
and

F'(a)v = / p(x)dv(z) Vv eMw).
Now, using the convexity of j and the local optimality of 1 we infer

0 < lim J(a+p(v—u))—J(u) < lim F(u+p(v—1u))— F(u)
[N p [N P

— F/(8)(v — 1) + aj(v) — aj(a) = / (v — 1) + alj(v) — j(8)] Vv € M(w).

+aj(v) — aj(u)

By definition of dj(1), the above inequality implies that — @ € dj(u). Recall that

[0

the inclusion ¢ € Cy(w) follows from the embedding W(l)’p/(Q) C Co(w). 0

As an immediate consequence of Theorem 3.7 and Proposition 3.5 we obtain the
following corollary.

COROLLARY 3.8. Under the assumptions of Theorem 3.7 and assuming that t # 0
the following statements hold,
1. If j = j1, then ||@|loo = a. Moreover, if u; # 0, then ||@illcc = o and

Supp(u;) C {z € w: @i(x) = —a},
(3.26) { Supp(a; ) C {zr € w: @g;(z) = +a}.
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2. If j = ja, then ||@|l2 = a. Moreover, for i = 1,2, if a; # 0, then

Supp(aif) € {z € w : ilw) = —@illoc}
(3:27) { Supp(a;) € {z € w : Gi(x) = +]illoo ).

3. If j = joo, then |||li = a. Moreover, for i = 1,2, if u; # 0, then (3.27)
holds.

4. Second order optimality conditions. In this section, we prove the second
order necessary and sufficient conditions for a local minimum. This will be done for
the case 7 = 71, i.e.,

() = [Ju |y + lluzllarw)-
Let (y,@) € W () x M(w) along with the pressure p satisfy the state equation (1.1).
Throughout this section we assume that y is regular, as introduced in Definition 2.7.

We also assume that @ € WP , (€2) satisfies the first order optimality conditions (3.24)
and (3.25). Then, for every 7 > 0 we consider the cones of critical directions

Cp = {v € M(@) : F/(@)v + aj (@) < 7z Lz}
Observe that
(4.1) F'(a)v+aj'(u;v) >0 Vv e M(w).
Indeed, this follows from (3.2), (3.25), and the fact that
(A v—u)<j(av) VYXedju).

This inequality is consequence of the convexity and Lipschitz property of j. Thus,
when 7 = 0, the cone Cy = C2 is given by

Ca={veM(w): F'(a)v+aj(a;v) =0}

Therefore, the cones CF with 7 > 0 small can be considered as small extensions of Cf.
While the necessary second order conditions will be formulated, as expected, on the
cone Cf, the sufficient second order conditions require an extended cone; see, for
instance, [14] and [21]. To this end, we have introduced the cones Cg.

Let us state some properties of Cg.

PRrROPOSITION 4.1. The following statements hold.
1. Cq s a convex cone of M(w).
2. Given v = (v1,v2) € M(w), we have that v € Cg if and only if the following
tdentities hold:

(4.2) / @i dv; + ajj(u;;v;) =0 for i =1,2.

3. For every v € M(w) such that v; is an absolutely continuous measure with
respect to u; with i = 1,2, we have that F'(@)v+aj’(u;v) = 0, hence v € Ch.
4. The following equivalent expression for Cg holds

(4.3) Ca={veMw): F(a)v,+aj'(u;v,) =0}

with vs = (v1s,v2s), where v;s is the singular part of v; with respect to |u;|,
i=1,2.
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Proof.

1. Because of (4.1), v € Cy if and only if F'(a)v, + aj’(1;vs) < 0. Then, the
convexity of Cy follows from the linearity of F’(11) and the convexity of the
mapping v — j/(@;v).

2. Since

(4.4) F'(@)v + of (0 v) = Z (/w @i dv; + ajh(; vi))

i=1

holds, then v € Cy if (4.2) is satisfied. For the converse implication, we take
v € Cy and apply (4.1) to (v1,0) and deduce that

/ @1 dvy + g (ug;v1) > 0.

Analogously we proceed with (0,v2) to deduce the same inequality. Adding
both inequalities we infer with (4.4) that (4.2) holds.

3. From (3.20) and (3.21) we get that the mapping v — j'(@;v) is linear on
the space of measures v = (v1,v2) such that v; is absolutely continuous with
respect to 4, for ¢ = 1,2. Therefore, (4.1) implies F'(u)v + aj’(a;v) = 0.

4. From (3.20), (3.21), and 3 we have that

F'(a)v + aj'(;v) = F'(@)v, + of' (@5 va)
+ F'(a)vs + aj’ (@ vs) = F'(a)vs + aj’ (05 vy),

where v = v, + v, with v;, the absolutely continuous part of v; with respect
to |u;| and v;s the singular part. The above identity implies (4.3). 0

Next we prove the second order necessary conditions.

THEOREM 4.2. If (¥, 1) is a local solution of (P), then J"(@)v? > 0 for allv € Cy
holds.

Proof. This proof follows the steps of the Theorem 3.7 in [4]. Given v = (v1,v2) €
Cu we consider the Lebesgue decomposition dv; = gy, d|u;| + dv;s for ¢ = 1,2. For
every integer k > 1 we set

gvi,k(m) = Proj[fk,Jrk] (g’Ui (‘T))’ dvp = gvi,kd|ai| +dvis, 1 =1,2, and v = (Ul,kvv?,k)'
Then, we have

2
IV = Vil = 3 g0, = Gowellzi ey = 0
i=1
by Lebesgue’s dominated convergence theorem. Moreover, since the singular parts of
v, and v; coincide for ¢ = 1,2, and v € Cfy, then (4.3) implies that v; € Cy for
every k.

Next let us express du; = h;d|u;|, where h; is measurable with respect to |@;| and
|hi(x)] = 1 for all x € w, du;” = hjd|u;| and du; = h; d|u;|, where @; = u} — u;
is the Jordan decomposition of u;, for i = 1,2. See, for instance, [23, Chapter 6] for
details. Let us define the sets

wi={rcw:hi(zr)=+1} and w; ={z €w: hi(x)=-1}, i=1,2.
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For any 0 < p < % we have for i = 1,2

Jo(t; + pvi k) — jo(ts)
P

14 pgo, | —1 R S
:/+ pgp,kl dujJr/ pi o g + il arco

= [ o+ ollas = s i)
Using that u is a local minimum of J and making a Taylor expansion of F' we get
for every k and 0 < p < % the existence of 6 = 0(k, p), with 0 < § < 1, such that
J@+ pvg) — J(1)

P
= F(@)v + 2P @+ 0pvivi + aj (i vi) = S F" (@ + 0pvi)vE,

0<

since v € Cg. Finally, dividing the last term by p/2 and taking the limit when
k — oo, we get that F”(u)v? > 0. d

Now we formulate our second order condition for local optimality:
(4.5) 3r>0and 35 > 0: F’(a)v? > (5sz||i2(9) Vv e CF.

THEOREM 4.3. Let u satisfy the first order optimality conditions (3.24)—(3.25),
and assume that (4.5) holds. Then, there exist € > 0 and k > 0 such that

_ K _ _
(4.6) J(u)+ §||yu - yHiz(Q) < J(u), Yu € M(w) such that ||[u — tlw-1.r) < €.

We will establish some lemmas required for the proof of this theorem. Accor-
ding to Theorem 2.10, NV, can be chosen bounded and convex and such that G'(u) :
W-LP(Q) — W, x LP(2)/R is an isomorphism and

(47) JMyg such that Hg/(f)|‘£(W71,p(9)7WpXLp(Q)/R) < Mg Vfe Np.

Following the notation introduced in Corollary 2.11, we set U, = = (N,) =
(Np — fo) N M(w), which is also an open, bounded, and convex subset of M(w).

LEMMA 4.4. The following inequality holds:
(4.8) 1y = Tl < Mollu— allw-1oi) Vu €Uy

Proof. This is an immediate consequence of the mean value theorem and
(4.7). |

LEMMA 4.5. Given u € U, and v € M(w), we set zyv = G'(fo + xwW)xwV and
zyv = G'(fo + xu0)XwV. Then there exist constants My > 0 and My > 0 independent
of u and v such that

(4.9) 2y — 2 llw2r ey < Millu = Al -1 2w 2,
(4.10) J2uvlles) < Mallzllgso)-
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Proof. According to (2.20), the equations satisfied by zy, and z, are

- VAZu,v + (yu ' v)zu,v + (Zu,v ' v)YU + Ju = XwV,
—vAzZy + (Y- V)zy + (2v - V)Y + § = XwV.

Subtracting both equations and setting e = z, v — 2+ and q = qv — q we get
(4.11) —vAe+ (yu-V)e+(e-V)yy+q=g,

where g = —[(yu = ¥) - V]zy — (Zv - V)(yu — ¥). Let us estimate g in W=1P(Q).
We prove the estimate for the first term, the second being identical. For arbitrary
w e WP (Q) we have

/ [(yu—¥) V]zywdz
Q

< ||ZVHL2(Q)HYU - SIHL%

[ =5) - Viway da
(Q)HVWHLP’(Q)/R

< Capllzy 2@ llyu = ¥llwer o) IV WLy )
Then, we obtain

lgllw-1r) <20,z @)llyu — Yllwre )

Taking into account that (e,q) = G'(fo + xwu)g, from (4.7) and (4.8) we infer

He”Wé*p(Q) < 2ngcﬂ,p”ZVHL%Q)”)’u - y”W(l)*p(Q)

< 2M§Caplzvlliz(o)lu = Glw-1r(0)-

Hence, (4.9) holds with M; = 2M§C’Q7p. Finally, with the triangle inequality and
(4.9) we deduce

1Zan o) < I12ay = 2vlai) + 2y Ie) < Chpllzas = 2vllwyrg + lzvlka)
< (ChpMillu = w100 +1) 2 2.

Inequality (4.10) follows from the above inequality using the boundedness of U,. 0O
LEMMA 4.6. There exist €1 > 0 and M3 > 0 such that

(4.12) Hyu — }_’||L2(Q) < M3||Zu,ﬁ||L2(Q) Yu € U, with Hu — 1_1||W—1,p(Q) <eq,

where zy_u = G (fo + xo) (xw(u — @)).

Proof. Let us consider the equations satisfied by yy, ¥ and zy—g:

- VAyu + (yu ' v)Yu + vpu = Xwl,
—VvAy + (¥ - V)y + Vp = xu1,
- VAZu—ﬁ + (}7 : v)Zu—ﬁ + (Zu—ﬁ : V)y + vqu—ﬁ = Xw (u - ﬁ)~

Setting e = yy — Y — Zuy—a and q = p, — P — qu—a, we infer from the above equations

—vAe+ (y-V)e+(e-V)y+Vag=—[(yu—Y) V]yu—-9)-
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Arguing as in the previous lemma, we can prove that [(yu—¥)-V](yu—¥) € W=1P(Q),
and with (4.8)

1[(yu=¥) - VIyu = lw-1r0) < Capllyn = ¥llLz@)llyu — 5’||wém(g)
< CapMgllu—tllw-1r@)llyu — ¥llLz@) < CapMgerllyn — ¥lL2()-
Now, using that (e,q) = G’ (fo + xo0)(—[(yu — ¥) - V](yu — ¥)) and (4.7) we get
lellLz(@) < Capllellwirig) < CapCapMieillyn — ¥z (-
With [[yuw — ¥z < lellLz@) + ||Zu—allL2(o) and taking

1 1

0<e1 < =———— and M3 =
C&CZ,pCQaPMCQ/ 1- Cﬂvpcél,pMégl

(4.12) follows. a0
LEMMA 4.7. There exists a constant My > 0 such that

(4.13) 1Pu = Pllwr o (@) < Mallyu = ¥lLz)  Vu € lh.
Proof. Let us write the equations satisfied by ¢, and ¢

— VAP, — (Yu V)@u + (Vyu) @y + Vu = yu — ya,

Now, setting e = ¢,, — ¢ and q = m, — 7, and subtracting the above equations we
infer

(4.14)

—vAe—(y-V)e+ (Vy)'e+Va=(yu =)+ [(yu =) Vigu = (Vyu = V¥) ¢y

We can estimate e in Wé’p,(Q) by using (2.19). To this end, we need to estimate the
three terms of the right-hand side of the above equation in W—1#'(Q). Moreover, to
prove (4.13), this estimate should be obtained in terms of ||y —¥||r2(q). For the first
term it is enough to observe that W4 (Q) C L2(€) and, hence, L2(Q) ¢ W17 (Q).
To estimate the second term we take an arbitrary function w € W{™*(2) and proceed
as follows

160 =9 Vluwda| < Iy = Sl [Vl oo Wl 2z,

< Capllyn — 5’||L2(Q)H<Pu||w(1),p'(m||W||wg~P(Q)‘

Using (3.5) and (4.8) we deduce that ||y,
we conclude that

||W1,p/(9) < C, for all u € U,,. Therefore,
0
[[(yu—¥)- V]QOuHW*l’P’(Q) < CapCallyu — 5’||L2(Q)-

For the last term we observe that

/ (Vyu— V) Tpuwdz = — / (W V)pu(¥a — F)de,
Q Q

and then we obtained the same estimate as for the second term. Finally, as mentioned
above, (4.13) follows from (2.19) applied to (4.14) and the obtained estimates. d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/15/19 to 193.144.185.39. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CONTROL OF NAVIER-STOKES EQUATIONS WITH MEASURES 1349

LEMMA 4.8. For every p > 0 there exists €, > 0 such that
(4.15) [F" () = F"(@))(u — 8)°| < pllza-alis@ Yue B, (1),

where Be,(0) = {u e U, : |[u—ullw-1.r0) <&y}
Proof. Let us denote v.=u— 0, zyv = §'(fo + xou)xwv and z, = G'(fy +
Xwl)XwV. According to (3.3) we have

[F" () — F"(2)]v?]

/ [2unl? — 2y - V)zuvpy] dz — / 2] — 2(zy - V)2y @] de
Q Q

< / |Zuv + Zv| |Zuv — Zv|dz + 2 ‘/ (Zuv — Zv) - V]puzZu v dz
Q Q

+2 +2

[ -9y = @)t s
Q

/Q (20 - V)@ (2 — ) di

We proceed to estimate the last four integrals. For the first one we use Lemma 4.5 as
follows

/Q |Zu,y + Zv| |2y — Zv|dT < ||Zuyv + Zv[L2(Q)|Zuy — Zv]L2(0)
(4.16) < CG (1 + M) M [lu — aflw-10()l|2v|F2 0

Let us estimate the second integral. First, we observe that, as pointed out in the
proof of Lemma 4.7, there exists a constant C such that ||<pu||wl,p/(m < Oy for every
0
u € U,. Using again Lemma 4.5 and this inequality we get

[ = 22) - Vo o] < [y =)l [9ulr @
< C12HZ117V - ZVHL%(Sz)HZu,V”LQ(Q) < CV2C'Q,p||zu,v - ZV||W(1)»P(Q)||Z11,V||L2(Q)
< CyCq p My My — w100 |20 1720 -

(4.17)

For the third integral we select €; > 0 so that (4.12) holds. Moreover, we observe
that (4.7) implies

(418) ||ZVHW(1),IJ(Q) S MgHVHW—l,p(Q) = MgHu — l_l”Wfl,p(Q).

Then, with (4.10), (4.12), (4.13), (4.18), and recalling that v = u — @ we obtain

/Q(Zv V) (py — @)2Zuy dr| < |||Zu,v] |Zv|||LP(Q)HSOu - ¢||W(1J‘p/(9)
_ 2
M4||Zu,v||L2(Q)||Zv|\L2%(Q)||Yu — Yl < CapMaMsMallzv[lwir o) 2Lz o)

< Cap Mo MMy Mg |u — allw-1.0(q) ||Zv\|i2(9)-
(4.19)

Finally, the estimation for the fourth integral is the same as the one proved for

the second integral just replacing Cs by ||<,5||W1,,,1(Q). From the obtained estimates
0

for the integrals the existence of €, € (0,¢1) such that (4.15) holds is immediate. 0O
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Proof of Theorem 4.3. Let us first estimate |F"”(u)(u—u)?|. To this end, we recall
the existence of a constant Cp > 0 such that Hcpu||wl,p/(m < (s for every u € U,.
0

Using the expression for F” given in (3.3), (4.7), and (4.10) we find for all u € U,

=\2 2
F(u)(a = 0)%) < lzuu-allizo) + 2lzuu-alee@llzu-all 2 o el o

< (Cél,p + 209,1)02)”zu,ll—ﬁ”w})’P(Q) ||ZU,U—1'1||L2(Q)
< (Cqp + 200 ,Co) Mg My ||u — 0w -1.p() || Zu—allL2()-

We recall that the sufficient condition (4.5) is assumed and it involves two constants
7 and §. Selecting

T 1
0 < €2 < min s €1 (s
2= {(sz,p +2Cq,,C2)MgM, " Mg 1}
where €1 was introduced in Lemma 4.6, we get
(4.20) " (w)(u— 1) < 7lza-alliei) V€ Ba,(a).

Now, applying Lemma 4.8 with p = §/4 we infer the existence of € € (0,e2] such
that

_ _ 0 _
(4.21) [F" () = F"(@)](u - 0)*| < §||Zu—ﬁ||%2(g) Vu € B:(u).
Finally, we take
. 1) T
K = Imin M7 ﬁg .
Now, we prove the inequality (4.6). To this end, we take u € B.(u). We distinguish

two cases.
Case I. u—u ¢ C7. In this case, we have

F'(@)(u—1u) + aj' (@;u—a) > 7)|2u—qallL2@)-
Due to the Lipschitz and convex properties of j we also have
j(a) > j(a) + 5 (2 u - a).
Additionally, from our selection of ¢ we have with (4.7)
[Zu—gllL2(2) < Mgllu —alw-1s0) < Mge < 1.

Using the last three inequalities, (4.20), (4.12), and making a Taylor expansion of F'
around @ we get for some 6 € [0, 1]

1
J(u) > J(a) + F'(@)(u—a) + aj' (@;u —a) + §FN(1_1 +0(u—1u))(u—1u)?
_ T _ T
> J(a) + 7||Zu—allL2 @) — §||Zu—ﬁ||L2(Q) =J(u) + §qufﬁ”L2(Q)

_ T _ T _ _ K _
> J(@) + 5[1Zu-alfz@) = J(@) + 571y — i) = J(@) + Sllyu — T2
2 20M3 2
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Case II. u — u € CF. We proceed similarly to the previous case and use (4.1),
(4.5), (4.21), and (4.12):

J(u) > J() + F'(d)(u — 1) + aj (@;u — 1) + %F”(ﬁ +0(u—1u))(u—a)

> J(0)+ P ()~ w) + S[F (84 6n— ) ~ F()](u — w)?
)
i

V

_ 0 _ )
> J(u) + §||zu,ﬁ||%2(m - qufﬁniz(sz) =J(u) + Z”zufﬁuiﬂ(ﬁ)

_ ) _ _ K _
> J(u) + m“}’u — ¥z = J(@) + §||Yu — ¥tz

5. Stability of the optimal states with respect to perturbations of the
data of (P). In this section we assume that (¥, @) is a strict local solution of (P) in
the WP (Q) x W~12(Q) topology such that ¥ is regular in the sense of Definition
2.7. Hence, we can formulate the control problem (P} .) as in section 3, choosing U,
small enough so that i is the unique global minimizer of J in U,. We recall that, as
proved in section 3, for every u € U, there exists a unique solution y, € Y, of (1.1).

We are going to prove the stability of ¥ with respect to small perturbations in
some data of the control problem (Py,.). For this analysis the growth condition (4.6)
will play a key role. We recall that (4.6) is deduced from the sufficient second order
condition (4.5). The fact that B.() in (4.6) is a ball in W~1P(Q) rather than in
M(w) is essential to prove the stability results.

We will consider two kinds of perturbations in (Py,.): perturbations in the forcing
fy and in the observation y .

5.1. Perturbations in the forcing. Here we consider the following control
problems

. 1
(Po) min Jp(w) = 5 [ (¥ = yal do + ol

¥p,u being the unique solution in Y, of the perturbed system

(5.1) { —VvAy + (y - V)y+Vp=£f,+x.u in Q,

divy=0 inQ, y=0 onT,
where f, € W~1P(Q) satisfies
(52) ||f0 — prw—l,p(Q) S C()p

with Cp independent of p. From Theorem 2.10 we know that (5.1) has a unique
solution y, u € Y, if p is small enough. Moreover, using the mean value theorem and
(4.7) we have

1Y pu — yun})vP(Q) = 1G(£, + xwu) — G(fo + qu)”wé’l’(gz)
(5.3) < Mgllf, — follw-1.0(a) < MgCop.
Using this property, by classical arguments (see, for instance, [7]), one can prove
the existence of p > 0 and an open neighborhood U, C U, of u such that for every

p € (0,p) the control problem (P,) has a global minimizer @, in ,. Moreover, it
holds when p — 0
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(5.4) 4, > 1 in M(w),
(5.5) (¥p.1,) — (¥, 1) strongly in WgP(Q) x W=12(Q),
where ¥, = ¥,.a,-
The next theorem establishes a rate of the convergence result for y, to y.

THEOREM 5.1. Let us assume that u satisfies (4.6); then there exist py € (0, p)
and a constant K > 0 such that

(5.6) 1Y, =¥z < Kv/p Vo < po.

Proof. Due to (5.5), there exists pg € (0, p) such that u, € B.(a) for every p < po.
Let us introduce the functions y, g and yq, solutions of (5.1) and (1.1) corresponding
to the controls u and 1, respectively. Using that 1, is a global minimizer of .J, in
U, and (4.6) we infer

Jp(ﬁ) > Jp(u,) = J(ﬁ-p) + [Jp(ﬁp) - J(ﬁp)]
> J(@) + 5 lya, — ¥l + [p(0,) = T(8,)].
From this inequality we deduce
Kllya, = ¥tz < 20J,(@) = J(@)] = 2[J,(8,) — J(@,)]
= /QHyp,ﬁ - Yd|2 -y - Yd\2] dx — /QH}_’p - Yd|2 - |Yﬁp - Yd|2] dx
<|lypa+¥ —2ydillLe@lypa — ¥llr2) + 1Y, + ya, — 2vallLz @y, — ya, lL2)-

Let us observe that taking u = @ in (5.3) we deduce the convergence y, 5 — ¥
in Wy?(Q). Moreover, by (5.5) va, = G(f, + xu1,) = G(fo + xwl) = ¥ in WP (Q)
holds. Therefore, the sequences {y,a},<p, and {ya, }»<p, are bounded in W,P(Q).
The boundedness of the sequence {y,},<,, follows from (5.5). Taking into account
these facts and using twice (5.3) with u = @ and u = @, we obtain from the above
inequality

(5.7) lya, = ¥l < Cvp Vo < po.

Finally, from (5.3) with u = 1, and (5.7) we conclude

1¥p = ¥llLe@) < 1Yy — Ya,llLz@ + va, — ¥llLz@) < Cip+ Cy/p,

which proves (5.6). |

While we cannot expect to obtain a rate of convergence for [, — ||y, we still
have the following corollary to the previous theorem.

COROLLARY 5.2. There exists K' > 0 such that |[|[0,||mw) — [0llmw) < K'v/p
for all p < po.

Proof. From the inequality J() < J(u,) we get with (5.7)

N | =

a([[tllyw) = 1tpIMew) < 5{llye, —yaliz@ — ¥ - Yd”iZ(Q)}
(5.8) < Cillya, — ¥llLz@) < C1CVp.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/15/19 to 193.144.185.39. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CONTROL OF NAVIER-STOKES EQUATIONS WITH MEASURES 1353

Analogously, using that J,(1,) < J,(71) and estimates (5.3) and (5.7) we obtain

_ _ 1 _
(8l = [8lvc) < 5 (1900 — Valliz@) — 195 — Vallie)|
(5.9) < CQ”Yp,ﬁ - ypHLQ(Q) < CQ(”YP,E - yHLQ(Q) + [y - ypHLQ(Q)) < C34/p.

Combining (5.8) and (5.9) the corollary follows. |

5.2. Perturbations in the observation. In this section we consider pertur-
bations of the observation y,;. We formulate the following control problems

. 1
(o) min J,(w) = 5 [ Ivu = yiP do +allul,

where y, denotes the solution of (1.1) corresponding to the control u and y#, € L*(Q2)
is a perturbation of y4 satisfying

(5.10) ly5 — vallLz) < Cop.

With the notation of the previous subsection and using the arguments of [7], the
existence of (¥,,1,) and the convergence properties (5.4)—(5.5) follow. Observe that
now y, = yu, is the solution of (1.1) associated with u,. Concerning the convergence
rate for the optimal states we have the following result.

THEOREM b5.3. Let us assume that @ satisfies (4.6). Then there exist py € (0, p)
and a constant K > 0 such that

(5.11) ¥, = ¥llLz) < Kp Vp < po.

Proof. Once again, due to (5.5), there exists pg € (0, p) such that 4, € B.(u) for
every p < po. Then, we get

Jp(ﬁ) > Jp(ﬁp> = J(ﬁp) + [Jp(ﬁp) - J(ﬁpﬂ
> (@) + 519, = 50 + [o(8,) = I (8,)].
Rearranging terms we get
k15, — ¥tz
< [y =viP =15 = vaPldo = [ (19~ iP =19, ~ val')do
= [y —ya=¥ - a =y [ 25, = ¥i—ya) - (va—yh) ds

2 [ (-9, (va-yh)da
Q
<20y = YollLe@ lya — yillez ) < 2Coplly — ¥ollL2 (),

which leads to (5.11). 0

Analogous to Corollary 5.2 we easily obtain the following consequence of the above
theorem.

COROLLARY 5.4. There exists K' > 0 such that | ||[t,||nvw) — [ullavew) | < K'p for
all p < po.
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Proof. 1t is enough to observe that

To(8y) — J(8,) < J,(8,) — J(w) < J,(8) - J(0)

and to use (5.10) and (5.11). ad
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