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Abstract. We consider bilinear optimal control problems whose objective functionals do not
depend on the controls. Hence, bang-bang solutions will appear. We investigate sufficient second-
order conditions for bang-bang controls, which guarantee local quadratic growth of the objective
functional in L'. In addition, we prove that for controls that are not bang-bang, no such growth
can be expected. Finally, we study the finite-element discretization and prove error estimates of
bang-bang controls in L!-norms.
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1. Introduction. In this article, we consider optimal control problems of the
following type: Minimize the cost functional

(11) 3.0) = 5l — valliaco)
subject to the elliptic equation

(1.2) Ly +b(y) + xwuy = f
and control constraints

(1.3) a<u<p.

Here, (2 C R” is a bounded domain with Lipschitz boundary, L is a second-order ellip-
tic operator, and b is a monotone nonlinearity. The presence of the nonlinear coupling
XUy motivates us to call this problem “bilinear”; sometimes the term “control affine
problem” is used. Many important processes in engineering, biology, socio-economics,
and ecology may be modeled by bilinear systems; see [5] and [21]. This bilinear
coupling complicates the analysis considerably.

Since j does not depend explicitly on the control, a typical situation is one in
which locally optimal controls @ are of bang-bang type, that is, @(z) € {a, S} for
a.a. x € §). However, no simple conditions are known that ensure this property for
optimal control of elliptic equations, and singular parts may appear. In this paper,
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we will assume that the considered reference control u is bang-bang. If the objective
functional satisfies a growth condition with respect to the L'-norm, then the optimal
control has to be bang-bang, as we show in subsection 2.1.

We are interested in sufficient second-order optimality conditions and discretiza-
tion error estimates for problem (1.1)—(1.3). To this end, we develop an abstract
framework in section 2. The analysis relies on a structural assumption on the behav-
ior of the reduced gradient on the active set. This allows us to prove a second-order
condition; see Theorem 2.4. The abstract results are then applied in section 3 to
bilinear distributed and bilinear boundary control problems for elliptic equations.

In addition, we investigate the discretization of the original problems using finite
elements. Here, we show that under the sufficient second-order condition, we obtain
an error estimate of the type

(1.4) |z —apllpr < chy

see Theorem 4.4. This extends earlier results for linear-quadratic bang-bang problems
[13, 31] and regularized nonlinear control problems [2, 7].

To motivate the abstract theory, let us consider an optimal control problem with
the elliptic differential equation

—Ay + xoyu = f

on  with f € L?(Q) and supplied with homogeneous Dirichlet boundary conditions.
Let us suppose that the lower control bound « is nonnegative. Let us define Uyq :=
{u € L*®(w) : @« < u < B a.e. in w}. Then for every feasible control u € Uy,q, the
elliptic equation has a unique solution y, € H'(2) by the Lax-Milgram theorem. In
addition, y,, € L*(£2) holds by regularity results for elliptic equations. Hence, we can
introduce the reduced objective function J : Uyq — R via

J(u) = 5 (Yu, u)-

In order to derive error estimates of the type (1.4), growth conditions on the functional
near the locally optimal control u of the type

J(@) +vlu—alpo <J(w) Yu€Ump: [[u—1ulri (g

are indispensable. In subsection 2.1 we show that such a growth condition can be
satisfied only if the control is bang-bang. This is due to the fact that the reduced cost
functional J is weak™ sequentially continuous from Uyq C L™ (w) to R. Note that the
presence of an additional regularization term Hu||%2(w) in the objective j would yield
only weak® lower semicontinuity of the reduced objective .J.

In our analysis we rely on an assumption on the behavior of the adjoint state on
the active set; see (2.5) and (3.12). This enables us to obtain the lower bound

J'(w)(u — 1) > Kl|u— ﬂ||2L1(w) YVu € Uag;

cf. Theorem 2.3. Here, it is necessary to choose w with positive distance to the
Dirichlet boundary 992. We comment on this in Remark 3.4.

In order to perform a second-order analysis of the optimal control problem, we
will use the following differentiability properties. The control-to-state-map w — ¥,
and, consequently, the reduced objective J are twice continuously differentiable with
respect to u in L>°(Q). The second derivative of J is given by

I ) (on,vz) = [

Zyy 2oy AT — / P (vl Zyy + V2 zvl) dz,
Q w
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where z,, are the solutions of the linearized state equation
_sz + XU 2y + XV Yu = 0
with v = v;, and the adjoint state ¢, solves

— Ay + Xl Py = Yu — Yd;

see Theorem 3.2. Using these formulas and standard regularity results for elliptic
partial differential equations (PDEs), one can check that J”(u) can be extended from
L>(2)? to L1(£2)? for some ¢ € (1,00) close to 1. Due to the presence of the bilinear
terms vy z,, and vg 2z, in J”, it is not possible to work with ¢ = 1. If the control
appears linearly in the PDE, then an analysis of the optimal control problem in L!(w)
is possible. This strategy was applied in our previous paper [10]. In addition, one
obtains a continuity property of J” in weaker norms. For the precise calculations, we
refer the reader to subsection 3.1, where we consider a PDE in the general setting
(1.2).

These properties of the reduced objective J are our starting point for the abstract
setting in section 2. Indeed, it will be sufficient that the reduced objective J satisfies
these differentiability properties in order to derive second-order optimality conditions
and approximation error estimates. Therefore, we are not only able to produce results
for the control problem (1.1)—(1.3), but our abstract setting is also applicable to many
other problems. We outline the applicability to a bilinear boundary control problem
in subsection 3.2, and we expect that the abstract setting also applies to other bilinear
control problems; see the examples at the end of [10, section 3].

Let us comment on the existing literature for bang-bang control problems. The
present paper continues our research on bang-bang problems. It extends earlier works
[8, 10], which focused on problems with the control appearing linearly, to the bilinear
case. In the literature on control problems governed by ordinary differential equations
(ODEs) there are many contributions dealing with second-order conditions in the
bang-bang case, e.g., [15, 17, 18, 20, 22, 23, 24]. In these contributions one typically
assumes that the (differentiable) switching function o : [0,7] — R has finitely many
zeros. Our structural assumption (2.5) can be considered as an extension to the
distributed parameter case.

Bilinear control problems for time-dependent equations were studied, e.g., in [4, 3];
see also the references in these papers. By means of the Goh transform, the bilinear
control problem is transferred into a problem where the control appears linearly. It
is an open problem whether the idea of Goh transform can be applied to control of
elliptic (and thus time-independent) equations.

2. Abstract framework. Throughout this section we assume that (X, B, 7) is
a finite and complete measure space. We consider the abstract optimization problem

minimize J(u)

(P)

subject to u € Uaq,
where
(2.1) Ug={ve LX) :a<u(x) < ae in X}

with —oo < a < f < 400, and J : Uyqg — R is a given function.
In what follows, we will denote the open ball with respect to the LP(X)-norm of
radius r > 0 around v € LP(X) by BP(v).
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2.1. A negative result in the non—bang-bang case. In this subsection, we
prove that we cannot expect any growth of the objective if the optimal control is not
of bang-bang type.

THEOREM 2.1. Let us assume that the measure space (X,B,n) is additionally
separable and nonatomic. Suppose that @ is a local minimizer of (P) in the sense
of LY(X), which is not bang-bang. Further, we assume that J is weak* sequentially
continuous from L>(X) to R. Then, there exists o > 0 such that for any 6 € (0, o]
and for any € > 0, there exists u € Unq with

(2.2) lu—alpixy =09 and J(u) < J(u)+e.

Before proving the theorem, we give some remarks and an auxiliary lemma. First,
the theorem implies that a growth of type

J(u) > J(@) +vlu—all], ) Yu € Uaa N B;(a)

for some v, 8,7 > 0 and p € [1, 00] is impossible. Indeed, let us argue by contradiction.
Without loss of generality, we can assume that the above growth holds for some d < dg.
Then, according to the theorem, for every € > 0 there exists u. € Uaq such that (2.2)
holds. This implies with the assumed growth condition and Hoélder’s inequality that

_1 _
§ = |Juc — al 1 (x) < n(X)' P [Jue — @l pox)

11 () = J@N Y n(X)E
<ot (el Sy
Finally, making ¢ — 0 we get a contradiction.

Furthermore, even a growth of type f(|lu — @l|z»(x)) cannot be satisfied, as long
as f is a nondecreasing function and f(¢) > 0 for ¢t > 0.

Recall that the measure space is nonatomic if, for all A € B with n(A) > 0, there
is B e Bwith BC A and 0 < n(B) < n(A). The measure space is called separable if

there is a countable subset {A,} C B such that
VAeB and Ve>03A,:n((A\A,)U(4,\A4)) <e

holds. It is easy to check that this is equivalent to the separability of LP(X) for all
p € [1,00). In particular, all regular Borel measures are separable measures.
Before proving the theorem, we need to state a lemma.

LEMMA 2.2. Let the measure space (X,B,n) be as in Theorem 2.1. Let a mea-
surable set B C X be given. Then, there exists a sequence {vy} C L (X) such that
vr(x) =0 for a.a. v € X\ B, vp(z) € {=1,1} for a.a. x € B, and vy, — 0 in L=(X).

Proof. We define the set

F = {ve L*(B) :v(z) € {-1,1} for a.a. z € B}.
Then, according to [25, Proposition 6.4.19], we have
F" = {ve L*B):v(z) € [-1,1] for a.a. z € B},

where F" is the closure of F with respect to the weak topology of L?(B). The space
L?(B) is reflexive and separable since (X, B,n) is assumed to be separable. Hence,
the weak topology is metrizable on the bounded set F”. Thus, there is a sequence
{vx} C L?*(B) with vy € F and v, — 0 in L?(B). Since {v;} is bounded in L>°(B),
the density of L?(B) in L'(B) implies vy — 0 in L>°(B). Finally, the result follows if
vy, is extended by 0 to X. O
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Now we are in position to prove Theorem 2.1.

Proof of Theorem 2.1. Since @ is not bang-bang, the set B={z € X : a+p <
@ < 8 — p} has positive measure for some p > 0. We apply Lemma 2.2 and obtain a
sequence {vg} C L (X) with the properties stated in Lemma 2.2. Set §y = pn(B).
Then, given § < §p, we consider the controls uy = u + ﬁvk and obtain ui € U,q.
Moreover, we have |lu — @l[z1(x) = ¢ for all k. The weak® sequential continuity
of J implies J(ux) — J(@). Thus, for any € > 0 there exists k. > 1 such that
J(ug) — J(a) < e for all k > k., which implies (2.2). |

2.2. Second-order analysis. In this section, we consider the second-order anal-
ysis of problem (P). To this end, let @ € Ua,qg be a fixed control. We make the following
assumptions on J and u.

(H1) The functional J can be extended to an L°°(X)-neighborhood A of Upq. It
is twice continuously Fréchet differentiable with respect to L>°(X) in this
neighborhood. Moreover, we assume that « satisfies the first-order condition
J'(@)(u—a) >0 for all u € Uang.

(H2) The second derivative J” () : L°(X)? — R can be extended continuously
to LY(X)? for some ¢ € [1,3/2). In particular, there is a constant C' > 0
such that

(2:3) [T (@) (v1, v2)| < Cllvillzecx) lvallzocx)

holds for all vy, ve € L>®(X).
(H3) For each € > 0 there is 6. > 0 such that

(2.4) |7 (ug) — J" (@)](u — @)*| < € [lu—allfsx)

holds for all u € Unq N Bj_ (@), up =+ 0(u — @), and any 0 < 6 < 1.

(H4) There exists a function ¢ € L'(X) such that J'(@)v = [y ¢ v dn for all
v e L>®(X).

(H5) There exists a constant K > 0 such that

(2.5) n{ee X [b(0) <e}) < Ke

is satisfied for all € > 0.

We will see below that (H3) is satisfied for bilinear elliptic control problems in
the case of distributed controls (for dimensions n < 3) and for boundary controls (for
dimension n = 2).

The conditions (H1), (H4), and (H5) imply that @ is a bang-bang control. In fact,
we have

(2.6) P(x)>0 = dx)=a and Y(x)<0 = a(xr)=4p

for a.a. € X. Together with (H5), this yields u(x) € {a, 8} for a.a. x € X.

Under the previous assumptions, we can prove some sufficient second-order op-
timality conditions for the local optimality of a given bang-bang control . To this
end, we introduce the following cone of critical directions: For every 7 > 0, we define

(2.7 Cp = {ve L*(X) :v(z) = 0if [{(z)| > 7 and v satisfies (2.8)}
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with
>0 ifa(x)=
(2.8) v(x) 4§~ 1 ?(z) Y foraa z € X.
<0 ifulx)=p

Before establishing the second-order conditions, we state the following result,
whose proof can be found in [10, Proposition 2.7].

THEOREM 2.3. Let us assume that (H1), (H4), and (H5) hold; then
(2.9) J'(u)(u —1u) > fi||u—12||2L1(X) Yu € Upa,

where k = (4(8 — a)K) L.

The next theorem provides a second-order condition which allows us to prove a
quadratic growth of the objective J in the neighborhood of #. In particular, @ is
a strict local solution under this assumption. Note that condition (2.10) is slightly
weaker than the corresponding results [10, Theorems 2.8 and 3.3], which required
k' < k in (2.10). This improvement has been possible by some slightly more refined
estimates in the proof.

THEOREM 2.4. Suppose that the above assumptions (H1)—(H5) are satisfied. Let
K be as in Theorem 2.3. Further, assume that

(2.10) Ir >0, 38 <26 J"(@)o? > —|v]7x) Vv e CE.
Then, there exist v > 0 and 6 > 0 such that
(2.11) J(@) +vlu—alFix) < J(u)  Vu € Uaa N Bj ().

The following lemma will be used to prove this theorem.

LEMMA 2.5. Suppose that the above assumptions (H1)-(Hb5) are satisfied. Let &
be as in Theorem 2.3. Further, we assume that there exist 7 > 0 and k' > 0 such that

(2.12) J" (@) > =k vl|71x) Vv e CF.
Then, for every v € (0,3k), there is a 6 > 0 such that
(2.13) J'(@)(u—a)+ J" (ug)(u—1)* > (k— K —7)||u— ﬁ||2Ll(X) Yu € Upq N B (@),

where ug =+ 0(u — @) and 0 < 6 <1 is arbitrary.

Proof. We follow the idea of the proofs of [10, Theorems 2.8 and 3.3]. First, we
note that (2.3) implies that

1 1 1
(2.14) |77 (@) (01, v2)] < C lloal] ¥4t loall 240y o |9 2 [l 9 20

holds for all vy, ve € L>(X). Now, let u € Uaq With |Ju—u||L1(x) < & be given, where
0 > 0 will be specified later. We define

uy(z) = u(x) ifxe ).(T, and up(x) = u(z) —u(z) ifxe ).(77
u(z) otherwise 0 otherwise,

where X, = {z € X : |¢)(z)| > 7}. Then we have that u = u; +ug, (u; —u) € CZ, and
|lup — @] < |u—ul a.e. in X. Let v € (0,3K) be given. Now, we can use (2.12), (2.14),
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and Young’s inequality (with exponents s = 2q¢ and s’ = 2¢/(2q — 2)) to obtain for
generic positive constants C'

J"(@)(u—a)?* = J"(@)(uy —a)* +2J" (@) (uy — @, uz) + J" (@)u}

_ —nl 1 2
>~ llur = allfax) = C lur = all iy luall ity — € luzll iy

Y _ 2/(2¢q—1 2
> (1 + 3) I =l ) = C lual B35 = € lual 72,
Owing to the construction of u; and us, we have for § small enough

_ _ Y _ G
@15) @ —)? = ~(w + 3 )llu = allfa ) — Cllu—allf

with § = min(2/(2¢ — 1), 2/q) = 2/(2¢ — 1) > 1 since 1 < ¢ < 3/2. Next, we use
Theorem 2.3 and (2.6) to infer

Jﬁmufm:(yfljJﬁmufm+fVjﬁmufm

3K 3k
> (5= 3) =l + 5 [ 91—l
(2.16) > (n— %) lu — @l|7 x) +£|Iu—ﬂ||u<x¢>'
Furthermore, assumption (H3) implies
(2.17) 1" () = " (@)) (w = )| < 3 =l

if § is chosen small enough. Now, by adding the inequalities (2.15), (2.16), and (2.17),
we have

J'(@)(u— @) + " (ug) (u—0)* = (k= & =) u—all7: x)

T - —1q
+ 1wl — Clle =l v,
Note that the sum of the terms on the second line is nonnegative if § is small enough
since q¢ > 1. 0

Now we are in position to prove Theorem 2.4.

Proof of Theorem 2.4. Let 7 > 0 and " < 2k be given such that (2.10) is satis-
fied. Without loss of generality, we assume that £’ > 0. We choose v € (0,2 — £').
We apply Lemma 2.5 and get § > 0 such that (2.13) holds. Now, we choose an
arbitrary u € Uyq N B; (@). Using a Taylor expansion, we get

Tu) = (@) = (@) — 1) + 3" (ag) (u — )

for ug = a+ 0(u—a) and 0 < § < 1. Now, we apply (2.9) from Theorem 2.3 and
(2.13) to conclude that

1 1 1
J(u) = J(u) = 5J’(a)(u —a)+ 5J’(a)(u —a) + 5J”(W;)(u —i)?
K _ 1 _
z5 [ — @[22 x) + 5("5 — & =) lu— a7 x)

1 _
2 5(2"5 — & =) lu = )31 x)-

Since v := (2k — &’ —)/2 > 0, the assertion follows. O
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2.3. Approximation results. The rest of this section is dedicated to the nu-
merical approximation of the optimization problem (P). To this end, we make the
following assumptions. First, we fix an approximation of the underlying set X.

(D1) There is a sequence of measurable subsets X;, C X such that n(X\Xp) — 0

as h = 0.

We define the following two notions of convergence associated with the approximation
X}, of X. For a sequence uj, € L'(X}) and u € L*(X), we say that u;, — u in L1(X)
if and only if ||up — ulp1(x,) — 0 as b — 0. Similarly, for a sequence u;, € L>(Xp,)
and u € L®°(X), we say that uj, — u in L>(X) if and only if [y, vun dn — [y vudy
as h — 0 for all v € L'(X). Due to n(Xy, \ X) — 0, both notions of convergence
are equivalent to (uj, + f Xx\x,) — v in L*(X) and (up + f xx\x,) — w in L>®(X),
respectively, where f € L°°(X) is an arbitrary but fixed extension of uy,.

Next, we state assumptions to define the approximation of our problem (P).

(D2) The sets Upa,p, C L*(X}) are closed, convex, and contained in the set

{up € L*(Xp) : a < up < fae in Xp}. Moreover, for every u € Uyg
there exists a sequence uy, € Uaqg p such that up — w in L'(X) as h — 0.

(D3) {Jn}n is a sequence of functions Jj, : Uaq,, —> R that are weakly lower

semicontinuous with respect to the L?(X) topology.

(D4) The following properties hold for sequences uy € Uaq,p, and u € Uag:

(2.18) If up, = u in L®(X), then J(u) < li]}flniglf Jn(up);
—
(2.19) if u, —u in L'(X), then J(u)= flbin}) Jn(up).
—

(D5) The functions Jj, have C! extensions Jj, : A, — R, where A;, C L>®(X})
is a neighborhood of Uy,q 5. Moreover, for all uj, € U,q,n, and for all u € U4,
J} (up) and J'(u) are linear and continuous forms on L'(X}) and L'(X),
respectively. Hence, there exist elements ¢, € L*(X},), ¢ € L*>°(X) such
that the following identifications hold: J} (us) = 95, and J'(u) = 1.

Now, we define the approximating problems

minimize Jp, (up)

P
(Pn) subject to up € Uad,n-

First, we state a lemma which provides a partial converse to (D2).

LEMMA 2.6. Let us assume that (D1) and (D2) hold. Letup, C Uaa,n be a sequence
with up, — u in L®(X) for some u € L=(X). Then, u € Uaq holds. If, additionally,
lun — |1 (x,) <O for some 4 € Uaq, for some § > 0, and for all h > 0, then we get
[l — ’fLHLl(X) <.

Proof. We argue by contradiction. Assume that v <  is not satisfied a.e. on
X. Then, there is a measurable set B C X with n(B) > 0 and € > 0 such that
u > B +¢ ae. in B. If h is small enough, we have n(X \ Xj) < n(B)/2, and hence
n(B N Xp) > n(B)/2. Together with up, < B, this implies

| o= [ - [ p-@Gralam< b

BNXy

which contradicts u, — u in L>°(X). Similar arguments can be used if u > « is
violated.
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It remains to check the second assertion. By extending wj, with @ on X \ X}, we
get up, — w in L(X), in particular, up, — u in L'(X). Now, the assertion follows
from the weak lower semicontinuity of the norm of L!(X). d

The following theorem proves that (Pj) realizes a convergent approximation of
(P).

THEOREM 2.7. Let us assume that (D1)—(D4) hold. Then for every h, the prob-
lem (Pp) has at least a global solution yp. Furthermore, if {up}n is a sequence of
global solutions of (Py), and i, = @ in L(X), then @ is a global solution of (P).
Conversely, if 4 is a bang-bang strict local minimum of (P) in the L*(X) sense, then

there exists a sequence {ip}y of local minimizers of problems (Py) in the sense of
LY(X},) such that iy, — @ in L*(X).

Proof. The existence of a global solution @, of (P,) follows from the boundedness,
convexity, and closedness of U,q, , and from the weak lower semicontinuity of J; see
assumptions (D2) and (D3). Now, consider a subsequence, denoted in the same way,
such that @iy, = @ in L (X). Since @y, € Uyq,p, for every h, the inclusion @ € Uyg holds
by Lemma 2.6. Furthermore, given an element u € U, 4, according to assumption (D2)
we can take a sequence {up}, with up, € Uaq such that up, — u in L1(X). Then,
using (D4) and the global optimality of every 4y, we infer

J(ﬂ) < lim inf Jh(’L_Lh) < lim sup Jh(ﬂh) < lim sup Jh(uh) = J(u)
h—0 h—0 h—0

Hence, @ is a solution of (P).
Conversely, we assume that @ is a bang-bang strict local minimum of (P). Then,
there exists § > 0 such that

J(@) < J(u) Yu € Upg N Bj(a) with @ # u.
Then, we consider the problems

minimize Jp, (up)

(Ps.n) . _
subject to wup € Uaa,n and |lup — g1 (x,) < 0.

From (D2) we deduce the existence of a sequence {up,}, with up € Uag,n such that
up, — U strongly in L'(X). Hence, for every h small enough we have that u; €
Uaa,n N Bg (u). Therefore, the feasible set of (Ps},) is not empty for every h small
enough, and arguing as before we have that (Psp) has a solution uy for every h
small enough. Moreover, the sequence {@y,} is bounded in L>°(X). Thus, there exists
a weak™® converging subsequence. Additionally, for any subsequence converging to
@ in L®(X) weak*, we get that @ € Uaq N B}(u) by Lemma 2.6, and as above,
J(@) < J(w). The strict local optimality of @ in Uaq N B}(%) implies that @ = .
Moreover, we conclude that the whole sequence {ap}, converges to @ in L*°(X)
weak®. In addition, by using the bang-bang property of 4, we get

Hﬂh*aHLl(Xh) = / (’l_l,hfﬂ) d’l7 +/ (ﬂ*ﬂh) d?] —0as h—0.
{zeXp u(z)=a} {zeXp:u(x)=p}

From here we get that ||@, —@||z1(x,) < ¢ for all h small enough. Hence, u, is a local
minimum of (Py) for every small h. d
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We finish this section by proving an estimate of %), — % in terms of the order of the
approximations of @ by elements of U,q 5, and J' by J;. To perform this estimate, it
will be beneficial to use a specific extension 4, of a discrete control up, € Uaq,p to X.
In fact, we set 4y, (z) = up(x) for © € Xj, and 4y, (z) = a(x) for x € X \ Xj. Then, for
every up, € Uyq n, this extension 4y belongs to U,q, hence 4, € A as well. Moreover,
this specific extension of the elements uy, is quite convenient for the derivation of the
error estimate. We will also see in section 4 below, that this will not impede the
applicability of our abstract framework to derive discretization error estimates for
optimal control problems.

THEOREM 2.8. Let us assume that (H1)—(H5) and (D1)—~(D5) hold. Additionally,
we suppose that U satisfies the second-order condition (2.10) with ' € (0,K). Let
{iin}n be a sequence of local solutions of problems (Py) converging to u in L'(X).
Then, for v = (k — k') /2 we obtain that the estimate

_ _ v+1 _ -
Jan =l ox,y < T I En) = 7'l
1 . —112 172 ~ —
(2.20) b (e =l + 27 @) (o - )

holds for all h small enough, where Uy, and @y, denote the extensions of Gy and up by
u to X, respectively.

Proof. Let up, € Uaq,n, and denote by 4y, its extension to X by @. Since uy, is
a local minimum of (Py,), J; (@p)(up — p) > 0. Due to (D5) this inequality can be
written in the form

(221)  J'(un)(an —a) < [Jy(an) = J' (@n)](xx, (an = un)) + J'(an) (an — a).

Note that our choice of extension is crucial for the above rearrangement. Next, we
rewrite the left-hand side, and by the mean value theorem and by denoting uy =
@+ 0y, (up, — u) with 0 < 0, < 1, we infer

I (un) (u, —w) = J'(@)(up — @) + [J'(un) = J"(@)] (un — w)
= J'(@)(un — @) + J" (ug)(un — @)*.
Taking v = (k — k’)/2 in Lemma 2.5, we get for h small enough
an —all2r(x,) = van = allts ) < I (@) (@, - a).
This estimate is now used in (2.21). After applying Young’s inequality we obtain
Vllan — 71||il(xh) < |1 (@) = ' ()l o (xp) llun = @nll L x,y + ' (an) (i, — @)
< i (@n) = T (@n) o x,) (lun = @llprx,) + @ = anllzx,))
+ J' (up) (G, — u)
< (5 50 ) Ih@n) = @)y + 3l = 0l + Flon — s x,
2 2y h)2 h 2 h
+ J' (i) (, — ).
From this inequality we deduce

_ _ v+1 _ .
an — allZ:(x,) < 7”%(“11) — J"(un)1 7 (x0)

1 _ 2 A ~ _
2l il + ~J (n) (@, — ).
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Since wy, is an arbitrary element of Uaq 5, this inequality implies (2.20). |

In section 4 we will provide precise estimates for the right-hand side of (2.20) for
some distributed optimal control problems, including bilinear controls.

3. Second-order analysis for bilinear control problems. In this section, we
apply the second-order analysis results proved in the abstract framework in section 2
to the study of some optimal control problems. The first part of this section will be
devoted to the analysis of a bilinear distributed control problem associated with a
semilinear elliptic equation. In the second part, we will consider a bilinear Neumann
control problem.

In what follows, Q denotes a bounded open subset of R™, 1 < n < 3, with a
Lipschitz boundary I". In €2 we consider the elliptic partial differential operator

(3.1) Ay = — Z al-j [aijaxiy] + apy,

i,j=1

where a;;,a0 € L>®(Q) and ap > 0 in Q. Associated with this operator, the usual
bilinear form a : H'(Q) x H*(2) — R is defined as

(3.2) aly, z) = /Q ( Z i ()02, y(2)0x, 2(x) —|—ao(w)y(x)z(x)> dz.

4,J=1

Let T'p be a closed subset of T, possibly empty, and set 'y = T'\ T'p. We define the
space
V={yeH'(Q):y=00nTp},

equipped with the usual norm of H'(Q2) and the operator L : V — V* via
(Ly,z) = aly,z) Vy,z€V,

and we assume its coercivity.
(A1) We assume the existence of az > 0 such that

n

Z aij(2) & & > al¢f® VEER”

ij=1
holds for a.a. x € Q). Further, we assume fQ ag dz # 0 in the case when the
surface measure of I'p is zero.

Note that (Al) implies

(3.3) JA > 0 such that A|y||3 < a(y,y) Yy e V.

Moreover, we consider a Carathéodory function b : 2 x R — R of class C? with
respect to the second variable, such that the following assumptions are satisfied.

(A2) We assume that b(-,0) = 0,

b
g—(w,y) >0 foraa. ze€andVy€R,
Y
and that for all M > 0 there exists a constant C 5 > 0 such that the
boundedness estimate
b 9%b
ay(az,y)’ + ayQ(m,y)‘ < Cyp forae. z€QandV |yl < M,
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and that for all ¢ > 0 and M > 0 there exists p. s > 0 such that for

a.e. x € (),
9%b 9%b .
87,2(33’292) - ale(xayl) <eand V¥ |y, [y2| <M with |ys —y1| < pe,m

are satisfied. In what follows we use the notation

2
ob and b’ = o

S — 22 =
b_ﬁy oy?’

3.1. A bilinear distributed control problem. In this section, we consider
the state equation

(3.4) Ly +0b(,y) + xouy = f in V",

where w is an open subset of 2, and u and f satisfy the following assumptions.
(A3) We fix p > n, and p’ = p/(p — 1) is its conjugate. We assume that f €
W' (Q)*.
(A4) We assume that v € A, where the open set A C L (w) is given by

A
A= {1} € L°°(w) : Je, > 0 such that v(z) > 5 te for a.a. x € w},

where A was introduced in (A1).

Assumption (A3) is used to obtain the boundedness of the states; see Theorem 3.1
below. The set A from assumption (A4) is an open neighborhood of U,q in L ().
This is required to state the differentiability properties of the control-to-state map
and of the reduced objective.

In the next theorem, we analyze the equation (3.4).

THEOREM 3.1. The following statements hold.

(1) For any u € A there exists a unique solution y,, € Y := V N L>®(Q) of the
state equation (3.4). Moreover, there exists a constant C' such that

(3.5) 1Yully = lyullL=@) + lgullv <C Vu e A

(2) The control-to-state mapping G : A — Y defined by G(u) = y, is of class
C?. Here, A is equipped with the L>(Q)-norm. Moreover, for v € L>(Q),
2y = G'(u) v is the unique solution of

(3.6) Lz + V(5 yu) 20 + Xott 20 + Yu Xt =0,
and given vi,ve € L2(2), wy, v, = G (u)(v1, ve) is the unique solution of

L Wyy vy T+ b,('» yu) Wy, vy T Xwl Wyy v,

(3.7) "
+b ('a yu) Zyy Zps T XwV1 Zoy + X2 2o, = 0,

where z,, = G'(u) v;, i =1, 2.

Proof. For the proof of existence and uniqueness of a solution of (3.4) in Y, first
we observe that the linear operator L + y,u is coercive in V for all u € A due to
the fact that u > f% and to assumption (Al). Then, the arguments are standard,;
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see, for instance, [30, section 4.1]. We recall that the boundedness of y needed in
this proof is a consequence of Stampacchia’s result [29, Theorem 4.2]. To prove the
differentiability of the mapping G, we use the implicit function theorem as follows.
We define

Y, ={yeY:LyecWhH (Q)*},

which is a Banach space when it is endowed with the graph norm. Now, we consider
the mapping £ : Y5 x A — WP (Q)* given by

L(y,u) = Ly +b(-,y) + xwuy — f.
From assumption (A2) we get that £ is of class C? and that

oL

aiy(yua U’)Z =Lz+ b/('a yu)z + XwlUz
defines an isomorphism between Yj; and WP (Q)* for all u € A. Indeed, it is obvious
that %(y’“ u): Yy — wir' (Q)* is a continuous linear mapping. The bijectivity is a
consequence of the Lax—Milgram theorem and, once again, [29, Theorem 4.2]. Hence,

a straightforward application of the implicit function theorem implies that G is of
class C? and that (3.6) and (3.7) hold. 0

Associated with the state equation (3.4) is the bilinear distributed control problem

o 1
(BDP) minimize J(u) = §||yu - yd||2Lz(Q)

subject to u € Uyg,
where
Upg = {u € L W) : a < u(z) < for a.a. x € w}
with 0 < a < 8 < oo. For y4 we assume the following.
(A5) yq € L*(2) holds.

This problem is included in the abstract framework considered in section 2 by
taking X = w and 7 equal to the Lebesgue measure.

The next theorem is an immediate consequence of Theorem 3.1 and the chain
rule.

THEOREM 3.2. The reduced objective J : A — R is twice Fréchet differentiable,
and the first and second derivatives are given by

(3.8) J(w)v = / (4 — ya) 20 A = — / uyuv da,

(39) J”(U)(Ula U2) - /Q [Zvl g + (yu - yd) wvl,vg] dx

(3.10) - / (1= @u (-, yu)) 2oy 20,] dz — / Pu (V1 20, +v2 20, ) da,
Q

w

where p,, €Y is the unique solution of
(3.11) L* 0y 4+ (3 Yu) Pu + Xl Pu = Yu —ya  in V7,

and Yo, Zyy s 2oy Woy v, 0re defined as in Theorem 3.1.
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Using Theorems 3.1 and 3.2 we infer the next result by standard arguments.

THEOREM 3.3. (BDP) has at least one global solution. Moreover, any local solu-
tion 4 in the sense of LP(w), for some p € [1,00], satisfies

(3.12) / og(u—u) de <0 Vu € Uy,

where § and @ are the state and adjoint state, respectively, corresponding to u.

In the rest of this subsection, @ will denote a fixed element of Uyq satisfying (3.12).
We are going to apply the results obtained in the abstract framework in section 2. To
this end, we observe that (H1) obviously holds with X = w, and (H4) is fulfilled with
¥ = —(@7)|w. Assumption (H5) is formulated in our setting as follows: There exists
a constant K such that

(3.13) {zx ew:|@g(x)y(z)| <e}| < Ke Ve >0,

where | - | denotes the Lebesgue measure in w. Then, (2.9) holds.

Remark 3.4. We remark that (3.13) does not hold in a neighborhood of the
boundary I'p due to the fact that § = ¢ = 0 on I'p. Hence, the assumption (3.13)
implies that the distance between w and I'p must be strictly positive. However, in
the pure Neumann case, we can take w = ().

For the second-order analysis, we introduce the cone C7 as in (2.7). The rest of
this section is devoted to proving that the quadratic growth condition (2.11) holds
under the second-order condition (2.10). To do this, we apply Theorem 2.4. Therefore,
we need only verify that assumptions (H2) and (H3) hold. The following lemma will
be used for this verification.

LEMMA 3.5. Given ¢ € L () with ¢ > 0, we consider the equation
(3.14) Ly+cy=f inV".
Then, the following statements hold:
(3.15) Iyllzeq) < Crllflpors) V€ L),

d
(3.16)  Vp > 3 P2 L, 3C, > 0: |lylle=) < CpllfllLry  Vf € LP(),
(3.17) Vp e [1,3) 3C, > 0: [[ylrr) < Collflliry — Vf eV NLY(Q),

where y € V' denotes the unique solution of (3.14).

Proof. Inequality (3.15) is an immediate consequence of the continuous embed-
dings V' C L5(Q) and L5/5(Q) c V* for n < 3. Inequality (3.16) is proved in [29,
Theorem 4.2]. We argue by transposition to prove (3.17). For an arbitrary g € L? (2)
with % + 1% =1, we denote by z € V the solution of the adjoint equation

L*z4cz=g in V™.

Since p’ > %, we can apply again (3.16) to the adjoint equation and obtain

1zl 2o ) < Cpr ll9ll Lo (@)
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Now, we have
/ ygdr = (y,L" 2+ c2)yy-
Q

=(z,Ly+cy)vy- = / z fda
Q
< zllze @) Ifllzr @) < Cp Mgl Lo o) 1 fll L1 (-

This implies [|y||zr) < Cp || fl|z1()- 0

Of course, better estimates can be obtained in the previous lemma for dimensions
n < 3, but we do not need them here.

Remark 3.6. Let us show that the solution z, of (3.6) satisfies the estimates
(3.15)—(3.17) for f = —xwvyy. It is enough to take c(z) = b'(z,yu(z)) + Xw(®)u(z).
Note that ¢(z) > 0 due to @ > « > 0. Moreover, using (3.5), we get that {yy }uecur,, is
uniformly bounded in L*>(£2). Hence, the mentioned estimates for z, can be written
in terms of the norm of v in w.

Additionally, if w1, us € Uag, then the estimates (3.15)—(3.17) are valid for e =
Yuy — Yu, i terms of uy —uy. Indeed, subtracting the equations for y,, and y,,, and
using the mean value theorem, we get that

L6+bl('ay0)6+qule = Xw(ul *UQ)yuz in V*,

where yg = Yu, + 0(Yu, — Yu, ) for some measurable function 0 < §(z) < 1. Now, we
apply Lemma 3.5 with ¢(z) = b/ (z, yg(x)) + xw(z)u1 () and f = xu,(u1 — u2)Yu,, and
we observe that y,, is bounded in L ().

The same comments apply to the difference of the adjoint states ¢ = @y, — pu,-
Indeed, ¢ satisfies the equation

L4V (90,0 + X1 = [0 (- yuy) = U ¢ Yun )] Pus
+ X (U1 — u2)Puy + Yup — Yu,) In V™.

Besides the fact that ¢, € L>®(£2), we have with assumption (A2) that

Hb/('a yu2) - b/('vyu1)|

Then, we apply the convenient inequality of Lemma 3.5 to estimate ||yu, — Yu, ||z ()
in terms of |Juz — w1 Lr(w)-

Verification of (H2). We prove that (H2) holds with ¢ = ¢. Since ¢ and b(-, )
are bounded functions, according to the expression for J” in (3.10) we need only the
estimates

@) < CllYus = Yus lr) Vr > 1.

/Q s Za| A2 < 20 |2 20n 22000

3.17)
< ClorlliellvallLiw) < Clwl™?llvrll pors ey llvzll Loss )
and

3.15)
/Iv1zv2|dxﬁ [v1llze/swyllzvs lLs@)y < Cllvillzersw)llvallzess w)-
w

Hence, (H2) holds with ¢ = 6/5.
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Verification of (H3). Let us fix € > 0. For some ¢ that we will specify later, we
take u € Ung N B} (), and set ug = 4 + 0(u — 1) for some 6 € [0,1]. Let us denote
v=u—1a, yg = G(ug), 20 = G'(ug)v, and gy as the adjoint state corresponding to ug.
Analogously, we denote by (7, Z, §) the associated functions to @. With this notation,
from (3.10) we obtain

[T (ug) — J" (@)]0* = /Q (1= ot (-, y9))25 — (1 — @b (-, 9))7*] dw
) /w(gogvz(g — gvz) da
= [ 10 = a0 =) do+ [ (o= ol (on)h da
+/Q<;a[b”(-,g) —b"(-,y0)]%5 dx—z/w g — P)vzg dx—Q/ngvv(ze—Z) dz.

We have to estimate these five integrals, which we denote by I1—I5. From our as-
sumption (A2) and (3.5) we deduce that yg, g, 0’ (-, ys), and b”(-,7) are bounded by a
constant independent of 6 € [0,1] and u € Unq. Moreover, from [29, Theorem 4.2] or,
alternatively, (3.16) and (A5), we infer the uniform boundedness of the adjoint states
wp and @.

As further preparation, we provide an estimate for the difference e = zy — z. By
taking the difference of the equations (3.6) corresponding to zy and z, we find that e
solves the equation

Le4+0'(-,7)e + xwie = (V'(7) —b'(-,y0)) 20 + Xw(t — u6)zo + Xu(§ — yo)v.

Owing to Lemma 3.5, we can estimate ||e||zs(q) by the L8/%(Q)-norm of the right-hand
side. Together with Holder’s inequality, this gives the estimate

20 — ZllLe () < CLlb (- 7) — ' (-, y0)ll Lr2/s oy 126l L1275 (0
+ Crllt — ugl[Ls/2 w120l Lo (@) + CLIT — ol Lo V] L3/2 (w)-
Now, we can use (A2) and Remark 3.6, and we arrive at
20 — 2l zs(0) < Cllu — ugl[L1(w) [Vl L1 (w) + Clla = upl[Ls/2 w0l Lo/5 ()
+ Clla — ug|| £o/s w1Vl £3/2(w)-

Using up — @ = Ov, and taking into account that [jup — ul[11(w) < [|v|L1(w) < 0 and
that
3.18 < 1/q 1-1/q <C 1/q
(3.18) [vllLa@) < ||”HL1(W)||UHL00(M) = ||U||L1(w)a
for § <1 the above estimate becomes

- 3/2
(3.19) 120 — 2]l oy < Cllvl3,,)-

Now, we are in position to estimate the above integrals. For the first integral, we have

Bl = | [ 10 =@ .o - ) do

_ _ _ _ 3/2
<1 = @b" (-, )| e () 120 + 2| L2 () 120 — 2l 2(2) < C HUIILl(w)HUIIL/l(W
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where we used Remark 3.6 and (3.19). Next,

|2 = ’/(@ — o)t (- y0)25 dz| < Cllg — ol Lo 16" (-, yo) || L (o 120l Fe )

5/2
< Clolfere) < CloIYT),

where again Remark 3.6 and (3.18) have been utilized. For the next integral, we
remark that [[0”(-, %) —b" (-, ye)|| L= (q) can be estimated by any small positive number
if |7 — yollLc(n) is small enough; cf. (A2). For this, it is sufficient that J is small
enough since ug € B} (@) NUaa; see again Remark 3.6. This, along with (3.17), leads
to the estimate

1l = | [ ) = ¥ o)l da] < 1m0 = B ol 0o

€
<5 [0 %1 -

Finally, by using similar arguments we obtain the estimates

10 = | [ (oo = @20 da] < llew = Plascoy oo ol zsco

7 3
< Clollossllvllsa@llvllosw < Cloll,

and

151 = | [ vtz0 = ) do| < gl lolzsrsallio = Zlzece)

3/2 7/3
< Cllollpossy 101355, < Clvl7,).

where we used additionally (3.19). Putting these inequalities together, we obtain the
desired estimate

[T (u) = J"(@)v?| < 1] + [ La| + |Is] + L] + 1Is5] < e [lu—al| o,

if § > 0 is chosen small enough. Hence, we verified (H3) in our current setting.
Application of Theorem 2.4. We have verified that the assumptions (H1)—(H4) are

satisfied in the setting of the bilinear distributed control problem (BDP). Thus, we

can apply Theorem 2.4, and we obtain the following sufficient second-order condition.

THEOREM 3.7. Let us assume that (A1)—(A5) are satisfied. Moreover, we suppose
that there is a constant K > 0 such that (3.13) holds and that there exist 7 > 0 and
K < 2k such that

(3.20) ') > =k vl|71,, Yo eCr,
where k = (4(8 — a)K)~. Then, there exist v > 0 and § > 0 such that
J(ﬂ)+V‘|U—’[L‘|%1(w) < J(U) VueuadﬂB(%(ﬂ).

3.2. A bilinear boundary control problem. In this subsection we assume
that n = 2. We outline the main steps necessary to transfer the analysis of subsec-
tion 3.1 to a bilinear boundary control problem. We follow the notation introduced in
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the beginning of section 3 and assume that (A1)—(A3) hold. Further, we take w =T'y
equipped with the surface measure. We define the operator S, : L?(w) — V* by

(Su(9),2) = / g(x)z(z) de Vz eV,

where we are denoting the trace of z on w by z as well. It is well known that there
exists a constant C,, depending on {2 such that

(3:21) lellza < Cullzlv vz e V.
Now, we consider the state equation
(3.22) Ly +b(,y) + Sw(uy) = f in V7,

with u € A. Here, A is defined as

A= {v € L°°(w) : Je, > 0 such that v(z) > +¢, foraa. xze€ w},

202

where A is as introduced in (Al). From the assumptions (Al) and (A3) along with
(3.21) we get

A
>

> Slyly vyev.

A
(Ly,y) + (Sw(uy), y) > Alylly — ﬁ”yH%?(w)

Then, Theorem 3.1 holds with the obvious modifications. In particular, the equa-
tions (3.6) and (3.7) are modified as follows:

(3.23) Lzy + ' (-, yu) 20 + Sw(uzy) + Su(vyy) =0

and

Lwy, v, + b/(-, Yu) Way vy + S (U Wy, 0,)

3.24
( ) + b”(', yu) Zvq1 Rug + Sw(vl sz) + Sw(v2 2”1) =0.

Associated with the state equation (3.4) is the bilinear boundary control problem

. 1
(BEP) minimize J(u) = §||yu - yd||2L2(SZ)

subject to u € Uaq,

where
Upg = {u € LP(w) : @ < u(zx) < B for a.a. x € w}

with 0 < o < B < oo. We suppose that yy satisfies the assumption (A5). Then,
Theorem 3.2 holds, and we need only change the adjoint state equation (3.11) by
(3.25) L* ‘JDu""b/('»yU> Ou+ Su(Upy) =Yy —ya in V",

We also have that Theorem 3.3 holds. To get the sufficient second-order conditions,
we assume that (3.13) is fulfilled. Then, to check that Theorems 2.3 and 2.4 hold we
need to check that assumptions (H1)-(H5) are satisfied. As in subsection 3.1, it is
enough to verify (H2) and (H3). To this end, we will use the following lemma.
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LEMMA 3.8. Let ¢ € L*°(2) be nonnegative, and let u € A. For (f,g) € L*(Q) x
L?(w) let y € V be the solution of the equation

(3.26) Ly+cy+ So(uwy) = f+ Su(g) in V™.

Then, for every p € [1,00) and q¢ > 1 there exist constants C, and M, independent of
(f.9), ¢, and u such that

(3.27) lyllr) < Colllfllzr ) + gl w)),
(3.28) lyll o) < Mq(IfllLac) + 19l Low))-

Proof. Since L(£2) and L' (w) are subspaces of the space of real and regular Borel
measures in §2 and w, respectively, we can apply the well-known results for measures
to deduce that the solution y of (3.26) satisfies

lyllwre) < Cs(Ifllr@) + l9llLr @)

for every s € [1, -"5) and some constant C independent of (f,g), ¢, and u; see, for
instance, [1, 6] or [19].

Since we have assumed n = 2, for every p € [1,00) there exists s < -5 such that
Ws(Q) c LP(Q), and hence (3.27) follows from the above estimate. The estimate
(3.28) is proved in [1, Theorem 2]. d

Hence, though simpler estimates can be used, the estimates used in subsection 3.1
are valid to verify (H2) and (H3). As a consequence, we obtain a second-order suffi-
cient condition analogously to Theorem 3.7 in the distributed case.

Finally, we mention that the same technique cannot be used to address the case
n > 2. The verification of (H2) and (H3) for bilinear boundary control problems in
more than two spatial dimensions remains an open problem.

4. Numerical approximation of distributed control problems. In this
section, we consider the boundary value problem

Ay +b(,y) + xouy = f in Q,
(4.1) { y=0 onT,

where A is given by (3.1) with coefficients a;; € C%1(Q) satisfying the ellipticity

condition
n

> ()68 > Mg Vo € Q and V& € R
ij=1
We also assume that ap € L*(Q), ap > 0, b satisfies the assumption (A2), and
f € LP(Q) with p > n. We follow the notation introduced in section 3. Hence, by
Theorem 3.1 we know that (4.1) has a unique solution y, € Y = H}(Q) N L () for
all u € A.
We also introduce the adjoint state equation associated to the control w:

Ao+ V(4 yu) e + Xt = Yu — ya in Q,
(4.2)
=0 onT.

Now, we consider the control problem (BDP) associated to (4.1). Here we suppose
that yg € LP(2)NL2(2). We also assume that & C €. If this condition does not hold,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/20/18 to 193.144.199.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

4222 E. CASAS, D. WACHSMUTH, AND G. WACHSMUTH

then the assumption (3.13) can be fulfilled only in some extreme cases. This is due
to the fact that § and ¢ vanish on I', and hence the {z € Q : |g(x)@(x)| < €} contains
a strip along the boundary with a measure of order y/c. The situation is different for
Neumann boundary problems.

Since assumptions (A1)—(A5) are satisfied, Theorems 3.2 and 3.3 are valid for the
control problem (BDP) associated to the state equation (4.1). In what follows, @ will
denote a local solution of (BDP) satisfying the regularity condition (3.13). Therefore,
Theorem 3.7 holds as well.

The goal of this section is to prove error estimates for the numerical approximation
of (BDP) based on a finite-element discretization. To this end, we assume that 2 is
convex and T is of class C''''. Therefore, we have additional regularity for the states
vy, and adjoint states @, for every u € A, namely y,, o, € WP(Q) N WyP(Q); see
[16, Chapter 2]. Since p > n, we have that W2P(Q) c C(Q). If n = 2, this regularity
holds for a convex and polygonal domain ) assuming that the coefficients a;; are
of class C! in . In dimension n = 3, the regularity result is valid for rectangular
parallelepipeds under the same C* regularity of the coefficients; see [16, Chapter 4]
and [12, Corollary 3.14].

Let {Tn}n>0 be a quasi-uniform family of triangulations of 2; see [11]. We set
Qp = Ure7;, T, with Q, and T, its interior and boundary, respectively. We assume
that the vertices of 7Tj, placed on the boundary I'j, are also points of I', and there exists
a constant Cp > 0 such that dist(x, ') < Crh? for every x € I'y,. This always holds if
' is a C? boundary and n = 2. From this assumption we know [27, section 5.2] that

(4.3) |Q \ Qh‘ < CQhQ,

where | - | denotes the Lebesgue measure. Let us denote by 7, 5 the family of all
elements T € T, such that T' C w. We set W, = UTeTw,h T, and wy, is its interior. We
also assume that |w \ wy| < C,hP with p, > n/2.

We define the following spaces associated with this triangulation:

U, = {Uh S Loo(wh) CUR|, € PO(T) VT € 7;-,}1}7
Y, = {yh € C(Q) “Yh|g € Pl(T) VT € 7T, and yp =0 in Q \ Qh},

where Py (T) denotes the polynomial of degree k in T with k = 0,1. Now, for every
u € A we consider the discrete system of nonlinear equations

find yp, € Y}, such that Vzp € Yy,
(4.4) a(Yn, zn) + / (b(-; Yn) + Xy, uynlzn dz = / fzn du,
Q Q

where the bilinear form a is as defined in (3.2). Using our assumptions on b and the
ellipticity of the operator y — Ay + x.uy, we see that the existence and uniqueness
of a solution of (4.4) follows by standard arguments. This solution will be denoted
by yn(u). We also consider the discrete adjoint state equation

find ¢, € Y} such that Vzp € Yy,
@) e+ [

[WWWM+MM%%M=/@WWwWwM
Q Q

The solution of this adjoint equation is denoted by ¢y, (u).

The following approximation results are needed for the numerical analysis of the
discrete control problem.
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LEMMA 4.1. Let u € A fulfill |[ul| o)y < M, and let y, yn, @, and @y, be the
solutions of (4.1), (4.4), (4.2), and (4.5), respectively. Then, for some constant C
depending on M we have

(4.6) ly — ynlle) + lo — onllL=@) < Ch.

Proof. Let us denote up, = X|w, u and by y,,, its continuous associated state. From
Lemma 3.5 and Remark 3.6, and using the classical L>°-estimates for finite-element
approximations, see [2, 9, 26, 28], we get

1y = ynllze@) < 1Y = Yun Iz @) + 1Yu, — Ynllze (@)
< C1(|Ju — upl|gre (o) + B2/P|log h]) < Ch,

where we have used that |w \ wp| < C,hP<. From this estimate we deduce the
corresponding estimate for ¢ — ¢, by using similar arguments. O

Finally, we define the discrete control problem

e . 1 Qap,
(BDP,) minimize Jp(up) = §||yh(uh) — yall72(q,) + > a2 o)

subject to up, € Uaa,n,

where
Uaap = {up €Up : a <up(x) < B for aa. z € wpy}.

Moreover, we included a Tikhonov parameter oy, > 0 and require ay, — 0 as h — 0.
This regularization term is beneficial for the numerical solution of (BDP}), and we
will prove that the choice ap = ch yields the same order of convergence as o, = 0;
see (4.9) below.

Let us check that these approximations of (BDP) fit into the framework described
in subsection 2.3. To this end, we have to check the assumptions (D1)-(D5). Taking
X = w, X, = wp, and n = Lebesgue measure in w, (D1) follows from our assumption
|w\ wr| — 0as h — 0.

Assumption (D2) is immediate. Indeed, it is enough to observe that given u € Uaq
we can take uy as the projection of u on Uy,

1
(4.7) IIyu=up = Z upxr with up = —/ u dz,
T Jr
TETw,n

where xp denotes the characteristic function of 7. It is well known that u, — u
strongly in LP(w) under the assumption u € LP(w); see [14].

Now, (D3) is obvious. (D4) is a straightforward consequence of the following
lemma.

LEMMA 4.2, If up, — u weakly in L*(w) with u, € ANU, and u € A, and there
exists a constant M > 0 such that ||U}L||Loo(wh) < M for all h > 0, then yp(up) = yu
and op(up) = @y in L>®(Q) as h — 0 strongly, and J(u) = limp_0 Jp(un).

Proof. Let us extend every uy to w by setting uy,(z) =0 for all z € w\ wy. From
(4.6) we get

1y —yn(un) | oo (@) < 1Yu—Yun | @) F1Yu, —yn(un) e @) < Yu—Yu, | L= (@) +Ch.
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Now, we prove that ||y, — Yu,llL~@) — 0 as b — 0. Since |lup||pe@w) < M for
all h > 0, then {y,, }» is bounded in W2P(Q). Using the compactness of the em-
bedding WP (Q) C L*(2), we deduce the convergence y,, — ¢ in L>({2) along a
subsequence. Let us show that the limit y equals y,,. Recall that y,, solves

Lyuh + b(’ yuh) + XwUhYu;, = f in V.

The convergence of y,, implies Ly,, — Ly in V*, b(-, 4y, ) — b(-,7) in L>°(Q), and
XoUhYu;, — Xwud in L1(Q). Thus, for 2 € V N L®(Q), we infer

<Lg + b(ag) + qu?jaz> = <f’ Z>

By density, this holds for all z € V, and thus y = y,. In particular, the limit is
unique, and thus the entire sequence y,, converges to y, in L>(£2) as h — 0. The
convergence Jp (up) — J(u) follows easily by using ap — 0. ad

To check (D5) we take

A
Ay = {v € L°°(wy) : Je, > 0 such that v(z) > —3 +¢&, fora.a. x€ wh}.

It is easy to prove that J, : Aj, — R is of class C? and its first derivative is given by

(4.8) J)(u)v = — /

Wh

on(w)yn(u) v de+ay, / uv dr Yu e A and Yo € L% (wp,),

Wh

where yp,(u) and @p(u) are the solutions of (4.4) and (4.5), respectively. Hence, it is
enough to take vy, = —(¢n(w)yn(w))|w, + anu. Concerning the function J : A — R,
we already know that it is of class C? (Theorem 3.2), and according to (3.8) we can

take ¥ = —(QuYu)|w-
Therefore, Theorems 2.7 and 2.8 hold. Observe that Theorem 2.7 is formulated

as follows.

THEOREM 4.3. Assume that (A1)—(Ab5) hold. For every h, the problem (BDP})
has at least a global solution @y If {un}n is a sequence of global solutions of (BDPp,)
and @, = @ in L>®(w), then @ is a global solution of (BDP). Conversely, if @ is
a bang-bang strict local minimum of (BDP) in the L'(w) sense, then there exists
a sequence {tp}n of local minimizers of problems (BDP},) with respect to the same
topology such that @y, — u in L'(w).

Now, we apply Theorem 2.8 to get the following result.

THEOREM 4.4. Assume that (A1)—(A5) hold. Additionally, we suppose that (3.13)
is fulfilled and @ satisfies the second-order condition (3.20) with ' € (0, k). Let {an}n
be a sequence of local solutions of problems (BDP},) converging to @ in L'(w). Then,
there exists a constant C independent of h such that

(4.9) @ —tnllL1(w,) < C(h+ap).

Proof. To prove this theorem we will estimate the three terms in the right-hand
side of (2.20). First, we observe that

| Jh (an) = T (an)ll Lo (x) = |9nTn — i, Vi, + @h Unll Lo @)

(4.10) PrY
< @ntn — s, Ya, Lo @) + Co an,
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where g, and @, are the discrete state and adjoint state associated with @y, and yz,
and ;, are the continuous state and adjoint state corresponding to Up, which is the
extension of @, to w by @. Now, using Lemma 4.1 we obtain

|Pntn — ©a, Yz, Lo @) < NPnllLoe @) lTn = Ya, [|Loo @)
(4.11) + 1Ya, | 2o @) 18n — @z, Lo () < Cih.

Now, we estimate the second term of (2.20). To this end, we take w; as the
projection of @ on Uy; see (4.7). Since @ is bang-bang by assumption, it holds that
4 = wuyp, on all elements, where @ is constant. It remains to estimate |u, — | on
elements 7', where u takes the values o and 8 on some points of T'. Let us denote the
family of such elements by 7, 5. Let us take T' € Tj 5. This means that @y changes
the sign in 7. Since @y is continuous in €2, there exists a point &7 € T such that
o(&7)y(ér) = 0. Since gy € W2P(Q) C CH(Q), we get the existence of constant L
such that

()7 (2)| = |e(2)g(2) — ¢(6r)g(er)| < Llz — &r| < Lh Yz €T.

This inequality implies that

U 7 c{zecwn: @) < Lh}.
TeETh,a

This, along with (3.13), leads to

> IT| < KLh.
TeTh,a
Hence, we infer
(4.12) lun = @l 1w,y = > llun —llprr) < (B — @) KLh = Csh.
TGT;M;

We finish the proof with the estimate of the third term of (2.20). Note that by
construction it holds that @, = @ on w \ wy. Using that wy, is the projection of @, we
get with (3.8) and (4.12) that

| () (o, — )| = ‘/%hyﬁh(@h — ) dx’ = ’/ s, Ya, (up — @) dz

Wh
= ‘/ (i, Ya, — Un(ws, va, ) (un — @) dx‘
Wh

< Ilvs,¥a, — Un(pa,va)ll Lo @) llun — @l w,)
(4.13) < Chllpg, ya, lor@)Cah < C3h?.

Here, we used that {¢;, } and {y;, } are uniformly bounded in W*?(Q). Finally, (4.9)
follows from (2.20), (4.10)—(4.13), and Young’s inequality. |
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