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1 Introduction

Sparsity promoting techniques in optimal control are of great practical impor-
tance. A sparse control is usually easier and cheaper to implement physically than
another one that does not have this property. Moreover, a small support for the
control is essential in many practical implementations. An important issue is to
determine the small region from where the action of the control is the most effi-
cient. Consequently, a great effort has been made during the last years to develop
mathematical techniques that lead to problems that have sparse solutions and to
solve them.

In [26] it is proved that a term involving the L'-norm of the control in the
objective functional leads to a solution with sparse structure. The problem treated
in that work is a stationary problem governed by a linear elliptic equation. In [6,
7] and [29] the finite element discretization of this kind of problems is studied. An
alternative to the L' approach is to use measures as controls. See [4,13,14,23].

Sparse time-dependent problems have been investigated in [1,5,8-10,12,15,
16]. In this type of problems, there are different possible formulations leading
to optimal controls that have different sparse structures; see [8]. Here, we are
interested in controls that are sparse in space, not necessarily in time. Moreover,
it is desirable that the sparsity pattern does not change in time. Such kind of
sparsity is called directional sparsity. The term was coined in the paper [15], where
an optimal control problem governed by a linear parabolic equation is studied; to
obtain directional sparsity, the authors introduce a term involving the norm in
LY(£2;L2(0,T)). They describe the sparsity properties of the optimal control as
well as a semi-smooth Newton method to solve the problem.

In this work, we continue our study, started in [10], about finite element ap-
proximations of problems where the optimal solutions are directionally sparse.

Both in the paper at hand and in [10] the state equation is a parabolic partial
differential equation and the functional involves a tracking-type term for the state,
a Tikhonov regularization term for the control and a non differentiable term that
promotes spatial sparsity. Also in both works, the state and the adjoint state
equations are discretized using a discontinuous in time and continuous in space
Galerkin scheme, namely dG0-cG1, and the controls are discretized in time using
piecewise constant functions.

While in [10] the controls are discretized in space using piecewise constant
functions, in this work we discretize the controls using functions that are piecewise
constant in time and continuous piecewise linear in space. For easier comparison
of the results, we will refer to the space of approximation functions used in [10] as
U, and to the space of approximation functions used in this work as V.

The theoretical analysis becomes more involved for functions in V,;. One of
the main consequences of using elements in this space is that, with the usual
discretization of the functional, the discrete solution may lose its directionally
sparsity properties.

To overcome this difficulty, we approximate the integrals of the cost functional
involving the control by a numerical quadrature formula (the analogous in 2D
or 3D to the well known composite trapezoid rule). Proceeding in this way, we
recover the same sparsity pattern exhibited by the continuous solution of the
control problem. This sparse structure was also proved in [10] for approximations
of the controls by piecewise constant functions in time and space.
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This numerical integration leads to new difficulties in the derivation of error
estimates. Finally, we are able to obtain an order of convergence for the L?(Q)-
error in the control variable of order O(r 4 k) in the case of having a parabolic
linear state equation. Numerical experiments in Section 8 confirm this obtained
order of convergence. This order seems optimal for our approach, regarding the
H'(Q)-regularity of the optimal control —see [10, Theorem 3.3]-, which limits the
order of convergence we can achieve. This is not a special situation in sparse
control; see e.g. [18, Theorem 6.1] or [11, Theorem 2.14], where it is emphasized
how the approximation error by discrete functions affects the error estimates of the
solutions of different optimal control problems. In [19] a problem similar to ours
but without sparsity promoting terms is studied and, as in our case, the optimal
control exhibits H'(Q)-regularity. If no extra assumptions are done, the order of
convergence obtained is also O(7 + h); see [19, Corollary 5.3].

In [10] an order of O(\/T + h) is obtained. In that paper, the equation is semi-
linear. With the technique of proof that we show in this work, it can be proven
that the order of convergence for approximations in Uy is also O(7 + k) if the
state equation is linear. On the other hand, once we have shown how to deal with
elements of V5, the proofs of [10] can be adapted to obtain an order of convergence
of O(v/7+h) when the state equation is semilinear. We comment on this in Section
7.

A close inspection to the proofs of [10], in comparison with our Theorem 6.7
and the corresponding result for the semilinear elliptic case [6] gives some insight
on the reason we obtain an order of convergence of just /7 in time for the case
of having a semilinear parabolic equation. In the elliptic case, the second order
sufficient optimality conditions do not involve the non-differentiable terms of the
functional, and in our Theorem 6.7 we use the linearity of the equation to get rid of
this terms in the obtention of error estimates. Nevertheless, second order sufficient
optimality conditions for the parabolic case involve the non-differentiable term of
the functional, see [10, Theorem 4.2], which is what eventually leads to this order

N

In [16] a different approach is followed to obtain directional sparsity. Instead
of using functions, the control variable is a measure in M(£2; L?(0,T)), whose
norm in this space is introduced in the functional. The problem is governed by a
linear parabolic equation and the error obtained for the L?(Q) norm of the state

is O(v/T + h).

The plan of the paper is as follows. We introduce the problem in Section 2 and
recall some results about the continuous problem in Section 3. The problem is dis-
cretized in Section 4. Our main results are in Section 5, where we show the sparsity
pattern of the discrete solution, and in Section 6, where we prove the convergence
of the discretization and provide error estimates. In Section 7 we comment how
to adapt the results of [10] to obtain an error estimate of order O(y/7 4+ h) in the
case of having a semilinear equation and how our methods of proof are also valid
to show order of convergence O(7 + h) for piecewise constant approximations of
the control if the equation is linear. Finally, we perform numerical experiments in
Section 8.
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2 Statement of the problem

Throughout this paper, {2 denotes an open, bounded subset of R, 1 < n < 3, with
boundary I', and 0 < T' < 400 is fixed. We set Q = 2 x (0,7) and ¥ =1I"x (0,T).
The control problem is defined in the way

P min J(u),
(P) i (u)

where J(u) = F(u) + pj(u) with >0,
F(U):*/(yu*yd)Qda?dt-i-z/ u? da dt,
2 0 2 0

v >0, and

T 1/2
3(u) = llullLr(@:L2 0.1y :/ lu(®)ll 22 0,7 dt :/ (/ u?(x,t) dt) da.
Q 2 NJo
For every u € L?(Q), we denote y, the solution of

oy + Ay = f(z,t) +u in Q,
y=0 on X, (1)
y(0) =yo in .

Here, A is the linear elliptic operator

Ay ==Y Ou,lai;(x) Ou,y] + cl, t)y.
ij=1

We make the following assumptions.
Assumption 1.— The boundary I' is of class C1'! or 2 is convex. The coefficients
aij; € Co’l((_)) and

3A >0 such that Z aij(z) & & > AlE)? Vo € @ and VE € R™. (2)
i,j=1

Assumption 2.— The initial datum yo belongs to H} (£2), f € L?(Q) and ¢ € L*(Q).

We also assume that yq € LP(0,T; L9(£2)) with p,§ € [2, 00] and ]% + 55 <L

3 Some results about the continuous problem.

Let us recall some results concerning problem (P). Since the equation is linear,
the study of the differentiable part of the functional is classical. See e.g. [17] or
[28]. Under the Assumptions 1-2, for every u € L?(Q) there exists a unique y, €
Y = H*Y(Q) = L*(0,T; H*(2)) N H*(0,T; L*(£2)) solution of (1) and the control-
to-state mapping is C*°. Also, F : L?(Q) — R is of class C°° and for all u,v of
L*(Q) we have

F'(u)v = /Q(gou + vu) vdz dt, (3)
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where ¢, € L>=(Q) N H*'(Q) is the solution of

5] .
—ngrA*w:yu—yd in Q,
p=0 on X, (4)
o(T) =0 in 2,

A* being the adjoint operator of A. Next we state the properties of the non-
differentiable part of the functional. The proof of the following result can be found
in [8].
Proposition 3.1 Given u € L*(£2; L?(0,T)) the following statements hold.
1. X € 3j(u) is equivalent to A € L°°(£2; L*(0,T)) and

IA@)|l 20,1y <1 for a.a. x € 020,

u(z, t) (5)

Az, t) = for a.a. x € 2y and t € (0,T),

~lw(@)llz20,1)
where
Oy ={x € 2:|lu(z)|lL20,7) # 0} and 20 =0\ 2.
2. For every v € L'(2; L*(0,T))

. 1 r
i (u3v) = v(x)|| L2 dx—i—/ 7/ uvdtde. 6
) /Q lo@lzondt | Ta@laen Jo ©

We finish this section stating existence, uniqueness, first order optimality condi-
tions and regularity of the solution. Existence of a solution in L?(Q) can be proved
by the usual method of taking a minimizing sequence that is bounded in L?(Q).
We omit the details of the proof since it is completely standard. Uniqueness follows
from the strict convexity of the functional with respect to u. First order optimality
conditions and regularity of the solution are proved as in [10, Theorem 3.3].

Theorem 3.2 Problem (P) has a unique solution @ € L*(Q). Moreover, this solution
belongs to C(Q) N HY(Q), and there exist unique § € Y, ¢ € Y N C(Q) and X €
dj(a) N C(Q) N HY(Q) such that

y= on X, (7
¥(0) = »o in £2,
—0ip+A"G =y —yqinQ,
=0 on X, (8)
e(T)=0 in (2,
¢+ v+ pr=0. 9)

Furthermore, the following relations hold for all (z,t) € Q:
la(x)l 20,7y = 0 < [lo(@)lIL2(0,1) < 5 (10)

1
—;@($7 t) fo € 937

e, t) = (11)

u(z,t)

ez @ - €%

Remark 8.8 Notice also that w =0 and A=0 on X.
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4 Numerical approximation

In this section, we will further assume that (2 is convex. We will discretize both
the state and the control using functions that are continuous piecewise linear
in space and piecewise constant in time. To this aim, we will consider, cf. [2,
def. (4.4.13)], a quasi-uniform family of triangulations {K},},~¢ of £ and a quasi-
uniform family of partitions of [0,7], 0 =tp < t1 < --- < ty, = T. We will denote
{2, =int Ugei, K, Np, and Ny, the number of nodes and interior nodes of Ky,
Ij = (tj—1,t5), 75 =tj—tj_1, 7 =max{r; : 1 <j < N;}and o = (h,7). We assume
that every boundary node of 2, is a point of I". Additionally we suppose that the
distance dp(x) < Crh? for every x € I}, = 9§2;,, which is always satisfied if n = 2
and I is of class C?; see, for instance, [24, Section 5.2]. Under this assumption we
have that

|02\ 2, < Ch?, (12)

where |- | denotes the Lebesgue measure. In the sequel we denote Qy, = 25, x (0, T).
Now we consider the finite dimensional spaces

Y ={yn € C(2) : yni € PL(K) VK € Kp, yp =0in 2\ 24},

where P;(K) is the space of polynomials of degree less or equal than 1 on the
element K, and

Yo ={yo € L*(0,T5Y3) : ypyr; € Ya Vi=1,..., Nz }.

The elements of V), can be written as

N, N, Nin
=S =33 vijen
j=1 j=1i=1

where {e; f\gih is the nodal basis associated to the interior nodes {xz}f\]:[lh of the tri-
angulation and x; denotes the characteristic function of the interval I; = (¢;_1,t;).
For every u € LQ(Qh), we define its associated discrete state as the unique element
Yo € Vo such that

/ (Yh,j = Yn,j—1)znde + Tjan(Yn,j, 2n) +/ / c(z, t)yn, ;zndxdt
25 1; J 2

= / / (f(z,t) + w)zpdzdt Yz €Y, and all j=1,..., Ny,
Ij 25

/ Yh,02h0T = / yozpdr Yz € Yy,. (13)
.Qh -(Zh,
where
n
ap(y,z) = Z 4,00, YO zdx Yy, z € H' (2).
Onij=1

This corresponds to an implicit Euler scheme. It is proved in [18,20] that there
exist hg > 0 and 79 > 0 such that

9o (u) = yullz2(@ny < C(r + )yl 21 (@) YR < ho, T < 7o (14)
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To discretize the controls, we will also use continuous piecewise linear in space
and piecewise constant in time functions.

Vh:{uhEC(Qh): zh‘KePl(K) VK € Kp},

Vo = {ug € L*(0,T;V3)  tgp, € Vi ¥j =1,..., N7 }.

The elements of V, can be written as

N, N, Np Np
Uo = E Uh,iXj = § § Ui, j€iX5 = § UT,i€45
J=1 j=1i=1 i=1

where uy, ; € Vj, for j = 1,...,Nr, u;; € Rfori =1,...,N, and j = 1,..., N-.
Now {e; f\gl is the nodal basis associated to all nodes {wi}zNz}H of the triangulation.

Notice that u,; = Zjvzfl u;, ;X4 is a piecewise constant function of time.
To formulate the discrete problem we will use numerical quadrature formulas
to approximate the norms appearing in the functional J. For every uy,v, € Vj,

we define
Np
(uh, vh)h = Zuzvl/ eidx.
i=1 2n

This leads to the following scalar product in Vs:
N, Ny

T
(10, 00 ) :/O (ug(t),vg(t))hdt:ZZ/Qh eide s jvi . (15)

j=1i=1

We will denote the related norm as |Jus|le = (umug)(l,/z. We also define

1/2

Ny N- Np
Jo(ue) = Jusle = Z/ ei(z)dx eru?’j = Z/ ei(z)dz|lur il r2 0,1y
i=1"n j=1 =14

The discrete problem reads as

(Ps) miII}U Jo(uo) = Fo(uo) + pjo(us),

Uo

where

1 v
Foluo) = 5 | Iuo(ue) ~ual dod + 5 ol
h

This numerical quadrature scheme is related to a mass lumping approximation,
whose necessity in obtaining component-wise subdifferential relations for sparsity
penalties is already pointed out in the dissertations of Pieper [22, Section 4.5.3]
and Trautmann [27, Section 6.5].
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5 Sparsity properties of the discrete solutions.

In this section we analyze the discrete control problem (P,). We prove that the
unique discrete optimal solution has a sparse structure similar to the one estab-
lished for the continuous optimal control. This sparsity structure follows from the
optimality system. Firstly, we observe that under the assumptions 1-2, F5 : Vo — R
is of class C°°. Moreover, for every uqs,vs € Vs, we have that

N, N,

F(/,(ug)vc,:/ cpgvgdxdt+l/22u17]v77j73/ e; dx (16)
Qn

j=1li=1

where p, € Vo is the discrete adjoint state associated with us. We recall that the
discrete adjoint state po(u) € Yy associated with an element u € L?(Qy,) is the
solution of the equation

eN,+1,h =0

/ (on.j — @jt1.n)znde + Tjan(zn, on ;) / / c(x, t)pp, jzpdrdt
2p
/ / yhj d)zpdxdt  Vzp € Yy for all j = N-,..., 1,
2n

where yo = yo(u) is the discrete state corresponding to u.
We rewrite now F (us) using Carstensen’s quasi-interpolation operator, cf. [3],
Iy, : L' (£2;,) — Vj, defined by

Notice that for every z € L*(£2,) and all v, € V},

(HhZ7Uh)h:/ zupdx. (17)
2n

Given ¢q(ug), we denote
th ©n,jeidT
_th e;dx

The derivative of the differentiable part of the approximated functional can be
expressed as

bij =

N, N

F(uo)ve = ZZ Gij + vu; 5)vi, JT]/ e;de.

j=1i=1 h

Let us study the non-differentiable part of the cost functional. First, we compute
the directional derivatives. To this end let us set

N,
Ip(ug) = {3: eruij #0} and Ig(uo—) ={1,...,Ny}\ I.

j=1
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The directional derivative of j, at a point us € Vs in the direction v, € Vs can be
written as

tuoion) = Y [ edelonilliaom + 3
(%}

iel? icl,

NT . . . .
/ erde 3 (g
2 =

lwill 20,1y

Now, we focus on the subdifferentiability of j». We have the following character-
ization of the elements of the subdifferential of jo(us).

Proposition 5.1 FEvery A\s € 0jo (Ua‘) C Vo, w.r.t. to the scalar product (-, ')g’ defined
in (15), satisfies:

N,
S mAl; <1 Vie I(uo)
j=1

(19)
Aj=——2 Vi€, (uy) and1<j< Ny
lluillzc0,7)
Conversely, every As € Vo satisfying (19) is a subgradient of jo(ug) w.r.t. (+,")o.
Proof Suppose Ao € jo(us). Then we have by definition of subdifferential
()\U»Uo' - UU)U +jo(ua) < jU(UU) Yvo € Vo,
which means
N;: N Ny N, 1/2
» / ex(@)dzmi N (s — u )+ 3 / en(@)de | Sl
j=1k=1"n k=179 j=1
N, . 1/2
< Z/ ex(z)dx ZTJ'U]%J Vv = (vg,5) € RN# XN
k=175 j=1
Fix some i € {1,---, Ny} and take vy ; = uy ; if k # i. We obtain
N . 1/2 N 1/2
D ridig iy —uig) + | D mud; < Domd vvi. € RN (20)
j=1 j=1 j=1

with v; . = (vi’j)é\gl. Suppose first that i € I9(us). Then

1/2
N, N, /
Z 2 N,
Tin,jvi,j < E TjVi.j VVL. e R,
Jj=1 Jj=1
Taking v; ; = X; ;, we get
1/2

N, N,
2 2

d oAl < [ Do )

j=1 j=1

which implies that Zjvgl Tj)\?’j <1
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Let us consider now the case of ¢ € I (us). Noticing that
N
(a,b)r = 7ja;b; (21)
j=1

is a scalar product in RV~ , whose related norm we denote ||+, we have that relation
(20) is equivalent to A;. € 9| - |r(u;,.). Since i € Iy(us) means that |u; .| # 0,
the subdifferential is a singleton and an elementary computation of the partial
derivatives yields the expression claimed for A; ;.

Suppose now that X\, satisfies (19). If i € I2(uc), then ZN:T1 Tj)\ij <1, and
using the Cauchy-Schwarz inequality for the scalar product defined in (21), we

have that
1/2

N, N,

2 N.
> midiguig < | D Tivig Vi, € RT7
=1 =1

and hence

N,
> / ei()dz Y i jvij

_ =

1/2

N,
Z / dx Zijij Vv.’.eRIg(uo)xNT_ (22)
Q .
j=1

€10 (us)

IN

In the case i € I5(us), we deduce from (19) that

1/2
N, N,
Domidiguig = | D omui |- (23)
i=1 =1
From the Cauchy-Schwarz inequality and (19), we have
. . V2 1/2
2 2
Domidiguig < | Dol DTN
i=1 =1 i=1
1/2 1/2

N,

_ 2

= | 27w ZTJ
j=1

Zk 1 Tk“z k
1/2

N,

_ 02

= Z TjVi,j
j=1

From this and (23), we obtain that if ¢ € Iy (us) then

1/2 N 1/2

N, N, i

2 2 N,
> midig(ig —uig) + | Domuly | < | Do med vvi. € RTT,
=1 j=1 =1
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and hence

Z / m)deTJ 1.4 (Vij = ti )
2 =

i€ls(uq)
N, 1/2
»> / ei(w)da | D 7ju
i€l,(uy) =
N, 1/2
Z / dx ZijZj Vv.. € RIo (o) XN~
ZEI (ug) 25 =

Adding this inequality and (22), we obtain that A, satisfies the subgradient con-
dition. 0

In the sequel we denote J; (uo;ve) = Fi(uo)vo + pjs(ue;ve). First order opti-
mality conditions follow in a natural way from the convexity of js, the definition
of subdifferential, (16) and (17):

Theorem 5.2 Problem (Ps) has a unique solution us € Vo and there exist unique
Jo = Yo (Uo), Po = po(tc) € Yo and Ao € 8jo(Us) such that

I @6 + vie + pre = 0. (24)
Moreover the inequality Jb (ig;ve) > 0 holds Yve € Vo

Proof Existence of solution follows from the coercivity and continuity of J, and
the uniqueness is a consequence of its strict convexity. From the optimality of @
and the convexity of js(us), we have that

Jo (o + pluoc — o)) — J(to)

0 < lim
P\O p
_ i Folio + plug — o)) = Fo (o)
[N P
ol 2o Pl = 80) — i (i)
PNO P

= F(/,(ﬂg)(ug - ﬂd) + th/r(aﬁuo - 'ao)
< Fo(ito) (uo — tio) + pijo (o) = pjo(tic)  Vuo € Vo.

This proves that Jj, (#c;vs) > 0 Vs € Vo. To obtain (24), first we observe that
the previous chain of inequalities implies that

—%F[/,(ﬂg)(ug — o) + Jo o) < jolue) Vo € Ve. (25)

Taking into account the definition (15) of the scalar product (-,-)s, the expression
for the derivative (16) and the property (17) of Carstensen’s quasi-interpolation
operator, we have that for any us € Vs we have that

Ft;(ﬂd)u‘f = (Hh‘;BU + VﬂmUU)m

Finally, from (25) and the definition of subdifferential we infer that —%(thﬁg +

Viie) € 3o (is) and, hence, (24) follows. The uniqueness of A, follows from (24).
O
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For a local minimum s, € Vs, with related discrete adjoint state ps, we will
denote the components of Cartensen’s quasi interpolation of ¢y, ; as

QZ_S‘ o f_Q;L @h’jeidﬂl
J th e;dx

ie. IIppe = Zjvgl va:hl ®i,jeix;- We finish this section by characterizing Ao and
proving the sparsity of us.

Theorem 5.3 Let iy be the solution of (Ps). Then, the element Ay € 0jo(lic) satis-
fying (24) can be written as

=g e 18

>

i,j = _
M it I ().
@il L20,1)
The optimal control satisfies
Uj g [V + ,#} = *({Bi,j ifi € Io(ﬂa). (26)
%]l 22 0,1

Finally, we have the following property
1/2

N,
i€ 1Q(is) = Y 77, < p. (27)
j=1

Proof The proof follows the lines of that of [10, Th 5.2] with the obvious changes
and taking into account formulas (19) and (24). O

6 Convergence and error estimates

In this section we prove the convergence 4, — @ and then we establish some
error estimates for u, — u. First, we prove some properties of the mesh dependent
norms || - || and |- | and we recall a useful continuity property of Cartensen’s
quasi-interpolation operator.

Lemma 6.1 The following inequalities hold Yus € Vo :

o7z (qny < luoll, (28)

luoll L (2n;r20,1)) < luolo- (29)
Moreover we have that for every z € L*(12)

[nzl2(0,) < I2lL2(02)- (30)
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Proof By the convexity of the real function g(s) = s? and the fact that
Np,
D ei(w) =1 and 0<e;(x) <1 Ve, (31)
i=1

we get

N,

T Ny
HUUHL2(Qh / / ZZ“HG%X1> dt dx

1=175=1
- 2
/ ZTJ Zu”el) dm<ZZu”T]/ e; de = ||uos||5-
2 j=1 i=1 i=1j5=1
To deduce (29) we use the convexity of the norm in R~

1/2

NT
1= | > &l
=1

as follows

1/2
N, /

T  Ni 9
lto 2 (222 07) = /Q / (XS wijens) | ar

no[V0 Y=g j=1
/.Qh

N, 1/2 N, N, 1/2
(Zuwel) dr < Z/ e; dx ZTju%j = |uolo-
= i=1"n j=1
Finally, we prove the inequality (30). Using again the convexity of g(s) = s? and
the properties of {e; i\gl as above, we get

N

' M

f_(z ze;dr N2 fQ ze; dx
72112 _ ( ) de < ( ) / . d
|| hZHLz(Qh) / Z fQ e dr €; X Z fQ e; dx o €; axr

([q, 2veEiyedz)?
Z T eds Z/ e da = ||2l[320,) < 12132(0)-
0, ¢

O

Using this properties, we are able to show the boundness of the discrete optimal
controls.

Lemma 6.2 Let us € Vs be the solution of (Pg’). Then, there exist C > 0 independent
of o such that

ol r2(qn) < C.
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Proof Using (28), we have that
v v _
§||Ua|\2L2(Qh) < §Hua\|§ < Jo(ts) < J5(0).

From the stability estimates in [18, Th 4.6] [20, Th 5.2] we have that there exists
a constant independent of o such that

lye (0)lz2(0) < CllyollL2 (o)
and therefore we can deduce that there exists C' > 0 independent of o such that

HaU”%Q(Qh) <C.

Now, given u € L*(0,T) we set
U = Z / dt X;-
ot
Hence, mru is the projection of u on the space of piecewise constant functions and
Imrull 201y < lullpzor) Yu € L2(0,T). (32)
Lemma 6.3 Let u € L'(Q) and set
Nn N,
U = Il pu = Hymru = / / u(z, t)e;(z) dz dt) €ix;-
22 e o o

Then we have

luollo < llullr2qy Vu € L (Q), (33)
luole < lullpi(@.r201)) Yu € L' (£2; L7(0,T)), (34)
luollzz@n) < lullz2g) Yu € L*(Q). (35)
luollLoe(@n) < lullLe(g) Yue LZ(Q). (36)

Moreover, if u € L*(Q), then the convergence ||ue — ull2(@,) — 0 holds.

Proof Let us prove (33).

N N,

2 2

luol =Y [ cideyruds
i=1 2n ‘7

Np, N tj 2
= e;dr Y T / / x)u(z,t)dt dac)
> 2o aa

Np Nr

_yy ! /Q /tt Ve@e@ula,t)dedz)’

o 1ij9 e; dr

Np N

25 / " ei(@)ud(mt) dtdo = ul 2oy, < lulZa0),

zljlghtgl
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where we have used (31).
Inequality (34) is proved with (32) as follows

N, "N, 1/2
luole = Z/ ei(z) dx ZTju%j
i=1"%n Li=1
Np Nﬂ' 2 1/2
= e;(z) dz T / / x)u(z,t)dt dm)
P e I
N, [N, )
= Z ZT] / (z,t)dte;(z) dx)
i=1 |j=1 o 7.

1/2

Np, :NT 2
= ; -j; Tj(/Qh mru(z, t)e;(x) dxxj(t))
1

/ mru(z, t)e;(z) dx’
2y
Np

SZ/ e ()l 2 0.1y 4 () de
:/ lmru(z)|| L2 0,7) dwﬁ/ lu(@)|l 22 0,1y dz
o o

h

L2(0,T)

= |lull (@22 00,1)) < lullpr2;0200,1)-

The inequalities (35) and (36) are obvious. Finally we prove the convergence of
the sequence {u¢ }o. From (30) and the convergence of nru and IT,u we obtain

luo = ullr2(Qu) < M (mru — w)ll2(@u) + IHThu = ull L2,
< imru —ullp2(qy + HIpu — ullL2(q,) — O

O

Remark 6.4 We can deduce —like in the continuous case, see [8, Remark 2.10], or
the case of piecewise constant approximations, see [10, Remark 4]— the existence
of a critical value p. > 0 such that as =0 for all u > p. and all o.

Indeed, using the uniform boundness of {i,} in L?*(Q}) proved in Lemma 6.2
and applying the standard stability estimates to the discretization of the state
equation, we conclude the existence of C' > 0 such that

||QUHL°°(O,T;L2(.Q)) + ‘|ga'HL2(07T;H(%(Q)) <C.

Now, arguing as in [21, Theorems 3.1 and 4.1] for n = 2 and [20] for n = 3, we
deduce the existence of a positive constant, let us call it u., that depends on the
data on the problem but not on the discretization parameters such that

8ol (@) < fle-
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Finally, using (36) and the continuous embedding L°°(0,T) < L*(0,T),
111180 || oo (2,22 (0,7)) < VTiie = pie.
So, from (27) we deduce that for u > pc, 4o =0 for all o.

Now we can show that the solutions of the discretized problems converge
strongly to the solution of problem (P) in L?(Q).

Theorem 6.5 Let (iqs)s be a sequence of solutions of problems (Ps) with o — (0,0).
Then, the following identities hold

lim Jo(ds) = J(a) = inf (P) and

li
c—(0,0) o—

o) lto —allz2(Q,) =0 (37)

where 4 is the solution of (P).

Proof Through the proof, we will consider that all the elements of V, are extended
by zero to Qp \ Q@ From Lemma 6.2 we know that {ii,} is bounded in L?(Q).
Hence, we can extract a subsequence, still denoted in the same way, such that
o — u* weakly in L?(Q). We are going to prove that u* = .

Let ug = mIu € Vy. The weak convergence 4y, — u* in L?*(Q) implies
the weak convergence ya, — yu+ in W(0,T) = L?(0,T; H'(2))nH*(0,T; H* (2)*).
From the compactness of the embedding W (0,T) C L?(Q), we infer that ya, — yu-
in L?(Q). On the other hand, (14) implies that yo (is) — ya, — 0 in L*(Q), so we
have that ys (@) — yur in L2(Q). In the same way, the convergence us — % in
L*(Q) proved in Lemma 6.3 and (14) imply that yo(us) — ya in L*(Q). This,
together with (28), (29), (33), and (34) leads to

* . . 1 _ 2 vV, _ 2 L—
1) < timint (3o (50) = vty + Vo) + i)

IN

liminf J,(4s) < limsup Js(ts) < limsup Jo (uq)
o—(0,0) o—(0,0) o—(0,0)

IN

. 1 v o _
timsup (5 o (u) = i) + 5 i) + 1)) = J(@)
oc—(0,0)

Since the solution of (P) is unique, then u* = u, and the whole sequence {us}o
converges weakly to w. Let us prove now the strong convergence. We have just
proved that Js(us) — J(@). This, together with the strong convergence 3, — 7,
implies that

. vV.,._ 2 . _Z —12 L
i (o3 + nio (@) ) = 2 lalF2 ) + ni(@): (38)

On the other hand, using the convexity of j(u), the weak convergence 4, — u and
(29), we have that

(@) < liminf j(@e) < liminf jo (Gg).
j(a) < 01_>H1((1)%)J(U0) < 01_>H1((1)%)Ja(u0) (39)
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Using the weak convergence i, — @ in L*(Q), (28), (38) and (39) we have
v._,2 . . v, _ 2 . v, _ 2 . v, _ 2
—lall72¢0y < liminf = ||ts||72¢0) < limsup = ||t ||72(0) < limsup —||as|
2 ” IL (Q) 0(0,0) 2| g ‘L (Q) 5—(0,0) 92 ‘ U‘ L2(Q) 5—(0,0) 2' g IG'
< lim sup (gHﬂgHg —|—ujo—(ﬂg)) — liminf pjs(ds)
o—(0,0) o—(0,0)
v, _ L L v, _
< §||U||2L2(Q) + pj(n) — pj(a) = §HU||2L2(Q)
from where we readily deduce the strong convergence in L*(Q). O

6.1 Error Estimates

We will establish now the error estimates for Cartensen quasi-interpolation oper-

ator as well as for the projection operator.

Lemma 6.6 There exists C > 0 independent of h and T such that

hllu = Myull L2 (@, + lu = Haull g, < CP2||ull g (@) Yu € HY (),

(40)

7llu = wrull L2 0,7y + llu = mrull g o,y < C72l|ull oy Yu € HY(0,T). (41)

Moreover, for every u € H(Q),

[u = ol L2 (0,10 (20)+) < C(r + 12)l[ull (@)
lu = uollz2(@u) < CT +M)lullm (@),

lu = ol @y < C(r2 + b2 ullm ).

(42)
(43)
(44)

where ug = wr I pu in Qp and we extend ue = u in Q \ Qp, in the last inequality.

Proof Estimate (40) follows from the results in [3]; see also [25, Lemma 4.5]. Esti-
mate (41) is the usual estimate for the L?(0,T)-projection. Let us prove (42). To

this end we use (40), (30) and (41)

||u — UUHL2(0,T;H1(~Qh)*)

<lu = Hpullp2 0,701 (20)*) + 1w — Hpmrul 20,7501 (2,)%)

T ) 1/2
< ([ =Ml g,y dt) " + 1 (u = mru) 2oy
0

< Ch?||ull 20,711 (2)) + 1w — Trull £2(Q))

< CR?|lull 20,01 (2)) + OTllull 2 (nsm1 0.7y < C(R2 + 7)[ull 1)

To prove (43), we deduce from (41), the fact that = is a projection and (40)

that

lu—uollr2(Qn) < llu—mrullzz(q,) + lImru — mrpul12(Q,)

< C(7+ h)|lull g (@)-
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To prove relation (44), we wuse the continuity of the embeddings
L*(2; HY(0,7)*) — H'(Q)* and L*(0,T; H'(2)*) — H'(Q)*, estimate (41), the
fact that - is a projection in L%(0,T) and (40).

lu —usllmgr(@)s < llu—mrullgi(Qy- + lI7ru — uo |l g1 (@)
< lu = mrullL2(o;m1 0,1)+) + 17 (v = Hpw) || 2 0,751 (2)*)

< C73||ull 2.8 (0,7)) + CRAlull 20,70 (2))
< C(R* +72)|lull 2 o)

O

In the following theorem we will extend the elements of Us by @ in Q \ Q. Notice
that, if 4 > 0, using the sparsity property of the control (10) and the zero boundary
condition of the adjoint state equation, we have that for h > 0 small enough, u = 0

n Q\Qn.
Theorem 6.7 Let @ be the solution of (P) and let ty be the solution of (Ps). Then,
there exists C' > 0 independent of o such that for all h < hg and T < 19,

o — ullL2(q) < C(7 4 h). (45)

Proof Let ya, and ¢z, be the continuous state and adjoint state related to the
discrete optimal control 4., defined according to (1) and (4) and § and ¢ the state
and adjoint state related to the optimal control @, as defined in (7) and (8). Using
integration by parts and taking into account the zero boundary conditions for the
state and the adjoint state, the equalities yg, (0) = (0) = yo, and the zero final
conditions for the adjoint states, it follows in a standard way that

lya, — ¥ll720) = Wa, — va— (T — va), va, — §)q
= ((=0t + A") (v, — ?), 90, —9)Q
= (va, — @, (O + A)(ya, —9))q
= (pa, — @, (f +1o) = (f +1))g
= (Lpﬁa — P, Uo — ﬂ)Q
and hence, from (3) we readily deduce that
lya, — Fll720)+vlE — Goll72(g)=F'(tio) (e — @) — F' (@) (s —@).  (46)

Let us denote now ue = 7 I, u. From the first order optimality conditions for
(P) and (Po) and the definition of subdifferential, we have

F'(@) (e — @) + pj(iio) — (@) > 0,

Fy (o) (uo — o) + Hjo (uo) — Hjo () > 0.

Adding this inequalities and taking into account that j(us) < jo(ue), see (29),
and jo(us) < j(a), see (34), we obtain

F'(@) (i — ) + Fy(to)(ue — o) > 0.
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From the previous inequality and (46) we have that

IN

Fo(tio) (uo — o) + F'(ig) (il — )
< Fy(to)(uo — o) = F'(tio) (o — o) + F' (o) (uo — )

= / (po — va, ) (o — to)dzdt + v(to, us — Ug)o
Q

— — 2
vl = ts12(q)

N

v / o (o — i )dadt + ' (ii0) (1o — @) (47)
Q
The first term is estimated with
/ (fo — pu.) (o — fio)dadt =
Q

/ (8o — pu,)(uo — @)dadt + / (80 — pu,) (@ — o)dadt
Q Q

<N @o = vu, Lz (@)llue — ullp2(qy + 1o — pa, lL2 (@)l — ol r2 (@)
< C(r+h?)|ltoll L2y [(m + Rl @) + 18 — Gollz2(0)]
< C(r+h)? 4+ C(r+ h)|a — toll 2 () (48)

where we can use the finite element error estimates in [18,20] thanks to the stability
estimate in Lemma 6.2 and (43) thanks to the regularity of the optimal control
stated in Theorem 3.2.

The next two terms satisfy

V(a0'7u0' - ao’)a - V/ ﬂo(uU - ﬁg)dﬂ?dt
Q
= vV(lo,Us — Uo)o — 1// o (uo — u)dzdt — 1// o (4 — to )dzdt
Q Q
(i, uo)o — vllio |5 — u/ o (uo — u)dadt — 1// totdrdt + vt 72 (g
Q Q
< 1// o (U — ue )dzdt (49)
Q

where we have used (28) and that us = mrIIyu together with the fact that mr
is a projection in L?(0,T) and the projection-like formula for Carstensen’s quasi-
interpolation (17) to deduce that (o, us)s = fQ Uoudzdt.

To estimate the last term in the right hand side of (47) we write

F'(i10) (g — @) = F' (i) (o — @) — F' (@) (o — ) + F' (@) (o — )

= / (pa, — @) (ug — w)dzdt + 1// Uo (ue — u)dzdt +/ ?(us — u)dzdt
Q Q Q

< pa, — AllLzyllue — allp2 gy + V/Q%(uo — u)dxdt

+ @l (@) llue — 4l g1 gy

< Cllio — all g2y (h+7) + 1// to (uo — )dzdt + C(h* +7°) ||l (),  (50)
Q
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where we have used the Lipschitz dependance of the adjoint state with respect to
the control (the dependance is linear continuous indeed), (43), (44) and the H*(Q)
regularity of the optimal control and its related adjoint state provided in Theorem
3.2.

And the proof follows collecting all the estimates. O

7 Some extensions

In [10] we investigated the approximation of the controls by means of piecewise
constant functions in both space and time. We obtained an order of O(y/7+h) for
a problem governed by a semilinear parabolic equation. The proofs of Theorem
5.7 of that reference can be adapted to the approximation shown in the work at
hand to obtain the same order of convergence for a problem with a semilinear state
equation.

Conversely, the proof of Theorem 6.7 can be adapted to the case of using
piecewise constant approximations for the control to obtain also O(r + h) for a
problem governed by a linear equation. The main difference is that we should
take the LQ(Q) projection 7, instead of Carstensen’s quasi-interpolation, and the
proof can be slightly simplified: there is no need for numerical integration in the
computation of the norms that appear in the objective functional, the terms that
appear in the left had side of (49) are zero and so is the midterm in the right hand
side of (50).

8 Numerical experiments

We report on three numerical experiments. In the first one, we describe an example
with known solution and show error estimates (cf. Theorem 6.7 and [10, Theorem
5.7]). In the second one, we show how the sparsity properties of the solution change
as p changes (cf. Remark 6.4 and [8, Remark 2.10]). In the third one, we show the
sparsity pattern for a 2D example.

8.1 Experiment 1. Error estimates for an example with known solution.

Let 2 = (0,1) C R and T = 1. We are going to consider the data of the model
example in [10, Section 6.1], where yo =0, f =0, A= -2, v =1, u = 0.1, and
u(x,t) = V2X(0.25,0.75) (%) (z — 0.25)(x — 0.75) sin (27t) is the optimal control for
some y, conveniently chosen.

We have solved the problem using approximations of the control in V., the
space of continuous piecewise linear functions in space described in this work,

Vo = {ug € L*(0,T;V3) : tgr, € Vi, Vi =1,...,Nr},

where

Vi, ={uy € C(Qh) D2k € Pl(K) VK € K}.
For easier comparison, we also include the results provided in [10] using piecewise
constant control functions.

Us = {uo € L*(0,T;Up) : ugr, € Up Vi =1,...,N:},
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where
Up ={vy € LQ(Qh) D UK € Po(K) VK € K}.

In both cases, we confirm the estimates
Hﬂ - ﬂgHLZ(Q) == O(T + h)

We take two families of uniform partitions in space and time, with h = 27,
i=jdo,...,I,and T =277 j = jo,...,J for some values of I and J big enough. We
have been able to achieve I = J = 13 in a PC with MATLAB. To solve the discrete
problems, we use a semismooth Newton method as described in [15].

We perform three tests:

1. We take h = h; and 7 = 7;, this is, we let both parameter tend to 0 at the same

time.

2. We fix a small 7 = 7; and take h = h; for i =ig,...,I". This is, we refine only
in space.

3. We fix a small h = h; and take 7 = 7; for j = jo,...,J", so we refine only in
time.

To measure the error, we compute
€o — Hﬂg— — ﬁ'gﬂHLQ(Q)

where To,u = 7wr7pu. The operator 7, is the numerical approximation of the
L?(0,T) projection onto the set of piecewise constant functions given by the mid-
point rule: 7, f = Z;\Zl f((tj—1 +t5)/2)X(t;_,,t;)- The operator 7; is the usual
nodal interpolation in space for the experiment with continuous piecewise linear
functions in space and 7}, is the numerical approximation of the L2(Q) projection
onto the set of piecewise constant functions given by the midpoint rule. Let us
denote o; ; = (hs, 7j). The experimental order of convergence is measured as

IOg(eUz’,z‘) B log(egi—l,i—l)
log(h;) — log(hi—1)

EOC; =

in the first cases and analogously in the other cases.
For the first test (h = 7), we obtain the results shown in Table 1. The results
are as expected from Theorem 6.7.

Vo Us
K3 €4 EOC,L €5 EOCZ
6(4.65E—-3 — |43"TE-3 —
712.37TE—-3 0.97 ||2.22E —3 0.98
8|1.20E—-3 0.99 |[1.12E —3 0.99
916.01E—-4 0.99 ||5.60E —4 0.99
10|3.01E —4 1.00 ||2.81E—4 1.00
11
12
13

1.51E -4 1.00 ||1.40E —4 1.00
7.54E -5 1.00 ||7.03E —5 1.00
3.77TE -5 1.00 ||3.51E -5 1.00

Table 1 Results for h; = 7; = 2%, Left, continuous piecewise linear functions in space. Right,
piecewise constant functions in space.
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Vo Us

€; EOCZ' e; EOCi
291E-3 — [|[299E -3 —
1.47E -3 0.99 ||[1.48E—-3 1.01
741E—4 0.98 ||[T44E —4 1.00
3.78E—4 0.97 ||3.76E —4 0.98 =
10/11.97TE —4 0.94 ||1.94E —4 0.96
11{1.06E —4 0.89 [[1.03E -4 0.91
12|16.04E — 5 0.81 ||5.75E -5 0.84
13|3.77TE -5 0.68 ||3.51E—-5 0.71

© 00 ~J O =

Table 2 Results for 7 = 2713 and h; = 27¢. Left, continuous piecewise linear functions in
space. Right, piecewise constant functions in space.

For the second test (7 fixed and small, refinements only in the space step), we
get the results summarized in Table 2. The error due to 7 = 272 is small, but
not zero. So the values obtained for the error due to the discretization in space
are not of the form Ch;, but of the form Ch; + E-,. So it seems reasonable to
discard the results for which the error in time starts to be big enough. For 7 > 10
it maybe more than 10% of the error, so we stop at I* = 9. We obtain an order of
convergence of O(h), as expected.

In Table 3 we show the results for the third test (h fixed and small, refinements
in the time step). Since the spatial error is not zero, we discard the results for which

Vo Us
€4 EOC]' €5 EOC]'

1.89E -3 — 1.71E-3 -
9.80E -4 0.95 ||8.84E —4 0.95
5.07fE—4 0.95 [|[457TE—-4 0.95 =
2.66E —4 0.93 ||2.40E —4 0.93
10{1.44E —4 0.88 [|1.30E —4 0.88
11|8.34E —5 0.79 ||7.54E -5 0.79
12|15.29E — 5 0.66 |[4.83E —5 0.64
13|13.77TE -5 0.49 ||[3.51E -5 0.46

© 00 N O,

Table 3 Results for h = 2713 and T = 277, Left, continuous piecewise linear functions in
space. Right, piecewise constant functions in space.

it is at least the 10% of the global error and stop at J* = 8. We obtain an order
of convergence close to O(r).

8.2 Experiment 2. Directional sparsity properties of the control

Let 2 =(0,1) C R and let T = 1. We have solved the unconstrained version of the
example shown in [8, Remark 2.11]. The data for the example are yo =0, f =0,
A=-0%2,, v=1e—4, p=po =4e— 3 and

ya(z,t) = exp(—20[(z — 0.2)* + (t — 0.2)%]) + exp(—20[(z — 0.7)% + (t — 0.9)?]).

We solve the problem in a mesh with & = 7 = 278, In Figure 1, we show the support
of the optimal control for the values u = Mug, M =0,...,8. For u = 0, we have
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no sparsity pattern for the control. Then we see how the control is directionally
sparse for > 0 and how the support of the control is smaller as p increases. After
a few essays, we find that 4 = 0 for p > 7.4803u0. As expected, the value of the
objective functional increases as p increases. You may find the obtained numerical
values for J,(us) in Table 4.

n=ag n=2p
40 1 40 1 40
30 30 30
20 20 20
+~ 05 ~ 05
10 10 10
0 0 0
-10 10 0 10
0 05 1 05 1 o 05 1
X X x
1=3p, p=Ap, n=5u
1 40 1 40 1 40
30 30 30
20 20 20
+ 0.5 +~ 05 +~ 05
10 10 10
0 0 ]
o 10 0 -10 0 10
[} 05 1 o 05 1 o 05 1
X X x
n=6p, p=Tig =8,
1 40 1 40 1 40
30 30 a0
20 20 20
- 0.5 - 05 - 05
10 10 10
o o o
o -10 0 -10 ol -10
0 05 1 0 05 1 o 05 1
X x x

Fig. 1 Experiment 2. Support of the optimal control for different values of p

u 0 Ho 210 310 4p0
Jo (1i5)]0.00915 0.03410 0.04811 0.05673 0.06215

n 510 6110 o I
Jo(4s)[0.06550 0.06746 0.06836 0.06847

Table 4 Experiment 2. Value of the objective functional as the parameter p increases

8.3 Experiment 3. Directional sparsity properties of the control in 2D

Let 2 = (0,1) x (0,1) c R? and let T = 1. We solve a 2D version of the previous
example. The data for the example are yo = 0, f = 0, A = —A, v = le — 4,
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= po =4e—3 and

ya(z,t) = exp(—=20[(z1 — 0.2)* + (22 — 0.2)* + (t — 0.2)%])

+exp(—20[(z1 — 0.7)% + (22 — 0.7)* + (t — 0.9)%]).

We solve the problem in a mesh with » = 7 = 278, In Figures 2 and 3 we see
graphs of the approximations obtained using piecewise constant and piecewise

linear function respectively in different moments of time.

Fig. 2 Experiment 3. Support of the optimal 2D control
wise constant functions. Js(4s) = 0.01565574

4 t=0
08 i
08 20
04
10
02
o 0
0 05 1
| t=0375
08 o
06 2
04
10
02
" 0
0 05 1
4 t=0.750
08 o
08 20
04
10
02
o 0
0 05 1

Fig. 3 Experiment 3. Support of the optimal 2D control at different moments of time. Con-

t=0.125

tinuous piecewise linear functions. J5(ts) = 0.01565603

at different moments of time. Piece-

t=0.250
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