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UNILATERAL PROBLEMS FOR THE p-LAPLACE OPERATOR IN
PERFORATED MEDIA INVOLVING LARGE PARAMETERS *

D. G6oMEZ!, M. LoBo!, E. PEREZ2, A.V. PopoLSKII? AND T.A. SHAPOSHNIKOVA?

Abstract. We address homogenization problems for variational inequalities issue from unilateral con-
straints for the p-Laplacian posed in perforated domains of R", with n > 3 and p € [2,n]. € is a small
parameter which measures the periodicity of the structure while a. < & measures the size of the per-
forations. We impose constraints for solutions and their fluxes (associated with the p-Laplacian) on
the boundary of the perforations. These constraints imply that the solution is positive and that the
flux is bounded from above by a negative, nonlinear monotonic function of the solution multiplied by
a parameter B. which may be very large, namely, 5. — oo as € — 0. We first consider the case where
p < n and the domains periodically perforated by tiny balls and we obtain homogenized problems de-
pending on the relations between the different parameters of the problem: p, n, €, a. and B.. Critical
relations for parameters are obtained which mark important changes in the behavior of the solutions.
Correctors which provide improved convergence are also computed. Then, we extend the results for
p = n and the case of non periodically distributed isoperimetric perforations. We make it clear that in
the averaged constants of the problem, the perimeter of the perforations appears for any shape.
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1. INTRODUCTION

Homogenization problems in perforated media for the p-Laplace operator have been considered in the lit-
erature over the last decades. We mention [8,28, 32] for Dirichlet boundary conditions, [14] for Neumann
conditions, [36] for Signorini conditions, [38—40] for some generalized Robin type boundary conditions, [15] for
perforations along a manifold, [26,41] for obstacles in perforated domains, and [3,4,12] for different abstract
frameworks involving perforated media: see also references therein. Different assumptions on the geometry and
the distribution of the perforations are made in the above-mentioned papers; also different assumptions on p are
considered. See [13,29,43] and references therein in connection with models related to p-Laplacian, for different
values of p, arising e.g. in glaciology, torsional creep and flows through porous media.
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The problems under consideration in this paper are different from those in previous papers. We consider
the p-Laplace operator in a perforated domain by “tiny cavities”, with constraints for the solution in a general
framework (cf., e.g., [42]), and further specifying, constraints for the solution and its normal derivative (associ-
ated with the p-Laplacian) on the boundary of the perforations, involving a nonlinear function of the solution,
o, and a parameter. This parameter may depend on the period and it can be either a very large parameter
or a very small parameter; also o can be a quite general monotonic increasing function (cf. (2.1)—(2.3) and
Section 8).

We focus on obtaining critical sizes of perforations and critical relations between parameters which give rise to
a strange term in the homogenized problem, at the same time as we describe all the possible homogenized media
depending on the parameters of the problem. In addition, we construct correcting terms which provide strong
convergence in the corresponding Sobolev spaces and obtain precise bounds for convergence rates. Strange terms
issue simultaneously from the constraint for the solution and the constraint for the normal derivative on the
boundary of the cavities, and correctors for solutions, are obtained for the first time in homogenization theory of
the p-Laplace operator. These strange terms can appear in a boundary value problem or in an obstacle problem;
their nonlinear character being very different. As one might expect, considering all the possible relations between
parameters and the improved convergence provided by the correctors may restrict the geometrical configuration
of the problem as well as the properties of the nonlinear function ¢ which however seems to be optimal to obtain
all the results (cf. Section 8).

More precisely, we consider the domain 2. which is obtained by removing small domains G., the cavi-
ties/perforations, of diameter 2a. < ¢, from a fixed domain 2 of R™ (see Figure 1). The cavities are distributed
over the whole domain at a distance O(g) between them, £ being a small parameter that we shall make to go
to 0. We denote by S. the boundary of the cavities, namely, S. = 0G.. For n > 3 and p € [2,n], we study the
asymptotic behavior of the solution u., as € — 0, of the following problem:

_Apue = f in QE,
u. =0 on 092, (1.1)
ue >0, Oy, ue > —feo(x,us), ue(0y,ue + feo(x,u:)) =0 forx e S,

where f € L(Q) with ¢ = p/(p — 1), Apu = div(|Vul|P~2Vu), 8,,u = |VulP~?(Vu,v), v denotes the unit
outward normal to Q. on S, e > 0 is a e-dependent constant, ¢ = o(z,u) is a continuously differentiable
function defined in Q x R, strongly monotone with respect to u (cf. (2.1)—(2.3)). Note that 3. is referred to as
the adsorption parameter, and the variational formulation of (1.1) is (2.5).

We distinguish two ranges of p: p € [2,n) and p = n. For 2 < p < n we assume that the adsorption
parameter takes the value e™7, with v € R, and that the cavities G¢ are balls of radius a. = Cpe® (with
a > 1 and Cy > 0), which are periodically distributed over €. It should be emphasized that this geometrical
configuration is essential over all for the relations « = n/(n —p) and y =n(p —1)/(n —p) = a(p — 1) (see the
intersection point in Figures 2 and 3) since the solution of the local problem obtained from the microstructure
of the model is somewhat related with the fundamental solution of the p-Laplace operator. The solution of the
local problem can be computed via a nonlinear equation that recalls the functional equation (1.3) (cf. Section 8).
We relax the above geometrical configuration for the case where p = n, a case where a certain non periodically
distribution of the cavities is allowed while they can have arbitrary shapes with a fixed perimeter (see the
different cells in Figure 1 and the functional equation (1.10)—(1.11)): a comparison result makes it difficult to
extend the result to p € [2,n).

Below, cf. Section 1.1, we relate all the homogenized problems and the main results that we obtain as well
as the structure of the paper.

1.1. The homogenized problems

For p € [2,n), we obtain the homogenized problem, as ¢ — 0, for different relations between « and 7 (see
a sketch of all the possible situations in Figure 2). Among these relations, two of them provide asymptotic
relations between adsorption, size and periodicity parameters which are related to as critical size and critical
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F1GURE 1. The geometrical configuration of ). and the periodicity cell.

relation for the adsorption. Let us explain this in further detail. By comparison with the p-Laplace operator
in perforated media, the classical critical size for the perforations with the p-Laplacian and Dirichlet boundary
conditions on S, (see [28]) is given by o = n/(n — p). For a > n/(n — p) the cavities are very small and they,
as well as the constraints with any adsorption parameter, do not influence the average process (cf. the region
in green color in Figure 2, problem (1.8), Theorem 6.4, and Theorem 6.5 for improved convergence). A strange
term appears for « = n/(n — p).

It should be mentioned that the terminology of strange term here used appears in [9] for linear problems
with Dirichlet boundary conditions on the perforations; see the reference to the original work introducing this
terminology and further references in [9]; see also [31] in connection with the above-mentioned term in these
linear problems; see [28] for Dirichlet conditions with the p-Laplacian, and [21,24] for the Laplacian with
nonlinear Robin boundary conditions on the perforations. In our problem, it happens that this strange term
also depends on the adsorption parameter and it ranges from a classical reaction term associated with the p-
Laplacian, namely of the type |u|[P~%u or |u~|P~2u~, to the reaction term o(x,u) by multiplicative constants of
the problem or a reaction term given by a function implicitly defined in a functional equation of the type (2.19).
Also the character of the homogenized problem can change including boundary value problems (cf. (1.2), (1.4),
(1.5) and (1.8)) and obstacle problems (cf. (1.6) and (1.7)). In fact, for each value of o, 1 < o < n/(n — p),
the relation v = a(n — 1) — n provides the so-called critical relation for the adsorption parameter which implies
that the total area of the perforations multiplied by the adsorption parameter is of order O(1).

In order to make more comprehensible the entire results for p € [2,n), which we summarize in Figures 2 and
3, we introduce here a table with all the possible limit situations:

I. When o =n/(n—p) and vy =n(p — 1)/(n — p), the homogenized problem is:

(1.2)

~Aput An,p(m(x, wH) P2 H (2, ut) + |u_|p_2u_) —f mnQ,
u=20 on 012,

p—1
where A, , = (g) Cy Pw,, and, for every (z,7) € 2 x R, H(x,7) is the solution of the functional

equation
B"’P|H|p_2H:U(x7T_H)7 (13)
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p
with B, = (22)" C37".

II. When o =n/(n —p) and v < n(p — 1)/(n — p), the homogenized problem is

—Apu+ Ay plu”[P2u” = f in Q,
{ u=0 on 0, (14)
n— Pl
where A,, , = (pff Cy Pwy,.
ITI. When o =n/(n —p) and v > n(p — 1)/(n — p), the homogenized problem is
—Apu+ ApplulP2u=f inQ, (15)
u=20 on 092, ‘
p—1
where A, , = (g) Cy  Pwy,.
IV. When a € (1,n/(n —p)) and v = a(n — 1) — n, the homogenized problem is
—Apu+Dypo(z,u)— f >0, u>0, (—Apu+Dypo(z,u) — flu=0 inQ, (1.6)
u=20 on 0, '
where D,, = 0371&)”.
V. When « € (1,n/(n —p)) and v < a(n — 1) — n, the homogenized problem is
“Apu—f>0, u>0, (—Apu—flu=0 inQ, (1.7)
u=20 on ON. '

VI. When a € (1,n/(n —p)) and v > a(n — 1) —n, u = 0, that is, as ¢ — 0, the solution u. vanishes
asymptotically in the whole (2.
VII. When a > n/(n —p) and v € R, the homogenized problem is

—Apu=f in§, u=0 on 0. (1.8)

Above, and throughout the paper w, denotes the area of the unit sphere in R”, and u™ and u~ denote
ut = sup(u(z),0) and v~ = u — uT. The existence and uniqueness of the solution for all the homogenized
problems holds as does that for the e-dependent problem (1.1) (cf. Theorem 2.1).

Point I is referred to as the most critical case, where we have the critical size of perforations and the critical
relation for the adsorption parameter. Points IT and III deal with the the classical critical size of perforations.
Case IV fits into the case of the critical relation for the adsorption. This case is of great interest, since for each
size of the holes (namely, for each o) we have a critical relation for the adsorption (namely, of ) giving rise to
the strange term. Of course the role of o and ~ inverts (see the red discontinuous line in Figure 2). In points
V-VII some extreme relations for parameters hold.

Hence, the most critical relation between parameters is provided by the intersection, in the plane a~y, cf. Fig-
ure 2, of the lines « = n/(n — p) and v = a(n — 1) — n. The intersection point (the big point in Figure 2) has
coordinates « = n/(n —p) and vy =n(p — 1)/(n — p) = a(p — 1). In this case, the e-dependent problem, which
is a variational inequality (cf. (2.8)), asymptotically transforms into a boundary value problem (cf. (1.2)) with
a strange term defined implicitly from a functional equation (cf. (1.3)) issued from the microstructure of the
problem. The function defining this new term satisfies the same properties of monotonicity as o and it is in good
agreement with the existing results in the literature for p = 2 (cf. [23]). As a matter of fact, the strange term is
the sum of two terms related to the contribution both of the constraints u. > 0 and 9, u. > —e Yo (x,ue) on
the boundary of the perforations. The first term is given by a somewhat classical reaction term |u~|P~2u~ mul-
tiplied by averaged constants; the other one involves a nonlinear function of w, H(z, ) implicitly defined from
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(1.3): see [28], [40] and [41] to compare with strange terms when we have a Dirichlet condition or a generalized
Robin boundary condition with a more restrictive datum o. See (8.1) for some explicit computation of H.

We also note that the above mentioned fact (on the double contribution for the strange term) has already
been detected in [17,23] for variational inequalities for the Laplacian (p = 2) in perforated media depending on
whether the perforations are placed over the whole domain or along a manifold. We mention [17] for an extensive
bibliography on variational inequalities in homogenization problems. Also, [21] should be mentioned as the first
work in the literature where a nonlinear strange term appears defined implicitly via a functional equation,
and [24,25] as works which consider for the first time homogenization problems for the Laplace operator and
semilinear boundary conditions leaving as an open question the most critical case (namely, the one homologous
to the big point in Figure 2 when p = 2), problem which remained unsolved for a long time even for the Laplace
operator (cf. Section 8 in this connection).

N Problem (1.5)

/

Dirichlet problem (1.8)

i “Implicitly-detined” problem (1.2)
n@p-1)/(n=p) p----oeo- i

“Obstacle” problem|(1.6) \‘l I
Problem (1.4)

.
S

n/(n—p)

v
=]

Problem|(1.7) 1

FIGURE 2. Sketch of homogenized problems depending on the relations between a and v (n
and p fixed).

For a« =n/(n—p) and v = a(p — 1) (see the intersection point in Figures 2 and 3), we show the convergence
result for the solution u. of (1.1) with 8. = €7 (cf. Theorem 3.1) towards that of (1.2), where the nonlinear
function H is defined via the functional equation (1.3). The existence and uniqueness of solution of (1.3) is a
consequence of a general result (cf. Proposition 2.2). Also, we obtain the corrector term W.(H (z,u™) + u™)
which provides improved convergence (cf. Theorem 3.2 and definition (2.15)).

For the same value of o and different values of v, namely, & = n/(n — p) and v # a(p — 1), the nonlinear
strange term arising in the homogenized problem (cf. problems (1.4) and (1.5)) is provided by the reaction term
|ulP~2u (for v > a(p — 1)) or |u~[P72u~ (for v < a(p — 1) multiplied by constants of the problem obtained in
the average process (cf. capacity constant and scaling constants from sizes of the cavities). Convergence and
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correctors are in Theorems 4.1-4.4: see line & = n/(n — p) in Figures 2 and 3. In both cases the homogenized
problem seem to ignore the function o of the e-dependent problem.

In the case of the critical relation for the adsorption parameter v = a(n — 1) — n and « smaller than for the
critical size, the nonlinear strange term is o(z,w) multiplied by some averaged constants. It accompanies the
p-Laplacian in € and the homogenized problem is now an obstacle problem; namely, it is an obstacle problem
associated to the corresponding homogenized medium (cf. (1.6) and the discontinuous red line in Figure 2).
The convergence and bounds for convergence rates are in Theorems 5.1 and 5.2.

Finally, for the extreme relations, that is, the very large size of perforations and very large adsorption
parameters, the solution of the e-dependent problem is approached by 0 (cf. Theorem 6.3, and the blue region
in Figure 2) as if the adsorption parameter becomes a small parameter accompanying the normal derivative,
and therefore, as if Dirichlet conditions are imposed on very big perforations (see [28]). This is quite in contrast
with the case of large size of perforations and small adsorption where we obtain an obstacle problem for the
p-Laplace operator in €2 which ignores both the nonlinear term ¢ and the adsorption parameter: see problem
(1.7), Theorems 6.1 and 6.2 and the region below the red discontinuous line in Figures 2 and 3.

A U—VVEU,

/

WP — convergence

u—W.(H(x,u%) +u")

n@—1)/(n-p) p------ov-

wip — convergencK‘l

A 4
]

1
WP — convergen¢
genge \LL, I

FIGURE 3. Sketch of correctors and improved convergences.

In the case where p = n (cf. Section 7), we consider the most critical situation which is somewhat homologous
to that of the big point in Figure 2. More specifically, for the geometry of the cavities described by (7.1) and the
relations between sizes of cavities a. and adsorption parameter 8. described by (7.2), the homogenized problem
reads:

{ =Bt Ao (|H e, w2 H ) o0 = £ in 0, (19)

u=20 on 09,
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where A, = wpa 21 "and for every (z,7) € Q x R, H(x,7) is the solution of the functional equation
Bu|H[" 2H = o(z,u— H), (1.10)
with . _
B, = wpa 20 C 2= and |0D™] =1 (1.11)

I, &2 and C2 are positive constants (see their precise definitions in (7.1) and (7.2) and (1.12)), I the perimeter
of the cavities (cf. the different cells in Figure 1).

For brevity, in order to outline the extra difficulties when dealing with cavities which are not balls, in
Section 7 we consider only the above homogenized problem (1.9) when p = n, leaving the whole map of possible
limit situations and proofs to be published in a forthcoming publication by the authors. However, it should
be noted that for p = n, due to the fact that logarithmic scale appears (cf. (7.2)), a graphic of the type of
Figure 2 summarizing all the possible homogenized problem becomes more complicated (even unthinkable),
and, as occurs in [18] for the Laplacian and perforation by tubes, the graphics should be performed for well
defined dependence of a. and 5. in terms of €. In this respect, as a sample, we outline that (1.9)—(1.11) provide
the homogenized problem of (1.1) when we have the following relations:

a. = ~028k67&2/5L, ﬁa — anf(nfl)je&%nfl)/EL, (112)

with k = j > 0, 5’3 > 0,a? > 0, and ¢« = n/(n — 1). However, other choices of order functions for a. and j.
could lead to the same homogenized problem.

As happens for p € [2,n), in the most critical case, the homogenized problem (1.9) is a boundary value
problem in  containing the strange term in the partial differential equation which is the sum of two terms as a
consequence of a double contribution (cf. [28], [41] and [39] to compare with other boundary conditions). The
contribution due to the constraint for the flux leads to the nonlinear function |H|""2H in the strange term,
H being implicitly defined by (1.10), where the perimeter [ of the cavities arises now in the averaged constant
(1.11), due exclusively to the influence of the adsorption parameter independently of the shape.

Note that in the case where the nonlinear function o is the classical one arising in the Robin boundary
condition, namely o = b(z)|u|P~2u with p € [2,n], H can be defined explicitly in terms of b(x) and u and we
observe that H depends on b(x) in a quite unusual way (see (8.1)).

As regards the technique, we mainly use the energy method to show the convergence of the solutions.
Nevertheless, since we are dealing with homogenization of variational inequalities, and constraints involving
nonlinear functions on the boundary of the perforations, proofs rely on monotonic operator theory, on extension
operators, on suitable transformations of certain surface integrals on S, into volume integrals, on convergence
of measures, and on the appropriate choice of test functions which allows us to pass to the limit in the weak
formulations. These choices imply introducing auxiliary problems in the periodicity cell (cf. (2.13), (5.8), (7.6),
(7.8) and (7.26)). As a matter of fact, somehow five auxiliary functions are used in the process depending on
the range of p and on the relations between the parameters 8. and a.. Functions w! and w! deal with the
classical test functions used in the literature when the perforations are balls; both functions can be explicitly
constructed. ¢ deal with the test functions for more general geometries; also, the sets of functions {M?} and
{ml} (j € Z™), which are solutions of the non-homogeneous Neumann problems for the p-Laplacian, (5.8) and
(7.26) respectively, become crucial in the identification of certain homogenized problems.

For the most critical case, we construct the test functions (cf. (3.2) and (7.15)) using w! and ¢/ and the
function H arising in the strange term (see (1.3) and (1.10) depending on p). To show the improved convergence
for solutions, we construct correctors using the auxiliary functions, the implicitly defined function H, and some
intermediate singularly perturbed problem (cf. (5.16)): under the assumption of W!*-smoothness of the
solution of the homogenized problems, allows us to obtain precise bounds for convergence rates in the W!-P-
norm (see a map of the different situations in Figure 3).

As regards the structure of the paper: Sections 2-6 are devoted to the case where p € [2,n) and Section 7
contains the case p = n. Figure 2 summarizes the cluster of possible homogenized problems for different relations
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between the parameters a and v, once we set p and n for p € [2,n). Figure 3 provides a sketch of the corrector
terms and improved convergence for p € [2,n). The proofs are distributed in the paper as follows. Section 3
contains results for the most critical case (cf. the big point in Figures 2 and 3, and case I of the table). Section 4
contains results for the critical size of the perforations (cf. the vertical half-lines « = n/(n — p) in Figures 2
and 3, and cases II and IIT in the table). Section 5 addresses the critical relation for the adsorption parameter
(cf. discontinuous red line in Figures 2 and 3, and case IV of the table). Section 6 addresses the rest of extreme
relations (see colors blue, purple and green in Figures 2 and 3; cases V-VII of the table). Section 2 deals with the
setting of the problem and some preliminary results useful for proofs throughout Sections 3-6; some technical
proofs of these results are in the Appendix. Section 8 contains some final remarks on our results and on possible
extensions to this paper.

Finally, in short, we emphasize that this paper provides a very general framework for variational inequalities
with the p-Laplacian and constraints on the boundary of the perforations. The entire results imply improving
and extending results in former papers in the literature (cf. Remark 8.1): only the results in Theorems 3.1 and
7.4 have been stated in [16,19] under stronger restrictions on o, we provide here their complete proofs. Also,
we extend the results in [23] for the Laplace operator; namely, in [23] only items I and IV of the table for
p = 2 have been addressed. We consider a more general o at the same time that cover the rest of the cases for
p = 2 and the rest of p. In all the cases we provide correctors or improved convergence with precise bounds
for convergence rates. We also note that depending on the situation in the general map of Figures 2 and 3, the
result obtained can be extended to more general geometries of the cavities and other nonlinear data arising in
the constraints (see Section 8 in this connection).

2. THE HOMOGENIZATION PROBLEM AND PRELIMINARIES

In this section we introduce the variational inequality for the p-Laplace operator associated with (1.1), and
the precise geometry and notations used throughout Sections 3-6 for p € [2,n). Each section or subsection
contains different relations between parameters. We extend notations and the geometry of the problem in
Section 7 for p = n.

Let © be a bounded domain in R™, n > 3, with a smooth boundary 9Q and Y = (—1/2,1/2)". Let ¢ be a
small positive parameter that we shall make converge towards zero. We set Q. = {z € Q| p(z, Q) > 2¢ } where
p denotes the distance.

We denote by G the ball of radius 1 centered at the origin of coordinates. Let w,, be the area of the unit
sphere in R", that is, w,, = |0Gy|. For a domain B and for § > 0, we define the sets B = {z|§ 'z € B}. We
set

G. = U (a£G0+5j) = U GL

jeTs jGTS

where a. < ¢, and Y. = {j € Z" : (a.Gp + €j) N Q. # (0}; Z™ is the set of vectors z with integer coordinates
(see Figure 1). Note that |Y.| = de=" with d > 0. We define YJ = cY + ¢j where j € ..
In what follows, we set
Q. =0\ G., S. =0G,, 00, =0QUS..

Also we consider the space W1P(Q,,9Q) (W1P(Q,0Q), respect.) to be the completion with respect to WP (€,)-
norm (W1P(Q)-norm, respect.) of the set of infinitely differentiable functions in Q. (€2, respect.), vanishing in
a neighborhood of 9Q. For a function v in WH?(Q), u™ and u~ denote u* = sup(u(z),0) and v~ = u — u™
respectively.

Let us consider o(z,u) a continuously differentiable function of variables (z,u) € Q x R satisfying:

o(z,0) =0, (2.1)

(o(x,u) —o(x,v))(u —v) > ki|u—v|P (2.2)
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and

o (, w)| < kalulP~" + [u]’] (2.3)
for all x € Q, u,v € R, and certain constants k; > 0, kg >0 and 6 € [p—1,(p — 1)n/(n — p)] if p € [2,n), and
0 € [p—1,00) if p =n. Note that (2.1)—(2.2) imply

o(z,u) >0ifu>0 and o(z,u) <0ifu<0, Vre. (2.4)
The variational formulation of problem (1.1) is: find u. € K, satisfying
[Ivup v - wyda 6 [ o) - wyds> [fo-uds, ok, (@)
Qe Se Q
where the set K. is defined by
K.={ge€W"(Q.,09):g >0 ae. on S.}. (2.6)
For p € [2,n) we set the values
ae = Cpe®, witha>1 and Cy >0, and p[.=¢"7, withyeR. (2.7)

We have the following result:

Theorem 2.1. Let e >0, f € LY(Q) withgq=p/(p—1), p € [2,n), and a. and B given by (2.7). For fized ¢,
problem (2.5)—(2.6) has a unique solution u. € K. which also satisfies the inequality

/ \V¢|p72V1/)V(LZJ —u)dr + 5*7/0(:10,111)(@/1 —u.)ds > /f(l/) —ue)dx, V¢ € K.. (2.8)
Q. Q

€

In addition, for u. the solution of (2.5)—(2.6), there exists P.u. an extension of u. to ), P.u. € WHP(Q, 00)
with the following properties

[ Peuellwiro) < Klluellwirq.), [VPeucl Loy < K| VuellLo(a.), (2.9)

and
”P UEHWI P(Q) + 577”“5”1,;»(5 = K”fHLq(QE)' (2-10)
In all the estimates above, K > 0 denotes a constant independent of €.

Proof. First, we show that the integral on the boundary [¢ o(z,uc)(¢) — uc)ds is well defined for ¢ €

WP(Q.,09Q). To do this, we take into account (2.3), the Holder inequality and the continuous embedding
of WLP(Q.,09Q) into L7 (S.) for p <r < p(n —1)/(n — p), and we can write

[ o)~ 0 ds| <Culluells 10 = eloogs.y + el 190 = els.)]

J (2.11)
<CullluclBt s + Tl Il = uellws s

where r = p(n—1)/(n —p) and v’ = p(n —1)/n(p — 1).

The existence and uniqueness of the solution u. € K, of problem (2.5)—(2.6) follows from the monotonicity
of the function |A|[P72X (cf. (2.18)) and from the monotonicity of the function o(z,u) with respect to u (cf.
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(2.2)): see, e.g., Section 11.8.2 in [30] and Section IIL.1 in [27]. Moreover, applying Minty Lemma (see, e.g.,
Theorem 8.4 in Section 11.8.2 of [30]), the integral inequality (2.5) for u. amounts to (2.8).

The existence of a function P.u. € WHP(Q,99Q) which extends u. to € and satisfies properties (2.9) is a
consequence of Lemma 2.7 (see below).

Let us show estimate (2.10). Setting ¢» =0 in (2.5) and v = 0 in (2.2), we have

IVuell7 o)+ uellinsy < Ifla@olluellie .-
Then, from the Poincaré inequality for the elements WP (€2, 9Q) and (2.9), we obtain the estimates
||vu€||LP(Q )y = KHf”LQ(QE)? € 7”Us”Lp Sy = K”fHLq(QE)ﬂ

Husugvl,p(ga) < KHf”qu(Q |Pe us”wl P(Q) < K”fHLq(Q
Therefore, (2.10) follows and the estimates above conclude the proof of the theorem. O

Considering (2.10), there is a subsequence ( still denoted by e ) such that, as e — 0,
Poue — uin WHP(Q,00) — weak and  P.u. — u in LP(Q), (2.12)

for a certain function u which, once identified, provides the convergences (2.12) for the whole sequence of e.
Note that such an extension provides a bound of the Poincaré constant independent of e.

Throughout Sections 3-6, we show that this homogenized function u is the unique solution of a homogenized
problem which depends on the relation between the parameters «, v, p and n. That is, depending on the
dimension of the space, the value of p, and the different relations between the e-dependent parameters (the
radius of the cavities O(£%) and the adsorption parameter O(¢~7)), we have very different limit behaviors for
the solution of problem (1.1). For fixed n > 3 and p € [2,n), Figure 2 shows a graph of v versus « in such a
way that for each a € (1,n/(n — p)], the values of v above, below or equal to a(n — 1) — n provide different
homogenized problems. In the case where o > n/(n — p), the size of the cavities is very small and the solution
ue ignores asymptotically their influence. In addition, depending on the relations between the parameters
a,7,p and n, we also construct different correctors which provide estimates for convergence rates of solutions
(cf. Figure 3).

2.1. Preliminary results

In this section, we introduce results which we shall use throughout Sections 3-6. We provide either precise
references for their proof or a detailed proof in the Appendix. First, we introduce a function, related to the
solution of the microscopic problem, which allows us to construct the test functions to pass to the limit in (2.8),
as ¢ — 0. Also, we obtain certain estimates that we need for proofs in Sections 3-6. Here and in what follows,
K denotes a constant independent of e.

Let us denote by P? the center of the ball GZ, j € T.. We denote by T

PJ. Let w be the solution of the following problem

“/4 the ball of radius £/4 with center

Apwl =0 in T/, \GL

wl =1 on G, (2.13)
w! =0 on 8T€/4

It can be easily verified that for p € [2,n) we have

(o) /(= (p—n)/(p=1)
o — PI|=m/=1) _ ()P~

w!(r) = L/ —
€ aPm/ =1 _ (i)(p n)/(p—1)

(2.14)
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We define the function W, € WP(Q,9Q) by setting

W.(z) = wi(z), zeT,\GL jeT., (2.15)

e/

extended by 1 inside G2, j € T, and by 0 in R™ \ eur ng/4. Thus, we compute
J €

VWl o) < Keot == (2.16)
and, consequently, as € — 0, we conclude that

We — 0 in WHP(Q) — weak  if @ = n/(n —p),

W. — 0 in WHP(Q) if «>n/(n—np). (2.17)

Next, it will prove useful to introduce a well-known result on the monotonicity of the function |[A[P~2\ with
respect to A € R™ for p > 2: there exists a constant k3 > 0 such that

(IAP72A0 = [XaP7220) (A1 — Ao ) > ks | A — \of?, VA1, A2 € R, (2.18)

(cf., e.g., [6]). Note that here and throughout the paper we write A; Ay as the scalar product in R”.

Using this result, we introduce a proposition which provides existence and uniqueness of solution of the
functional equation arising in the homogenized problem (1.2): see the Appendix for its proof. Also, see for
example [20] and references therein for different functional equations when p = 2.

Proposition 2.2. Let p be p > 2. Let o be a strictly positive constant and let o be the function o(x,u) defined
from Q X R into R which is assumed to be a continuously differentiable function in Q x R satisfying (2.1)—(2.2).
Then, the equation

|H|P72H = oo (2,7 — H) (2.19)
has a unique solution H(x,T) which is a continuously differentiable function in Q x (R \ {0}) and continuous
in Q x R, and satisfies H(x,0) =0 and

(|H (2, w)["~* H (@, u) = [H(2,0) [P~ H(w,v))(u = v) 2 ki |u = o], (2.20)

|H (2, u)| < [ul, (2.21)

for all z € Q, u,v € R and a certain constant El > 0. Consequently,
H(z,u) >0ifu>0, H(z,u)<0ifu<0, VrecQ. (2.22)

The following result simplifies the computations throughout the paper: see the Appendix for its proof.

Proposition 2.3. Let p > 2. Let v € W'>*(Q), ¢ € WHP(Q,00) and n. € WHP(Q,00) such that || Ve Lm (o)
tends to 0, as € — 0, for m € [1,p). Then,

/ <|V(v + Us)|p72v(’0 +ne) — ‘vv|p*2Vv) Vodr = / ‘V%VD*QV??EWP dz + Re, (2.23)

where |R;| — 0 as e — 0 and

-2
R < K[Vl 621 0y + Vel 2oso-0 @)1Vl o @) - (2.24)
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Moreover, if ||Vne||Lr() — 0, as e — 0, then

lim (|V(v F )PV (0 + 1) — \Vv|p_2Vv> Vede = 0. (2.25)
e—0 Q

€

In addition, (2.23)-(2.25) also hold in the case where ¢ depends on €, namely ¢ = ., with ||V Ly ()
bounded independently of €.

Finally, we introduce Lemmas 2.4-2.8 which we need for the proofs throughout Sections 3-6. Applying the
technique in Lemmas 1 and 2 in [33], and Lemma 3 in [34] for p = 2 we obtain Lemmas 2.4, 2.5 and 2.6
respectively (see also [40] in this connection). See Theorem 1 of [39] and references therein for the proof of
Lemma 2.7 (cf. also in this connection [1] and [38], and [10] and [33] when p = 2). We refer to Lemma 1 in [44]
for the proof of Lemma 2.8. In these lemmas, the constant K does not depend on ¢ nor on the functions ¢
appearing in their statements.

Lemma 2.4. Let Y. = (—1/2,1/2)"\ a.Go where Gy is the ball of radius 1 with center the origin of coordinates
and a. is a positive constant such that a.Gy C e(—1/2,1/2)". If p € Wl*p(f/s) and f?a wdr =0,2<p<n,
then

||S0||Lp()75) < KEHVSD”LP(T/E)-

Lemma 2.5. Let Y. be the domain defined in Lemma 2.4. Let ¢ € Wl’p(f/e), 2 < p<n. Then,

1121 000y < Kl el )+ a2 0l o |

Lemma 2.6. Let Y. be the domain defined in Lemma 2.4 and let Y. denote the domain 2e(—1/2,1/2)"\ a.Gy.

Let o € WhP(Y,), 2 < p < n. Then,

lel s < Kla:7"e" 0l 1 (a0 + aﬁ‘"E"IIWH’;p(;E)}
Lemma 2.7. Let p > 1. There exists an operator P- from WP(Q.,9Q) into WHP(Q,09), such that for any
© € WHP(Q.,00),

[Peellwir) < Kllellwir,) and [[VPpllro) < KIVelLr .- (2.26)

Lemma 2.8. Let h. € H(Q) and h. — hg in HY(Q)-weak as € — 0. Let Tg/4 be the ball of radius /4 with

center PJ. Then, as € — 0,
Z 22n=2¢ / he ds —>wn/h0 dx,

jET. : &
8Tg/4

where wy, 18 the area of the unit sphere in R™.

3. THE MOST CRITICAL CASE FOR p € [2,n): a = =" AND 7 = “2-U
P n—p
In this case, the homogenized problem is the boundary value problem (1.2). We show that the nonlinear
function arising in the strange term is defined through a functional equation (cf. the reaction term in (1.2)
and (1.3)). The properties of this function allow us to obtain a corrector: see (3.2) for u = v, and the point
intersection of all the lines in Figures 2 and 3. The convergence and the corrector results are in Theorem 3.1
and 3.2 respectively.

Theorem 3.1. Let a =n/(n—p), vy =np—1)/(n—p) forp € [2,n), and let us be the weak solution of (1.1).
Then, the limit function u of the extension of u., defined by (2.12), is the weak solution of problem (1.2).
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Proof. First, let us note that on account of Proposition 2.2, equation (1.3) has a unique solution and therefore,
the function H(x,u) arising in (1.2) is a well defined function satisfying H(z,0) = 0, (2.20), (2.21) and (2.22)
for all z € Q, u,v € R and a certain constant k; > 0. The variational formulation of (1.2) reads: find
u € WHP(Q,09) such that

/ Va2 VuV G do+ Auy [ () P2 H ) + e P20 g de = / fode, Ve WIP(Q,00).
Q Q

Q
(3.1)
From the monotonicity of the function [A[P~2X (see (2.18)) and of the function |H (x, 2)|P~?H (z, z) with respect
to z (see (2.20) and (2.22)), p > 2, the existence and uniqueness of solution of (3.1) holds: see, e.g., Section I1.8.2
in [30] (cf. also [17], [23] and [40], for related problems).
Let us consider the function
b =v—W(H(x,o")+v7), (3.2)
where v € C§°(2), We is the function defined by (2.15) and H(z,7) is the solution of the functional equation
(1.3). Let us prove that ¢» > 0 on Se, and thus it belongs to K.. Suppose that for some point zy € S; we
have 1(z9) < 0. Then, we get v (zo) — H(zo,v"(20)) < 0 and o(zg,v" (z¢) — H(xg,v"(20))) < 0. However,
0 < By plH (2o, v (20)) P72 H (20, v (20)) = o (w0, v (20) — H(x0,vT (20))). Thus, we obtain a contradiction.
We now take 1 defined by (3.2) as a test function in (2.8); since W. = 1 in G. we obtain

/ V(v —Wo(H(z,vT) + 07 )P 2V (v — We(H(z,v") + 07 )) V(v — Wo(H(z,v") +07) — u.) da
Qe

(3.3)
+e7 /a(x, vt — H(z,v")) (vt — H(z,v") —u.)ds > /f(v —W(H(z,v ") +07) —ue) de
Se Q.
and we pass to the limit when ¢ — 0.
We denote by L. the left hand side of (3.3). Let us show that
lir% L. < / IVolP~2VoV (v — u) dz + A, , (\H(x, v)P2H (z,0h) + |v_|p_2v_) (v —u)dx. (3.4)
e—
Q Q
In order to do that, we take into account that
/ VWL | de < Ken®=m/0=0) for m e [1, ], (3.5)

Qs
which is obtained from formula (2.14). Then, we apply Proposition 2.3 with
ne = -We(H(z,v") +v7) and p = p. = v — W.(H(z,v") +v7) — Pue,

where P.u. is the extension defined in Theorem 2.1. This is possible since on account of (2.10), (3.5), (2.12)
and (2.17), we can check that ||V¢.|/»(o) is bounded independent of & and

0. =v—W(H(z,v") +v7) — Poue — v —u in WHP(Q) — weak as ¢ — 0. (3.6)

Thus, we obtain
lim L. = ;%(L; + L2+ L12) (3.7)
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where
L= / |VolP=2VoV (v — Wo(H(z,v") +v7) — u.) da,
Q.
Li=— / VW (H(z,v") +v7))|P2V(W(H (z,v") + ")) V(v — We(H(z,v") +v7) —u.) d
Qe
and

On account of (3.6) and the fact that |G.| — 0, we have

gii% Ll = / |VolP~2VoV (v — u) da. (3.8)
Q

We study the limit of L2 + L2 when ¢ — 0.
From (3.5), (3.6) and (2.10), it follows

~lim L = ng(l)/m(x,m b o PR NP (W (H (2, o) + v ) Vo da

o (3.9)
_ nn(l)/ VW2 YW ([ (o) + o P2 (0t +07) . )
e—
Q.
Moreover, by the properties of H(x,z), we have H(x,v")v™ = 0 and, hence,
— lim L? = lim |VW5|”’2VWEV((|H(:C,v+)|p’2H(x,v+) + o Pm2) @E)dz.
e—0 e—0
Q.
Thus, using the definition of W, and the Green formula, we get
c 2 j|p—2 j +(p—2 + —p—2, —
_ig%[,s = ig% ; / [VwlP~20,wl (|H(z,v")|P7*H(x,v") + |[v7|P7=v7 )p. ds. (3.10)
j

oT?, ,LOGL

In order to compute (3.10), we use the explicit form of the normal derivatives of the auxiliary functions w?
given by
1

_n(p-1)

n—p

. ) p—1
Vwl[P20,0l| =5 ( ) , 311
| E‘ £ 6G§ p— 1 Og—l(l —Oég)p_l ( )
Lo . n 7p p—l . 227172
VP 20,0l = — ( ) P~ 3.12
‘ w5| ws BTg/4 £ p— 1 0 (1 _ Oé5>p_1 ( )

NP p_n 2n—2p

= n—p 2n—2p
where a, = af ™'

er 1251 =@ V25T S 0ase — 0.
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By the definition of . and W, and the fact that v~ (vF — H(x,v")) = 0, uc > 0 on dGZ and (3.11), we
obtain

- hII(l)L > hm / |Vw? [P~20,w! |H (x,v)|P72H (2, v ") (v — H(z,v") —u.)ds
—

) jerfacj

+ lim E / |Vw! [P~20,w! (|H (z, 0[P 2H(x,vT) 4+ v~ |P" 207 ) (v — u.) ds.
E—

jGT
BTSJ/4

In addition, from (3.11)—(3.12), it follows

J
_ > _- =mp p—2 +_ +\)_
gg%L hm (1—a /|H:v v P2 H (2,0 (v = H(z,v1) —u.) ds
22n 2A e (313)
s ) p—=2 + =1P=25= (v —
ah—% E /wn ) <|H(xv )P H (2, v") + [v7|P"%w )(v ue) ds.

8TEJ/4

Now, taking into account that H is the solution of the equation (1.3) and using the Holder inequality, (2.10)
and the size of S, we get

e

L377
¢ (1—a)pt

/|H z, o P 2H (x0T (v —H(z,v")—u.) ds

<Ka.e™" / T —H(z,v") —u.|ds < Kae 7[|Se| + |Sc| PP ||uc || 1o(s.)] = 0 ase — 0.
SE

Moreover, on account of (3.6), we apply Lemma 2.8 and have

2n—2
lim Z / e Any (|H(m v )lp_QH(-T,U+)+|’U_|p_2'l)_>('U_Uz5)dS

5%0 17&

8TEJ/4

Ay [ (I, o) P 2H @, 0t + o7 77207 ) (0 - w) da,
Q

and, consequently,

hm(LQ—i—L3 / |H (x,v")|P72H (2,vT) + |v*|p*2v*>(v—u) dx. (3.14)
Q

Now, gathering (3.7), (3.8) and (3.14) yields (3.4).
Finally, we use (3.4) and (3.6) to pass to the limit in (3.3), as ¢ — 0, and obtain that the limit function u
satisfies the following inequality

/ IVoP~2VuV (v — u) do + An, (|H(x,v+)|P*2H(x,v+> n |1r|Hf) (v — u)da > /f(v —u)dz, (3.15)
Q Q

for all v € WHP(Q,09). As usual, taking v = u + A\¢ in (3.15) where ¢ € WP(Q,9Q) and passing to the limit
as A — +0, we obtain that u satisfies the integral identity (3.1), which concludes the proof. O
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Theorem 3.2. Let o« = n/(n —p), v = n(p —1)/(n — p) and p € [2,n). Let uc be the weak solution of
(1.1), u € WHP(Q,00) the weak solution of the boundary value problem (1.2) with the additional regularity
u € WH(Q), and W, defined by (2.15). Then, as € — 0, we have

ue —u+ We(H(z,u™) + u7)||€vl,pm€) + e "|ue —ut + H(z, u+)||ip(ss) — 0. (3.16)

Proof. Let us consider problems (2.5) and (3.1) and take as test functions ¢ = v — W.(H(z,u") + ™) and
¢=u—W.(H(x,u")+u") — Poue, respectively, for P.u. arising in (2.12). Subtracting both expressions and
taking into account the definition of W, on G., we obtain

/(|Vu|p72Vu — | Vue P2 Vu )V (u — We(H (2, u™) +u~) — u.) do — 677/0'($,’U,5)(u+ — H(z,u") —u.)ds
Qe Se

< = Anp [ (H@,uw")P72H(z,wb) + [u”[P7207) (u = We(H (2, u™) +u”) = Peue)da

Q
+ /f(u+ — H(z,u") — Peu.) dx — / |VulP2VuV (u — Wo(H(z,u™) +u~) — Poue) da.

Ge G
(3.17)

Let us denote by Al the first integral on the left hand side of (3.17) and by H the function H(z,ut)+u".
Then, we can rewrite it in the following way

e =

Al / <|V(u — W.H)[P2V(u— W.H) — |vu5|p*2vu5)wu — W.H —u.)dz
Qe
+ / (|vu|1’*2vu — |V (u— W.H)[P2V(u— Weﬁf))V(u — W.H — u.)daz.

Qe

(3.18)

Using the monotonicity of the functions o(z,u) and [A[P=2X (see (2.2) and (2.18)), from (3.18) and (3.17),
we deduce

KV~ We(H (™) + ™) = w) |2 + et —Hw,u®) —uellf, )

< / <|V(u WPV (u— W.H) — |Vug|p_2Vu8)V(u “W.H —u.)dz
g (3.19)

477 /(o(m,qu — H(z,u")) —o(z,u))(ut —H(z,u") —u.) ds < Ig + 152 + Ig’

Se

where
= / (19~ W) P~V (u — W) ~ [VulP=>Vu)V(u — W — u.) d,

Qe

P2=—A,, / ([ () P2 H , u®) + [ P20 ) — W H — Pou.) da

Q
—|—87FY/O'(Z‘,U+ — H(z,u"))(ut — H(z,u") —u.)ds,
3

€
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and
3 = /f z,ut) = Poug) dz — / |VulP2VuV (u — W.H — Pou.) d
Ge
We study the limit of IE1 +I%2 + 12 when £ — 0.
From (2.10) and (3.5), we apply Proposition 2.3 with n. = —WEFAI and o = . = u — Weﬁ — P.u., and have
that
lim I} = — &113%/ IV(W.H)|P>V(W.H)V (v~ W.H — u.) dz.

e—0

Moreover, rewriting the computations (3.9)—(3.13) with minor modifications, we have

lim I! < — hm;/|H z,uM) P2 H (z,u) (u" — H(z,u™)—u.)ds

e—0 e—0 (1 —

on—2
+ lim Z / M{\H(x ut) P2 H (z,ut) + |u*\p*2u’}(u—u5)ds.

e—0 n(l — Q¢ )

Thus, using the definition of H, (2.10), Lemma 2.8, (2.12) and (2.17), we obtain

lim (I + IZ) < 0 (3.20)

(see the reasoning for the proof of (3.14)). Besides, since u — W.H — P.u. is bounded in W?(2) and |G| — 0
as ¢ — 0, we derive
lim I?=0 and gig%(lal + 12+ 1) <. (3.21)

Finally, gathering (3.19), (3.20) and (3.21), we obtain, as £ — 0,
19 (= W (H (") + 07) = w) iy + " — H w5 ) e g — 0. (3.22)

To get (3.16) from (3.22), we consider the Poincaré inequality for the W1P—extension of u — W.(H (x,u™) +
u”) — ue in Lemma 2.7, namely for P.(u — W.(H (z,u™) +u~) —u.) € WHP(Q,09), which satisfies

HV(PE(U - WE(H(x,u+) +u”) - ))HLT’(Q < KHV(U - W.(H(z, u+) +u”) — UE)”Z;p(Qay
and consequently, we have
lu = We(H (2, u") +u”™) = uellfp gy < KIV(u—We(H(z,u") +u7) = ue)lf g
and (3.16) also holds. Thus, Theorem 3.2 is proved. O

4. CRITICAL SIZE FOR PERFORATIONS WHEN p € [2,n) AND 7 # "2 pl)

When o = n/(n —p) and v # n(p — 1)/(n — p), we show that the homogenized problem does not depend
on o although its properties are somewhat present in the homogenization process. For a very small (large,
respectively) adsorption the asymptotic behavior of the solution of (1.1) is the same as if Signorini (Dirichlet,
respectively) conditions had been imposed on the boundary of the cavities (cf. [11] when p = 2, and [28],
respectively). Correctors are given by W.u~ and W.u depending on whether we have small or large adsorption
(see line « = n/(n — p) in Figures 2 and 3). The results for small adsorption are in Section 4.1 whereas those
for large adsorption are in Section 4.2.
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n(p—1)
n—p

Theorem 4.1. Let a« =n/(n —p), vy <n(p—1)/(n —p), p € [2,n), and let ue be the weak solution of (1.1).
Then, the limit function u of the extension of u., defined by (2.12), is the weak solution of problem (1.4).

Proof. The variational formulation of (1.4) reads: find u € W1P(Q, 9Q) such that

4.1. Thecasea—iand’y<

/|vu|p*2vuv¢dx+An,p/\u*|1)*2u*¢dx:/qudg:, Yo € WhP(Q,00). (4.1)
Q Q Q

From the monotonicity of the function |A\|[P~2), the existence and uniqueness of solution of (4.1) holds (cf., e.g.
Section IL.8.2 in [30]).

Let us take in (2.8) the test function ¢ = v — W,v™ € K. where v € C§°(2) and W, is the function defined
by (2.15). Since W. =1 in G. we obtain

/|V(v—ng*)|p*2V(v—W€v*)V(v—st*—us)d:r—f—sfv/o(x,v*)(ﬁ—ue) ds > /f(v—WEU*—us)dm

’ (4.2)
and we pass to the limit when ¢ — 0.
Using (2.3) and (2.10) and computing |S|, it follows

’6‘7/0(33,11*)(11* —ua)ds‘ < Ka‘”[|SE| + |Sa|(p_l)/p||ua||LP(Sa)] < K[Eoz(n—l)—n_’Y _|_5(a(n—1)—n—"/)(P—1)/P],

Se
(4.3)
which converges towards zero as e — 0. Moreover, on account of (2.12) and (2.17), we deduce
lim [ flv —Wev™ —u. dxf/fvfu (4.4)
e—0
Qe
Let us show that
hm / V(v — W) P2V (v — W )V(v — Wev™ —u.)dr
e (4.5)
< / |VolP~2VoV (v — u) dz + Ap / lo™ P20~ (v — u) d.
Q
On account of (3.5), we apply Proposition 2.3 with n. = —W_.v™ and ¢ = ¢. = v — W.v™ — Peu, since
Ye=v W~ —Pou, ~v—u in WHP(Q) — weak as ¢ — 0 (4.6)
(cf. (3.6) for H = 0). Thus, we obtain
hm / V(v — W) P2V (v — W )V(v — Wev™ —u.)dz = lirré(ﬁi + L% (4.7)
E—r

where

Ll = /|Vv|p72VvV(v —~ W~ —u.)dr and L= - / V(W0 )P 2V (W™ )V (v — Wev™ — u.) da.
Q. Q.
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By (4.6) and the fact that |G.| — 0, we have

lim Ll = / |VolP~2VoV (v — u) da. (4.8)
E—
Q

Moreover, using (3.5), (4.6), (2.10), the definition of W, and the Green formula, we get

—lim £2 = lim / [o™ [P VWP 2V (Woo )V (v — Wev™ — u.) da
e—0 e—0

Q.

— lim / |VW€|”_2VWEV<|U_|”_2U_ (v —Wov™ — ue)) dx

e—0 (49)
Qe
= liHé |Vw! [P20,w! [v™ [P~ 20~ (v — Wev™ — ue) ds.
E—r
i€ e, j
7 eom9 LoG!
Now, by the definition of W, and the fact that v=v" =0, u. > 0 on dGZ and (3.11), we obtain
Z |Vl P20, wl |v™ [P~ 20 (v — Wov™ —u.)ds > 0. (4.10)
1€ pG1
Besides, from (3.12), Lemma 2.8 and (4.6), we have
lim > / IVw! P~20,w! [v™ P20 (v — Wev™ —ue)ds = —An, /|w|ﬁ*%*(v — u)dz. (4.11)

e/4
Gathering (4.7), (4.8), (4.9), (4.10) and (4.11) yields (4.5).

Finally, we use (4.3), (4.4) and (4.5) to pass to the limit in (4.2), as € — 0, and obtain that the limit function
u satisfies the following inequality

/lV’U|p72VWV(’U —u)dr + Anp /|v7|p72v7(v —u)dx > /f(v — u)dzx, Yo € WhP(Q,00). (4.12)
Q Q Q
As usual, taking v = u £ \¢ in (4.12) where ¢ € W1P(Q,99) and passing to the limit as A — +0, we obtain

that u satisfies the integral identity (4.1), which concludes the proof. O

Theorem 4.2. Let « = n/(n —p), v < n(p —1)/(n — p) and p € [2,n). Let u. be the weak solution of
(1.1), u € WHP(Q,00) the weak solution of the boundary value problem (1.4) with the additional regularity
u € WH(Q), and W, defined by (2.15). Then, as € — 0, we have

lue —u+Weu G106 luclfogs,y — 0 (4.13)

Proof. Let us consider problems (2.5) and (4.1) and take as test functions ¢ = u — Weu™ and ¢ =u—Weu™ —
P.u., respectively, for P.u, arising in (2.12). Subtracting both expressions and using that W, = 1 in G, we
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obtain

/(|Vu|p_2Vu — |Vue P 2Vu ) V(u — Weu™ —u.)dx —e 7 / o(x,u)(ut —u.)ds

Qe Se
< - An,p/ lu™[P~2u™ (u — Weu™ —Poue) dz + / fut —Poug)do — / |VulP2VuV (u — Weu™ —P.u.) d.

Q G. Ge

(4.14)

Besides, from (2.2), (2.18) and (4.14), we deduce
K(IV(u = Weu™ - “E)szp(QE) +e M lut uaHzp(sE))
< /(\V(u — Weu ) P2V (u — Weu™) — |Vue P2V )V(u — Wou™ — u.)dx
g (4.15)

+e77 /(U(x,u+) —o(x,u))(ut —u)ds < 1-51 —1-1'62 —|—I§’

Se
where
Il = /(|V(u —Wou )P 2V (u — Weu™) — |[VulP2Vu)V(u — Weu™ — u)dz,
Q.
72 = —A, / lu™ P20 (u — Wou™ — Poue) da +€_"’/a(az,u+)(u+ — ug) ds,
Q S.
and

3 = /f(u"' — P.ue)dx — / |VulP~2VuV (u — Weu™ —P.u,.) d.
GE G;.;
Next, we show that the limit of Z! + Z2 + Z3 is less than or equal to zero when & — 0. Indeed, from (2.10)
and (3.5), we apply Proposition 2.3 with n. = —W.u~ and ¢ = p. = u — W.u~ — P.u., and have that

e—0

lim 7} = — 113%/ |V(Wou™)|P2V(Weou )V (u — Weu™ — u.) da.
QE

Moreover, rewriting the computations (4.9)—(4.10) with minor modifications and using (3.12), we have

lim 7! < lim Z %| P20 (u— Weu™ —ul)d
e € = 250 wn(l_as)p_1 u u (u U Ue) As.

Thus, using Lemma 2.8, (2.10), (2.17) and (4.3), we obtain

lim (7} + 7?2) < lim (e_v/a(x,u+)(u+ — Ug) ds) =0. (4.16)

e—0 e—0
SE

Besides, since u — W.u~ — P.u,. is bounded in W?(Q2) and |G.| — 0 as € — 0, we derive

Im7? =0 and lim(Z! + 22 +I7) < 0. (4.17)
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Finally, gathering (4.15), (4.16) and (4.17), we obtain, as ¢ — 0,
[V(u—=Weu™ — Ua)”irn(gs) +e M ut - ue”ip(ss) — 0.

Moreover, since |S.| < Ke*(»~1)=" e also have
IV(u=Weu™ —ue)]p .y +& " luellngs,y — 0 (4.18)

To get (4.13) from (4.18), we apply the Poincaré inequality for the extension P.(u—W.u™ —u.) € WHP(Q,00Q)
as in Theorem 3.2, and the theorem is proved. O

n(p—1)
4.2. The case a = ;> and v > npp

Theorem 4.3. Let a =n/(n—p), v >n(p—1)/(n—p), p € [2,n), and let u. be the weak solution of (1.1).
Then, the limit function u of the extension of u., defined by (2.12), is the weak solution of problem (1.5).

Proof. The variational formulation of (1.5) reads: find u € W1P(Q, 99Q) such that

/ VulP 2 VuVédz + A, / P2 dz = / fode, Ve WP(Q,00). (4.19)
Q Q Q

From the monotonicity of the function [A[P=2), the existence and uniqueness of solution of (4.19) holds (cf.,
e.g., Section I1.8.2 in [30]).

Let us take in (2.8) the test function ¢p = v — W.v € K, where v € C§°(Q2) and W, is the function defined
by (2.15); since W, = 1 in G., we obtain

/|Vv— V)P~ 2V(v—VVv)V(v—Wv—ugcl:zc>/fU—V[/v—ug)dac (4.20)
Q.
and we pass to the limit when ¢ — 0. On account of (2.12) and (2.17), we deduce
lim [ flv =W —u.)de = /f(v —u)dx. (4.21)
e—0
Q. Q
Let us show that

hm/|V v — W) P2V (v — W)V (v — Wev — u.) da
Q.

(4.22)
= / |VolP=2VoV (v —u) dz + An / [v|P~2v(v — u) d.
Q
Using (3.5), we apply Proposition 2.3 with n. = —W.v and ¢ = p. = v — W.v — P.u, since
e =v—Wou—Puc —v—u in WHP(Q) — weak as & — 0, (4.23)
which is obtained rewriting the proof for (3.6). Thus, we obtain
313(1)/ V(v — Wo)|P 2V (v — Weu)V(v — Wev — u.)dr = gig(l)(z:; +£3) (4.24)

Qe
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where

gl = / |VolP2VoV (v — Wov —u)de and €2 = — / V(W) P2V (W) V(v — Wev — u,) da.

Q. Q.

By (4.23) and the fact that |G.| — 0, we have

lirr(l) gl = / |Vo|P~2VoV (v — u) da. (4.25)
E—r
Q

Moreover, using (3.5), (4.23), (2.10), the definition of W, and the Green formula, we get

—lim £2 = lim / [0|P2 VW P2V (W) V(v — Wev — u.) da
e—0 e—=0
Qs

= lim / \VWE\I’_QVWEVOUP_% (v—Wev — ug)) da
e—=0
Q

(4.26)
1 Jj|p=2 J |y|P—2 — —
gl_I)I(l) z; / [Vwl P20, wl [v]P~?v(v — Wov — ue) ds.
I o1 oGy
Now, by (2.15), (3.11) and (2.10), and the fact that |S.| < Ke*=D=" it follows that
, 4 —py\p-1 —a(p—1)
’ Z / |Vw? [P~20,w! |v|P~20(v — Wev — u.) ds‘ = ‘(n ]19) Pff ) /|U|p72vu5 ds
T P o (I—ag)rt ) (4.27)
SKE_D‘(p_l)|S€|(p_1)/p||u€||Lp(SE) < Kelv—ae-Dl/p as e — 0.
Besides, from (3.12), Lemma 2.8 and (4.23), we have
1iIr(1) / |Vw! [P~20,wl [v[P~2v(v — Wev — u) ds = —Anp / lv[P~2v(v — ) d. (4.28)
—
) I€ ey Q

c/a

Gathering (4.24), (4.25), (4.26), (4.27) and (4.28) yields (4.22).
Finally, we use (4.21) and (4.22) to pass to the limit in (4.20), as € — 0, and obtain that the limit function
u satisfies the following inequality

/ |VolP2VoV (v — u) dz + A, / [v|P~ 20 (v — u) dz > /f(v —u)dz, Yo € WHP(Q,00). (4.29)
Q ) Q

As usual, taking v = u & A¢ in (4.29) where ¢ € WP(,9Q) and passing to the limit as A — +0, we obtain
that u satisfies the integral identity (4.19), which concludes the proof. O

Let u. be the weak solution of

Theorem 4.4. Let & = n/(n —p), v > n(p — 1)/(n — p) with p € [2,n).
(1.5) with the additional regularity

(1.1), uw € WHP(Q,09) the weak solution of the boundary value problem
u € W (Q), and W, defined by (2.15). Then, as € — 0, we have

e =+ Wettl[Bys iy + 6 uelags,y = 0. (4.30)
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Proof. Let us consider problems (2.5) and (4.19) and take as test functions ¢ = u—W.u and ¢ = u—We.u —Peu.,
respectively, for P.u. arising in (2.12). Subtracting both expressions and using the definition of W, on G, we
obtain

/(\Vu|p_2Vu — VU P2 Vu ) V(u — Weu — u ) dx + &7 / o(z,ue)ue ds
Se

Qe
< - An,p/ [ulP~?u(u — Weu — Peou.) dx — /fpsua dx — / |Vu|P~2VuV (u — Weu — Peue) de.
Q

=

(4.31)

Besides, from (2.2), (2.18) and (4.31), we deduce

K(||V(u—Weu — UE)HIzp(QE) + 5_’Y||U6H1£p(sz))

< /(|V(u — Wew)|P72V (u — Weu) — |Vue|P2Vu )V (u — Weu — u) de + 77 /J(x, uc)ue ds < 3L+ 32 + 33

Q. Se
(4.32)

where
il = /(|V(u — W) P72V (u — Weu) — |VulP2Vu)V(u — Weu — u.) da,

=—-A,,p / |ulP~?u(u — Weu — Peus)dr and 32 = — / fPeue de — / |VulP~2VuV (u — Weu — Pou.) do
Ge G
Let us show that J! + 32 + 73 tends to zero as € — 0.
From (2.10) and (3.5), we apply Proposition 2.3 with n. = —W.u and ¢ = ¢p. = u — W.u — P.u., and have
that

lim J! = — lirr[l)/ |V (Weu) P2V (Wou)V (u — Weu — u.) da.
e—

e—=0

Moreover, rewriting the computations (4.26)—(4.27) with minor modifications and using (3.12), we have

22 —2A 2 A, 9
lim 3} —hmz ol —an) [ulP T u(u— Weu —u.) ds.

e—0 e—0

OTEJ/4

Thus, using Lemma 2.8, (2.10) and (2.17), we obtain

lim (3% +32) = 0. (4.33)

e—0
Besides, since P.u. and u — W.u — Peu, are bounded in W1P(Q) and |G.| — 0 as e — 0, we derive

lim 72 = 0. (4.34)

e—=0

Finally, gathering (4.32), (4.33) and (4.34), we obtain, as £ — 0,
HV(U*WEU )HLP(Q =+ 677”“6”?}(5‘5) — 0. (4-35)

To get (4.30) from (4.35), we apply the Poincaré inequality for the extension P.(u — Weu — u:) € WHP(,00)
as in Theorem 3.2, and the theorem is proved. O
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5. CRITICAL RELATION FOR THE ADSORPTION: p € [2,n) AND « € (1,-)

) n—p

In this section, we deal with sizes of cavities larger than the critical size. Because of the adsorption parameter,
the constraints on the boundary of the cavities in (1.1) transform asymptotically into an obstacle problem with a
nonlinear strange term D,,0(z, u) that also contains information on the geometrical configuration of the original
problem, namely, the area of the unit sphere and the scaling factor Cj/~" (cf. (1.6)). We show the convergence
of the extension of the solution of (1.1), as € — 0, towards that of (1.6) in the W P-norm and compute bounds
for discrepancies in the way stated by Theorem 5.2.

Theorem 5.1. Leta € (1,n/(n—p)), vy =a(n—1)—n with p € [2,n), and let u. be the weak solution of (1.1).
Then, the limit function u of the extension of ue, defined by (2.12), is the weak solution of problem (1.6).

Proof. First, we observe that the variational formulation of problem (1.6) is: find u € K such that

/ |VulP~2VuV (v — u) dz + Dy, /0’(.13, w)(v—u)dr > /f(v —u)dz, Vo € Ko, (5.1)
Q %) Q

where K is defined by
Ko={veWhP(Q,09) : v >0 ae. in Q}. (5.2)

The existence and uniqueness of solution w of (5.1)—(5.2) follows from (2.2) and (2.18) (see the technique in
Theorem 2.1). Besides, by Minty Lemma, problem (5.1) is equivalent to finding u € Ky such that

/ |Vu|P~2VoV (v — u) dr + Dn/o(x, v)(v —u)dr > /f(v —u)dz, Yo € Ky. (5.3)
Q Q Q
Let us prove that the negative part of the limit function u, u™, is equal to zero a.e. in {2 and, consequently,
u € Ky. Applying Lemma 2.6 and using that uZ = 0 on S, and (2.10), we conclude
luz 1n ) < Kal™ " [Vug |7, q.) < Ke" =" =0 ase— 0. (5.4)
Thus, from (2.12) and the fact that |G| — 0, we have
[u™ e ) = lim [luc | Lo o) = 0 (5.5)

In order to prove that the limit function u satisfies (5.3), we pass to the limit in (2.8) with ¢y = v € Kj. On
account of (2.12) and the volume of G, it follows that

e—0

liH(l)/ |Vo[P~2VoV (v — u.) de = / |VolP~2VoV (v — u) dz and lim / flv—wue)dx = /f(v —u)dz.
E—r
Q. Q Q. Q

(5.6)
Let us show that, under the assumptions « € (1,n/(n —p)) and v = a(n — 1) — n, the following equality holds:

lim ™7 / o(x,v)(v—ue)ds =D, / o(xz,v)(v—u)dx. (5.7)
Q

e—0
Sa

To do this, we introduce the function M. defined by M.(x) = M!(z), z € Y7 \Eg,j € Y., where M7 is a
solution of the problem

AMI = pe in YINGL, 9, M) =10ndGI, 8, M =0ondY?\ G, (5.8)
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and
C(’;L*l&_a(n—l)—nwn

1— (ace ) w,

e = (5.9)

We assume that [ MJdx = 0. Taking as a test function M? in the integral identity for M7 and applying
v/\Gl
the Holder inequality, we obtain

IV o < | [ s
8G2

< |6GZ|(p71)/p”Mg”Lp(a(;g)-

Besides, using Lemma 2.5 and Lemma 2.4, we get

1M, s, < K (a2t IMENP | a2 VM )

Lr(0G1) e Lr(Y2\GY) Lr(YI\GY)

SK( n—lgp—n  gp- 1)WMJ||P _ < Kar"YVMI|P
Lr(YI\GI) Le(YI\GI)

Hence, denoting by Y. the set Y. = Ujer, (Y7 \Eé),

HVMJHLP(Y’\E) < Ka’ﬂ/p and HVMEHLP(?E) < K(as{;‘*l)n/p. (510)

Now, by means of M, the integral on S. in (5.7) can be transformed into a volume integral. Thus, we can
write

5*”/ (z,v)(v—us)ds =" Z / div([VMIP2V Mo (2, v) (v — u.))dz

Sg ]e’rgyj\Gg
N , 3 A
=7 Z / |[VMIPT=VMIV(o(x,v)(v —u;))dx +e 7 Z / ApMlo(z,v)(v—u)de (5.11)
jEY: U — jeEY: “—
YI\GZ YI\G2
=7 Z / VM P2V MIV (0(2,v)(v —u.)) dx 4+ e~ Z fe / o(z,v)(v—u.)dz.
JjeEY, JEY, Y —
YI\GL vI\GI
From (5.10) and (2.10) we deduce
(r=1)/p
- / IVMP~ |V (o(z,0) (v — ue))| de < Ke™ ( / |VME|pdx) < Ken—an=p)/p,
?5 ?E
and, since a < n/(n —p),
; - ] p—2 J _ —
lim < z; / VM2 P2V MIV (o (2, 0) (v — ) dar = 0. (5.12)
T vael

In addition, by (5.9), (2.12) and the size of G, we derive that

gii% €V e ZT / o(z,v)(v —u.)de = CF w, / o(xz,v)(v—u)dz. (5.13)

RENE @
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Therefore, gathering (5.11), (5.12) and (5.13) yields (5.7), which concludes the proof. O

Theorem 5.2. Let a € (1,n/(n—p)), vy =a(n—1) —n and p € [2,n). Let ue be the weak solution of (1.1)
and u € WHP(Q,00Q) the weak solution of (1.6) with the additional regularity u € W1>°(Q2). Then, as ¢ — 0,
we have

HuE - uH:I.jVLp(Qa) + E_VHUS - u”IL),p(SE) < K6ﬂ7 (5'14)
where
8 =min{(n —a(n —p))(p - 1)/p*,a = 1,(p = 1)/p}. (5.15)

Proof. Let us introduce the following boundary value problem

—Apve = f in Q.,
Oy, ve + e Vo(z,vF) + e P~ Vo(2,07) =0 for z € 5., (5.16)
Ve =0 on 0f2.

Its variational formulation is: find v. € WP(Q,, 992) such that

/|Vv5|p72VUEV7,/1d:z:+€77/0(x,11j)w ds +e~P=1) /J(x,v;)d)ds = /fq/}dx, Vi € WHP(Q,, 090).
QE QE

€ €

(5.17)
The existence and uniqueness of solution v, of (5.17) follows from (2.2) and (2.18). In addition, taking ¢ = v,
in (5.17) and considering P.v. the W1P— extension of v, to Q (cf. Lemma 2.7), we apply the Poincaré inequality
to obtain the estimates

+

loellwiny <K, o2 <K, oslll,, < K50 (5.18)

Iz s,

(see the proof of Theorem 2.1 for the technique where we have used the fact that o(z,v)vF = 0).
Now, applying Lemma 2.6 and estimates (5.18), we obtain

Hve_”ip(ﬂa) < Ken—an=p), (5.19)

Besides, setting ¢ = v in (5.17) and taking into account the properties of o(x,u) and that

|V P2V, = |Vol [P2Vol + |VoZ P72V (5.20)

IS

we have

/\Vv;|p dm—i—efo‘(pfl)/a(x,v;)v; ds = /fv; dx. (5.21)
Q. 3. Q.
Hence, gathering (5.21) and (5.19), we conclude

||VUE_||I£P(QE) < Ke(m—am—p)/p, (5.22)
Once we have shown
IV (0 = u)l% oy + & 0F = el s, < Koo/, (5.23)

and
IV (0F = ), + e M0 =l s, < KEP, (5.24)
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where 3 is defined by (5.15), we get
IV (ue = )l 7nquy +& " lue —ullfns) < KeP

and, rewriting the proof at the end of Theorem 3.2 with minor modifications, (5.14) holds, which proves the
theorem.

Let us show (5.23) and (5.24). In order to prove (5.23), we consider problems (2.5) and (5.17) and take as
test functions ¢ = v € K. and ¢ = v — u. € WHP(Q,09), respectively. Subtracting both expressions and
using the properties of o and the fact that u. > 0 in S., we obtain

/ <|Vv€|p_2VvE - \Vu€|p_2Vu€>V(vj —ug)dx +e77 /(J(x, v) — oz, u)) (v —u.)ds
Q. Se
< — o=l /a(x,v;)(v;' —ug)ds = ==Y /o(x,v;)us ds <0.
Se Se

Hence, on account of (5.20),

/ (|V’U;|p72V’U; - |Vu5|p72VuE)V(vgL —ug)dx +e77 /(a(m,v:) —o(z,u)) (v —ue)ds
. . (5.25)
<= [ IVoZ PV V(od = ue) do < || VoZ [ IV (0F = u) o)

Qe

Now, by (2.2), (2.18), (5.25) and (5.22), it follows

K(IV@F = u)l g+ M0d = welts,)

§/ <|V1)E+|]”72V'UE+ - |Vu5|p72Vu5)V(v;r —ug)dx +e77 /(O’(IE,U:) —o(z,u)) (v —ue)ds
Qe Se
e (GRS ] PES
and, consequently, (5.23) holds.
In order to prove (5.24), we consider problems (5.1) and (5.17) and take as test functions v = P.o.t € K

and ¢ = v} —u € WP (Q_,09), respectively. Subtracting both expressions and using (5.20) and the fact that
o(z,v-)u <0 and o(z,v )vF =0 on S, we obtain

/(|Vv:\p_2Vv: - |Vu|p_2Vu)V(v,;|r —u)dx+e7 /(0'(2177’0:) —o(z,u)) (vl —u)ds < JE+J2+ T3 (5.26)
Q. Se
where
J=— / VoI P72V, V(vF — u) dz, J? = / |VulP~2VuV (Pt — u) de — /f(P5v5+ —u)dz, (5.27)
Q. Ge Ge

and
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Let us estimate each term J¢ for i = 1,2, 3.
Taking into account (5.22), (5.18), (2.26), u € W1>°(Q) and the embedding of the space WP (£, 9Q) into
L/ ("=p)(Q) for p < n, we deduce

- —a(n— - 2
T < IV 250 IV (@F = w)lae,) < Ketrmot=m@-1/p (5.28)

and

|J52| S K|G€|1/q”v(PEUE+ - U)HLP(Q) + ||f||LTLP/<"P*"+P)(GE)||ngg+ — U‘HL”P/(”*P)(Q)
< K|G VUV (Peve™ = ) o) + |G| fll Loy | Peve = ullwin(o (5.29)
< K[g(afl)"(lﬂfl)/? 4 5a71] < Keo 1

To estimate J2 we use again the function M. (z) defined by (5.8) to transform the integral on S. into a
volume integral. Thus, see (5.11), we can write

Jg =(Dn — e "pe) /O’(m, u)(Peve™ —u)de 4 e p. / o(x,u)(Peve™ —u) da

Q O\Y-

—E_AY/|VMg|p_2VMEV(O'($,U)(P€7)5+ —u))dz.

Ye

Now, by (5.9), (5.18), (2.26) and (5.10), it follows that

|2 SK[ECTD|Pevet — ull oy + €77 pel 2\ Ve PP Pevt — ull1agey
+ e NV, 5 IV (Peve™ — )| Loe) (5.30)
<K[elaDn L (p=1)/p 4 la=np=1)/p 4 (n=aln=p))/p],

Finally, gathering (2.2), (2.18), (5.26), (5.28), (5.29) and (5.30), (5.24) holds, which concludes the proof. O

6. EXTREME CASES FOR p € [2,n)

We consider the rest of possible relations between the parameters v and  which have not been considered
in previous sections. Section 6.1 contains the results for the case of big cavities and small adsorption; the
constraints on the boundary of the cavities in (1.1) transform asymptotically into an obstacle problem for the
p-Laplacian in €2, which ignores the adsorption parameter (which in fact can converge towards oo); that is,
as if Signorini conditions had been imposed (cf. [11] when p = 2). Section 6.3 contains the results for the
case of small cavities; also the solution ignores asymptotically the adsorption parameter. In both cases, the
convergence of the extension of the solution in the W P-norm is proved along with bounds for discrepancies as
stated in Theorems 6.2 and 6.5 respectively. Section 6.2 contains the case of large sizes of cavities and adsorption
parameters; the solution of (1.1) vanishes asymptotically and we obtain estimates of the WP-norm (cf. (6.8)).

6.1. The case o € (1,;%;) and vy <a(n—1)—n
Theorem 6.1. Let « € (1,n/(n—p)), v < a(n—1) —n with p € [2,n), and let u. be the weak solution of (1.1).
Then, the limit function u of the extension of uc, defined by (2.12), is the weak solution of problem (1.7).

Proof. We rewrite the proof of Theorem 5.1 with minor modifications; we briefly outline the main differences
here.
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The variational formulation of problem (1.7) is: find u € Ky such that

/|Vu|p_2VuV(v—u) de/f(U—u) dz, Yv e K, (6.1)
Q Q

where K is defined by (5.2). Besides, on account of the monotonicity of the function |A\|[P~2)\, problem (6.1)
has a unique solution u € Ky, which also satisfies

/ |VoP2VoV (v — u) dz > /f(v —u)dz, Vv e K. (6.2)
Q Q

Let us note that (5.4) and (5.5) also hold in this case and, hence, the limit function u belongs to Ky. To
prove that u satisfies (6.2), we pass to the limit in (2.8) with ¢ = v € Kj. It is easy to check that (5.6) holds.
Moreover, under the assumptions a € (1,n/(n—p)) and v < a(n—1) —n, using (2.3) and (2.10), and computing
|Sel, it follows that

‘677 /U(x,v)(v —ug)ds| < 6*’YKHSE| + ‘SE|(p71)/p||UaHLP(S5)] < Kelaln=D)—n-mp-1)/p _ 0, ase—0,
SE

which concludes the proof. O

Theorem 6.2. Let o € (1,n/(n—p)), v < a(n—1) —n and p € [2,n). Let ue be the weak solution of (1.1)
and u € WHP(Q,00Q) the weak solution of (1.7) with the additional regularity uw € W1>°(Q2). Then, as ¢ — 0,
we have

l[ue — U||€V1,p(95) +e 7 |lue - “H]Zp(ss) < Ke®, (6.3)
where
x=min{(n —a(n —p))(p—1)/p*,a —1,a(n—1) —n—7}. (6.4)

Proof. We use the technique in Theorem 5.2, that is, we consider v. the solution of problem (5.16), which
satisfies estimates (5.18), (5.19) and (5.22). Besides, under the assumption a € (1,n/(n —p)), it is easy to check
that (5.23) holds (see the proof of Theorem 5.2). Now, let us prove that, under the hypotheses of Theorem 6.2,

IV0F ~ )y + 7 lod ~ul s, < Ke*, (65)
where u is the weak solution of (1.7) and & is given by (6.4). Thus, gathering (5.23) and (6.5), we get
19 = 0y + & te = wll s, < K" (6.6)
Moreover, since |S.| < Ke*(»~1)=" e also have
19 e = Oy + & el sy < K™
To prove (6.5), we consider problems (6.1) and (5.17) and take as test functions v = P.v.T € Ky and
Y = v —u e WHP(Q,,00), respectively, where u is the weak solution of (1.7). Subtracting both expressions

and using (5.20) and the fact that o(z,v-)u < 0 and o(z,v-)vS = 0 on S., we obtain (5.26) where J! and J?
are defined by (5.27) and J2 is

JP = —Ef'y/cr(as,u)(vgL —u)ds.
Se
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Taking into account (5.22), (5.18), (2.26), u € W1>°(Q) and the embedding of the space W(Q,99) into
L™/ (n=p)(Q) for p < n, we deduce (5.28) and (5.29). Moreover, by Young inequality,

| [ otear —wpds| < 8loF ulf s, + KEVOIS < 5Jf —ull s, + K D200 (617

with arbitrary 6 > 0. Therefore, from (2.2), (2.18), (5.26), (5.28), (5.29) and (6.7), it follows that
KIVE =)y, + 7 (K =)ol —ullfy s, < K0 DeammDmnmp somalmmm/it o cont),

Now, choosing § = K/2 in the above expression yields (6.5).
To obtain (6.3) from (6.6), we apply the Poincaré inequality for the extension P.(u. —u) € WHP(Q,9Q) as
in Theorem 3.2, and the theorem is proved. O

6.2. The case o € (1,;%;) and y>a(n—1) —n

Theorem 6.3. Let o € (1,n/(n —p)), v > a(n—1) —n and p € [2,n). Then, the extension P.u. of the weak
solution of (1.1), defined by Theorem 2.1, verifies

||PEU/E||€V1,;D(Q) < K[E’Y—a(n—l)+n _"_En—a(n—p)}l/b) (6.8)

and, consequently, P-u. converges to zero in W1P(Q) when & — 0.
Proof. Applying Lemma 2.6 and estimate (2.10) yields

e,y < Klak ™ el s, + a2 Vel ] < K200 4 gnmatu=p),
Besides, setting 1) = 0 in the integral inequality (2.5) and using (2.2), we obtain

IVl + € MelZns,y < 11z luellzoan).

Thus,

HuEHgVLp(QE) < K[E’Y—oc(n—l)-&-n + En—a(n—p)]l/p’

and, by (2.9), the theorem holds. O

6.3. The case o > %> and vy € R

Theorem 6.4. Let o > n/(n —p), v € R with p € [2,n), and let u. be the weak solution of (1.1). Then, the
limit function u of the extension of ue, defined by (2.12), is the weak solution of the Dirichlet problem (1.8).

Proof. Let us take in (2.8) the test function ¢ = v—W.v € K. where v € C§°(€Q2) and W, is the function defined
by (2.15); since W, = 1 in G., we obtain

/|Vv— v)[P™ 2V(’U—WEU)V(U—W’U—UEd(E>/f’U— U — ug)dx
Q.
and we pass to the limit when £ — 0. On account of (2.12) and (2.17), we deduce

hm flo=Wov —ug) dx—/fv—u
Qa
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Besides, using (3.5), (2.12) and (2.17), we apply Proposition 2.3 with n. = —W_.v and ¢ = ¢, = v — W.v — Peu,
where P.u,. is the W1P—extension defined in Theorem 2.1, and we obtain

1in(1)/ V(v —Wo)P2V (v — Weu)V(v — Wev — u.) de = / |Vu|P~2VoV (v — u) d.
e—
Q. Q
Thus, we get that u satisfies the following inequality
/|VU|HWV(U —u)dx > /f(v —u)dz, Yve WP (Q,00). (6.9)
Q Q

As usual, taking v = u=4 \¢ in (6.9) where ¢ € WHP(£, 9Q) and passing to the limit as A — +0, we obtain that
u satisfies the integral identity for problem (1.8), which concludes the proof. O

Theorem 6.5. Let o > n/(n—p), v € R andp € [2,n). Let u. be the weak solution of (1.1) and u € WP (£, 0Q)
the weak solution of (1.8) with the additional reqularity u € WH*°(Q). Then, as ¢ — 0, we have

ue — UH%/LP(QE) + 57v||u6|‘12p(55) < Kemin((a(n=p)=n)(p=1)/p),a=1) (6.10)

Proof. We consider the variational formulation of problem (1.8) and (2.5) and take as test functions ¢ =
12).

u—Weu—Peu. and ¥ = u— Weu, respectively, for W, the function defined by (2.15) and P.u. arising in (2
Subtracting both expressions and using that W, = 1 in G, we obtain
/(|Vu|p_2Vu — VU [P Vu ) V(u — Weu — ue) de + 77 / o(z,ue)ue ds
o 5 (6.11)
< - /fPaus dr — / \Vu|p_2VuV(u — Weu — Peue) dx.
G G
Besides, from (2.2), (2.18) and (6.11), we deduce
K(IV(u = Weu — “5)”121)(95) + E_WHUsHip(sE))
< /(\V(u — Wou)|P72V (u — Weu) — |Vue [P 2Vu ) V(u — Weu — u.) dz 4+ &7 /a(x, u)ue ds < 72 + 7?2
Q. S.
(6.12)
where

7zl = /(|V(u — W) P2V (u — Weu) — |VulP72Vu)V(u — Weu — u.) da,
QE
and

72 =— / fPeuedx — / |VulP~2VuV (u — Weu — Poue) da.
Ge Ge

Let us estimate Z! and Z2.
From (2.23), (2.24), (2.16), (2.10) and the embedding of L"(92) into L*(Q2) for s < r, we have

25| < KIIVW |7 i IV (u = Wer = Peuwe) || o) < Kel*mm)=m@=b/e, (6.13)
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Moreover, by the embedding of the space WP (2, 99) into L™/("~P)(Q) for p < n, we deduce

| Z2] || £ | prwsmp—no) () | Peticll oy o 0y + K|Ge|Y 9|V (u = Wetr — Peoie) || 1o ()
§|Gs|1/"||f“Lq(Q)||7)gu5||w1,p(g) + K|G€|1/q||V(u — Weu — Poue) | e () (6.14)
SK[€OL71 +€(o¢71)n(p71)/p} < Ksozfl'

Finally, gathering (6.12), (6.13) and (6.14), we obtain

IV (u—Weu — UE)HiP(QE) + 5_7”“6”1&(55) < Kemin((a(n=p)=n)(p=1)/p),a=1) (6.15)
To get (6.10) from (6.15), we apply the Poincaré inequality for the extension P.(u — Weu — u.) € WHP(Q,09)
as in Theorem 3.2, and the theorem is proved. O

7. THE MOST CRITICAL RELATION WHEN p =n

In this section, we consider the case where p = n, n > 3, and a more general geometry than that in
Sections 3-6 (see Figure 1). For the sake of brevity, we only provide the homogenized problem of (1.1) and the
corresponding corrector in the most critical situation, namely, what can be the analogous case to the big point
in Figures 2-3. Further specifying, among all the possible relations between the parameters g, € and a. we
consider the critical size of the perforations provided by the relation e™/ (=D 1In(a-') = O(1), and the critical
relation for the adsorption parameter which is obtained when 3. multiplied by the total area of the perforations
is of order 1. Conditions (7.2) give the mentioned relations while (1.12) give particular choices or a. and S,
satisfying (7.2).

Considering problem (1.1) in perforated domains )., with isoperimetric perforations of arbitrary shape (cf.
(7.1)), in Theorem 7.4, we prove the convergence of the solution towards that of the homogenized problem
in (1.9), which is a boundary value problem in Q with the strange term in the partial differential equation
containing a double contribution on the boundary of the perforations, namely, the contribution due to the
constraint u. > 0 and 0,,us > —f.0(x,u:). Due to the last constraint, the function H(z,w) arising in the
strange term is implicitly defined from a functional equation (cf. (1.10)) in which also the perimeter of the
perforations [ appears for any shape. We refer to Proposition 2.2 for the existence and uniqueness of the
solution H = H(z,u) of (1.10) and its properties, as well as Section 8 for examples of explicit solutions for
certain data o. The result on the corrector and improved convergence is in Theorem 7.5. We follow the scheme
of proofs in Section 3.

Let us first introduce the geometrical configuration of the problem, the new test functions that we need to
prove convergence and some preliminary results.

Let M be a finite subset of Z which we can identify with {1,2,--- ,mps} for mp; € Z. Assume that we
have the set M of domains D™ satisfying the following properties: for any m € M, D™ C T} /4 C Y, where
Y = (-1/2,1/2)", T4 = {y € R" : |[y| < 1/4}, D™ is diffeomorphic to a ball m € M, and the area of D™ is
equal to a given number [ > 0, i.e.

|oD™| =1, Vm € M. (7.1)
We define
G.= | (@G +ej)= | J G,

JjEY, JEY,

where G coincides with one of the domains D™, m € M, and Y. = {j € Z" : @Z C Y =¢eY +¢ej, Ggﬂi # 0}
(see Figure 1). Obviously, we have |Y.| = de™™, with some d > 0, and

GlcT cT1l, v/,
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where Tgs and Tg /4 ATC balls with radius a. and &/4, respectively, and center P/, which coincides with the center
of YJ. Now we can define
Q. =Q\ G, S: =0Ge, 90, =900U S..
Let us consider (1.1) when p = n, and the e-depending parameters a. and [; satisfy

BY =1 g e=n/(n=1) , G2 and /(Y In(da, [e) — —a?, (7.2)

where Cj and & are some constants different from zero. Recall that o arising in (1.1) satisfies (2.1)~(2.3) with
0 € [n—1,00). Also, its variational formulation reads (2.5)—(2.6).

Using the monotonicity of the function o(z,u) with respect to u € R (cf. (2.2)) and of the function |A|" 72\
with respect A € R", (2.3) and the continuous embedding of W™ (Q.,dQ) into L"(S.) for n < r < oo, we have
the following result for the solution of (1.1) (equivalently of (2.5)—(2.6)).

Theorem 7.1. Let ¢ > 0, f € L™"=1D(Q), and a. and B. given by (7.2). Then, problem (2.5)—(2.6) has a
unique solution u. € K. which also satisfies the inequality

/ V6" 2V 6V (6 — u.) da + fe /U(m, 6)(6— u.) ds > /f(¢ Cu)dz, Ve K.. (7.3)
Q

€ SE

In addition, for u. the solution of (2.5)—(2.6), there exists an extension P.u. of u. to 2, P-u. € WHn(Q, 08)
with the following properties

[Petelwine) < Klluellwin,y,  IVPetelrne) < KllVue|zn.)

and
n/(n—1)
1Pt ey + Belluclfgsy < KNAIEG - (7.4)

The proof of Theorem 7.1 holds by rewriting the proof of Theorem 2.1 with minor modifications. Considering
(7.4), for each sequence of € we can extract a subsequence (still denoted by €) such that as e — 0

Poue —u in WH(Q,090) and P.u. — uin L(Q) for anyr € [1,00), (7.5)

for a certain function w which, once identified, provides the convergences (7.5) for the whole sequence of €. The
aim of the section is to obtain the homogenized problem satisfied by the function u in (7.5) (see Theorem 7.4).

To do this, we introduce the functions Q. and W. € W"(Q,9Q) as follows: For j € Y., let ¢/(x) be the
solution of the problem

Anquo 1nT]/4\G
¢ =1 on 0GY, (7.6)
@ =0 on 9T o

and we introduce the function Q. € W1 (£, 0Q) by setting

Q:(z) = qg(x)a z € T]/4 \ Gea Jje Y., (7.7)

extended by 1 inside G2, j € "I“g, and by 0 in R™\ UjETE Tej/4.
Similarly, for j € Y., let wl(z) be the solution of the problem

Awl =0 in TJ \Tg
wl=1 on 8leE (7.8)
wl =0 on 8Tg/4
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It can be easily verified that

wi = (1n(22)) (A2 (7.9

€
We define the function W. € W1(Q, ) by setting

We(x) =wi(x), @€l \TL,jeT., (7.10)
extended by 1 inside ng, j € Y., and by 0 in R™\ Uje"ra Tg/4. Thus, we compute

IVWe [Ty < Kleln(dac/e)|™™ ifl1 <m<n,
IVWelfnigy < Kle™ Y In(4a. /o)~

and, since e"/("~V In(4a. /) — —a? as € — 0, we have
IVWe[[Fon oy < Ke™ D i 1 <m<n,  [VW|fuig) < K, (7.11)
and
W, =0 in Wh™(Q) as ¢ — 0. (7.12)

It should be noted that because of the geometry of the G7, in general, the function ¢/, defined by (7.6),
cannot be explicitly constructed. Lemma 7.2 provides us some properties for (). by means of comparison with
W, in © (see Lemma 2 in [39] for the proof).

Lemma 7.2. Let us assume that €"/"~VIn(4a./e) — —a® as € — 0. Let Q. and W. be defined by (7.7) and
(7.10) respectively. Then, we have

1
[We — Qa”Wl«"(Q) < Ken-T. (7.13)
Also for the sake of completeness, we introduce the following result.

Lemma 7.3. Let Y. = £(—1/2,1/2)"\ a.Gy where Gy is a domain of R™ diffeomorphic to a ball, and 0 < a. <

/4 such that a.Gy C e(—1/2,1/2)". If p € WHn(YL), then

n—1

1912 .06 < KLt 017, 5., + a2 I(e/a) " IVeIL, g )

The proof of Lemma 7.3 holds applying the technique in Lemma 2 in [33] for p = 2 (c¢f. Lemma 2.5).

Theorem 7.4. Let a. and B satisfy (7.2) and let ue be the weak solution of problem (1.1) with p = n. Then,
the limit function u of the extension of u., defined by (7.5), is the weak solution of the problem (1.9)—(1.10).

Proof. First, let us note that on account that Proposition 2.2, equation (1.10) has a unique solution H = H (z, u),
which is a continuously differentiable function in  x (R\ {0}) and continuous in Q x R, and satisfies H(x,0) = 0,
(2.20) and (2.21) with p = n. Also, we observe that the weak solution of problem (1.9) is the solution in
W (Q,00) of the integral equation

/|Vu|"—2vw¢dx + IL/QH(%W)W—?H(%W) + |v_|"_21)_></)dx = /fqbdx, Yo € Wh™(Q,00).
Q Q Q
(7.14)
From the monotonicity of the function |A\|*~2X\ and (2.20) with p = n, the existence and uniqueness of solution
of (7.14) holds (cf. [30]).
Let us consider the function

¢p=v—Q(H(z,v")+v7), (7.15)
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where v € C§°(2), Q. is the function defined by (7.7) and H(x,7) is the solution of the functional equation
(1.10). Because of (7.7) and (2.21), we can check that ¢ > 0 on S, and, hence, it belongs to K.. We now take
¢ as a test function in (7.3); by definition of Q., we get

/ V(v — Qc(H(z,v") + v )" 2 V(v — Qc(H(x,v") +v7))V(v — Qe(H(z,v") +v7) —u.) dx
Q. (7.16)
+ BE/U(Z‘,U+ — H(z,v"))(v" — H(z,v") —u)ds > [ f(v—Q(H(z,v") +v7) —u.)dr

Se Qe

and we pass to the limit in (7.16) when ¢ — 0.
We denote by 7: the first integral on the left hand side of (7.16) and by H the function H
Thus, we have

H(z,vt)+v™.

Te =/ (IV<v ~W.H + (We = Qo) H)|"™* = [V (v - WE}NI)|”_2>V(U — Q.H)V(v— Q.H — u.) dx
A,
4 [ IV W) 29 (0 = Q0 -~ QuH — ) do =T 4+ T2 4 T2 4 T2
Qe

where

To = / (|V(v CWLH + (We — QH)™ 2 — V(v — wgﬁ)|n—2)wv —Q.H)V(v— Q.H — u.) dx,
Q

€

TP = / V(v —W.H)|" 2V (v — W.H)V (v — W.H — u.) dz,
Q.

T = / V(v —W.H)|" 2V (W, — Q.)H)V (v — Q.H — u.) dz
Qe

and
Th= [ |V —W.H)|" V(v — W.H)V((W, — Q.)H) du.
Qe
Using Holder inequality, (7.13), (7.11) and (7.4), it follows

T < IV = WeE) |l IV ((We = Q) H)l| o )

and

72 <V (0 = W H) 15, IV (We = Q) H) [ L) [V (0 = Qe H = 1) | Lo,

which converge towards zero as € — 0. Moreover, taking into account the inequalities (9.3) and (9.4) with p =n
(see, for the technique, the estimate |RZ| for p > 3 in the proof of Proposition 2.3), we have

72 SK/ IV((We = Qo)H)|(IV (v = WH)| + [V((We — Qo) H))"
0.

X |V —Q-H)||V(v — Q-H —u.)|dz —0 ase — 0.
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Hence,

e—0 e—0

lim 72 = lim [ |[V(v —W.H)|" "2V (v = W.H)V (v — W.H — u.) dz.
Qe

Now, we write the last integral, 7'61’, as

/ V(v —W.H)|" 2V (v = W.H)V (v — W.H — u.)dz = 2% + Z° + 2° + 22,

Qe

where

Z0 = /(|V(v ~W.H)[""2 = [Vo|"" ) VoV (0 — W H —u.)de, Z°= / [Vo["2VoV (v — W, H — u.) dz,
QE Qa
ZE=— /(|V(v —W_H)|"2 — |[V(W.H)|"2)V(W.H)V (v — W.H — u.) dx
Qs

and

zd=— [ [V(W.H)|[" ?V(W.H)V(v — W.H — u.) d.
Qe

From Proposition 2.3, (7.11) and (7.4), we obtain |Z¢| — 0 and |Z¢| — 0 as ¢ — 0. Besides, on account of
(7.12), (7.5) and the size of G, we deduce

lim 2 = / V0| 2VoV (v — u) da.
e—0
Q

Finally, by (7.11), we get

lim zd = g%/ VW, |"2VYW_ V(| H|[" 2H (v — W.H — u.)) dz.

Qe

Thus, gathering the above convergences, we obtain

e—0

lim 77 = / |Vo|"2VoV (v — u) dz — nn})/ VW, " 2VYW_ V(| H|[" 2H (v — W.H — u.)) dz. (7.17)
E—
Q QE’
Now, let us consider the second term on the the right hand side of (7.16) and let us prove that

e—0

lim (55 / oz, vt — H(z, o)) (0" — H(z,vt) —uo)ds — [ [VW " 2YW.V(|H|" 2H (v — W.H — u.)) dx)
SE Qs
<A, /(|H(z, )2 H @0t + o2 ) (0 - ) da

Q
(7.18)
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By the definition of W, and the Green formula, we have

/ VW, |"2VW_ V(| H|" 2H (v — W.H — u.)) dx

Q.
. R . s (7.19)
=Y V|20, W H[" 2 H(v —uc)ds + » Vw28, wi|H|"2H(v— H — u.) ds.
jETEaTg/4 je"rzaTgs
Moreover, using the properties of H(x,u), we get H(z,v")v™ = 0 and, hence,
|H|"2H = |H (z,v")|" 2H(z,v") + [v~ |20, (7.20)
Thus, combining (7.19), (7.20) and (7.9) yields
/ VW, " 2VW_ V([H|"2H(v — W.H — u.)) dz = H® + H° (7.21)
Qe
where
4 n—2 4
He =] o Y () 4 ) ) ds
eln(*¢=) eln(*2=)
JEYe, 7
(9T5’/4
and
1 n—2 1
HE=— 1 1 Z (|H (z, v )" 2H(z,v ")+ o~ |" 207 ) (v —H(z,v")—u.) ds.
ac In(2%=) acIn(=%=)
e e ]ETEGTj

On account of (7.5) and (7.2), we apply Lemma 2.8 and have

~lim He = A, /(|H(x, o) P2 H (2, 0) + |v’|”’zv’) (v — u) da. (7.22)
Q

Therefore, the proof of (7.18) is completed by showing

gigé (Ba/a(x,er — H(z,v")) (vt — H(z,v") —u.)ds — ”HZ) <0. (7.23)
Se

To prove (7.23), we have to introduce a set of functions {mf};cy_: for each j € Y., we consider the problem

. _ o . _
A,m? =0in Ty \ G, 0y, m’ = — on 011, 0y, m’ = —1 on 0G’, (7.24)

Wn

which has a unique solution defined up to an additive constant. We note that because for j € Y., G/ € M, we
are dealing with a finite number of different functions (7.24). For j € T, we set

) n ) PJ ., —
ml(z) =em—1m’ (33 = ) for z € T \ GL. (7.25)

Qe
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It is easy to see that mi(x) is a solution of the following problem

, o — A I , .
Apym! =0in TJ \ GZ, dy,ml =al"e"— on 0T} , Dy, ml = —al="c" on OGL. (7.26)

Wn

We take h. = (|H(z,v")|" 2H(z,vT) + v~ |""2v7) (vt — H(x,v") — u.) as a test function in the integral
identity for problem (7.26) and we get

‘Z / IV [ 2Vmd Vh, d:v‘ = gl ”/h ds—— Z / he ds (7.27)
JET “r

\GJ 3Tg£

Now, by (7.25), it follows

/ ‘V mjlndx =a nanEn /(n 1) / |vymj|n dy < K8n2/(n—1)
TINGE T\GT
and, hence,

Z / |Vmi|™de < Kem'/(n=Dg=n — fegn/(n=1), (7.28)
e
Thus, from (7.27), (7.28) and (7.4), we derive

/h ds — - / h ds( < Ke. (7.29)

Yeoms,
Let us prove (7.23). To do it, we write
55/0(:5,1# — H(z,v")(v" — H(z,vt) —u.)ds — HE = X2 + x> + x° + &2 (7.30)
Se
where )
1 n—2 1 e"a”"
xe=( ) / he ds,
€ ae In(4a. /€) ae In(4a. /€) * a2(n—1) Z =0
JEY: j
aTI,
n,l—-n e"a 1 -n —ngn— 1 02(”*1)
xl = e (B hds—z heds), ==l (Bee”"a; o) [ hds
€ a2(n 1) l~2(n_1)c n— 1)
I e s « 0 3.
and
d_ +_ VY (ot — +) _ W
XL _BE(/U(:E,U H(z,v"))(v" — H(z,v") —uc)ds ) G2 ) /he ds).
S. 0 S
From (7.29), it is clear that
lim &% = 0. (7.31)

e—0

Besides, applying Lemma 7.3, we obtain

[wllFn (s, < K(a2 e [wln o, + af ™ [ In(e/ac) " [Vl Lnq.))
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for all w € W1n(Q.) and, thus,

| / e ds| < Ka(t™ D"/l =n(@2Le= 4 a2 Y In(e/a) ") Y v

€

Se

Then, using (7.2) and (7.4), we deduce

6113(1J XS =0. (7.32)
In a similar way, we have
gl_% X2 =0. (7.33)

Now, taking into account that H is the solution of the functional equation (1.10) and that v~ (v* — H(z,v")) =0
and u. > 0 on S¢, we conclude that

xd = —B.B, / o™ |" 20~ (v — H(z,v") —u.)ds < 0. (7.34)
Se

Then, gathering (7.30), (7.33), (7.31), (7.32) and (7.34) yields (7.23), and, from (7.21), (7.22) and (7.23), (7.18)
holds.

Using (7.17) and (7.18), we obtain that the limit of the left hand side of (7.16) is bounded from above by the
following expression

/ |Vo|*2VoV (v — u) dx + A, /<|H(x, o2 H (z,0h) + |vf|"72v7) (v —u)dz.
Q Q
In addition, (7.5), (7.12), (7.13) and the fact that |G¢| — 0, as € — 0, give

e—0

lim [ f(v—Q.H —u)dz = | f(v—u)da.
/ /

Therefore, taking limits in (7.16), we obtain that u satisfies the following inequality

/ |Vo["2VoV (v — u) dz + A, /(|H(m,v+)|”_2H(x7v+) + \v_|”_2v_) (v—u)dx > /f(v —u)dz, (7.35)
Q o) Q

for all v € WHn(Q,09). As usual, taking v = u+ \¢ in (7.35) where ¢ € W1 (2, 0Q) and passing to the limit
as A — 40, we get (7.14), which concludes the proof. O

Finally we state the corrector result whose proof is performed by re-writing the proof of Theorem 3.2 with
the suitable modifications introduced by the value of p, the definition (7.7) and the Theorem 7.4.

Theorem 7.5. Let a. and B. satisfy (7.2) and let u. be the weak solution of problem (1.1) with p = n.
Let w € WHn(Q,0Q) the weak solution of the boundary value problem (1.9) with the additional regularity
u € Whe(Q), and Q. defined by (7.7). Then, as € — 0, we have

lue = w+ Q= (H (z,u™) + u7)[Yy1n (o, + Bellue — u™ + H(z,u™)|ns,y = 0.
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8. FINAL COMMENTS

Here, we gather some comments and remarks about the extensions of the results throughout the paper.

As regards the most critical situation (point I in the table of Section 1), let us note that in the case where
o(z,u) = b(z)|u|P~2u, with b(z) a strictly positive continuously differentiable function in Q, we can solve
explicitly the functional equation (2.19) for p € [2,n]; namely, we can define the solution H of (2.19) explicitly
in terms of b(x) and u. As a matter of fact, we obtain

(eb(w)) /0D
T+ (ob(a)) /=1

H(z,u) = (8.1)

where ¢ contains information on the averaged constant of the problem (cf. also (2.21) and (2.22)).

Since all the results of the paper apply to this case, o(x,u) = b(z)|u|P~2u, we observe that the dependence of
the nonlinear strange term on b(x) ranges from linear to nonlinear or no dependence (cf. the table in Section 1);
the nonlinear dependence appearing for the most critical case (cf. Sections 3 and 7).

Also, an important point to underline is that in the case where b(x) = b is a positive constant, even for the
most critical situation, arbitrary shapes of the cavities (periodically placed) can be considered and some kind
of capacity constant will likely appear in the homogenized problem. The latter can be easily shown for p = 2
suitably modifying proofs in Section 3, although, to our knowledge, the result for variational inequalities is not
found in the literature.

As regards the geometrical configuration of the problem, we observe that, for p € [2,n), the limit behavior
of the solution of (1.1) remains to be obtained in the cases where the cavities G. are not balls or there is not
periodicity of the structure. For the case where p = 2, different shapes of the domains have been considered
in [24,25] for boundary value problems outside the most critical situation (namely, outside the big point in
Figures 2 and 3). As a matter of fact, the local problem obtained from the microstructure of the original problem,
strongly depends on the center of the cavities and makes it difficult to guess the homogenized problem. This fact
has been observed in very different homogenization problems in perforated media, with linear partial differential
equations and with different boundary conditions or constraints on the boundary condition, and always related
with critical sizes of the cavities. Sometimes the difficulty can be overcome by considering periodicity of the
coefficients arising in the partial differential equations or more restrictive parameters and functions arising on
the Robin boundary conditions (cf., e.g., [11,35] and references therein). Also let us note that other techniques
avoiding local problems could allow less restrictive geometrical configuration to be considered: see [7] and [35]
for two second order elliptic operators with oscillating coefficients and two types of cavities, in each periodicity
cell, with Signorini condition or nonlinear Robin condition on the boundary of one of these cavities. However,
we highlight that, in the existing literature, the most critical case (cf. Point I on the table of Section 1.1) for
arbitrary shapes of perforations has not been considered even when p = 2: cf. [24] for arbitrary shapes when
o = bu and p = 2; see the above paragraph in this connection.

For nonlinear Robin boundary conditions, even for the Laplace operator, in the most critical situation,
the problem has been unsolved for a long time. [24] considers perforations that are not necessarily balls but
the problem for the most critical relation remained as an open problem for any geometry of the perforations
until [21]. [21] appears as the first paper in the literature where an implicitly defined homogenized problem is
outlined, the perforations being for balls. In fact [21,24, 25, 44] consider the Laplace operator in perforated
media over the whole domain and their results complement each other. However [21,44] consider only spherical
cavities while the cavities can be of different shapes in [24,25] but for relations between parameters outside the
big point. See [18,20] for a long list of references on related problems.

In the most critical situation, for nonlinear Robin boundary conditions, the Laplacian and n = 2, namely,
p =n = 2, we refer to [37] for general geometries of the cavities and to [18] when p = 2, n = 3 and the domain is
perforated by tubes. An extension to p =n > 3 can be found in [39]. Here, in Section 7, we consider a different
problem (cf. (1.1)), with unilateral constraints. Also, a more restrictive o is considered in [18,37,39]. However,
it should be emphasized that, in any case, the perimeter of the perforations arises in the strange term instead
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of the shape of the perforations as one might expect for n > 3. In these cases, the difference to broach the
problem for the different values of p, namely 2 < p < n and p = n, recalls the difference when n > 3 and n =2
for the Laplacian in [9], or the Stokes equations in [2], both with Dirichlet conditions on the boundary of the
perforations. When considering the adsorption, the perimeter of the perforations also arises in the homogenized
problem (cf. [37] for further details on the differences when p =n = 2.)

Related with the nonlinear data of our problem, we note that the hypotheses (2.1)—(2.3) on the function
o(x,u) in this paper seem to be optimal and allow us to provide a general framework for results and proofs.
However, many of the results hold true under weaker hypotheses for o. Actually, the strong monotonicity
outlined in (2.2) can be changed by the weaker hypothesis of strict monotonicity or only monotonicity depending
on the relations for parameters or the appropriate improved convergence. This can be seen in a simple way
when verifying proofs.

However, as noticed in [22], the adsorption isotherms used mostly in the literature are of the form o(z,u) =
g(u) with g a positive strictly increasing function in [0, 00). In this connection, we also note that certain proofs
can be adapted for functions ¢ both with less smoothness or increasing requirements. We refer to [5] for explicit
definitions of ¢ arising in models from ecology, hydrogeology or chemical reactions, for comments on possible
extensions when u < 0, and for further references.

Remark 8.1. Note that, in this paper, we give results for the p-Laplacian on perforated domains, by tiny
cavities, with constraints for solutions and their normal derivatives on the boundary of the cavities, which are
completly new in the literature. Dealing with unilateral constraints for the p-Laplacian and the homogenization
of perforated media, we mention very different problems and results in [36] for Signorini conditions (when
a = 1) and [26,41] for obstacle problems. For different constraints and sizes of perforations, we provide a
map of all possible homogenized problems and construct the corresponding correctors (see Figures 2 and 3). In
particular, we obtain seven different limits when p € [2,n), most than ever found for the p-Laplace operator
in perforated media (see [28,40] to compare). In this connection, [40] considers a e-dependent boundary value
problem with generalized Robin condition (no constraints for solutions), without any corrector result and with a
more restrictive 0. Except one, the strange terms in [40] are different since they cannot get the double influence
coming from the constraints on the solutions and on their normal derivatives (cf. Section 1); among all the
homogenized problems here obtained, only (1.5) and (1.8) coincide with some homogenized problems in [40]
for some o. In addition, to improve the weak convergence obtained in [40], it suffices to re-write the proofs
for correctors in Sections 2—6 with the suitable modifications. Similar comments apply to the results in [37]
and [39] when p = n = 2 and p = n > 3, respectively, and to our new strange term in (1.9) and corrector in
Theorem 7.5. Dealing with the results in [16,19,23], see the end of Section 1.

9. APPENDIX

To avoid introducing technical details in Section 2.1, we provide here the proof of Propositions 2.2 and 2.3
that we have not found in the literature.

Proof of Proposition 2.2. Let us consider z = 7— H and rewrite the equation as |z—7[P~2(2—7)+o0(z, 2) = 0.
Considering the continuously differentiable function F(z,7,2) = |z — 7|P7%(z — 7) 4+ 00(z, 2) defined from a
domain of R"*2 into R and taking into account that only the points of the form (z,7,2) = (,0,0), x € 2, can
verify F(x,7,z) = 0 and 0, F(x,7,z) = 0, the implicit function theorem provides the continuously differentiable
function in Q x (R \ {0}), 2 = U(z, 7) such that

\U(z,7) = 1|P"2(U(2,7) — 7) + 00(x,U(z, 7)) = 0.

Then, writing H(z,7) =7 — U(x,7) for (z,7) € Q x (R\ {0}) and H(x,0) = 0 for z € Q (cf. (2.4)), we verify

that H is the unique continuous function in © x R which satisfies (2.19).
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Moreover, on account of (2.19) and the monotonicity of the functions [A|P~2)\ and o(z,2) (cf. (2.18) and
(2.2), respectively), we have

(|H (2, w)|""*H (2, u) — |H(z,0)[""*H(z,v))(u ~ v)
= (| H (2, w)["H (2, u) = |H (2, v)"~* H (x,v))(H (2,u) — H(z,v))
+o(o(x,u— H(z,u)) —o(x,v— H(z,v)))(u— H(z,u) —v+ H(x,v))
> ks|H(z,u) — H(z,0)|P + oki|u — H(z,u) — v+ H(z,v)|” > ki|u — v|?,

for all z € O, u,v € R, and certain constant k; > 0, and (2.20) holds. Condition (2.20) and the fact that
H(x,0) =0 imply (2.22). Finally, using (2.19), (2.22) and (2.4) we can prove (2.21), which concludes the proof
of the proposition. [

Proof of Proposition 2.3. First, we write the term on the left hand side of (2.23) as

/ (|V(v +0) P2V (v +ne) — \Vv|p‘2Vv) Vedr = R® + R? + RS (9.1)
Qa

where

R = / (IV@+ 02 = [Volr2) VoVpda,  RE= / (IV@+ 02 = [V0.7"2) V. Vo da
Qa

Qe

and
R‘;E/ |V [P~2Vn.Vydz.

e

Then, we apply the inequality
lla+b|P™2 — |bP2| < |aP™2,  Va,beR", (9.2)
for p € (2, 3], obtained from the Minkowskii and the triangle inequalities, and the inequalities
(a+0)P2 -2 <alp—2)(a+bP >  Va,b>0, (9.3)
and
(a+0)P3 < K(aP™®+0P73),  Va,b>0, (9.4)

for p > 3, to estimate the term R. = R? + R? arising in (2.23).
Let us assume p € (2, 3]. Using (9.2) and the Holder inequality we obtain

RIS [ 9@l Vol 2Vl Velds < [ V0200l Vplds < KIVRI o010 196l ro

QE QE

and

|RY| < /Q IV (0 +n:)P72 = [V P72 ||V || Vol da < / Vot 2|V [Vl da < K| Vel oo @ IVl oo,

€

and, hence, (2.24) holds for p € (2, 3].
Let us assume p > 3. We can write

RS [ 119G+ 072 = [Tl 2T Vel de

Qe

= [ Vet m)l = DoVl Veldat [ (VP = [+ )P Vel Vil da,
Eﬂ €

eMNDe
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where D = {z : |[V(v+n:)(z)[P72 — |[Vo(2)|P~2 > 0} and D7 = {z : |V(v + n:)(z)[P72 — |[Vo(x)|P~2 < 0}.
Now, using (9.3), (9.4) and the Holder inequality we obtain

/ (IV(v+ )P~ = [Vo|P~2)|Vu|| V| da < / ((IVo] + [Vne])P=2 = [Vo|P~2) Vo[V da
Q.NDF Q.NDF

EODE

<(r-2) / V0 l(IVo] + [V P3| Vo[Vl de < K / (V] [VoP~ + [V 2|V o)) Vg de
K(IV0ell oro-v @) + 1V7l2 02 200y @ IVelLr ).

Similarly, we can estimate
[ 9ol = IV )P ) e Vel de
Q.nD7
S/ (V0 +n)] +[Vn:)P~2 = [V (0 +n:) [P72) Vo[ [ V| da
Q.nDZ
<(p-— 2)/Q (Vi (1Y (v + o) | + Ve )P 73 Vo[Vl da < K/Q (Ve |[VolP =2 + [V [P~ Vo)) [V | d

K(IVnell oro- Q) T ||V77€||L(,, 2)p/(p—1) Q))||V<P||LP(Q

Consequently,
B2 < K{IV:l s 00) + V51252 200 | 1V 2 00

Similar arguments allow us to obtain the same estimate for |R?| and, thus, (2.24) also holds for p > 3.
Now, (2.25) follows from (9.1) and the fact that RS also converges to zero as € — 0 under the assumption
Vel Le () — 0, which concludes the proof. O

REFERENCES

[1] E. Acerbi, V. Chiado Piat, G. Dal Maso and D. Percivale, An extension theorem from connected sets, and homogenization in
general periodic domains. Nonlinear Anal. 18 (1992) 481-496.
[2] G. Allaire, Homogenization of the Navier-Stokes equations in open sets perforated with tiny holes. I. Abstract framework, a
volume distribution of holes. Arch. Rational Mech. Anal. 113 (1990) 209-259.
[3] B. Amaziane, S. Antontsev, L. Pankratov and A. Piatnitski, Homogenization of p-Laplacian in perforated domain. Ann. Inst.
H. Poincar Anal. Non Linaire 26 (2009) 2457-2479.
[4] H. Attouch and C. Picard, Variational inequalities with varying obstacles: the general form of the limit problem. J. Funct.
Anal. 50 (1983) 329-386.
A. Brillard, D. Gémez, M. Lobo, E. Pérez and T.A. Shaposhnikova, Boundary homogenization in perforated domains for
adsorption problems with an advection term. Appl. Anal. 95 (2016) 1517-1533.
[6] J. Bystrom, Sharp constants for some inequalities connected to the p-Laplace operator. JIPAM. J. Inequal. Pure Appl. Math.
6 (2):article 56 (2005).
[7] A. Capatina, H. Ene and C. Timofte, Homogenization results for elliptic problems in periodically perforated domains with
mixed-type boundary conditions. Asymptot. Anal. 80 (2012) 45-56.
J. Casado-Diaz, Existence of a sequence satisfying Cioranescu-Murat conditions in homogenization of Dirichlet problems in
perforated domains. Rend. Mat. Appl. (7) 16 (1996) 387—413.
[9] D. Cioranescu and F. Murat, A strange term coming from nowhere, in Topics in the Mathematical Modelling of Composite
Materials. Progr. Nonlinear Differential Equations Appl., 31, A. Cherkaev and R. Kohn Ed., Birkduser (1997) 45-93.
[10] C. Conca, P. Donato, Nonhomogeneous Neumann problems in domains with small holes. RAIRO Modél. Math. Anal. Numér.
22 (1988) 561-607.
[11] C. Conca, F. Murat and C. Timofte, A generalized strange term in Signorini’s type problems. ESAIM: Math. Model. Numer.
Anal. 37 (2003) 773-805.
[12] G. Dal Maso and F. Murat, Asymptotic behaviour and correctors for Dirichlet problems in perforated domains with homoge-
neous monotone operators. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 24 (1997) 239-290.

5

B



44

(13]
(14]
[15]

[16]

(17)
(18]
[19]
[20]
21]
22]
23]
24]
[25]
[26]
27)

(28]

29]

(34]

(35]
(36]
37)
(38]

39]

TITLE WILL BE SET BY THE PUBLISHER

J.I. Diaz, Nonlinear Partial Differential Equations and Free Boundaries. Vol. I. Elliptic Equations. Research Notes in Math-
ematics 106. Pitman (1985).

P. Donato and G. Moscariello, On the homogenization of some nonlinear problems in perforated domains, Rend. Sem. Mat.
Univ. Padova 84 (1991) 91-108.

D. Gémez, M. Lobo, E. Pérez, A.V. Podol’skii and T.A. Shaposhnikova, Homogenization for the p-Laplace operator and
nonlinear Robin boundary conditions in perforated media along manifolds. Dokl. Math. 89 (2014) 11-15.

D. Gémez, M. Lobo, E. Pérez, A.V. Podol’skii and T.A. Shaposhnikova, Homogenization of a variational inequality for the
p-Laplacian in perforated media with nonlinear restrictions for the flux on the boundary of isoperimetric perforations: p equal
to the dimension of the space. Dokl. Math., 93 (2016) 1-5.

D. Gémez, M. Lobo, E. Pérez and T.A. Shaposhnikova, Averaging of variational inequalities for the Laplacian with nonlinear
restrictions along manifolds. Appl. Anal. 92 (2013) 218-237.

D. Gémez, M. Lobo, E. Pérez, T.A. Shaposhnikova and M.N. Zubova, On critical parameters in homogenization of perforated
domains by thin tubes with nonlinear flux and related spectral problems. Math. Methods Appl. Sci. 38 (2015) 2606—2629.

D. Gémez, E. Pérez, A.V. Podol’skii and T.A. Shaposhnikova, Homogenization for the p-Laplace operator in perforated media
with nonlinear restrictions on the boundary of the perforations: a critical case. Dokl. Math. 92 (2015) 433-438.

D. Gémez, E. Pérez and T.A. Shaposhnikova, On homogenization of nonlinear Robin type boundary conditions for cavities
along manifolds and associated spectral problems. Asymptot. Anal. 80 (2012) 289-322.

M. Goncharenko, The asymptotic behaviour of the third boundary-value problem solutions in domains with fine-grained bound-
aries, in Homogenization and Applications to Material Sciences. GAKUTO Internat. Ser. Math. Sci. Appl., 9, Gakkotosho
(1995) 203-213.

U. Hornung, Homogenization and porous media. Springer-Velag (1997).

W. Jager, M. Neuss-Radu and T.A. Shaposhnikova, Homogenization of a variational inequality for the Laplace operator with
nonlinear restriction for the flux on the interior boundary of a perforated domain. Nonlinear Anal. Real World Appl. 15 (2014)
367-380.

S. Kaizu, The Poisson equation with semilinear boundary conditions in domains with many tiny holes. J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 36 (1989) 43-86.

S. Kaizu, The Poisson equation with nonautonomous semilinear boundary conditions in domains with many time holes. STAM
J. Math. Anal. 22 (1991) 1222-1245.

A.L. Karakhanyan and M.H. Stréomqvist, Application of uniform distribution to homogenization of a thin obstacle problem
with p-Laplacian. Comm. Partial Differential Equations 39 (2014) 1870-1897.

D. Kinderlherer and G. Stampakk’ya, An Introduction to Variational Inequalities and their Applications. Moscow: Mir (1983).
N. Labani and C. Picard, Homogenization of a nonlinear Dirichlet problem in a periodically perforated domain, in Recent
Advances in Nonlinear Elliptic and Parabolic Problems, Pitman Res. Notes Math. Ser. 208. Longman Sci. Tech. (1989)
294-305.

P. Lindqvist, Notes on the p-Laplace equation. Report. University of Jyvaskyla Department of Mathematics and Statistics 102,
Jyvéskyld: University of Jyvéskyld (2006).

J.L. Lions, Quelques Méthodes de Résolution des Problémes auzx Limites non Linéaires. Dunod (1969).

V.A. Marchenko and E.Ya. Khruslov, Boundary Value Problems in Domains with a Fine-grained Boundary. Izdat. Naukova
Dumka (in Russian) (1974).

T. Mekkaoui and C. Picard, Error estimates for the homogenization of a quasilinear Dirichlet problem in a periodically perfored
domain, in Progress in Partial Differential Equations: the Metz Surveys, 2, Pitman Res. Notes Math. Ser. 296. Longman Sci.
Tech. (1993) 185-193.

O.A. Oleinik and T.A. Shaposhnikova, On homogenization problem for the Laplace operator in partially perforated domains
with Neumann’s condition on the boundary of cavities. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei Mat.
Appl. 6 (1995) 133-142.

O.A. Oleinik and T.A. Shaposhnikova, On homogenization of the Poisson equation in partially perforated domains with
arbitrary density of cavities and mixed type conditions on their boundary. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur.
Rend. Lincei Mat. Appl. Ser. 9, 7 (1996) 129-146.

A. Ould-Hammouda and R. Zaki, Homogenization of a class of elliptic problems with nonlinear boundary conditions in domains
with small holes. Carpathian J. Math, 31 (2015) 77-88.

S.E. Pastukhova, Homogenization of a mixed problem with Signorini condition for an elliptic operator in a perforated domain.
Sb. Math. 192 (2001) 245-260.

E. Pérez, T.A. Shaposhnikova and M.N. Zubova, A homogenization problem in a domain perforated by tiny isoperimetric holes
with nonlinear Robin type boundary conditions. Dokl. Math. 90 (2014) 489-494.

A.V. Podol’skii, Solution continuation and homogenization of a boundary value problem for the p-Laplacian in a perforated
domain with a nonlinear third boundary condition on the boundary of holes. Dokl. Math. 91 (2015) 30-34.

A.V. Podol’skii and T.A. Shaposhnikova, Homogenization for the p-Laplacian in a n-dimensional domain perforated by fine
cavities, with nonlinear restrictions on their booundary, when p = n. Dokl. Math. 92 (2015) 464-470.



TITLE WILL BE SET BY THE PUBLISHER 45

[40] T.A. Shaposhnikova and A.V. Podol’skii, Homogenization limit for the boundary value problem with the p-Laplace operator
and a nonlinear third boundary condition on the boundary of the holes in a perforated domain. Funct. Differ. Equ. 19 (2012)
351-370.

[41] L. Tang, Random homogenization of p-Laplacian with obstacles in perforated domain. Comm. Partial Differential Equations
37 (2012) 538-559.

[42] N.N. Uraltseva, On regularity of the solutions of variational inequalities. Zap. Nauchn. Semin. Leningrad. Otdel. Mat. Inst.
Steklov (LOMI) 27 (1972) 211-219.

[43] Y. Wu and X.P. Xue, Decay rate estimates for the quasi-linear Timoshenko system with nonlinear control and damping terms.
J. Math. Phys. 52(093502): 18 pp (2011).

[44] M.N. Zubova and T.A. Shaposhnikova, Homogenization of boundary value problems in perforated domains with the third
boundary condition and the resulting change in the character of the nonlinearity in the problem. Differ. Equ. 47 (2011) 78-90.



