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Abstract

The load sharing impact on the efficiency of spur gears with modified pro-
file was assessed in this work. The aim was to analyse the influence of the
profile modifications on the load sharing, which also considers the effect of
the torque level on the system deflections, and how these load sharing vari-
ations affected the system efficiency. Due to the frictional effect importance
on power losses, in the operating conditions considered, sliding friction be-
tween teeth in presence of lubricant was studied in this proposal. The results
established that tip relief improves the efficiency of the system due to the re-
duction of effective contact ratio. Moreover, there is a tip relief which makes
optimal the efficiency in specific operating conditions, corresponding to the
unit value of the effective contact ratio. Thus, the main conclusion of this
work is that the tip relief which makes optimal the efficiency coincides with
the theoretical dynamic optimum of the transmission.

Keywords: Efficiency, Power losses, Load sharing, Profile modifications,
Tip relief

1. Introduction

Mechanical transmissions are widely used in every kind of industrial ap-
plications as the mechanism which transfers the power from the input ele-
ment, which generates the energy, to the receiver. One of the most utilised
transmissions is the one that uses gears as transmitter of energy. This kind
of transmission is very common due to its robustness, reliability and com-
pactness. However, a characteristic that defines them and has made them
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prevail over other kinds of transmissions, it is their high efficiency in the most
adverse operating conditions.

The analysis of efficiency in gear transmissions, as a fundamental element
of powertrains, is an interesting aspect on which the research community has
focused their efforts [1, 17, 23, 31, 26, 33]. In this regard, there is a need
to use increasingly efficient transmissions, not only because of the inherent
reduction of energy consumption and therefore of operating costs, but also to
meet the more and more restrictive environmental requirements, for instance
in vehicles [28]. Environmental policies have made it mandatory to reduce
the level of emissions as well as the adjustment of the fuel economy. Although
these two reasons are sufficient for researching in this field, there are other
reasons to improve this aspect in parallel. It is logical to think that the more
efficient a transmission is, the less heat it will dissipate, and therefore, the
lower its operating temperature will be. All of this will turn into a lower
probability of causing superficial fatigue and wear in teeth or a premature
failure of the gear. Hence, increasing the system efficiency will not only result
in a reduction of operating and maintenance costs in the short term, but also
in the medium and long term, by means of reducing associated breakdowns.

Although in these transmissions there are more elements than the gears
themselves, such us bearings, seals and other auxiliary elements, this work
is only focused on gears, being the most influential element of the system
in terms of power losses in the considered operating conditions (considerable
loads) [1, 8, 31]. The power losses in gear elements are usually distinguished
into two types; those that depend on the load and those that do not. Load-
dependent power losses are usually divided into those due to sliding friction
and those corresponding to the rolling friction, depending on the relative
movement between the surfaces of the teeth. Non-load-dependent power
losses are those due to fluid motion in the transmission surroundings, which
could be lubricating fluid, air or both of them. In the work operating condi-
tions, sliding friction is the dissipative effect that causes the most of power
losses, as it can produce up to 95% of the system power losses under adverse
conditions of load [1, 31]. Thus, it is generally assumed that sliding friction
is the only dissipative effect of the system [2, 13, 29, 32, 33].

The main goal of the present study is to determine the influence of the
load sharing on the efficiency of spur gear transmissions when different tip
reliefs are considered. Tip relief is widely used in the Industry in order to im-
prove the dynamic behaviour of the transmission by softening the transition
between the double and the single contact regions. To consider its behaviour
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in the numerical model of gear transmissions, it is necessary to take into ac-
count the deflections produced by the adjacent teeth to the one in contact, in
other words, the effect of the torque level. In this framework, the strength of
the present proposal lies in the use of an enhanced load sharing formulation,
which considers the profile modifications and the torque level, in the efficiency
calculation. There are several works which analyse the tip relief influence on
the dynamic properties of gear transmissions [5, 12, 14, 15, 18, 19, 20] and
on the tooth stress produced [16, 22, 30]. Nevertheless, in the efficiency field,
it only exists few works [4, 6, 21, 33]. Some of them are based on the ex-
perimental calculation of the power losses in gear transmissions with short
and long tip reliefs [6, 21], other works use numerical models which do not
generally take into account the torque effect in order to calculate the system
power losses [4] and others which propose analytical solutions of the effi-
ciency considering the tip relief effect, comparing the results with numerical
simulations [33]. Hence, with this proposal, it is intended to contribute to
improve the knowledge in this regard, using a load contact model which does
take into account the torque level and allows for calculating efficiency values
with a high level of accuracy.

In Section 2, the fundamentals that were required to develop the efficiency
study are shown. Section 3 provides the analysed transmission properties and
the structure of the results presented in Section 4 and 5. To end this work,
the conclusions are summarized in Section 6.

2. Fundamentals applied to this study

Two aspects are necessary to be defined in order to comprehend the scope
of this study. Since the assessment of the efficiency of gear transmissions
with tip relief was performed, the efficiency calculation methodology and the
model to include tip reliefs are presented next.

2.1. Efficiency calculation

The methodology to calculate the efficiency has been presented in pre-
vious works [7]. Accordingly, in this section, only a few details, which are
necessary for the understanding of the work, are presented for the sake of
simplicity.

As the Coulomb′s model approach was followed to calculate the sliding
friction, hereinafter referred as friction, power losses (Ploss) along the mesh
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cycle are dependent of the sliding velocity (Vs(θ)), the friction coefficient
(µ (θ)) and the contact force (FN(θ)):

Ploss =

∫

θE

θA

µ(θ)FN (θ)Vs (θ)dθ = Pin

∫

θE

θA

IPLdθ

⇒ IPL =
µ(θ)FN (θ) Vs (θ)

FNmaxV

(1)

Where FNmax is the maximum normal force, V the pitch line velocity
along the mesh cycle and IPL the Instantaneous Power Loss factor. More-
over, θA and θE correspond to the angular positions at the mesh cycle begin-
ning and end.

In this proposal, in order to calculate the friction coefficient, a constant
average formulation was implemented (µm). The reason why this assumption
was included is to isolate the effect of the load sharing in the efficiency
from the impact of the friction coefficient. Moreover, Niemann′s proposal
(equation 1) is the chosen formulation since it is widely used in the scientific
literature [2, 8, 13, 24, 25, 29]. This formulation depends on the contact force,
the speed, the geometry of the transmission and the rheological parameters.

µm = 0.048

(

FNmax

b

VΣCρc

)0.2

η−0.05
oil

R0.25
a

XL

⇒ VΣC = 2Vtsin (ϕ) and XL =
1

(

FNmax

b

)0.0651

(2)

Where ρc is the equivalent curvature radius in the pitch point, b the gear
width and Ra the mean roughness of the teeth profile.

In order to obtain the load sharing ( FN (θ)
FNmax

), the Load Contact Model
(LCM) previously developed by the authors was used. This LCM super-
poses two models with different scopes to determine the deflections; a finite
element model to calculate global deformations and a Hertzian formulation
to obtain the local deflections [9, 10, 11]. This approach allows for consid-
ering the deflections of the adjacent teeth of those in contact, achieving in
this manner to take into account the effect of using different torque levels.
Furthermore, one of the features developed in this LCM is the profile mod-
ifications formulation, specifically, in this work, gear transmissions with tip
reliefs are to be assessed. For this reason, the model utilised to include their
behavior is presented next.
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2.2. Profile modifications formulation
As commented, profile modifications are widely used in the Industry in

order to improve the dynamic behaviour of the transmission, but its effect
on the efficiency still needs to be assessed in deep. In this section, the for-
mulation used to implement them in the LCM is presented (Figure 1).
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Figure 1: Formulation of the profile modifications

eT (s) represents the length, which is measured in the line of action, of the
tip relief, in other words, the gap included to the tooth. Subscript ”T” means
that the profile modification is in the tooth tip, being the same model when
bottom relief is included (subscript ”B”). Moreover, the formulation allows
to include a linear profile modification (n = 1) or a parabolic one (n = 2),
which are the most common profile modifications in gear transmission field
[5, 12, 14, 15, 18, 19, 20]. In this work, only linear profile modifications were
considered, since the load sharing is almost unaffected by this aspect in the
operating conditions of the analysis [18].

Depending on the load applied to the transmission, two different tip reliefs
are usually included to improve the dynamic behaviour of the system, long
and short tip reliefs. The former are generally incorporated to transmissions
which transmit high loads, whilst the latter are implemented in low-loaded
transmissions. Long tip reliefs are those which make the theoretical contact
ratio lower than the unity, being short tip reliefs in the contrary case [3,
27]. A priori, a transmission with a theoretical contact ratio lower than
the unity is not desirable from the dynamic point of view, since impacts are
foreseen. Nevertheless, in reality, since the deflections in transmissions which
transmit high torque levels are considerable, with the proper tip relief, the
effective contact ratio is equal to one and therefore, the mesh stiffness is
almost uniform.

In this work, both kinds of tip relief are considered, for this reason, their
nomenclature and definition are presented in Figure 2.
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Figure 2: Layout of the tip relief case studies considered

3. Case of application

An efficiency assessment was performed to a spur gear transmission, which
properties are specified in Table 1.

Table 1: Pinion/gear parameters

Main parameters
Number of pinion teeth 18 Module 3
Number of gear teeth 36 Pressure angle 20o

Mean Roughness 0.8 µm Face width 26.7 mm

Two different studies were done to this standard transmission. The first
consist of analysing the effect of different tip reliefs, which can be long and
short, under two specific levels of torque (low and high). In Table 2, it can
be appreciated the tip relief range assessed and the operating conditions of
the transmission.

In the second study, the transmission with a specific tip relief (the longest
considered in first study) is analysed under different levels of torque. In Table
3, the torque range studied is shown as well as the tip relief specifications.
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Table 2: Operating conditions of the transmission and tip relief parameter range of the
first study

Operating
conditions

Power
(kW)

Torque
(Nm)

Speed
(rpm)

Tip relief (mm)
Length Magnitude

OC1 25 40 6000
1÷ 3 0.01÷ 0.1

OC2 100 637 1500

Table 3: Operating conditions of the transmission and tip relief parameters of the torque
analysis

Operating conditions Tip relief (mm)
Power (kW) Torque (Nm) Speed (rpm) Length Magnitude

6÷ 250 20÷ 795 3000 3 0.1

4. Study I: Profile modifications assessment

In order to assess the influence of the tip relief in the efficiency, three
cases of study, which are summarised in Figure 3 and Table 4, were set out.
In the first, the efficiency was calculated when the tip reliefs were included
in the pinion. In the second, the driven wheel has its profile modified, whilst
in the third, both gears were considered to have the same tip reliefs.
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Figure 3: Layout of the tip relief case studies considered
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Table 4: Case studies description summary

Case study
Number

Pinion tip
relief

Driven wheel
tip relief

1 Yes No
2 No Yes
3 Yes Yes

These three case studies are justified since the efficiency was to be ob-
tained when tip relief was included in the pinion, the driven wheel and in
both gears, allowing for isolating the assessment of each kind of tip relief.
Moreover, these tip relief ranges were chosen in order to analyse short and
long tip reliefs. As short tip relief are implemented in the first and second
case studies, the interest lies in the analysis of operating conditions with low
levels of torque (OC1). Nonetheless, in the third case of study, both short
and long tip reliefs are included, being of interest low and high torque levels
(OC1 and OC2). In this manner, the two operating conditions, which were
shown in Table 2, were selected.

4.1. First case study: Tip relief in the pinion

In Figure 4, the efficiency values are shown for several pinion tip reliefs
and the two considered operating conditions.
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Figure 4: Efficiency values for several pinion tip reliefs and operating conditions OC1 (in
red) and OC2 (in black)
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From Figure 4, the efficiency increases with the tip relief length in both
operating conditions, whilst the magnitude increment of the tip relief only
affects OC2. Specifically, in the high-torque level case, there is a magnitude
from which the efficiency becomes almost constant (CT = 0.05mm). This
means that the deflections, which are produced by the high torque applied
to the transmission, make that the contact in the tip relief profile exists until
this magnitude value. With high tip relief magnitudes, only involute contact
exists and therefore the length of the tip relief is the only parameter which
affects the load sharing.

This trend can be explained by the parameters which affect the efficiency.
For this reason, in Figure 5 and Figure 6 the load sharing (LS), the friction
coefficient (FC) and the instantaneous power loss (IPL) factor are presented
for the minimum and maximum case of tip relief magnitude.

From Figure 5 and Figure 6, the introduction of pinion tip reliefs turns
into a reduction of the First Double-Contact Region (FDCR) and an incre-
ment of the Single-Contact Region (SCR) after the pitch point. This fact
results in a contact length reduction, which is higher with the tip relief length
increment, starting the contact later.

For the minimum magnitude case, this effect is only appreciated in the
low-torque case (in dash red line), whilst in the high-torque level case (in
solid black line), there is a slight change of the load sharing in these re-
gions, smoothing the transitions between Double-Contact-Regions (DCR)
and SCR. These facts have an influence on the load sharing and therefore
on the power losses. Specifically, in the low-torque level case, there is a reduc-
tion of the power losses at the contact beginning (FDCR), which is slightly
higher than the increment of the power losses in the SCR. This turns into
a small improvement of the efficiency. Nevertheless, in the high-level case,
only there is a power loss reduction at the contact beginning due to the load
sharing variation. This results in a higher improvement of the efficiency than
in the low-torque level case.

For the maximum magnitude case, the contact reduction is appreciated
in both operating conditions, following a similar pattern as in the low-torque
level and minimum magnitude case. In other words, when the length of the
tip relief increases, there is a power loss reduction in the FDCR, which is
higher than the power loss increment in the SCR. This turns into a slight
improvement of the efficiency.
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Figure 5: Effect of the tip relief length variation, in the minimum magnitude case, on LS,
FC and IPL factor
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Figure 6: Effect of the tip relief length variation, in the maximum magnitude case, on LS,
FC and IPL factor
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4.2. Second case study: Tip relief in the driven wheel

The efficiency values for several driven wheel tip reliefs are presented in
Figure 7.
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Figure 7: Efficiency values for several driven wheel tip reliefs and operating conditions

Figure 7 shows that the efficiency increases with the tip relief length in
both operating conditions, whilst the magnitude increment of the tip relief
only affects OC2, following the same tendency as in first case study. In
the high-torque level case, there is a magnitude from which the efficiency
becomes almost constant (CT = 0.05mm).

In Figure 8 and Figure 9, the parameters which affect the efficiency are
presented (LS, FC and IPL factor) for the minimum and maximum case of
tip relief magnitude, in order to analyse the efficiency trend.

The tip relief inclusion in the driven wheel produces a reduction of the
Second Double-Contact Region (SDCR) and an increment of the Single-
Contact Region (SCR) before the pitch point. This fact results also in an
overall contact length reduction, finishing the contact before with the tip
relief length increment.

For the minimum magnitude case, this effect is only appreciated in the
low-torque case, whilst in the high-torque level case, there is a slight change
of the load sharing in these regions, smoothing the transitions between DCRs
and SCR. This affects the load sharing and therefore the power losses. In
the low-torque level case, there is a power loss reduction of the at the contact
end (FDCR), which is higher than the power loss increment in the SCR,
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turning into a slight improvement of the efficiency. Nonetheless, in the high-
level case, it only exists a power loss reduction at the contact end because
of the load sharing variation, improving the efficiency more than in the low-
torque level case.
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Figure 8: Effect of the tip relief length variation, in the minimum magnitude case, on LS,
FC and IPL factor
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Figure 9: Effect of the tip relief length variation, in the maximum magnitude case, on LS,
FC and IPL factor

In the maximum magnitude case, the contact reduction is appreciated in
both operating conditions when the length of the tip relief increases. This
results in a power loss decrement in the SDCR, which is higher than the
power loss increment in the SCR, achieving a slight efficiency improvement.
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4.3. Third case study: Tip relief in both gears

In Figure 10, the efficiency values are shown when several tip reliefs were
included in both gears. The study was constraint to implement the same tip
relief to both gears.
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Figure 10: Efficiency values for several tip reliefs in both gears and operating conditions

From Figure 10, the efficiency increases with the tip relief length in both
operating conditions, whilst the magnitude increment of the tip relief only
affects OC2. Comparing with the other two case studies, the efficiency in-
creases more when tip reliefs are considered in both gears than when included
in just one.

In Figure 11 and Figure 12, the parameters which affect the efficiency are
presented (LS, FC and IPL factor) for the minimum and maximum case of
tip relief magnitude, in order to assess the appreciated efficiency tendency.

The effects observed in both previous cases of study are superposed in the
current one. This means that the tip relief inclusion in both wheels produces
a reduction of both DCRs and an increment of the SCR in both directions
of the pitch point. This fact turns into an overall contact length reduction,
thus, with the tip relief length increment, the contact starts after and finishes
before.

For the minimum magnitude case, this effect is only appreciated in the
low-torque case, since in the high-torque level case, there is no change of
the contact ratio but a slight variation of the load sharing, smoothing the
transitions between DCRs and SCR. These facts are appreciated in the
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load sharing and in the power losses. In the low-torque level case, there is a
power loss decrement at the contact beginning and end, which is higher than
the power loss increment in the SCR. In the high-level case, there is only a
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Figure 11: Effect of the tip relief length variation, in the minimum magnitude case, on
LS, FC and IPL factor
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power loss reduction in these both regions because of the load sharing change
(no power loss increment in SCRs), improving the efficiency more than in
the low-torque level case.

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
0

0.2

0.4

0.6

0.8

1

C
T
 = 0.1 mm

Rotation angle

F
(θ

)/
F

N
m

ax

 

 
L

T
=1mm

L
T
=2mm

L
T
=3mm

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
0

0.2

0.4

0.6

0.8

1

C
T
 = 0.1 mm

Rotation angle
F

(θ
)/

F
N

m
ax

 

 
L

T
=1mm

L
T
=2mm

L
T
=3mm

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

C
T
 = 0.1 mm

Rotation angle

µ(
θ)

 

 
L

T
=1mm

L
T
=2mm

L
T
=3mm

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

C
T
 = 0.1 mm

Rotation angle

µ(
θ)

 

 
L

T
=1mm

L
T
=2mm

L
T
=3mm

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
x 10

−4 C
T
 = 0.1 mm

Rotation angle

IP
L

 

 
L

T
=1mm

L
T
=2mm

L
T
=3mm

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
x 10

−4 C
T
 = 0.1 mm

IP
L

 

 

Rotation angle

L
T
=1mm

L
T
=2mm

L
T
=3mm

Figure 12: Effect of the tip relief length variation, in the maximum magnitude case, on
LS, FC and IPL factor
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In the maximum magnitude case, the contact reduction in both direc-
tions is appreciated when the tip relief length increases in the two operating
conditions. This contact reduction results in a power loss decrement in both
FDCR and SDCR, which is higher than the power loss increment in the
SCR, achieving an improvement of the efficiency with the tip relief length
increment.

5. Study II: Torque analysis in a transmission with long tip relief

The torque effect on the efficiency of a transmission with long tip relief,
which schema can be observed in Figure 13, was analysed in this study.
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Figure 13: Schema of the transmission with long tip relief

In order to perform this torque analysis, Figure 14 shows the efficiency
of this transmission with modified and standard profile.
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Figure 14: Efficiency of the transmission with long tip relief for different torque levels

From Figure 14, it can be observed that efficiency corresponding to mod-
ified profile gives higher results than those related to the standard profile
transmission. Moreover, the efficiency tendency with the torque increment
is to decrease, no matter the kind of profile. Nevertheless, the decrement
is higher in the standard profile case. In order to explain these facts, first
the effective contact ratio of each transmission and the theoretical one are
presented in Figure 15.
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Figure 15: Transmission contact ratio for different torque levels

The effective contact ratio in standard gears is higher than the theoretical
and the one corresponding to the transmission with long tip relief. Thus,
linking the efficiency and the contact ratio, it can be inferred that the higher
the contact ratio, the lower the efficiency is. Moreover, there are some torque
levels which make the effective contact ratio of the transmission with tip

19



relief lower than one. From the design point of view, it is undesirable that
the transmission works in these operating conditions, since impacts occur in
the dynamic regime. Hence, this specific tip relief (CT1

= CT2
= 0.1mm and

∆LT1
= ∆LT2

= 3mm) makes the efficiency optimal for a torque level of
approximately 300 Nm because the effective contact ratio is the unity, even
if there are efficiency values higher from the theoretical point of view with
lower torques.

Next, the load sharing (LS), friction coefficient (FC) and Instantaneous
Power Loss (IPL) factor for both kind of profiles are presented in Figure 16,
in order to explain why the efficiency follows the observed trend.

The considered long tip relief produces a high decrement of the contact
ratio, which can be appreciated in the three analysed parameters. It can
be appreciated that the power losses increase in the single contact region,
however, as this region is located in the pitch point area, sliding velocity
palliate this increment of power losses. As a matter of fact, the power loss
increment in the single-contact area is lower than the power loss reduction in
the double-contact regions, turning into an overall reduction of the system
power losses.

6. Conclusions

In this work, the load sharing impact on the efficiency of spur gears
with tip reliefs was assessed. In order to perform it, two different studies
were conducted. In the first, the effect of profile modifications on the load
sharing and efficiency were done by including several tip reliefs in two specific
operating conditions. In the second, the analysis of the torque level on a spur
gear transmission with long tip relief was carried out.

From the profile modification assessment, it was observed that tip reliefs
produce a reduction in the effective contact ratio, which turns out to increase
the efficiency. This effective contact ratio decrement changes its location de-
pending where the tip reliefs are included, as is well known. Pinion tip reliefs
resulted in a reduction of the first double-contact region and in an increment
of the single-contact region after the pitch point, driven wheel tip reliefs
produced a reduction of the second double-contact region and an increment
of the single-contact region before the pitch point, whilst, the inclusion of
tip reliefs in both gears turned into the superposition of the commented ef-
fects. These facts resulted in that the highest efficiency was obtained when
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Figure 16: LS, FC and IPL factor of the transmission with long tip relief (on the right)
and with standard profile (on the left) for different torque levels

tip reliefs were included to both gears, being the lowest efficiency, the value
corresponding to the driven wheel tip reliefs.

From the operating conditions analysis, the higher the torque, the higher
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the contact ratio was, resulting in a decrement of the transmission efficiency.
Moreover, from the design point of view, there was a tip relief which makes
optimal the efficiency in specific operating conditions. As a matter of interest,
in order to obtain this optimal, it is compulsory to take into account the
deflections due to the torque levels. This optimal of efficiency corresponds to
the unit value of the effective contact ratio, which coincides with the tip relief
which theoretically makes optimal the dynamic behaviour (avoiding impacts
and changes in the mesh stiffness).

This work is envisaged to be extended to other friction coefficient formu-
lations, which are theoretically closer to the real behaviour, in order to obtain
more accurate efficiency results, as well as their experimental validation in
later stages.
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