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CONTROL PROBLEMS*
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Abstract. We provide sufficient optimality conditions for optimal control problems with bang-
bang controls. Building on a structural assumption on the adjoint state, we additionally need a weak
second-order condition. This second-order condition is formulated with functions from an extended
critical cone, and it is equivalent to a formulation posed on measures supported on the set where the
adjoint state vanishes. If our sufficient optimality condition is satisfied, we obtain a local quadratic
growth condition in L'(£).

Key words. bang-bang control, second-order conditions, sufficient optimality conditions, critical
cone

AMS subject classifications. 49K20, 49K30, 35J61

DOI. 10.1137/16M1099674

1. Introduction. The aim of the present paper is to provide second-order suffi-
cient conditions for bang-bang optimal control problems with nonlinear partial differ-
ential equations (PDEs). In particular, we consider the case that the control variable
does not appear explicitly in the objective. The control problem we are interested in
is given as follows:

®) Minimize J(u) :z/QL(x,yu(a:)) dz

such that «a(x) <wu(z) < B(x) for a.a. x € 9,
where vy, is the weak solution of the elliptic boundary value problem

Ay+a’(7y) =u in Qa

1.1
(1.1) y=0 onl.

The assumptions on the various ingredients are specified below in section 2. Under
these assumptions, solutions of our problem (P) exist. If @ is a locally optimal control
with associated state § := ygz, then there exists an adjoint state ¢ such that

alz) if g(x) >0,
B(z) if g(z) < 0.

In the case that ¢ # 0 holds a.e. in €2, the control @ attains the control bounds a.e.
Hence, u is a bang-bang control. Naturally, we arrive at the question of whether we can

u(r) =
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find sufficient optimality conditions, i.e., conditions which imply that a certain control
is locally optimal. As the objective functional J depends only implicitly through v, on
the control u, standard sufficient second-order conditions, which require the coercivity
of J” in L?(Q), cannot be satisfied. Hence, second-order conditions tailored towards
the special problem structure need to be devised.

The only contribution which deals with this situation in the PDE constrained
case is [6]. Therein, the author provided second-order conditions involving coercivity
w.r.t. the linearized state. It is shown that these conditions imply local quadratic
growth of J w.r.t. the linearized state in a neighborhood of .

In the literature on control problems governed by ordinary differential equations
(ODEs) there are many contributions dealing with second-order conditions in the
bang-bang case; see, e.g., [11, 13, 14, 17, 18, 19, 20]. In these contributions one
typically assumes that the (differentiable) switching function o : [0,7] — R possesses
only finitely many zeros and that |6(¢)] > 0 is satisfied for all zeros ¢ of ¢. This
condition cannot be transferred to the PDE constrained case, in which the role of the
switching function is played by the distributed adjoint state @ : 2 — R. It is not hard
to check that this condition on the switching implies the existence of K > 0 such that

[{te[0,T]:|o(t)| <e}| < Ke

holds for all € > 0. Here, | - | denotes the Lebesgue measure. This latter condition
easily generalizes to the PDE constrained case; namely, one assumes that

(1.2) Hz e Q:|p(z)| <e}|<Ke

is satisfied, where ¢ : 2 — R is the adjoint state associated with a fixed control
t. In the PDE constrained case, the condition (1.2) was already successfully used
in [8] to study the discretization error in the bang-bang case and in [26] to obtain
regularization error estimates for bang-bang controls.

The regularity condition (1.2) on the adjoint state is our starting point to derive
second-order sufficient conditions for bang-bang controls. In Proposition 2.7, we show
the existence of k > 0 such that

J'(@)(u—1u) > kllu—al7 gy Vu € U

Due to this quadratic growth estimate, it turns out that we can prove local optimality
of @ if J” is bounded from below on certain critical cones. We show that the condition

(1.3) J' (@) v* > —K HU||%1(Q) Yo e CL C L*(Q)

with £/ < k and 7 > 0 yields local optimality of @ in L'(2) (see Theorem 2.8), and
this is a main result of this work. The support of functions from C7 is contained in
{z € Q: |p(z)] < 7}. Remarkably, it is impossible to allow 7 = 0, as C2 = {0} is
just the trivial cone for bang-bang . To circumvent this difficulty we consider cones
of measures with support on the set {z € : @(x) = 0}; see subsection 2.5. We prove
the following. Suppose that

(1.4) J" (@) p? > =k |l ey

holds for all measures p supported on {z € Q : @(x) = 0} and satisfying certain
sign conditions. Then, u is locally optimal and satisfies a quadratic growth condition
w.r.t. L1(Q); see Corollary 2.15.



3068 E. CASAS, D. WACHSMUTH, AND G. WACHSMUTH

We expected that condition (1.4) involving measures with support on {x € Q :
¢(z) = 0} is weaker than condition (1.3), which involves L!-functions supported on
the larger set {z € Q: |@g(z)| < 7}. However, it turns out that both conditions are
equivalent (see Theorem 2.14), which can be regarded as one of the main results of
our article.

We emphasize that the second-order conditions (1.3) and (1.4) are rather weak,
as they allow for some negative curvature of the reduced objective.

Naturally, these considerations can be transferred to different situations. We
discuss them in an abstract setting in section 3.

2. An elliptic bang-bang control problem.

2.1. Preliminary results. Let us first state the standing assumptions on the
data of the control problem (P) and in particular of the state equation (2.1). We
assume Q@ C R, n € {1,2,3}, a,0 € L*®(Q), a < B, and o« # . Moreover,
L,a: QxR — R are Carathéodory functions of class C? w.r.t. the second variable
such that the following assumptions are satisfied:

(A1) a(-,0) € LP(Q), with p > n/2,

%(m,y) >0 foraa ze€QandVyeR,
Y
and for all M > 0 there exists a constant C, 5r > 0 such that

9, o?
‘aZ(m,y)‘ + ’ayozb(x,y)’ < Cygm for ae. x € Q and V|y| < M.

For every M > 0 and € > 0 there exists § > 0, depending on M and ¢, such
that

‘82a 0%a

aiyg(xvy2> - aiyg(xvyl) <e if lyi],[y2| < M, ly2—y1| <6, and for a.e. z € Q.

(A2) L(-,0) € L'(Q), and for all M > 0 there are a constant C s > 0 and a
function s € LP(2) such that for every |y| < M and almost all z € Q

oL O%L
\aymy)\ < byi(a), \W@,y)\ <Coa.

For every M > 0 and € > 0 there exists § > 0, depending on M and ¢, such
that
’62L 0’L

a—yQ(x,yg) — a—yz(ac,yl) <e if ly1],|y2] < M, |y2—y1]| < 4, and for a.e. x € Q.

(A3) We also assume that (2 is an open and bounded domain in R", n < 3, with a
Lipschitz boundary I' = Q\ , and A denotes a second-order elliptic operator
of the form

n
Ay(l‘) = - Z 8acj (az]($)611y(x))v
i,j=1
the coefficients a;; € L™ (1) satisfy
Al <) ai(@)&¢ VEER™ forae z€Q

ij=1

for some A4 > 0.
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Hereafter, we will denote the set of admissible controls by
Usg = {u € L™®(Q) : a(z) < u(z) < B(x) for a.a. x € Q}.

The reader is referred to [23, Chapter 4] for the proofs of the following theorems.

THEOREM 2.1. Under assumptions (A1) and (A3), the following statements hold:

(1) For any uw € LP(Q), with p > n/2, there exists a unique (weak) solution
yu € HY(Q) of the state equation (1.1). This solution satisfies y, € Y :=
HE(Q) N C(Q). Moreover, there exists a constant M, g such that

(2.1) lyullo@ + 1Yullai@) < Mas VY € Uaa.

(2) The control-to-state mapping G : L*(Q) — Y defined by G(u) = vy, is of
class C%. Moreover, for v € L*(), z, = G'(u) v is the unique weak solution

of

Oa
A — (- = in Q)
(2.2) z+ ay( JY)z=v in L,

z=0 onl,

and given vi,ve € L2(Q), wy, v, = G (u)(v1,v2) is the unique weak solution

of

da 9%a
Aw+ 22 C O y) 220, =0 i 9,
(2.3) w + ay( 7y)w + ayz( 7y) z 1Z 2 0 mn

w=0 onl,

where z,, = G'(u)v;, i = 1,2.

As a consequence of this theorem and assumption (A2), we get by an application
of the chain rule the following result.

THEOREM 2.2. Under assumptions (A1)—(A3), the functional J : L®(Q}) — R
is of class C? and the first and second derivatives are given by

(2.4) J/(u)v:/ggauvdx,

0%°L 0%a
aiyg(vyu) - aiyg(ayu) Pu | vy Ry dI,

(2.5) J"(u)(vy,v2) = /Q

where z,, = G'(u)v;, i = 1,2, and @, €Y is the adjoint state defined as the unique
weak solution of

Oa oL
A* +7'7u = 5 \HYu .Q7
(2.6) v 8y( Yu) @ ay( Yu) in
p=0 on T,

where A* is the adjoint operator of A.

Since the control problem (P) is not convex, we distinguish between local and
global solutions. Moreover, due to the different possible norms on the control space,
there are different notions of local solutions. Let us give a precise definition.
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By BP(u), we denote a closed ball w.r.t. the norm in LP(Q), i.e.,
BP(a) :={v € LP(Q) : [|[u — v||Lr(q) < €},

for p € [1,00], € > 0, and @ € LP(Q).

DEFINITION 2.3. An element 4 € Uyq is said to be a solution of (P) or, equiv-
alently, a global minimum, if J(@) < J(u) for all u € Upq. We will say that 4 is a
local minimum of (P) in the LP(2) sense, p € [1,00], if there exists a ball BE (1) such
that J(u) < J(u) for all u € Upq N BE(@). The element @ will be called a strict local
minimum if the inequality J(u) < J(u) holds for all uw € Upq N B (@) with 4 # u.

Since Uaq is a bounded subset of L>(Q), if @ is a (strict) local minimum of (P
in the LP(Q)) sense, for some p € [1,00), then @ is a (strict) local minimum of (P) in
the L(Q) sense for every ¢ € [1,00]. However, if @ is a local minimum in the L> ()
sense, it is not necessarily a local minimum in the LP(Q2) sense for any p € [1, 00).

The following result on first-order optimality conditions is classical; see, e.g., [23,
Chapter 4].

THEOREM 2.4. The control problem (P) has at least one global minimum. More-
over, if @ is a local minimum of (P) in the LP(Q)) sense, for some p € [1,00], then
there exist a unique state § € Y and a unique adjoint state @ € Y such that the
following relationships hold:

(2.7 Ay+a(,y) =1 in €, y=0 on T,
Oa oL
2. Ao+ —(,9)p=——(,¥ m b= r
(2.8) Pt g, ve=5,00) M p=0  onl,
(2.9) /@(x)(u(m)f i(z)) de >0 Yu € Uag.
Q

2.2. Discussion of second-order conditions for bang-bang controls. Let
now @ be locally optimal for (P) in the LP(£2) sense, p € [1,00]. From the inequality
(2.9), we deduce as usual

o(z) ?f Pla) >0, and @(z)< <0 if a(z) = B(z),
=0 if a(z) < a(z) < B(z).

) >0 if a(z) = a(z),
(2.10)  a(z) = {

In this paper we are interested in the case where
(2.11) [{z € Q:p(x) =0} =0.

Here, | - | denotes the Lebesgue measure. In this case, (2.10) implies that @(z) €
{a(z),B(x)} for almost all points x € Q. Hence, @ is called a bang-bang control.
Our goal is to give sufficient optimality conditions for local optimality of a bang-bang
control satisfying the first-order optimality conditions. For nonconvex optimization
problems (such as (P)), sufficient conditions for optimality are established in terms
of the second derivative of the objective functional J. To this end, a cone of critical
directions is defined. The natural critical cone for a point & € U,q satisfying the
conditions (2.7)—(2.9) is given by

Cq = {v e L*Q): J'(0)v =0 and v satisfies (2.12)},
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where

<0 ifa(z) = B(x)

(2.12) v(z) {Z 0 ifa(@) = ale), for a.a. z € Q.

Note that the set of functions v € L?(2) satisfying (2.12) is just the tangent cone
to the admissible set U,q in L*(Q). An immediate consequence of (2.10), (2.12) is
that @(z)v(xz) > 0 for almost all z € ©, and hence J'(@)v > 0. Therefore, if v € Cyg,
then the identity @(x)v(x) = 0 a.e. in Q holds. Thus, if @ is a bang-bang control, this
implies Cy = {0}.

Since the admissible set Uyq is polyhedric in LP(Q)), we obtain

J" (@)v? >0 Yo € Cy

as a necessary optimality condition for local optimality in the sense of LP(Q), p €
[1, 00]; see, for instance, [2, section 6.3]. Since we have Cy = {0} in the case of bang-
bang controls, this necessary second-order condition does not provide any additional
information.

Obviously, a sufficient optimality condition cannot be posed on this trivial cone
Cy. Several authors have suggested to increase the cone of critical directions and
to formulate the second-order condition on this extended cone; see [9, 15]. Pursuing
these ideas, the following extended cone was suggested in [6]: for every 7 > 0 we
define

(2.13) Cp = {v e L*(Q):v(z) = 0if |p(z)| > 7 and v satisfies (2.12)}.

It is clear that Cy C CI. Indeed, an element v € Cy has to vanish at a.e. point = for
which @(x) # 0. However, an element v € C7 is only required to vanish at a.e. point
x for which |g(z)| > 7.
Now, one can pose the following sufficient second-order condition on this extended
cone:
3k > 0 such that J” (a)v? > K)HU”%z(Q) Yv e CF.

However, it is proved in [6] that this condition cannot be fulfilled for the problem (P).
The main reason is that the control is not contained explicitly in the objective and,
in particular, no L?() regularization term is present in (P). Instead of the above
condition, the following one was proved to be a sufficient second-order condition for
optimality:

(2.14) Ik > 0 such that J"(@)v® > &l 2,[|72) Vv € CF,

where z, = G’(@)v is the solution of (2.2) associated to the state § = G(@). Looking
at the expression for the second derivative

J' (@)v* = /Q

the condition (2.14) makes sense. Actually, it was proved in [6] that if @ € U,q satisfies
(2.7)—(2.9) and (2.14), then

9L, 9%a _
aT/g(',y) - Tyg('vyu) ¥ ZE dz,

(2.15) Ik, e > 0 such that J(u) + gHyu — szIQLg(Q) < J(u) Yu € Upg N B2(a).
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In the present paper we perform a different approach. First, we assume that @ is
a bang-bang control. Additionally, we make a structural assumption on the adjoint
state ¢:

(2.16) 3K > 0 such that [{z € Q: |p(z)| <e}| < Ke Ve >0.

This assumption and some variants of it have been made in some other mathematical
contexts; see [1, 8, 11, 24, 26]. Property (2.16) holds if ¢ € C''(Q) and there exists a
constant C' > 0 satisfying |V@(z)| > C for all z € Q such that @(x) = 0; see [8].

In the rest of this section we make the following assumption.

(A4) We assume that @ € U,q and it satisfies the first-order optimality conditions

(2.7)—(2.9) and the assumption (2.16).

As a consequence of (2.16) we have that (2.11) holds. Hence, @ is a bang-bang
control. In the next two subsections we analyze the local optimality of .

2.3. Local optimality in L°°(2). The goal of this subsection is to prove the
following theorem.

THEOREM 2.5. Under assumptions (Al)-(A4), there exists Co g,€ > 0 such that
Ca
(2.17) J(w) + T’ﬂHu —ll31 ) < J(w) Vu € Ung N B (7).

This theorem claims that the first-order optimality conditions along with the
structural assumption (2.16) implies that @ is a strict local minimum of (P) in the
L>(Q) sense. It is quite remarkable that no condition on the second derivative of J
is necessary.

However, one should bear in mind that the notion of a local minimizer in L ()
is quite weak. Indeed, if the radius of optimality € in L>°(Q) satisfies ¢ < § — « a.e.
in Q, the set Upg N B°(%) does not contain any other bang-bang control besides 4.
Hence, (2.17) does not allow one to compare @ with other bang-bang controls.

In order to prove this theorem we first establish the following lemma.

LEMMA 2.6. There exists a constant Co g > 0 such that
(2.18) lou = @lle@) < Capllu—tlli) Yu € Uad,
where @, and @ are the solutions of (2.6) and (2.8), respectively.

Proof. Let u € U,q be given, and we denote the associated state with y,,.
First, we show a measurable mean value theorem for the Carathéodory function
a. We consider the Carathéodory function F : 2 x [0,1] — R given by

F(z,t) = |a(z,yu(@)) — alz, §(2)) — 5~ (2.5(2) + tlya(2) — 5(2)]) (yu(z) — 5(2))|,

and [10, Proposition VIII.1.1] implies that F' is a normal integrand. Now, from the
scalar mean value theorem and [10, Theorem VIII.1.2] we deduce the existence of a
measurable function 6 : Q@ — [0, 1] such that

F(z,0(x)) = tg%(i)nl] F(z,t) =0 Vax e

Then, we subtract the state equations satisfied by ¥, and y and obtain

oa )
A(yufy)+a—y(~,y9)(yu—g):ufa in €,

Yu—Y =0 on I,
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where yg = 5+ 0 (yu — 7) and 6 : Q — [0,1] is measurable. The next step is to
bound ||y — ¥llz2(q) by [lu — @[/z1(q). This is achieved by using results for PDEs
with measures on the right-hand side. We note that (Al) and (2.1) imply that 0 <
0a/0y(-,yg) € L>®(). Thus, we can employ the technique of [16, Theorem 2.12] (see
also the classical work [22, Théoréme 9.1]), and we obtain the existence of a constant
D, 3 such that

(2.19) I = T2 < Davgllu = ey ¥u € Usa
Now, subtracting (2.6) and (2.8) we obtain

. . Oa, _ 0L oL, _
A (o — @) + afy(ny)(saufcp) = afy(',yu)* a—y(-,y)

da Oa, _ .
%(7yu) - ay(?y)‘| P 111 Q?

gpuf(ﬁ: OHF,

Hence, ||¢ou — @[lc(q) is estimated by the L*(€2) norm of the right-hand side of the
equation. To this end we first observe that (2.1) implies that the solution of (2.6) sat-
isfies ||pulcq) < C for some constant C' and for all u € Uaq. Moreover, assumptions
(Al) and (A2) along with the mean value theorem imply

oL oL

i da da
afy(l',yu(fv)) - ay(l’?y(x))| +

oy yu(@)) = 5o (@)

< [CL Mo + Cant, pllyu(x) — (),

which yields with (2.19)

oL oL da Oa

7'711._7')_—’— 7'711_7';_ u SDa uU—1u .

Hay( Yu) ay( Y) (ay( Yu) 8y( y))sb e Al 21(0)
From this inequality (2.18) follows. |

Now, we are in position to prove Theorem 2.5.

Proof of Theorem 2.5. Let us set

1
© T 8KCh,

(2.20)

where K and C, g satisfy the structural assumption (2.16) and the Lipschitz estimate
(2.18), respectively. Now, we take u € Upqg N B(@). With the mean value theorem
we get

(2.21) J(u) — J(u) = J (ug)(u —1u) withup=u+6(u—u)and 0<6<1.
Let g denote the adjoint state associated with ugy, and set

E:={zxecQ:|py(x) > Cop

\u - aHLl(Q)} and F := \ E.

From (2.10) and the fact that « < u < ( a.e. in 2, we know that @(z)(u(z)—ua(z)) >0
for almost all € . Moreover, sign pg(x) = sign @(x) holds for all z € E. Let us
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check this claim. If x € E and gg(x) > 0, then @g(xz) > Cop
(2.18) implies

|lu — ﬂHLl(Q). Then,

p(x) = po(x) + [p(z) = vo(2)] = @o(2) = Capllu =l L1 () > 0.

Analogously, we proceed if g(x) < 0 for some z € E.
Combining these two observations we infer

(2.22) wo(z)(u(z) —u(x)) >0 VrxekE.
Let us prove that
(2.23) |F| < 2KCa pllu — L1 (q)-
To this end, we first define
Fi={z€Q:]p()| < 2Cagllu—allria)}-
From the definition of F' and (2.18) we obtain
7€ P = ()] < lpo(@)] +13() — po(@)] < 2Cagllu—ll @) = o € F.

Hence, (2.23) follows from the inclusion F C F and the structural assumption (2.16).
Now, using (2.22) and (2.23) we get

||u_a||%1(ﬂ) = ||u—u||L1(Q){/E|u—u|dx+/Fu—u|dx}

1
< o [otu-nde s+ fu-alp [ -l
a8 JE F
1 1
= J' (ug)(u — u) — /QDQ(U*'ITL)dZ‘F”U*’ELHLIQ / |u — | dx
Cocﬁ Ca,ﬁ F @ F
1
<= J/(ue)(u—a)+2||u—1]||L1(Q)/ lu— @] da
a,3 i
1 ) . )
< - ﬁJ/(ue)(U—U)+2||U—u||L1(Q)HU—UHLoo(Q)\F\
1 ) . )
<G BJ/(W))(U*U)+4K0a,ﬁ||u*u||Loc(Q)||U*U||2Ll(Q)-

From here and (2.21) we deduce
Cap{1 = 4K Capllu = ll (o 1 — 1 ) < T () = T ().

Finally, from (2.20) and the fact that ||u — @) < € we conclude (2.17). ad

2.4. Local optimality in L'(£2). In this section we provide a condition for
% to be a strict local minimum of (P) in the sense of L'(£2), and consequently in
the LP(2) sense for every p € [1,00]|. This optimality condition is based on a weak
second-order condition. Before establishing the main result, let us prove the following
proposition.

PROPOSITION 2.7. Let us assume that (Al)—(A4) hold; then there exists K > 0
such that

(224) J/(ﬂ)(U7’L—l,) Z ISJHU*EL”%l(Q) Yu GZ/lad.
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Note that U,q is a bounded subset of L>°(Q2). In particular, U,q is not a cone.
The proof below will reveal that x can be chosen proportional to ||u— fLHZ;(Q), which

is bounded below by || 5 — aHZi(Q), and the scaling of u— @ in (2.24) is indeed correct.

Proof of Proposition 2.7. Given u € U,q, we set
e:= (2|8 - a||Loo(Q)K)71Hu — | and E.:={xcQ:|p(x)|>c}.

Then, we have

J'<a><u—a>=/ @Il - al dxz/ Pllu— a] dz
Q E.
>ellu—allpiey =e (lu—allpio) — lu—1ulr@oe.))-

Since |2\ E:| < Ke due to the structural assumption (2.16), we find

lu—allLro\p.) < 18— <o) Ke.

Hence we get

J'(@) (u—u) > e(||lu—ull L) — lu—1alLo\e.))

>e(lu—allLi) — 18— all <@ Ke) = kllu — a||2Ll(Q)

with xk = (4”570[”L00(Q)K)71- O

Now, we formulate a second-order condition on the extended cone C7, defined in
(2.13).

Here, we allow for some negative curvature of the second derivative on critical
directions. Hence, the assumption on J” (@) is very weak when compared to standard
second-order conditions, which require positive definiteness of J”(@). This weakening
is possible due to the structural assumption (2.16) and its consequence, Proposi-
tion 2.7, which gives second-order growth from a first-order expression.

THEOREM 2.8. Suppose that assumptions (A1)—(A4) hold. Further, we assume
that

(2.25) Ir>0, 3 <k: J(u? > K|l g YoeCT,

where the constant k is given in Proposition 2.7. Then, there exists € > 0 such that

/

K—K
lu—allfr o) < J(w) Vu € Usa N B (@)

(2.26) J(a) + 3

Proof. Given p > 0, there exists €, > 0 such that for every u € Ung with |lu —
@l r2(q) < €, we have

|77 (u) = J"(@)]v*| < pllzollZag) Yo € L(9),

where 2z, = G'()v; see [6, Lemma 2.7]. Since ||u—a|z2q) < Hﬁ—aHz/j(Q)Hu—ﬂHlL/f(Q)
and [|zy|2(0) < C1l|v]|z1(o) (which follows from (2.2)), we deduce the existence of
€0 > 0 such that for every u € Uaq with [ju — @l 11(q) < €0

k—K
B ||UH%1(Q) Yv € LQ(Q)

(2.27) " (w) = J" (@)]v?| <
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On the other hand, from assumptions (Al) and (A2), (2.1), and the expression (2.5)
we get

(2.28) |J" (@) (v1,v2)| < Callzu, L2yl 20s l2(0) < CllvillLryllvall i)

with C = C2Cy. We define the set Q, = {x € Q : |p(z)| > 7}. Let us observe that
(2.10) and (2.24) imply that

1 1
J'(@)(u—a) > §Jl(ﬂ)(u —u)+ 5/ [p(@)[|u(z) — u(z)| da
Q.
K ~ T _
(2.29) 2 §||U — |7 ) + 5”“ =z,

Now, given u € Uyq with |Ju — al[11(q) < €0, we define

uy (7) = {ﬂ(x) fref ua(z) = {“(x) —a(z) ifxe€Q,,

u(z) otherwise, 0 otherwise.
Then we have that u = u; + ug, (u3 — @) € C7, and |ug — 4| < |u — 4|. By making a

Taylor expansion and using (2.25), (2.27), (2.28), (2.29), and Young’s inequality we
obtain for some ug =@+ 6 (v — @) with 0 <6 <1

J(u) — J(@) = J'(a)(u—a) + %J”(ug)(u —a)?

K _ T _ 1., _ _ Kk — K _
> S a3y + Ll e + T @) 0~ S g
Kk + K _ T _ 1 _ _ 1 _
=2 flu — u||2L1(Q) + 5”“ — |10, + §J”(U)(U1 —a)? + §J”(u)u§
+ J”(a)(ul — U, ug)
K+ K _ T _ K ~
Z lu = al|71 ) + 5”“ —llpya,) — gﬂul — l|Z1 0
C 2 —
= g luzllza @) = Cllur = all Lo lluzll o)
K— K 9 T B
> " s g + ol oo
C. ) )
- 5”“ - uHLl(Q,) —Cllu— U||L1(Q)||U - u”Ll(Q.,)
Kk— K s T ~ c 2C? g
Z 3 lu—ullzi @) + §||U —alzie,) — CERP— lu—ull7iq,)

Finally, we take

, c 202 \"'r
€ =1min{ &g, §+n—/€’ 5 .

Then (2.26) follows from the above inequality just by noting that the sum of the last
two terms is nonnegative if ||u — u| p1) < €. ad

Remark 2.9. Let us observe that in the proof of Theorem 2.8 the assumption
(2.25) was used to deduce that

J" (@) (ur = @)* > —#Juy = ullfr ) = = llu = @70
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The reader could think that the assumption (2.25) is too strong and it could be relaxed
by assuming that

J" () (u—u)? > —r'|[u—al}1 ) Vu € U satisfying
lu— 1| 1) <eand u(z) = u(x) if [¢(x)| > .

However, it is not difficult to prove that this assumption is equivalent to (2.25).

2.5. Second-order condition involving measures concentrated on the
set {@(x) = 0}. Let us now discuss a second-order condition that involves measures
that are concentrated on the set of discontinuities of @. Let us denote

Zs:={xeQ:px)=0}

On this set we consider the space M(Z;) formed by the real-valued and regular Borel
measures in Zz. Looking for an extension of the results well established for finite-
dimensional optimization problems, we should check the second derivative J” (%) on
elements defined on the set of points where the derivative J'(@) = ¢ vanishes. This
set Zz has a zero Lebesgue measure, and hence it is quite natural to replace functions
by Borel measures belonging to the space M(Z;z). Notice that Z; can be a set formed
by a finite amount of points, or a line in dimension 2, or a surface in dimension 3.
According to the Riesz representation theorem we have M(Zz) = Co(Z5)*; see
[21, Theorem 6.19]. We also denote by M(Q) = Cy(2)* the space of real-valued
and regular Borel measures in 2. M(Zz) can be considered as a subspace of M ().
Indeed it is enough to extend any measure p € M(Zz) by zero outside Zz. For every
measure in M(€2), and hence also for all 4 € M(Z;), the linearized state equation
(2.2) with v = y has a unique solution z, € W, () for every 1 < p < —7 and

1zullwz» @y < Cpllullmez,):;

see [16, Theorem 2.12] and [22, Théoréme 9.1]. From the embedding W,"*(Q) ¢ L(Q)

for p > nz—fg we infer that [z.l|z2() < Cp2llitllm(z,). Hence, from the expression
(2.5) and assumptions (Al) and (A2) we get that the bilinear form J”(@) can be

extended from L?(f2) to a continuous bilinear form on M(Z;). In particular we have

7 = [

Finally, we mention a continuity property of J”(@). As in [16, Lemma 2.15], we

0’°L . . O%a, _
a—yz(x,y) — 8—y2(x,y) ©Ou zi de Ve M(Z3).

can show that v, — g in M(Z5) implies z,, — z, in L*(Q2), and, consequently,
J" (@) vi — J(u) 2.

It is natural to impose a second-order condition on the set where the derivative of
the functional vanishes, namely on the set Z;. We also have to take into account the
set where the control constraint is active. To this end we should consider a cone in
M(Z3) that includes a condition analogous to (2.12) in its definition. Thus we define
the sets

Z} ={x € Zz : Ip, > 0 such that B, (z) C Q and ¢(£) > 0 V¢ € B, ()},
Zg; ={x € Zz : 3p, > 0 such that B, (v) C Qand p(§) <0V, € By, (v)}.
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Here, B,(z) denotes an open ball with radius p > 0 centered at z. In some cases one
or both of these sets can be empty. Now we define the cone

To={pe M(Zp): " (Z;) = p~(23) =0},

where 1 = T — p~ denotes the Jordan decomposition of .
In what follows, we analyze the second-order condition

(2.30) I <k J'(wp > —"@/HMH?\/;(%) Yy € Ta.

This condition seems to be weaker than (2.25), which was formulated on the extended
cone C7. However, this is not the case, as we prove below. In fact, we will show that
both conditions are equivalent.

The key to this result will be that the cone 73 is a certain limit of C7 for 7 N\ 0.
To this end, we denote

(2.31) Sz = {,u e M) : I}y, {vetre, with 7 \( 0, v, € CZF,
and vy — g in M(Q)}.

This set contains all measures that can be approximated by elements of C7 for 7\ 0.
That is, Sy is the Painlevé-Kuratowski upper limit limsup, .\ o Cj; w.r.t. weak-star
convergence in M(). Let us note that if we take the upper limit w.r.t. strong
convergence in L?(2), we obtain the trivial cone {0}. In order to prove that (2.25)
implies (2.30) we will need the smaller set

(2.32) Sa={peM(Q): Hm}Z,, {ve}iZy with 7\, 0, vy, € CFF,
v = g in M(Q), and [l ) = llellme) }-

Clearly, it holds that Sa C Sz. In the proof of equivalence, the inclusions Sz C Tz C
Sy will be essential, which imply 7z = Sz = Si. At first, we have the following result
on the sets Zg and Z5 .

LEMMA 2.10. Suppose that (2.11) holds. Then the sets Z%' and Zz are relatively
open and disjoint subsets of Zg.

Proof. Let us prove that Zg is a relatively open set in Zg; the proof for Z5 is
analogous. Given T € Z;f there exists p > 0 such that (&) > 0 for all £ € B;(z). It
is enough to notice that B;(Z) N Zz C Z}. Indeed, for any element z € B;(Z) N Z;
we know the existence of p, > 0 such that B, () C Bs(z), and hence ¢(§) > 0 for
all £ € B, (x). Therefore, we have that x € Z;{ . Now we prove by contradiction that
Z; NZs = (). Let us assume that Z belongs to the intersection of both sets. Then,
there exist p; > 0 and p2 > 0 such that

¢(§) =20 V€€ B, (7) and @(§) <0 V¢ € By, (7).
Then, @(&) = 0 for all £ € B,(z) holds with p = min{p1,p2}. This contradicts

(2.11). 0

With the help of this result, the extension by zero of functions from C’O(Zg )
Co(Z5) to Zg belongs to Cy(Zg). This allows us to prove the inclusion Sz C Ta.

LEMMA 2.11. Suppose that (2.11) holds. Then it holds that Sz C Tg.
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Proof. First we prove that S C M(Zz). To this end we take an element y € Sy
and a sequence {vy}72, with vy € C7* for every k > 1 and 7, \, 0, and such that
v — p. Now, for an arbitrary open set V with V. .C V C \ Z@ we deduce the
existence of € > 0 such that |@p(x)| > ¢ for every « € V. Then the convergence 7; ~\, 0
implies that vy = 0 in V for all k£ big enough, namely for 7, < €. From here we infer
for z € Cy(V) extended by zero to € that

/ z(x) du(x) = / z(x) dp(z) = lim | z(x)vg(z)dr = lim [ z(x)vg(z)dz =0.
v Q k—oo Jq k—oo [y,
Therefore, the identity u = 0 in V holds. Since 2\ Z; is the numerable union of such
open sets V, we conclude that p has its support contained in Zz. Thus, p € M(Z3).

We will prove now p~(Z}) = 0. Let us define the open set N} := Usezz B, (z) C
Q, where p, is as in the definition of Z}. Take z € Co(Z}) with z > 0 and extend
it continuously by zero to Zg, which is possible since Z; is relatively open in Z; by
Lemma 2.10. We can further extend z by zero to €\ N; , which makes 2z continuous
on the closed set (£ Ng) U Zp. Now, we apply Tietze’s extension theorem (see [21,
Theorem 20.4]), in order to extend z to a function in C(£2). Since z is zero on Q2 \ Q
by construction, we have z € Cy(Q2). Moreover, redefining 2 as z+, we can assume
that z is nonnegative and z =0 on Q\ N

According to (2.10) and the definition of Cf* we have that vy > 0 in N. Then,
we get

| ) duta) = [

2(z) du(z) = / 2(z) dp(z)

@ @ Q
= lim | z(z)vg(x) dz = lim z(x) vg(x) de > 0.
k—oo Jq k—o0 N;r

This shows that
/+z(x) dp(z) >0 Vze Co(Z}), z>0.
Z@

Hence, we conclude that p is a nonnegative measure in Z:—,r , and then /L_(Z:;r ) = 0.
Analogously we get that u*(Z;) = 0, which proves that 4 € T;. Thus, we have
proved Sz C Tg. 1]

In order to prove the inclusion 73 C S’a, we work with Dirac measures. Here, we
exploit the fact that Dirac measures can be obtained as weak-star limits of suitably
scaled characteristic functions.

THEOREM 2.12. Suppose that (2.11) holds. Then, the following statements are
satisfied:
(1) Let the measure p be given by

W= Z Ajbz; with pairwise distinct {x;}7 C Zp
and \; Z0 for1 <j<m.
Then w is in Ty if and only if the coefficients A; satisfy for all j =1,...,m

{)\j >0 ifa:j EZ;,

(2.34) ) 7
/\j <0 zij EZ¢.
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Moreover, the element p satisfying (2.33), (2.34) belongs to Sa.
(2) For all p € Ty there exists a sequence {uy 5>, C Sz satisfying

(2.35) pr = pand A lwlmeze) = lellmz,)-

(3) The set Sa is sequentially weak-star closed in the following sense: For a se-
quence {u Y2, © Sa satisfying . = p and Ty oo x|z, = lllvcz,)
it follows that p € Sg.

(4) It holds that Ty C Sg.

Proof. (1) Let 4 as in (2.33) be given. We set
I, :={j:A\; >0} and I_:={j:)\; <O}

Then, we have
ut = Z Ajbg; and p~ = — Z Ajlz; -

jely jel-

We obviously have
0 = v €25 Vjel.,
ZZ)=0 = x; € 2, Vjely,

which proves that p € Tz if and only if (2.34) holds. Let us prove that p also belongs
to Sz. Let kg be an integer such that

1
. <min{|z; — x| : 1 <45 <m,i # j}.
0
Now, for every integer k > 2ky we define for 1 < j <m

1
. . + —
. mm{E7pzj} if z;€Z;UZ5,
pj = 1

- otherwise,
k

where p,; is as in the definition of the sets Zg and Zz, respectively. We set ry :=
mini <j<m p; and
Aj Aj
vg = — B () + — A ()
2 B 2 a e

x,€ZF0Z; T, gZEUZ;

where
{z € By, (z;) : ¢(x) >0} if \; >0,
Ap(x;) = , :
{x € By, (z;): o(x) <0} if \; <O.

Note that each Ay(x;) has positive measure since z; ¢ Zg U Zz. If we take

Tk :=max < |p(x)| :z € U B, (z;) ¢,
j=1
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then we have that 7, \, 0 and v, € CZ¢. Moreover it is immediate that v, — p and

vkl o) = Z|>\j| = [lpllrmiz,),
j=1
which proves y € Sa
(2) Let p € Ty be given. For a given integer k > 1 we define p;, € Sy as follows.
For every point z € Z} we take p, < 1/k such that @(¢£) > 0 for all £ € B, (z).
Analogously we select p, for every x € Z5. If & € Zj \ (21U Z;), we take p, = 1/k.
Hence we have that Zg C U,cz_ By, (x). Since Zz is a compact subset of R", we can

take a finite subcover Z; C Uit By, (x5), with pj == p,;. Now, we take a partition of
unity subordinated to this cover: {¢;}7 C C() such that

me
0< (@) <1Vee®, Y ¢;(e)=1Ve e Z, and supp(d;) C By, (x));

j=1
see [21, Theorem 2.13]. Let us set
s fQ ¢j(x) du(z) ifz; € ?@
7o if 2, € 25\ Z

and

mE

=Y Ao, € M(Zg).
j=1

Let us prove that py — p. Given z € Co(Zg) and € > 0 there exists an integer k. > 1
such that

€ 1
|z(x) — 2(2)| < —5— Vaz,2’ € Zz such that |z — 2’| < —.
1l (Z5) ’ k-
Since z(z;) =0 for all z; € Zz \ Zg, we have
my
[ ozam =3 ([ o) ante)) ste.
Zs = Ve
Then we infer for k > k. that
| s et = [ st dute) <3 [ 0i@)lzte) = 2ol dil@) < e
7 % j=1"%Z¢

which proves the desired convergence. To prove that up € Sz it is enough to use
statement (1) of the theorem and take into account that if x; € Z:—,r, then ¢~ =0 in
B,,(x;) and

[ o@aw=[  s@awtezo
Zs ZeNBy; (z5)

Similarly we proceed with the points z; € Z5. Thus we conclude that uy € Sy for
every k. It remains to prove the convergence of norms ||ux || sm(z,) = 1l am(z,)- First
we notice that

mp
lpkllaezy) <
Jj=1

/ 65(x) du(a)| < / del(2) = ez,
Zs Z;

@
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From here we infer that
lillamz,) < liminf f[ugl vz, < limsup{lpgllaz,) < lulaz,)-
—00 k—00

Thus, [|pklamez,) = l1llmz,) and thi§ proves (2.35).

(3) Let a sequence {ux}52, C Sz with g, = g and limg_ lerllpmizyy =
1l am(z,) be given. By definition of Sy in (2.32) there are sequences {vg;}2;,
{7,382, with vy ; € C3* and 74; \, 0 as i — oo and such that

Vi i B Mk and ||Uk,i||L1(Q) — ||,Ufk||M(Z¢) as 7 — 00.

Hence, all these sequences (at least if we skip some of the first elements) belong to a
large ball in M(Z;). Indeed, since limy, o [|ptk || a1(2,) = 12l r1(z,)» We can take a real
number 7 > 0 such that ||pg||m(Z5) < 7/2 for all £ > 1. Now, from the convergence
llv,illL1 (@) — pr we infer the existence of i > 1 such that ||vgl|z1(q) < r for all
i > ij. Thus, we conclude that {vy;};>;, C Br(0) and {ux}72, C B, (0), where B,.(0)
denotes the ball in M(Zy) of radius r centered at 0. On this ball, the weak-star
topology is metrizable (see, for instance, [3, Theorem 3.28]) and, thus, we can pick a
diagonal sequence {v;, }72, which converges to p weakly star in M(Zz) and such
that 745, \ 0 and [|vg i, [|21 () = [[#lla1(z,)- This implies p1 € Sa, which is the claim.
(4) The inclusion 7, C Sy is an immediate consequence of statements (2) and
(3). 0
From Lemma 2.11 and Theorem 2.12 we infer the following

COROLLARY 2.13. Suppose that (2.11) holds. Then it holds that Ty = Sz = Sa.
Moreover, this set is sequentially weak-star closed in M(Zg).

Proof. From the definitions (2.31) and (2.32), we get Sz C Sg. In Lemma 2.11,
we have shown that Sz C Tz and Theorem 2.12(4) yields Tz C Sz. This shows that

Now, let the sequence {ux}3>, C Sa converge towards p w.r.t. the weak-star
topology of M(Zz). This implies the boundedness of {|[i | ar1(z,)}72,- Now, we can
argue as in the proof of Theorem 2.12(3) to obtain a diagonal sequence {vy, }32,
with vyi, € Co™ and vy, = pu.

Note that, different from the proof of Theorem 2.12(3), we do not obtain the
convergence of norms |[vy i, [|z1@) — ll#llam(z,) as & — oo since we do not have
likllacz,y = il mez,)-

Nevertheless, the above arguments show that u € Sz and, together with Sz = Sa,
this shows the claim. O

The equivalence between the conditions (2.25) and (2.30) is an immediate conse-
quence of the following theorem.

THEOREM 2.14. Suppose that assumptions (A1)-(A3) and (2.11) hold. Then, the
conditions

(2.36) Ir>0, 3 >0: J'(@ > —kvl[lig VveCE,
(2.37) 3" >0 J'(a)u®> f/f”||u||fw(z¢) Ve Ty

are equivalent. Moreover, if (2.37) holds for a constant k", then (2.36) is valid for
any constant k' > k. Reciprocally, if (2.36) holds for k', then (2.37) is fulfilled for
the same constant r'.
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Proof. We first prove that (2.37) implies (2.36). We will argue by contradiction.
To this end, suppose that (2.37) is fulfilled for a constant ", but (2.36) does not hold
for some ' > k”. Since (2.36) does not hold for the constant x’ and any 7 > 0, then
there are sequences {7, }72, C R and {v;}32,; C L'(2) such that

(2.38) ||'UkHL1(Q) =1, 7% N\0, wv;€ Cgk, .]N(ﬂ)vi < =K.

The boundedness of {vg}3°; in L'(2) C M(Q) implies the existence of an element
i € M(Q) and a subsequence, denoted the same, such that vy — p in M(Q). Hence,
it holds that u € Sz. From Lemma 2.11 we know that u € Sz C T;. Hence, (2.37) is
satisfied by p. Because of the compactness of the embedding Wy ?(Q) < L3(Q) for

p > n%lzv the convergence vy — g in M(Q) implies z,, — z, in L*(Q) (see also [16,
Lemma 2.15)), and J” (@)vf — J”(4)u?. Hence, we obtain J”(a)u? < —«’ and p # 0.

But by (2.37) it holds that J”(u)u? > —m”||,uH3Vl(Z¢). This leads to

KJI
el mez,) = Pl 1,

which is a contradiction to [|u[|aq(z,) < liminfy o [|[vgllL1 (@) = 1.

Let us prove the converse implication. Given p € Tz we get from Theorem 2.12(4)
that u belongs to Sz. Hence, there exist sequences {7, }3>, € R and {v;}32, € L'(Q)
such that

T (0, v € CiF, g Ao, and ol L) — HMHM(%)-

Again, we obtain J” (a@)vi — J"(u)u?. From (2.36) we conclude that there is &’ such
that for all £ sufficiently large the inequality

(2.39) J" (@i > =k [[ox)1 310

is satisfied. Passing to the limit k¥ — co shows that (2.37) is satisfied with " = x’. O
Using Theorem 2.8, we obtain the following corollary.

COROLLARY 2.15. Suppose that assumptions (Al)—(A4) hold. Further, we as-
sume that (2.30) is satisfied, where the constant k is given in Proposition 2.7. Then,
for all " € (K, K) there exists € > 0 such that

"

" u— a3 < J(u) Vu € Upa N BL(@).

J(a) + =

Remark 2.16. Let us assume that @ € U,q satisfies the first-order optimality con-
ditions (2.7)—(2.9) and (2.11), but the structural assumption (2.16) is not satisfied. If
condition (2.14) holds, the following statement is satisfied:

Ik > 0 such that J"(@)p® > kllzul|720) Vi € Ta

The proof follows the steps of the second part of the proof of Theorem 2.14. We
have to replace —+' by x in (2.39) as well as the norms vk z1(q) and ||u]|sm(z,) by
|20, || L2 () and ||zu][12(q), respectively.

Remark 2.17. We compare our results with those obtained in [6] in the case that
(2.16) is satisfied. First of all, it is clear that condition (2.14), which is needed in [6],
immediately implies our condition (2.25) (with £ = 0). Then, due to [|z,(z2(q) <
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C1 ||v| L1 (), the quadratic growth (2.26) in L'(£2) implies the quadratic growth w.r.t.
the L?(Q) norm of the state, i.e., (2.15) is satisfied; see also [6, Proof of Corollary 2.8].

Hence, in the case that (2.16) is satisfied, our assumptions are weaker than those
of [6] and we obtain a stronger result. However, we emphasize that [6] is also applicable
in the case that (2.16) does not hold.

Due to the structure of J”(@), it seems more natural to formulate a second-
order condition in terms of ||z,[|72 (g or [|2ul|72 (o instead of [[v]|7: g, or ”“”3\/1(2@'
However, observe that the second-order condition

J”(ﬂ)vz Z _6HZU||%2(Q) Yv € C,g

with 0 < g—% implies (2.25). Analogously, under the same assumption on ¢, the

condition
J"@p? 2 =0lzulz2) V€ Ta

implies (2.30). According to Theorem 2.8 and Corollary 2.15, the above second-order
conditions are sufficient for L?(Q) local optimality of @ if C?§ < k holds.

3. Abstract setting. The technique of section 2 can also be transferred to an
abstract setting. In fact, it is sufficient to pose some assumptions on the reduced
objective J : L*°(X) — R. We will briefly address the necessary modifications in this
section. Throughout this section, we assume that (X, B,n) is a finite and complete
measure space.

We consider the abstract problem

Minimize J(u)
wrt. uwe€ L®(X)
such that a <u < fg.

Here, J : U,g — R is a given function, where U,q C L°°(X) is defined analogously to
section 2 using the bounds «, 5 € L>=°(X).
Let @ € Uyq be fixed. We make the following assumptions on J and u:

(H1) The functional J can be extended to an L (X )-neighborhood of Uyq. It is
twice continuously Fréchet differentiable w.r.t. L®°(X) in this neighborhood.
Moreover, we assume that u satisfies the first-order condition J'(@) (u—a) > 0
for all u € U,q.

(H2) There is § > 0 such that the second derivative J”(u) : L>®°(X)? — R can
be extended continuously to L9(X)?, for some ¢ € [1,3/2), for all u € Uyq N
B}(u). In particular, there is a constant C' > 0 such that

(3.1) |J" (@) (v1,v2)| < C [lvrllpax) lvalloax)

holds for all vy,vy € LI(X).
(H3) For each € > 0, there is 6 > 0 such that

(3:2) [ (ug) = J"(@)] (u—@)*| <ellu—al?:
holds for all u € Upa N B2 () and up € Uag with |ug — |l xy < lu—al g1 (x)-

(H4) There exists a function ¢ € L'(X) such that J'(a)v = [, @v dn for all
v e L®(X).
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(H5) There exists a constant K > 0 such that
(3-3) n{r € X :|p(z)] <e}) < Ke

is satisfied for all € > 0.

We briefly discuss that the above assumptions are satisfied for the optimal control
problem which is discussed in section 2. Assumptions (H1)—(H4) are satisfied with ¢ =
1, which can be seen from (2.27) and (2.28) in the proof of Theorem 2.8. Assumption
(H5) translates to (A4).

It is easy to see that Proposition 2.7 can be directly transferred to this abstract
situation. In order to use the proof of Theorem 2.8 in this abstract setting, we have
to show that (3.1) yields an estimate against L'(X)-norms. This follows directly by
Holder’s inequality.

COROLLARY 3.1. Let assumptions (H1)-(H2) be satisfied. Then, there is a con-
stant C > 0 such that

— 1 -1 -1
|7 (@) (v1,v2)| < C lor|[ 2%y ol 15T ol o Toall e (X

holds for all v1,v2 € L®(X).
Next, we give two possibilities to verify (H3).

LEMMA 3.2. Let assumptions (H1)-(H2) be satisfied. Then, (H3) follows if one
of the following conditions is satisfied:
(1) For each e > 0, there is 6 > 0 such that

[T (u) = T (@] v?| < e [lvllLrx)

holds for all u € Upa N Bj(u) and v € L>(X).

(2) Letp € [1,00] andr € [q,2) satisfy 1/p+2/r > 2 with q as in (H2). Moreover,
assume that there exist positive constants 6g and C' such that
(3-4) L7 (u) = T"(@)] 0% < C'llu—ll o x) 10l x)

holds for all u € Unq N B, () and v € L= (X).
Proof. The verification of (H3) in case (1) is straightforward.
Let us suppose that (2) holds. From Hélder’s inequality we get for u € UaaNBj, (@)
[T (ug) = J"(@)] (u—)*| < Cllug — @l o) llu = allZr(x)
< Cllug — all 18 ) llu = al iy < Cllu—al 23"
Since 1/p + 2/r > 2, the claim follows. O

Using these assumptions above, we can prove the next theorem, following along
the lines of the proof of Theorem 2.8.

THEOREM 3.3. Suppose that the above assumptions (H1)—(H5) are satisfied. Fur-
ther, we assume that

(3.5) Ir>0, I <k: S’ ==k |vlix YveCE,
where k = (4]|3 — al| L~ (x)K)~'; ¢f. Proposition 2.7. Then, there exists € > 0 such
that

K— K

J(u) +

lu = @2y < J(w) V€ Usa N BL(a).
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Proof. We follow the proof of Theorem 2.8 and only show the necessary modifi-
cations. Substituting (2.27) by (H3), we obtain

K+ K

J(u) = J(u) = lu =@l x) + 5 Hu — il x, + J"( )(u—u)?
for all u € B! (). Here, X, = {x € X : |p(x)| > 7}. Again we will use the splitting
u = u1 + ug with u; — @ € CZ. Then, by applying (3.5), Corollary 3.1, and Young’s
inequality, we find

1 1 1

5J”(a)(u —a)* = 5J”(a)(u1 —a)? + 5J”(a)u§ + J" () (u1 — U, uz)

K _ 1 1
> s — 3 ) — Cllen — it a0y — Cllual| 240

>_/£+3/£’

_ 2/(2¢g—1 2
s = @32 x) = Clluall 7458 = Clluall7l -

Owing to the construction of u; and us, we have

1., _ K+ 3k _ _q
§J”(u)(u —a)? > - 3 flu— U«HQLI(X) = Cllu - u”qu(X,.)

with § = min(2/(2¢ — 1), 2/q) =2/(2¢ — 1) > 1, since ¢ < 3/2. This implies

/

J(u) — J(a) >

lu=al3 )+ (5 = Cllu—alifaly,) ) lu = lluscx.),

and the claim follows immediately. ]

In order to provide a second-order condition based on measures as in Corol-
lary 2.15, we need to extend the first and second derivatives of J to measures. There-
fore, we additionally assume the following:

(H6) There exists a topology 7 on X such that (X, 7) is a locally compact, metriz-
able, and o-compact Hausdorff space.
(H7) The o-algebra B contains all Borel sets of (X, 7) and supp(n) = X.
(H8) ¢ € Cy(X). Hence, J'(u) can be extended continuously to M(X).
(H9) The bilinear form J” (@) on L>(X)? can be extended to a weak-star sequen-
tially continuous bilinear form J” () on M(X)?2.
We briefly give some comments. First, we recall that (X, 1) is o-compact if X can be
written as a countable union of compact sets. This assumption implies that Co(X) is
separable; see Lemma 3.4 below. Following [21, Definition 3.16], Cy(X) denotes the
Banach space of continuous functions f : X — R such that for every ¢ > 0 there
exists a compact set F' C X such that |f(z)| <eforallz € X \ F.

The second assumption (H7) is a compatibility condition between the measure
space structure and the metric structure on X. The last two assertions (H8) and
(H9) allow us to extend the derivatives of the objective J to measures. We also recall
that M(X) can be identified with the dual space of Cy(X) under the natural duality

mapping
W= [ Fdu VE e ColX). e MX);

see [21, Theorem 6.19].
LEMMA 3.4. Under assumption (H6), the space Co(X) is separable.
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Proof. From [12, Theorem 5.3] we find that the one-point compactification X of
X is compact metrizable. Hence, [12, Theorem 4.19] implies that C'(X) is separable.
Since Cp(X) is a closed subspace of C(X), the assertion follows. |

Now, one can verify that the results Lemmas 2.10 and 2.11, Theorem 2.12,
and Corollary 2.13 can be transferred to the abstract situations; in the proofs one
has to replace Q by the one-point compactification X of X. Moreover, the Euclidean
metric on § is replaced by a metric on X, which is metrizable due to [12, Theorem 5.3].
Note that the second part of (H7) is needed for the proof of Theorem 2.12(1) in order
to guarantee that all occurring balls have positive measure w.r.t. n. Similarly, the
proof of Theorem 2.14 carries over by using (H9). Thus, we obtain the following
analogue to Corollary 2.15.

THEOREM 3.5. Suppose that the above assumptions are satisfied. Further, we
assume that

3 <wi T 2 Nl e T

is satisfied, where the constant K is given in Proposition 2.7. Then, there exists € > 0
such that

K— K

16

J(a) + =71 x) < J(u)  Vu € Upa N BL(a).
We finish this section by showing some examples that fall into the previous ab-
stract framework.

Example 1. Under the notation of section 1 we define the boundary elliptic
control problem

Minimize J(u) := / L(z,y,(z)) da
Q
such that «a(x) <wu(z) < f(r) foraa. x €T,

where v, is the weak solution of the elliptic boundary value problem

Ay+ a('ay) =0 in Qa
On,y=u onl.

Above, 0, ,y denotes the normal derivative associated to the operator A, formally

n
On,y = Z a0,y

4,j=1

with n(z) = {n;(z)}}_, denoting the exterior unit vector to I" at the point z. Besides
assumptions (A1)—(A3) we suppose that there exists a measurable set F, C  with
|Fa| > 0 such that dya(z,t) > 0 for all (z,t) € F, x R. This assumption is required
to deduce the existence and uniqueness of a solution of the state equation and the
linearized equations.

Taking X = I' and n as the usual measure on the Lipschitz manifold T', this
control problem fits in the above abstract framework. Let us point out that to check
hypothesis (H9) it is enough to use the regularity results of the solution of a Neumann
problem with a measure as datum on the boundary; see, e.g., [4].
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Example 2. Now we consider the following parabolic control problem:
Minimize J(u) ::/ L(z,t,yy(z,t)) do dt
Q

such that «;(t) <u;(t) < B;(t) foraa.te (0,7), 1<j<m,

where 4, is the weak solution of the parabolic boundary value problem
aty+Ay+a(aay) :Zuj(t)gj(x) in Q:Q X (OaT)v
j=1

y(0) =yo in,
y=0 onX=Tx(0,T),

where yo € Co(2), {g;}7; C LP(Q) with p > n are given, aj,3; € L>(0,T) for
1 <j <m, and u = {u;}7L, denote the controls. We assume that supp(g;) = w; C €,
the sets {wj};-”:l being pairwise disjoint. Then, the state equation has a unique
solution y, € L2(0,T; H3(2))NC(Q). This problem falls in the abstract framework if
we take X = {1,...,m} x (0,T) and if n consists of m copies of the one-dimensional
Lebesgue measure. Once again, we have to pay attention to hypothesis (H9). We recall
that if the right-hand side of a linear parabolic equation is a measure p € M(Q), then
the solution z, does not belong to L?(Q). Therefore, the case of distributed controls
u € L?(Q) does not fall into the abstract framework because (H9) is not fulfilled.
However, in the above problem we have considered controls depending only on time.
In this case, if we take p € M(X) = M((0,7)™) and the functions g; belong to
L*(Q), then we have that z, € L2(0,T; Hj (Q2)) N L*>(0,T; L*(9)); see [5] for details.
We also observe that the above formulation of the control problem is very interesting
because of the potential real-world applications.

Example 3. Our last example deals with a boundary parabolic control problem

T
Minimize J(u) ::/ /L(x,t,yu(x,t)) dz dt
0 w
such that a(z,t) <wu(z,t) < B(z,t) for a.a. (x,t) € X,

where o, 8 € L*®(Q), w C @ C Q with |w| > 0, and y, is the weak solution of the
parabolic boundary value problem

dhy+Ay+a(,,y)=0 inQ=0x(0,T),
y(0) =yo in Q,
On,y=u onX=Tx(0,T).

All the assumptions of the abstract framework are fulfilled if we take X = X and 7 is
the usual measure on this lateral boundary of the cylinder ). In order to deal with
hypothesis (H9) we have assumed that the cost functional involves only the values of
the states in the subdomain w x (0,7"). The reason for this choice is that the solution
z,, of the linearized state equation corresponding to the measure p € M(X) = M(X)
does not enjoy the L?(Q) regularity. Actually this solution belongs to the space
LP(0, T; WHa(Q)) for every p,q € [1,2) satisfying % + 355 > 1. see [7]. However,
2y, is regular in interior subdomains w x (0,7") and (H9) holds in this case. We also
observe that the fact of considering subdomains in the cost functional as done above
is also quite frequent in control theory.
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4. Conclusions and outlook. In this paper, we have verified sufficient second-
order conditions for an optimal control problem with bang-bang controls under the
structural assumption (2.16) on the adjoint state. The derivations have been made
for an elliptic semilinear state equation, but the same technique can be used for other
state equations provided that certain estimates on the control-to-state mapping are
satisfied.

We did not address necessary conditions of second order. Indeed, it seems to be
a delicate issue to derive such conditions based on the critical cone Ty, and this is
subject to further research.

Finally, it would be interesting to see whether the quadratic growth in L()
can be used to provide discretization error estimates similar to those of [8, 25] in the
convex, linear-quadratic case.
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