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ERROR ESTIMATES FOR THE APPROXIMATION OF THE VELOCITY
TRACKING PROBLEM WITH BANG-BANG CONTROLS*

EDUARDO CAsAs! AND KONSTANTINOS CHRYSAFINOS?

Abstract. The velocity tracking problem for the evolutionary Navier—Stokes equations in 2d is studied.
The controls are of distributed type but the cost functional does not involve the usual quadratic term
for the control. As a consequence the resulting controls can be of bang-bang type. First and second
order necessary and sufficient conditions are proved. A fully-discrete scheme based on discontinuous
(in time) Galerkin approach combined with conforming finite element subspaces in space, is proposed
and analyzed. Provided that the time and space discretization parameters, 7 and h respectively, satisfy
7 < Ch?, then L? error estimates are proved for the difference between the states corresponding to
locally optimal controls and their discrete approximations.
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1. INTRODUCTION

In this paper, we consider the following problem:

P) { min J(u)

u € Uyg
where
1 (T
g =5 [ [ Iyalet) = vao ) dede.
2Jo Ja
Here yy denotes the solution of the 2d evolution Navier—Stokes equations
yi—VvAy+ (y - V)y+Vp=f+u in 2r =02 x(0,7), (1)
divy =0 in 27, y(0)=yo in 2, y=0 on Xp =1 x(0,T), :
and U,q is the set of feasible controls, defined for —oco < o; < 3; < +00, j = 1,2, by
Upa ={u e L>®(2r) : aj <wj(z,t) < B ae (x,t) € 27, j=1,2}.
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The scope of the above optimal control problem is to match the velocity vector field to a given target field,
by influencing the behavior of the system through a control function. The key difference with our previous
works [4-6] stems from the absence of the quadratic term for the controls in the cost functional. Hence, despite
the fact that the control function is of distributed type and satisfies pointwise constraints, the above formulation
can lead to optimal controls of bang-bang type. To better understand the difference between our problem and
the standard velocity tracking problem, we recall that in later case the functional is defined by

T
Ja(u) = %/0 /Q|yu(t,x)—yd(t,x)\2dxdt+%/Q\u(t,x)\?dxdt. (1.2)

Here, the parameter A > 0 denotes a penalty parameter, which is typically small compared to the actual size
of the data, however clearly also acts as a regularization parameter. In addition, the presence of the Tikhonov
regularizing term also provides the crucial relation between the control and adjoint variables facilitating the
derivation of second order sufficient conditions (see for instance [8]) and hence the derivation of error estimates.
To the contrary the absence of the regularizing term leads to loss of regularity and to non-standard second order
sufficient condition, and hence to severe technical difficulties both in analysis and in the construction of suitable
numerical schemes. Therefore, there are some important mathematical advantages if we include the Tikhonov
term in the cost functional, but the goal is to get a velocity field y as close as possible to the desired velocity
field y4. In this paper, we study the practical problem without introducing mathematical tricks that can lead
to a worst velocity field.

We point out that the second order conditions for bang-bang optimal control problems have been considered
recently for pde constrained optimization when semi-linear pdes are involved [3]. For nonlinear evolutionary
pdes, to our best knowledge, there are no results apart from the recent works [8,10] concerning the second order
analysis (including the possibility of bang-bang controls). For related discussion and references regarding the
computational significance of various optimal control problems related to the Navier—Stokes, we refer the reader
to [16].

For various results regarding analysis and approximations, including error estimates for the velocity tracking
problem for 2d Navier—Stokes flows when minimizing functional (1.2), we refer the reader to the recent works
of [4,5]. The minimization of (1.2) subject to the 3d evolutionary Navier—Stokes equations was treated in [6].
The key ingredient of these proofs is the use of suitable second order necessary and sufficient conditions in the
spirit of [9] (for the stationary Navier—Stokes) combined with a discontinuous (in time) Galerkin approach for
the discretized problem that allows to circumvent the limited regularity of solutions of Navier—Stokes equations.
Recall that even for the regularized problem (1.2), the available regularity in the optimal control setting is very
limited due to the presence of control constraints, and hence standard techniques developed for the numerical
analysis of the uncontrolled Navier—Stokes equations can not be directly applied.

It is clear that in the absence of the regularizing effects due to the quadratic term in the minimizing func-
tional, there are new and severe challenges. On the other hand, the case of bang-bang controls is physically
more relevant in a variety of applications and hence the analysis of suitable schemes is very important. Our
work is based on two key ingredients. First, we provide a detailed analysis of first and second order optimality
conditions, modifying the techniques of [3] to the case of evolutionary Navier—Stokes equations which plays a
pivotal role also in derivation of error estimates. In addition, we analyze a numerical scheme based on the dis-
continuous time-stepping Galerkin scheme for the piecewise constant time combined with standard conforming
finite element subspaces for the discretization in space, under the prescribed regularity assumptions imposed by
our optimal control problem. To this end we rely on the recent results of [5] where estimates of order O(h?) in
the L2(0,T;L2(£2)) were proved for the error between the state and its fully-discrete approximation, for given
controls in U,q. These arguments allows us to rigorously prove strong convergence of the discrete controls, and
an estimate of order o(v/h) for the difference between state and discrete state variables when piecewise constants
in space and time are being used for the disrcetization of the controls. Furthermore, this approach can lead to
an improved bound of order O(h) for the states when combined with the variational discretization framework
of Hinze [19]. There are two parameters associated to the numerical discretization: 7 and h, indicating the size
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of the grids in time and space, respectively. The usual assumption 7 < Ch? is needed to prove that the discrete
equation has a unique solution. The reader should observe that if we discretize the state equation only in time,
not in space, then we cannot prove uniqueness of a solution for the resulting elliptic system. Indeed, this discrete
elliptic system is very close to the stationary Navier—Stokes system, for which there is no uniqueness result.
Therefore, it is not surprising that the discretization parameter 7 is needed to be small compared with h if we
want to prove the uniqueness of a solution for the fully discrete system.

For some related earlier work for optimal control problems for the Navier-Stokes equations, we refer the
readerto [1,12,16-18, 20, 28, 30, 32] and the references cited therein. Related work of discontinuous Galerkin
time-stepping approaches within the context of linear, and semi-linear pde constrained optimization problems
can be found in [11,24-26].

A few remarks regarding our choice of the discretization scheme follow. The discontinuous in time Galerkin
schemes are known to perform well in a variety of problems whose solutions satisfy low regularity properties.
The lowest order scheme (in time) considered here, can be viewed as the Implicit Euler scheme. However, a
careful inspection of the proof of [5] (see also references within) reveals that the key difference between the
analysis of the classical Implicit Euler scheme and its discontinuous (in time) stepping approach is the use of
local (in time) approximation tools. As a result, it leads to an efficient analysis of approximation of problems
whose solutions satisfy low regularity properties, and in particular to problems where the time-derivative is
discontinuous, and hence it is preferable to be discretized in a completely discontinuous fashion. On the other
hand, continuous (in time) Galerkin schemes typically require much more regularity than the one anticipated
from our optimal control problem.

We close the introduction with a few remarks regarding the three dimensional case. Our results regarding
the first and second order optimality conditions remain valid provided that we are dealing with strong solutions
of the 3d Navier—Stokes system. In order to guarantee the existence of an optimal control with an associated
state which is a strong solution, we have to consider a different cost functional. Similar to [6], we consider the
following functional,

1 (T
T = [ 150 = yalt) o (13)
0
which guarantees that the associated state variable to any control belonging to the admissible set, is indeed a
strong solution of the 3d Navier—Stokes system. See Remarks 3.12 and 3.14 for additional explanations.

2. ASSUMPTIONS AND PRELIMINARY RESULTS

2 is a bounded open subset in R?. We assume that its boundary I' is of class C?. The outward unit
normal vector to I' at a point « € I' is denoted by n(x). Given 0 < T < +o00, we denote 27 = 2 x (0,7T)
and Y¥r = I' x (0,T). We fix the notation for Sobolev spaces: H'(2) = H!'(£2;R?), H}(2) = H(2;R?),
H () = (H{(2)) and W*P(2) = WP((2;R?) for 1 < p < oo with s > 0, while W?(£2) denotes the zero
trace space of W*P(£2). We also consider the spaces of integrable functions LP({2) = LP(£2;R?). For a given
Banach space X, LP(0,T; X) will denote the space of measurable functions f : (0,7) — X such that the
associated function ¢t — || f(¢)||x belongs to LP(0,T"), endowed with the usual norm.

Along this paper, given a number 1 < p < 0o, and we set

gy 0% Oy

wi'an) - {yetren: 2L IV W evrian, 10 <2},
i iLj

equipped with the standard norm. In the Hilbertian case, we follow the usual notation: H2(£27) = W2 (7).
We introduce the usual spaces of divergence-free vector fields:

Y, = {y e Wy*(2) : divy =0 in 2},

H; ={yeL’(2):divy=0in 2 and y-n=0on I'}.
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Finally, we define W(0,7) = {y € L*(0,T;Y2) : y: € L?(0,T;Y%)}. It is well known that W(0,7) C
Cy([0,T],Hs), where C,([0,T],Hs) is the space of weakly continuous functions y : [0,7] — Hos.

To introduce the weak formulation of (1.1) we define the bilinear and trilinear forms a : H'(2) xH!(2) — R
and ¢ : L*(2) x HY(2) x HY(2) — R by

2
aly,z) = 1// (Vy :Vz)dz =v Z / 02, Y;j O, zj dz
Q 17}

ij=1
1 2 0z;
vt ) = g )~ elyowos)] withityonw) = 3 [ (52 ) wias
Now, we seek y € W(0,T) such that for a.e. t € (0,7),
(Yt,w) +a(YvW) +C(Y7Y7W) = (f+ u,w) VweYs
(2.1)
y(0) = yo.

Above (-,-) denotes the scalar product in L?(§2). This notation will be frequently used along the paper and || - ||
will denote the associated norm. Any other norm will be indicated by a subscript.
The following hypotheses will be assumed along this paper

(H1) The data of (1.1) satify: v > 0, f € LP(£2r) and y¢ € WZ_%’ﬁ((Z) NY,. We will assume that 3 < p < 400
unless something different is indicated.
(H2) The data in the cost functional J fulfills: y4 € L*(£27) N LP(027).

The following theorem analyzes the state equation.

Theorem 2.1. For every u € LP(2r) the state equation (1.1) has a unique solution yu € W?{l(QT) and
an associate pressure py € LP(0,T; WYP(82)), which is unique up to the addition of a function of LP(0,T).
Moreover, the following estimate holds

[¥allws ) + 192ulur(r) < Cu (I + ulsiar) + [¥0l o 2,0,): (22)

where Cy depends on ||f +ul|2(o,) and ||yol|y,. Furthermore, the constant Cy in (2.2) can be chosen the same
for every u € Uyq.

Proof. Since n = 2, it is well-known that (1.1) has a unique solution y,, € W(0,T'), and there exists a distribution
pu € D(N27) unique up to the addition of a distribtuion of D(0, T"). Thanks to the C? regularity of I, additional
regularity is proved for (y,p). Indeed, we have that y, € H>!(£27) N C([0,7T],Y2) and p, € L3(0,T; HY(02));
see, for instance, [21,23,31]. Furthermore, there exists a constant Cy depending on [|f + u||r2(0,) and [|yol|v,
such that

[yullez1 (o) + IVallze©r:v,) < Co.

The boundedness of Uy,q in L>(§27) implies that Cy can be chosen the same for all u € U,q. Since 2 C R?,
then we have the continuous embedding Yo C LP(§2). Using this fact and the above inequality we deduce

IyullLe(er) < CillyullLeeo,rvs) < C1Co

for some constant Cy depending only on {2 and p.
Finally, the estimate (2.2) follows from the result by Solonnikov ([29], Thm. 4.2) with ¢ = 0 and a; = y;,
j=1,2, and yu = (y1,92). O
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Corollary 2.2. Assume that p > 3. Then, there exists a constant Ma 3 such that Yu € U,y

Iyalleomiy + Vol o ) < Mo g (I ullstan + 190l 1 ) 2.3)

oo g <
where COJ*%(QT) is the space of Hélder functions in Q1 of order 1 — %.

Proof. The estimate in the space C([0,T]; Yp) follows from (2.2) and the fact that W?{l(QT) C C([0,T);Y5),
with continuous embedding; (see [29], Thm. 2.1). The Holder estimate is a consequence of (2.2) and the Sobolev
inclusion WP (2r) C col-s (21) along with the obvious embedding W%’I(QT) C WLP(0r). O

Remark 2.3. Since the definition of Uy is exclusively related to the parameters a and 3, the notation M, 8
only tries to emphasize this dependence.

Corollary 2.4. Assume that p > 3. Let {ug}32, C LP(§27) be a sequence converging weakly to u in LP(£2r).
Then, the following strong convergence holds: yu, — yu in C(27) NLP(0,T; WP (12)).

Proof. This is an immediate consequence of (2.2), (2.3), and the compactness of the inclusions Wé’l((ZT) C

L?(0,T; WEP(2)) and C' =% (27) € C(2r). O
We finish this section analyzing the mapping G : L?(27) — WE’I(QT) NC([0,T];Y;) that associates to each

control u the corresponding state G(u) = yy, through (2.1). The next theorem was proved in [2,6] for p = 2.

Theorem 2.5. Let 2 < p < +o00. Then, the mapping G is of class C*°. Moreover, for any u,v,v; € LP(07),
i =1,2, if we denote yy = G(u), z, = G'(0)v, zy, = G'(0)v;, and zy,v, = G"(u)(v1,V2), then zy and zy,v,
are the unique solutions of the following equations

aaitv —vAz, + (yu : v)zv + (zv : v)yu +Vry =v in QT» (24)
divzy =0 in O, z,(0)=0 in 2, z,. =0 on Xp,
O0Zvy,v,
T - VAZV1V2 + (yu : v)ZV1V2 + (ZV1V2 ! v)yu
+(2vy, - V)2Zy, + (Zv,  V)Zy, + Vry,v, =0 in Op, (2:5)

divzy,v, =0 in 27, 2y,v,(0) =0 in 2, zy,v, =0 on X,

for some ry,ry,v, € LP(0,T; WYP(Q)), which are unique up to the addition of a function of L*(0,T).

Proof. We define the mapping

F o (W2HQr) N C([0,T); Yp)) x LP(27) — LP(0, T; Hp) x (W2 52(2)NY,)

Fyow) = (G + Pul-vdy + (v Dy = €+ ]y - 30 )

where Py : L?(£27) — L2(0,7;H,) denotes the Leray projection operator. Since I' is C?, we have that
Puu € LP(0,T;Hy) for every u € LP(£27), and Py is continuous from L?(£27) to L?(0,7;H;). This can be
easily proved by using the construction of the projection Pyu; see, for instance ([31], Thm. 1.1.5 and Rem. 1.1.6).

Let us check that F is well-defined. Given y € Wg’l(QT), we have that Ay,Vy € LP({2r). Moreover,
with (2.3) we deduce that (y - V)y € LP(§27). Hence, the first component of F(y,u) belongs to L?(0,T; H;).

For the second component, it is enough to use that the mapping y € W?{l(QT) —y(0) € W27%’ﬁ(9) is linear
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and continuous; (see [22], Lem. 3.4; p. 82). Note also that since y € WE’I(QT) NC([0,T];Yp), we also have that
v(0) € Y. It is obvious that F is of class C* and

(Z—z,:(y, u)z = <% +Pu[-vAz+ (y-V)z+ (z- V)y},z(())) .

Now, we observe that

(Pul-vAz+ (y-V)z+ (z-V)yl,¥) = (—vAz+ (y - V)z + (z- V)y,¥)
= a(z, ) +c(y,z,9) +c(z,y,¢) Vp € Y.
Therefore, %—;:(y, u)z = (v,2zg), with (v,z0) € L%(0,7;H3) x Ya, if and only if

{ (Z(toa)’l:b) + (l(Z, ¢) + C(Zaya ¢) + C(y,Z, ¢) = (Va ¢) V’l;b € Y23
Z = Zo,

or equivalently

%—Z/Az+(y-V)z+(z~V)y+VTv:V in 7,

divz=0 in 27, z(0) =2z¢ in 2, z=0 on Y.
Using again ([29], Thm. 4.2), we deduce that the above equation has unique solution z, € W?{l(QT) N
C([0,T);Y;) for every (v,z9) € LP(0,T;Hp) x W27%’ﬁ(9) N Y, and the relation (v,zg) — z is continu-
ous. Hence, g—i(y, u) : Wé’l(QT) x LP(27) — LP(0,T; Hp) x W27%’ﬁ(9) MY is an isomorphism. Therefore,
we can apply the implicit function theorem to the equation F(G(u),u) = 0 to deduce that G is of class C>°.
Moreover, (2.4) and (2.5) follow easily from the definition of F. O

Corollary 2.6. There exist constants Lo, and Lo such that Yuy,us € Uyq

1¥as = Vel o) < Locllie —uilfa o). (2.6)
[Vu: = Yui lLz(0r) < Lalluz — uilLz(e.),

where p > 3.

Proof. From Theorem 2.5, (2.3), and ([29], Thm. 4.2) we have

[Yus = YuillLe(or) < Jnax, |G (w1 + p(ug — w))[|luz — wil|Lr(ey) < Cllug — wil|Le(e),

where C' can be taken independently of uj,us € U,q. Now, using the boundedness of U,q in L>(2r) we
infer (2.6) from the above inequality. The estimate (2.7) is well known. O

3. ANALYSIS OF THE CONTROL PROBLEM

In this section, we establish the necessary and sufficient optimality conditions for a local minimum of (P).
We distinguish between weak and strong local minima. Let us give the precise meaning of these notions.

Definition 3.1. We say that a control u € Uy is a local minimum of (P) in the LP(£27) sense, 1 < p < oo, if
there exists € > 0 such that J(u) < J(u) for all u € U,q N B:(w), where B.(u) is the ball of LP({2r) centered
at 1 with radius €. We say that u is a strict local minimum if the previous inequality is strict for every u # a.

Since Uyq is bounded in L (£27), it is immediate to check that u is a local minimum in the LP(£27) sense
with p < oo if an only if it is a local minimum in the L!(£27) sense. In addition, if @ is a local minimum in
the L°°(£27) sense, then it is a local minimum in the L?({27) sense for every 1 < p < co. The contrary is not
necessarily true. In the sequel, whenever we say that u is a local minimum of (P), it should be intended in the
L2(27) sense.
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We start the analysis of the control problem by proving the differentiability of the cost functional.

Theorem 3.2. Let 2 < p < +o00. Then, the cost functional J : LP(Q2r) — R is of class C*° and for every
u,v € LP(27) we have

J’(u)V:/OT/Qcpuvdxdt, (3.1)

T
J'(w)v? = /0 /Q(|zv\2 = 2(zy - V)zyp, )dzdt, (3.2)

where z, = G'(u)v is the solution of (2.4) and ¢, € W?{l(QT) NC([0,T];Yp) is the unique element satisfying
for every w € Yo

{ L) aliw ) +elwmpn) el o) = (a =i ) 53

This theorem is an immediate consequence of Theorem 2.5 and the chain rule. As usual, we have introduced
the adjoint state ¢, which satisfies the adjoint equation of (2.4). The regularity of ¢, follows again from ([29],
Thm. 4.2). In [4], this theorem was proved for p = 2.

The existence of a solution of (P) is proved in the standard way. It is enough to use Corollary 2.4. Following
again [4], we get the first order necessary conditions.

Theorem 3.3. Let us assume that 0 is a local solution of problem (P), then there exist y, @ € W?{l(QT) N
C([0,T),Y) such that

ye, )—I—a(i,w)—&—c(i,i,w)=(f+ﬁ,w) VWEY27 (3 4)
y 0) = Yo, '
—(Q_Ot,W) + CL(Q_O,W) + C(Wa)_’ﬂz’) + C(}_’,W,Q_D) = (y - yde) Vw € Y2a (3 5)
B(T) =0, -
T
/ / pu—u)dedt >0 Vu € Uyg. (3.6)
0o Jo
From (3.6) it follows for almost all (¢,z) € 27 and j = 1,2
ui(t,z) =a; = @;(t,x) 20, _ - o
u;(t,x) = B4 = @;(t,z) <0, and {%Ei’g i 8 z ng?g B g?’ (3.7)
aj <uj(t,z) < B; = @;(t,x) =0, LA G\ L) = Pgs

where @ = (1, ¢2). These relations prove that u is a bang-bang control if
{(@,t) € 21 @1(2,) =0 or @a(w,t) =0} =0,

where |E| denotes the Lebesgue measure of a set E. To write the second order conditions we introduce the cone
of critical directions

Ca = {v € L2(027) : v satisfies (3.9)—(3.10) and J'(a)v = 0}, (3.8)

v (t,l‘) > 0if Uj (t,l‘) = oy, (39)
’Uj(t,l‘) <0if ﬂj(t,l‘) =0, j=12. (3.10)
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Remark 3.4. Due to (3.3), we have J'(a) = ¢. Hence, J'(@) : LP(2r) — R can be extended to a continuous
linear form J' () : L2(£27) — R in the obvious way. Hence, Cg is well defined. Moreover, from (3.7) we deduce
that if v satisfies (3.9) and (3.10), then J'(@)v = 0 if and only if @(z,t) - v(z,t) = 0 for almost every point
(.T, t) € r.

Now, we establish the second order necessary conditions.

Theorem 3.5. Let @ be a local solution of problem (P), then J"()v? > 0 Vv € Cy.

The proof of this theorem is similar to the one made in ([9], Thm. 3.6) for the case of steady-state Navier—
Stokes equations. However, we cannot proceed as in [9] or [4] to write the sufficient second order conditions.
The main difference is that the Tikhonov regularizing term |ul|3. (27 18 Dot included in our cost functional .J.
As a consequence, the condition J”(@)v? > 0 for all v € Cg \ {0} is not enough to deduce local optimality for a.
This is usual in infinite dimension optimization problems. In addition, since we have pointwise constraints for
the controls, we need to increase the cone of critical directions; see [14]. To this end, for every ¢ > 0 we consider
the extended cone

CS = {v e L?(02r): v satisfies (3.9) — —(3.10) and J'(0)v < o|/zv||L2(2r)} (3.11)

where z, = G’(0)v is the solution of (2.4). Observe that, as a consequence of (3.7), for every v € L2(£2r)
satisfying (3.9)—(3.10) the inequality @(x,t) - v(z,t) > 0 holds for almost every point (z,t) € £27. Hence, the
condition J'(1)v = 0 assumed in the definition of Cy is replaced in the definition of C3 by the assumption that
J'(@)v is small. Here, o is the parameter controlling how small is J'(1)v. Obviously we have that Cg = C3.
Now, the reader can be tempted to assume the second order condition: J” (@)v? > (5||v\|i2(QT) for every v € C&.
However, this condition is not satisfied except maybe for a few extreme cases; see [3]. The reader is referred
to [7,8] for additional discussion on the sufficient second order conditions. The following theorem provides the
correct second order condition.

Theorem 3.6. Let us assume that 0 € Uyq satisfies (3.4)~(3.6) along with the associated state and adjoint
state (y,@) € (Wé’l(QT) NC([0,T];Yp))%. We also suppose that

Jo>0 and 36 >0 : J'(a)v? > (5sz\|i2(QT) Vv e C8. (3.12)
Then, there exist € > 0 and k > 0 such that the following inequality holds

K _ _ . _
§||YU - YH%;(QT) + J(a) < J(u), Yu € Upq with |Ju— u||L2(QT) <e. (3.13)

The rest of the section is dedicated to the proof of this theorem. In the sequel (u,y, @) denote the functions
introduced in the theorem.

Lemma 3.7. There exist constants M and M depending only on T, v and ¥ llLos(02r) such that for every
u <€ U,y

[Ya =¥ = zZu—allcqorez2) < Myu = ¥llLe2nllye — ¥llL22m), (3.14)
I¥u = ¥ = Zu-allLeer) < MVT|yu — Fllu=(2m |Iyu — ¥lrzom), (3.15)
IVyu = VY = Vzu_alLz(0r) < M|lyu = ¥llL=(2m) ya — ¥llL2(2.)- (3.16)
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Proof. Let us define e =y, — ¥y — Zy—a. From (2.1), (3.4) and the equation satisfied by zy_a

{ (Zufﬁ,tvdj) + (Z(Zu,ﬁ, ¢) + C(Zufﬁayvd)) + C(yazufﬁa ¢) = (Ll - ﬁa ¢) V’l:b S Y23 (3 17)
z(0) = 0, .

and using the identity

C(YuaYuﬂl’)—C(S’,S’ﬂ#)—C(Zufﬁ,y,lb)—c(y,zufﬁyﬂf) :C(evyv¢)+c(yaev¢)+c( y Yu — Y»U’),

we deduce the equation satisfied by e

{<¢zt0,)¢>0+a(e,w>+c<e,y,w)+c(y,e,w)+c<yu—y,yu—y,w =0V €Yy,
e = U.

Taking 1 = e in this equation and integrating in the interval (0,t) we get
t
2 2 2
Sl + / Vel ds = 3 lle(t)]> + / ale,e) ds
/\c oF,e \ds+/ ’ y,ee\ds+/ o (¥ — 7. Yu — 7 )| ds. (3.18)

Using the skew-symmetric property of ¢: ¢ (y,z,w) = —c(y,w, z), we obtain that ¢ (y,e,e) = 0 and

t ~ t ~ ~ t 1 ~ t v t
[ tetegields = [ lee.eslds < [Flmar [ leliVelds < JIg1Ewgor [ lelfds+F [ [7el?as

(3.19)
Now, we estimate the last term of (3.18)
t t
[ leta-yoyu-yelds = [ felva-y.eyu-ylds
0 0
t
< lya = Fleion) | lva =31 Ve] ds
0
1 —12 — 112 v ¢ 2
< ;HYu - Y||Loo(QT)||Yu - YHL2(QT) + 1 . [Vel|” ds. (3.20)

From (3.18)—(3.20) we infer with Gronwall’s inequality for every ¢ € [0, T

2 207 _ _
oI < 2 ex0 (2215121 ) 9 = 51y I = 91
This implies (3.14) with
) T,
3= 2o (D5l )

Inequality (3.15) is a straightforward consequence of (3.14). Now, (3.16) is deduced from (3.18)—(3.20) and (3.15)
taking t = T and setting

\/HyIILw yTM? + 1. O



1276 E. CASAS AND K. CHRYSAFINOS

1—-L

Lemma 3.8. Let M be the constant introduced in Lemma 3.7. Let ¢ > 0 satisfy 0 < ¢ < 1\71\/\/%' Then, the
following inequality holds for every u € Uaq such that ||yw — ¥|lLe(0,) < €
Iyu = ¥llLz(2r) < V2|2zu-allLz(on- (3.21)
Proof. From (3.15) we get
[yu = ¥lL22r) < Iyu = = Zu-allL2or) + |Zu—allL2on)
< M\/T€||yu - 3_’||L2(QT) + ||le—l_lHL2(QT)'
From this inequality and the assumption on £ we get
_ 1
[yu = ¥llLz(0r) < m”zufﬁ”Li’(QT) < V2||Zu—allL2(20)- O

Lemma 3.9. There exist constants Ka,@ and IN(aI@ such that for all v € L2(027) and every u € Uqq the
following inequalities hold

Zuv — ZvllcomLz2) < Kq gllyu = Yl omllzvilLe(or), (3.22)
B

IVZuy = Vo[ o) < Ko gllya = Yllu= e l2vllLz (o0, (3.23)

lzuslizien < (14 VTKq gllya = llueon ) v liacen, (3.24)

where zy = G'(Q)v and zy,v = G (u)v.
Proof. According to Theorem 2.5, z,, and z, v satisfy the variational equations

{ (Zv,t,¥) + a(zy, V) +c(2v,¥,9) +c(¥,2v,¥) = (V,) Vb € Yo,
zv(0) =0,

and

{ (zu,v,t7 d’) + a(zu,va ¢) +c (zu,va Yu, d’) +c (Yu, Zu,v, ¢) = (Vv d’) Vi €Yy,
Zu,v(0) = 0.

Setting e = zy,v — Zv, P = e, subtracting the above equations and using that

C(yua zu,Va ¢) + C(zu,vayuvdj) - C(S’,Zv,dl) - C(ZV7ya ’l,b) = C(yua evdj) + C(evyua ¢)
+c (yu - yaZVaw) + C(Zv,yu - ya"/")v

and ¢ (yu,e,e) =0, we get

{ (er,e) +ale,e) +c(e,yu,e) +¢(Yu—¥,2%v,€) + ¢ (Zv,yu —y,€) =0,
zy(0) = 0.

Integrating the above equation in (0,¢) we obtain
1 2 ' 2 1 2 !
sle@l”+v [ [[Vel~ds = Slle(®)]” + [ ale,e)ds
2 0 2 0

t t t
< / e (e, yu @)l ds + / ¢ (Yu — 5,2, )] ds + / ¢ (24, yu — y.0)|ds.  (3.25)
0 0 0



THE VELOCITY TRACKING PROBLEM
From (2.3) we deduce that

I¥allim(ar) < Cag =510 { Mo g (18 + ulscan + ol 3

p,p(9)> tu e Uad} .
Using this estimate and the skew-symmetric property of ¢ the following inequalities hold

t t t t
3 o 2 v 2
| eeywelds<capg [ leliVelas< 5ocd 5 [ lelfas+ [ [vel?as

Now, we proceed with the second estimate
t t
[ leva =y 2 ds < lya = Slacan [ ][Vl ds
0 0

3 ) 2 v ! 2
< solva = Tmanlialiscon + 5 | I19el?as

The same estimate holds for the third right hand term of (3.25). Inserting these estimates in (3.25) we infer

Now, Gronwall’s inequality implies

t t
6 _ 3
le@)1? +2 [ IVelds < 2y = 51y v 0 + SCh g | lelds.

le(t)]? < Kéﬂllyu = Y~ amllZv T2 00
where

2
K —/8 ex 73Tcaﬂ
o~ v P 2v '

This inequality leads immediately to (3.22). Moreover, if we insert this inequality in (3.27) and take t = T, we
deduce

T
3
2 2 2 —12 2
| Ivelar < 2 (24 C2 I3 5T) I3 = 5o 2 oo
This implies (3.23) with

Kopg= ?\/2 +C2, gK2, 3T
The estimate (3.24) follows from (3.22) and the triangle inequality
quaVHLQ(QT) < ||Zuv ZVHLQ(QT) + ||ZVHL2(QT)' O
Lemma 3.10. There exist a constant Da,ﬁ such that the following estimates hold Yu € U,y
|V2uallizcon < Do gl — 8l 0, lve — 91220, . (3.28)
IV¥u = V¥lloon) < (VILadTlu =8l Fa,, + D g)lu— 81 0, lya — 9120, (3:29)
where M, Ly and Loo are as in Lemma 3.7 and Corollary 2.6, respectively.

1277

(3.26)

(3.27)



1278 E. CASAS AND K. CHRYSAFINOS

Proof. In the variational equation satisfied by z,_g we take ¥ = z,_g, we make the integral in (0,¢) and we
use that ¢ (¥, Zu—qa, Zu—a) = 0 to deduce

1 t t t
s v [ Ve al?as < [ @ amma)lds+ [ leCn v mlds
0 0 0

t t t
g/ \(u—a,yu—y—zu,ﬁndw/ |<u—a,y.,—y>\ds+/ ¢ (Zu_ss Zu_s, 9)| ds.
0 0 0

Inserting the estimate (3.14) in the above inequality, we obtain
1 ) t , §
3 lZu-a(®)II” + V/O IVzy—al|”ds < |lu—ullL2on) Mlyu = ¥llLe 2 [yu = ¥l (en
t
lu—=allre(en yu — ¥llLzcer) + I1¥llLeor / [Zu—al[|[VZu—allds
0
< (L+ Mllyu = ¥lle=(er) lu = llLzemn[yu = ¥z
Loz ' 2 v ! 2
191y [ Imncalds+ 5 [ [Vmal?ds

From this inequality we infer

t t

Jou-alt) +v [ [Va-al*ds < Co glla = alas(ap Iyo = Flhscar) + 215 o) [ sl ds. (330)
where

Ca,,@ = max{Q (1 + MLy|u— u|EQ(QT)> tu€ Uad} ;
see (2.6). Now, from (3.14) we deduce
|Zu—a(t)lL2(2) < Mllyu = Fllue@m [Va = ez + [1yat) = @)Lz V€ [0,T].
Inserting this estimate in (3.30) and taking ¢ = T we conclude
V|| Vau_alfz(op < Ca.pllu—1llL2(opllyu = ¥lL o
17 VT = e 0y + Ul = 5120

which with (2.6)and (2.7) proves (3.28). The estimate (3.29) is an immediate consequence of (2.7), (3.16)
and (3.28). O

Lemma 3.11. There exists a constant E, J&; such that the following estimate holds

e = @l Lo rimm(2) < Eo glye = Flibo,) Y1 € Ua, (3.31)
where @, s the solution of (3.3).

Proof. First we recall that (3.3) is the variational formulation of the problem

~Pur — VAP, — (Yu V)pu + (Vyu) @y + Vi = yu —ya in 2r, (3.32)
dive, =0 in 27, ¢, (T) =0 in 2, ¢, =0 on Xrp. '
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Usin again ([29], Thm. 4.2) and taking into account (2.2) and that y, € L*(£2r), we deduce the existence of a
constant C,,, B such that

||90u||Wi‘1(QT) < Oa,ﬁ Yu € Upg. (3.33)
We have the analogous equation for ¢
@, —vAp—(y-V)e+ (Vy) @+ VT =y —ya in 2r, (3.34)
divpe =0 in 27, @(T)=0 in 2, =0 on Xr. ’

Setting e = ¢, — ¢ and subtracting (3.34) to (3.32) it follows
—e; —vlAe— (y-V)e+ (Vy)Te+ Vr
=Yu=Y+[yu =) Vipy = (Vyu = V¥)Tpy in 2r, (3.35)
dive=0 in 27, e(T)=0 in 2, e=0 on Xr.

Now, we have that e € H*(27) N C([0,T],Y2) and the norm of e in L>(0,T; H}(2)) is estimated by the
L2(£27) norm of the right hand side of (3.35) multiplied by a constant only depending on y, v and 7. To
prove (3.31) we have to estimate the three terms appearing to the right of the equation (3.35). The first
estimate is obvious with (2.7)

_ 3 _1/2
Hyu - YHL?(QT) <V L2Hu - u||E2(QT)||yll - YHL/2(QT)- (3-36)
For the second term we proceed as follows

. 1/2
[[(yu = ¥) Vleulzor) < (/o ||V‘Pu\|ioc(n)||}’u - 5’“%2(9) dt)

. 1/2
< Cq (/O leullvzso)llyn = Flzco dt)

< CallpullLeo,rwz2@) lyu — ¥llLacor)

1/4
T
< V2Call@ullLso,mw24(2) (/ 1yu = ¥z I VY = VI 20 dt)

0

—_n1/2 —nl/2
< \/§CQ||<PuHL4(O,T;W2»4(Q))”y‘.l - y‘|L/00(07T;Hé(Q))‘|yU - Y||L/2(QT)

2 _1/2 _1/2 A _1/2
< \/icﬂcaﬂ”yu - YHLOO((LT;H‘%(_Q))HYU - YHL?(_QT) < Ca,ﬁ”yu - YHLQ(QT)7 (3-37)

where A »
Ca,,@ = \/§CQCZ¥”6 max{||yu — S’HLN(O’T;Hé(Q)) tu € Upg}-

Finally, we get the estimate for the third term with (3.29)

1(Vyu = 9) 7 eullzn) < IeallLenIVyu = V¥lLa(en
~ —_nl/2
< Oa,ﬁHyu - YHL/?(_QT)a (3.38)

where

~ T _ 2 _1/2
Caﬂ = max {( LQLOOMHU — u||L2(QT) + Da,ﬁ)||<pu||Loo(QT)||u — uHL/Q(QT) tu e Z/[ad} .

Now, (3.36)—(3.38) imply (3.31). O
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Remark 3.12. It is clear that the estimate (3.31) is still valid, even in the three dimensional case provided
that we minimize the functional (1.3). First, we note that in this case (3.34) takes the form:
—¢, —vAp —(y-V)e+ (Vy) '@+ Vr
=I5 — yallts o)y — val>(F — ya) in Or,
dive =0 in 27, @(T)=0 in 2, =0 on X,

However, due to L ({2r) regularity of y, the terms on the right can be handled easily (see also [6]). It remains

to check the various terms involving @, and in particular (3.37). However, note that (3.37), holds with different

constants, since [|yu — ¥l|lLi(or) < [[yu — S/||1L/i(QT)Hyu - yH}f(QT). The rest of the proof remains the same,

since we have not used any other result involving embeddings.

Lemma 3.13. For every p > 0 there exists € > 0 such that
I[7"(w) = J"(@)](u — @)*| < pllzu—sliz o) (3.39)
Yu € Uyq with [ju — ﬁ||L2(_QT) <e.

Proof. Let us take u € Uyq and denote zy_g = G'(0)(u — 1) and zyu—a = G'(u)(u — @). Then, according
to (3.2), we have

T 0 @ 0 = [ (sl - sl deds

Q7

+ 2/ [(Zuu-t - V)Zuu-—uPu — (Zu—a - V)zZu—a@|dedt = + 1. (3.40)
Q7

Let us estimate I; and I. For the estimate of I; we use (3.23), (3.22) and (2.6) as follows

1| < ([1Zu,u-allL2(2r) + Zu-allL2(2m)|Zuu-—a = Zu-allL2 (2
< 2+ VTEKq glyu = Yl @n)lza-alizon Ko glye = ¥l omn lzu-alzon
2 2 p
< (2+ \/:FKaﬂLoogp)Kaﬂsp |1Zu—allf2 (0 < 5||zu,ﬁ||i2(QT) (3.41)

where ¢ is chosen so that

i

(24 VTKq gloce? ) Kg ge? <

NI

(3.42)
For the estimate of Is we write
I, = / [(zu,ufﬁ - zufﬁ) ' v}zu,uffﬂpu dx dt
Q7
—|—2/ (Zu—u - V)(Zuu—ua — Zu—u)Pydrdt
Q7

—|—2/ (Zu,fl . V)Zu,ﬁ(gou — (70) dedt = I + I29 + Ios. (3.43)
Q7
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Now, using again (3.22) and (3.24) we have

T T
|I21| < 2/ |C (Zu,u—ﬁ — Zy—u;Zu,u—u; (Pu)‘ dt = 2/ |C (Zu,u—ﬁ — Zuy—u, Pu Zu,u—ﬁ)‘ dt
0 0
T
<o / s — ZuallL(y |Vl (@) | gl dt
0

T

<20¢|Zuu-—a — ZU—ﬁ||C([0,T];L2(Q))/ pullwzr (@) 1Zu,u—allL2 (o) dt

0
< 2CQKaﬂHYu - y”Lw(QT)”ZU*ﬁHL?(QT)HSOUHLz(O,T;W?”j(Q)||Zu,ufﬁHL2(QT)
2 \/_ 2 2
< QOQKa,ﬁ€P (1 + TKa,ﬁgp)‘|QOUHL2(0,T;W2*5(Q)||Zu—ﬁ||L2(QT)
P

< _”ZU—ﬁH%Q(QT)v (3.44)

with

2 2
QCQKOAB&[} (1 + \/TKO[,B‘EE) max ||(PuHL2(0’T;W2,;5(Q)) < g (345)

uel,q

For Is5 we observe that

T T
I22 S 2/ |C (Zu,ufﬁa Zu,u—u — Zu—u, Qou)‘ dt = 2/ ‘C (zu,ufﬁv PurZuu—a — Zufﬁ)| dt.
0 0

Hence, we can proceed as in (3.45) and obtain the same estimate. Finally, to estimate Io3 we use (3.31) and (3.28).
Moreover, we choose € as in Lemma 3.8, so that (3.21) holds. Thus, we get

T T
1l <2 [ (o zonn = @t =2 [ fe(oun oy~ @200 de
0 0

T
<2 / I — Plas eyl dt

T
< A4|p, — ¢||L°C(O,T;H(1)(Q)) / HZu—ﬁHLQ(Q)HVZu—ﬁHL?(Q) dt
0
—_n1/2
<4Eq gllyn — Y1157 00y 20—l IV Z0allL2 (20
—11/2 _
< 4By, 3Dg gllu = |14 o, e — ¥llL2(2m[1Za—allL2(e)
p
< V2B gDg 5= Iu-ulacar) < Ellzu-alEa(ar), (3.46)
with e satisfying

4V2Eq gDg g'* < £. (3.47)

Therefore, if ¢ is chosen according to Lemma 3.8 and satisfying (3.42), (3.45) and (3.47), then the inequal-
ity (3.39) follows from (3.40), (3.41), (3.43), (3.44) (which is also an estimate for I2) and (3.46). O
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Remark 3.14. In the three dimensional case, the estimate (3.39) is still valid. Recall, that the only change con-

1/4” H3/4

cerns (3.46), where using the inequality ||.||s < C/.|| 1 » Holder’s inequality, (3.21), and (3.28), we obtain:

T T
Is| < 2 / ¢ (Buns Zu—s, P — @) dE = 2 / ¢ (Busss P — B> Zu—s)| dt
0 0

T
< 2/0 ”‘Pu_Q_OHH})(Q)HZH—TJH%}(Q) de

T
< 4||90u QOHL‘”(OTH (Q))/O qu uHL2 Q)Hvzu u||L2 ) dt

—n1/
< 4EaﬂHyu - Y||L2 ”Zu UHLz(QT)HVZu U||L2 (1)
< 4Ea ﬁDa ﬁ”u - ﬁH[,?(QT)Hyu - y||L2 _QT)”ZU*‘:‘”[P (Qr1)

< 2%°4E ﬁD ,66/ |Zu— uHL?(QT) ||Zu u||L2 (2r)

with € satisfying
3/2 3/4 P
42°°Eqy 3Do et < 5

Lemma 3.15. There exists a constant Faﬂ such that the following inequality holds

J'(w)v?] < Fe glvllLz(emlzvlieer) Vo € Uaa and Vv € L%(2r), (3.48)
where zy = G'(u)v is the solution of (2.4).
Proof. From Theorem 2.5 with p = 2, we deduce the existence of a constant such that

lzvllL2(20) + | VZvlLe(2m) < CollViiLz(ar) YU € Usq and Vv € L2(27). (3.49)
From this inequality and (3.2) we obtain
[T (V| < |lzvllEz(0p + 2leali= @ lzviliz@n Vavlli e < Co(l + 2l omn)IviLz e 2y L2or).,

which implies (3.48) with
Fo g = max{Ca(1 + 2[l¢y[lL=(2,)) : 0 € Uaa}
U
Proof of Theorem 3.6. Let ¢ > 0 to be fixed later, and u € U,q with ||u — tl|r2(o,) < . We will distinguish

two cases.

Case I: u —u ¢ CZ. In this case we assume that

1
1 2 1%
6<m1n{02 aﬁ NIVT (3.50)

where M, Cy and F, B are given in Lemma 3.7, (3.49) and Lemma 3.15, respectively.
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Since u € Uy, u — 1 obviously satisfies the sign conditions (3.9)-(3.10). Therefore, from the definition of

C4q, we deduce that J'(@1)(u — @) > g[|Zu—allL2(2.)- Then, making a Taylor expansion and using this inequality
and (3.48) we get

J(u) = J(w) + J'(a)(u - 1)+ %J”(ﬁ—k O(u—1))(u—u)?

> J() + ol zu-allLz2r) — [u = ALz (o) 1Za—allez (2n

1
QFOt,ﬂ
- 20— F, 3¢ - 20— F, 3¢
=J(a)+ (%) 1 Zu—allL2(2r) = J(0) + (fﬁ 1Zu—allF 2 (2p)-

In the last inequality we have used (3.49) and (3.50) to infer
|Zu—allL2(2r) < C2e < 1.
Now, the above inequality and (3.21) imply (3.13) with x = (20 — F, I@&)/Q.

Case II: u—1u € C2. Let us take p = §/2 in Lemma 3.13 and select € > 0 such that (3.39) holds. Additionally,
we assume that € satisfies (3.50). We make a Taylor expansion again

Jw) = J(@) + 7' (@) (- w)+ 37" (@) (0= ) s () — T (@) (g ),

where ug = a+6(u—1u). Now, from (3.1) and (3.6) we deduce that J'(@)(u—a) > 0. Thus, using (3.12), (3.39),
the identity zy,—u = 0zu—_a and that 0 < § <1 we get

_ 1 d _ )
J(u) > J(a) + §\|Zu—ﬁ||i2(m) - @que—ﬁHi?(QT) =J(u)+ Z”Zu—ﬁ”ii’(QT)'

This inequality and (3.21) imply (3.13) with x = §/4.

Finally, for the selected ¢ and taking x = min{d/4, (20 — F,, ﬂe)/Q}, the inequality (3.13) holds for any
case. |

4. NUMERICAL APPROXIMATION OF THE CONTROL PROBLEM

In this section we assume that 2 is a convex set and we consider a family of triangulations {KCs }n>0 of §2,
defined in the standard way. To each element K € K, we associate two parameters hx and g, where hg
denotes the diameter of the set K and ok is the diameter of the largest ball contained in K. Define the size of
the mesh by h = maxxex, hix. We also assume that the standard regularity assumptions on the triangulation:

(i) There exist two positive constants gx and dx such that Z_;( < ox and % < dx VK € Ky, and Vh > 0.
ii) Define 2, = Ugex, K, and let 2, and I}, denote its interior and its boundary, respectively. We assume
ii) Define (2 U LK, and let 2 d I, denote its int d its bound tively. We

that the vertices of K placed on the boundary I, are points of I'.

Since {2 is convex, from the last assumption we have that (2} is also convex. Moreover, we know that
|2\ 2, < Ch?; (4.1)

see, for instance ([27], estimate (5.2.19)).
On the mesh K}, we consider two finite dimensional spaces Z,, C H{(£2) and Q) C LE(2) formed by piecewise
polynomials in (2}, and vanishing in 2\ £2,. We make the following assumptions on these spaces.
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(A1) If z € H'TL(Q2) N H{(£2), then

1I€1£ 12 — zn |l 1e(0n) < C'hH'l_s||z||H1+z(Q)7 for0<i<1lands=0,1. (4.2)
Zp h

(A2) I g € H'(2) N L3(£2), then
2,11 < Ch : 13
Jof g = aullzo,) < Chllallm o) 13)
(A3) The subspaces Zj; and Q satisfy the inf-sup condition: 3¢ > 0 such that
b
inf  sup (zha Qh)
ah€EQR z,€Z), ”ZhHHl(Qh) HQ}LHLz(Qh)

where b : H!(§2) x L?(2) — R is defined by

b(z,q) :/Qq(x)divz(x)dx.

These assumptions are satisfied by the usual finite elements considered in the discretization of Navier—Stokes
equations: “Taylor-Hood”, P1-Bubble finite element, and some others (see [15], Chap. 2). In addition, we assume
that classical inverse estimates on uniformly regular meshes for Zj; hold.

We also consider a subspace Y, of Zy, defined by

Y ={yn € Zn :b(yn,qn) =0 Vg € Qn}.

We proceed now with the discretization in time. Let us consider a grid of points 0 =ty < t1 < ... <ty =T.
We denote 7,, = t,, — t,—1. We assume that we construct a quasi-uniform in time partition, i.e.,

>, (4.4)

Joo € (0,1] s.t. 7= max 7, satisfies po7 < 7, V1 <n < N, and V7 > 0. (4.5)
_n_

-

Civen a triangulation Kj, of €2 and a grid of points {t,}~, of [0,T], we set o = (7, h). Finally, we consider
the following spaces

Vo ={ys € LQ(OﬂT;Yh) Yo,
Qo = {40 € L*(0.T5Qn) : 4oy,

We have that the functions of ), and Q, are piecewise constant in time. The elements of ), can be written
in the form

€Y, for 1<n<N,.},

_1:tn)

€Qp for 1<n<N,}

—1:tn)

N,
Yo = Z Yn,hXn, With y,p € Yy, (4.6)

n=1
where X, is the characteristic function of (¢,—1,%,). For every discrete state y, we will fix yo(¢,) = yn h, SO
that y, is continuous on the left. In particular, we have y,(T) = y,(tn,.) = YN, .h-

4.1. The discrete state equation

To define the discrete control problem we have to consider the numerical discretization of the state equa-
tion (1.1) or equivalently (2.1). We achieve this goal by using a discontinuous time-stepping Galerkin method,
with piecewise constants in time and conforming finite element spaces in space. For any u € L?(0,T;L?(£2))
the discrete state equation is given by:

Forn=1,...,N,,

h = Yn—1,h
Ynh = Ynoth Ty” 7Wh) + a(Ynh, Wh) 4 € (Yn,hs Yn,hy Wh) (4.7)
n

= (fn—l—un,wh) VWh EYh,
Yo,n = Yonh,
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where
1 tn 1 tn
(£, wp) = - / (£(t), wi)dE, (tn, wh) = — / (ut), wn)dt, (4.8)
Tn Jt, Tn Jt,_1
yon € Yy, with [[yo — yorllL2(e,) < Ch, and [lyonllmi(e,) < C. (4.9)

It well-known that the discrete equation (4.7) has at least one solution. Concerning uniqueness and error
estimates under the prescribed regularity assumptions, the following results was proven in ([4], Thm. 4.7).

Theorem 4.1. Given u € L?(0,T;L?(£2)), let us denote the solution of (2.1) by y € H>Y(27) N C([0,T);Y),
and let y, € Vo be any solution of (4.7). Then, there exists a constant C > 0 independent of u, y and o such
that

(Jax (ly(tn) = yo(tn)ll + 11y = Yollz2orm 2u)

-
<C {E”y’HL?(o,T;Lz(Q)) + byl 20,082 (02)) + h||y0\|H1(Q)} . (4.10)

.
ly — yo||L°c(o,T;L2(Qh,)) <C { (ﬁ + \/7_') ||y/HL2(O,T;L2(Q))
+hllyll 20, mm2(0) + Rllyollar o)} - (4.11)

Moreover, if there exists a constant Co > 0 such that T < Coh? for every o = (1, h), then {y,}o is bounded in
L0, T; HY(£2,)) and there exists og > 0 such that (4.7) has a unique solution for every |o| < og.

By using the above results, and a suitable duality argument the following estimate was proved in [5].

Theorem 4.2. Under the notation and assumptions of Theorem 4.1 and including the hypothesis T < Coh? for
some constant Cy, the following estimate holds:

1y = Yollr20.7512(04)) < CR?, (4.12)
where C' is independent of o. Moreover, the same constant C' can be taken for every u € U,q.

4.2. The discrete adjoint-state equation

In this section, the assumptions 7 < Cyh? and |o| < o¢ will be assumed, with o as introduced in Theorem 4.1.
Then, associated to the discrete state equation (4.7), the cost functional J is approximated by J, : L?(Q27) —
R, given by:

1 T
T =5 [ [ o) —yaPasar
h

The functional .J, is of class C'*°, and we have a first expression of its derivative as follows

T = | ' / (3o (w) Y

where z, is the solution of the linearized equation
Forn=1,...,N,,

Z — Zy—
(%7 Wh) + a(zn,h, Wh) + ¢ (Zn,h, Yn,h, Wh)
n

(4.13)

Tn
tn—1

tn
+c (yn,ha zn,hawh) = L/ (V(t),Wh) de¢ VWh S Yh,

Zo,n = 0,



1286 E. CASAS AND K. CHRYSAFINOS

where y, = ZnN;1 Yn,hXn; see [4] for details. By using the adjoint state equation

forn=N,,...,1, and Vwj € Yy,
(Son,h - sonJrl,h

- awh> +a(<pn,hawh) +C(Whayn,ha<pn,h)
n

N (4.14)
e W) = [ Gnn = yalt) wa)
tn—1

en, +1,n =0,

the derivative of J, can be expressed as

T
J(’,(u)v:/ / p,vdrdt.
0o Ja,

Observe that in the above system (4.14), first we compute @y _, from ¢y .4, =0 and then we descend in
n until n = 1. Unlike the discrete states y,, we will set for the discrete adjoint states ¢, (t,—1) = ®,, , for every
1<n<N,.

4.3. The discrete optimal control problem

As in Section 4.2, the hypotheses 7 < Cyh? and |o| < op will be assumed throughout this section. Here the
goal is to prove the convergence of the discrete optimal controls to a continuous one and to derive some error
estimates for the optimal states. To this end, we first define the discrete control space. Let us denote

Uy = {u, € L*(2)) t up i =ug € R? VK € Ky}
and
Us = {u, € L2(0,T;Uh) Sty t,) € Up, for 1 <n < N;}
Hence, every element of U, can be written in the form
N,
U, = Z Z Up, K Xn XK

n=1 Kek,

where x,, and y i denote the characteristic functions of (¢,,_1,t,) and K, respectively. Now, the discrete control
problem is formulated as follows

min J,(u,)
(PO) { u, € Z/{U,ad

where

1 (T
Jo(uy) = 5/ /Q Vo (uy) —yal?dzdt and Uy aq = Usa N Uy .
0 h
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Theorem 4.3. For every o, the control problem (P,) has at least one solution. Moreover, if u, is a local
minimum of (Py), then there exist yo, @, € Vy such that

Forn=1,...,N,,
7n, —¥Yn— h _ _ _
(%, Wh> + a(Yn.h Wh) + ¢ (Ynhs Yn.hy Wh) (4.15)
n
= (£, +a,,wp) VYwp € Y,
Yo,n = Yoh,
form=N,, ...,1, and VYwj, € Yy,
qon, _¢n h _ _ _
(ua Wh> + a(‘pn,ha Wh) +c (wha Yn,hs Qon,h)
" t (4.16)
e @os) = [ = yalt) wa)
tn—1
Pn.+1,5 =0,
T
/ / @y (z,t)(us(z,t) — e (x,t))dedt > 0 Yu, € Uy g4, (4.17)
0 25

where . .
1 n 1 n
(£, +a,, wp) = —/ (f(t) + uy(t), wp) dt = T—/ (£(t), wp) dt + (n, wp).
t n th—1

Tn

n—1
The existence of a solution is an immediate consequence of the continuity of J,, the compactness of Uy 4q
in U, and the fact that Uy 44 # 0. The optimality system follows from (4.7), (4.14) and the expression for the
derivative of J/ given in Section 4.2. The inequality (4.17) says that J (@,)(u, — 0y) > 0 Yu, € Uy ad-
Taking into account the definition of U, (4.17) can be written in the form

N, t,
Z Z </t /Kﬂ_og(l'ﬂf) dl‘dt) (uan — ﬁn,K) >0 vun,K c [a,ﬁ],

n=1Keky

or equivalently
tn
/ / P (r,t)dedt | (§ —tp k) >0 V€€ [a,B], 1 <n< N, KekK,.
tn—1 J K
Using this fact, we obtain the discrete version of (3.7)

Ik > 0= tunk; =,

4.18
Inkj <0=tnk; =0, (4.18)

Un,K,j = ﬁj = In,K,j <0, and

Un,K,j = O = In,K,j >0, {
aj < UpKi,j < ﬁj = I’n,,K,j =0,

where .
In,K,j = / / @g,j(l',t) dl’dt, (4]_9)
tn—1 J K

and ¢0 = (@0’,17@0’,2)~

The next theorem proves the convergence of the solutions of (P,) towards solutions of (P).
Theorem 4.4. Let {u,}, be a sequence of solutions of problems (P,) and let {y,}s be the associated discrete
states. Then, if U is the weak limit in L?(27) of {U,}, as 0 — 0, then @ is a solution of (P). Moreover, {¥,}o
converges strongly to y in L?(£2r), where ¥ is the continuous state associated with 6. In addition, if @ is a
bang-bang control, then 0, — u as o — 0 strongly in LP(£27) for every 1 < p < +o0.
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Proof. If i, — 1 in L?(027) as o — 0, then Corollary 2.4 implies that yg, — ¥ strongly in L?(§27), where yq_
denotes the continuous state associated with t,: ya, = G(0,). Moreover, Theorem 4.2 implies that y,—ygs, — 0
strongly in L2(£27). Hence, y, — ¥ strongly in L2(£21).

Let us prove that 1 is a solution of (P). Let u € U,q and take u, as the L?(£27) projection of u on U,:

1 tn
U, Kk = —/ / u(x,t)dedt, 1<n<N,, Kek. (4.20)
Tn‘K‘ tn_1 JK

It is well-known that the projections converge strongly: u, — u in L?(f27). Arguing as above, we also obtain
that y,(u,) — yu strongly in L?(£27). Moreover, from the expression in (4.20) it follows that u,(z,t) € [e, 8],
therefore u, € U, 4q. Hence, we have

J(w) = lim J, (05) < lim J5(uy) = J (u).

Since u € U,q is arbitrary, we deduce that u is a solution of (P).
Now, we prove the strong convergence of the controls. For j = 1,2 let us consider the sets

QT,a,j = {(SL’,t) € r: ’L_Lj(l',t) = ij} and QT,ﬂvj = {(SL’,t) € 0r: ’L_Lj(l',t) = ﬂj}

Let us extend @, ; to {27 with the only restriction that it is measurable and «; < %, ;(z,t) < §; in 7. Since
@ is a bang-bang control, we have that |27 o ;| + ‘“QT,@ ;I = 192r|. Using that %, ; — @; in LY(027) as |o| — 0,
we get

/ o —aj|dacdt:/ (i —ﬂj(as,t))dxdt+/ (i1 (2, 1) — iy ;) dardt — 0 as |o] — 0.
27 Qo QTﬁj

Hence 1, ; — u; in L*(£27). Since {iy,;}o is bounded in L>(£27) we deduce that @, ; — i, strongly in LP(£27)
for every 1 < p < 0. d

Remark 4.5. Using (4.12) and an inverse inequality, we can prove that the sequence {y,}, is bounded in
L (£27), hence y, — y strongly in L?({27) for every 1 < p < +oo0.

Now we have the following converse result.

Theorem 4.6. Let u be a strict local minimum of (P). We also assume that u is a bang-bang control. Then,
there exist € > 0, o9 > 0 and a sequence {Ug}|s|<o,, Such that each 0, is a local solution of (P,), and the
following properties hold

1. J,(0,) < Jy(uy) YUy, € Uy aa N B:(1), B:(Q) denoting the L?(2r) ball,

2. 0, — u strongly in LP (1) for every 1 < p < +00.

Proof. Let us take ¢ > 0 such that J(u) < J(u) for every u € Usq \ {0} with ||u—t[r2(e,) <. Let us define
the set Uya.e = Uga N Be (1), where B, (1) is the L2(£27) ball centered at @ and radius €. Then, u is the unique

solution of the problem
min J(u)
(PE) { uc Z/[adﬁg.

Now, we consider the discrete problem

min J,(u,)
(ng) { U, € ua,ad,z;'a

where Uy qd.e = Upde NU,. Let 0, be the L?(2r) projection of @ on Uy,; see (4.20). We know that G, — @
strongly in L?(27). Therefore, there exists o such that @, € Uy qd. Tor every |o] < g¢. Hence, Uy 44, is non



THE VELOCITY TRACKING PROBLEM 1289

empty for |o| < 0p, and (P, - )has at least one solution 6. Since {Uig }|s|<5y C Uad,e, We can take a subsequence,

denoted in the same way, such that @, — @ in L°(£27) with @ € Uaq... Let us denote by {¥o}|o|<0o, the discrete
states associated with the controls {i,}|,|<¢, and let y = G(11) be the continuous state corresponding to a.
Arguing as in the proof of Theorem 4.4, we get that ¥, — y strongly in L?(27). Then, we have

J(a) = lirr%) Jo(0s) < lir% Jy (1) = J(0).

Hence, u is a solution of (P.). But, u is the unique solution of (P.), consequently & = u. Finally, the strong
convergence U, — U is established as in the proof of Theorem 4.4. O

We conclude this section by proving some error estimates for the optimal states.

Theorem 4.7. Let u be a local solution of (P) with associated state y. We assume that (3.12) holds. Let {tu,}
be a sequence of local minima of problems (P,) such that J,(1,) < Jy(Uy) YU, € Uy qq N Be(10), where B. (i)
denotes a L2(2r) ball, and 6, — @ in L2(2r). Let {y,}o be the corresponding discrete states. Then, there
exists a constant C > 0 independent of o such that

(4.21)

1
lim ——||ys — ¥||l12 =0
o|—0 \/F‘H HL (271)

Proof. Here, we recall that 7 < Coh? has been assumed, hence |o| ~ h as ¢ — 0. Along the proof, C' will be
used to define any constant independent of o. Let € > 0 be given such that (3.13) holds. Since u, — u, there
exists og > 0 such that [0, — 0||r2(0,) < € for every |o| < og. Then, (3.13) implies that

K _ _ _
S ar — 5 1a(r) < J(00) — (@), (1.22)
where yg, = G(1,) is the continuous solution of (1.1) associated to . To prove (4.21) we use (4.12) as follows

1¥o — ¥llLzor) < I¥e — Ya, Iz + Iya, — ¥lLzom < CR° + [lya, — ¥llLz(on)- (4.23)

We will provide an estimate for the right hand side of (4.22), which together (4.23) will lead to (4.21). Let us
denote by u, the L?(£2r) projection of @ on U,. Then, we know that u, € Uy,qq and the following estimate
holds

s — s () < Chllu, — lgagon. (1.24)

Now, from (4.22) we get
g”yfla - 5’”%2(971) < (J(Us) — Jo(Us)) + (Jo(Us) = Jo(us)) + (Jo(us) — J(us))
+(J(ue) —J() =1 + Ir + Is + I4. (4.25)

Let us study each term I;. For the estimate of I; we use (4.1) and (4.12) as follows

J(uy) — < // lya|? dzdt + = // (lya, —yal* = [¥o — yal?) dz dt
=3 O\

< —\/TIQ\QhIIIYdIIL4 @2t 3 (IlyuaHsz(oT) + 1¥oll2(2m)lya, = ¥ollLzor
< Clyallis e, + 1) (4.26)

Let us observe that

\(P\rfo IyallEs o\, = 0-
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To analyze I we take og such that u, € B.(@) for |o| < og, where B.(1) is the ball given in the statement
of the theorem. Since u, € Uy qa N B:(11), then J,(1,) < J,(u,), hence I < 0. I3 is estimated in the same way
as I, therefore the inequality (4.26) is also valid for Is. To estimate I, we use the mean value theorem, the
expression (3.1) for the derivative of J and (4.24) to obtain

Iy = J'( + 0(uy — 8))(u, — @) = / 0o (U — 1) do dt
Q7
< llegllar (o lue — Ullar (o)~ < Chllu, — [z,

where ¢, denotes the adjoint state corresponding to @ + #(u, — ). Collecting the estimates for I;, 1 < i < 4,

we deduce 1
lim — Vi, — Y = 0.
‘Jl‘ 0 | ‘ H o ||L2(~QT)

This inequality along with (4.23) imply (4.21). O

Remark 4.8. If we follow the variational discretization approach to approximate (P) (see [19]), then U, =
L>(27) and Uy qa = Uga. Then, the Theorems 4.4 and 4.6 remain valid and the estimate (4.21) can be
improved to get

Hyg — yHL2(QT) < Ch, (427)

assuming that y; € L ({2p). Indeed, first we replace the estimate (4.25) by

5lya, — S’Hi?(QT) < (J(y) — Jo(1s))
+(Jo () = Jo(0)) + (Jo(0) = J(u)) = Iy + I + I3.

Now, the estimate for I; can be improved: I; < Ch?. It is enough to argue as in the proof of Theorem 4.7 and
to use the boundedness of y, and (4.1)

T
// yal? dw dt <TI0\ 2l lyallie o) < CH.
0o Joe,

The same argument can be used to estimate I3. For Iy we recall that @t € Uy 4q N Be (@) = Uyq N B (1), hence
I, < 0. Finally, these estimates and (4.23) lead to (4.27).

Remark 4.9. The numerical analysis of the velocity tracking problem for the 3d Navier—Stokes system with
bang-bang controls requires a special care. For instance one of the key ingredients of our proof, the improved
error estimate in L2(0,T; L?(£2)) of Theorem 4.2, is proved in the two dimensional case and relies of embedding
results that are valid only in 2d. The extension of this result in the three dimensional case, under our limited
regularity assumptions, needs to be carefully examined.
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