FINITE CODIMENSIONAL ISOMETRIES ON
SPACES OF VECTOR-VALUED CONTINUOUS
FUNCTIONS®
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Abstract
Based on the vector-valued generalization of Holsztynski’s theo-
rem by M. Cambern, we provide a complete description of the linear
isometries of C(X, E) into C(Y, F') whose range has finite codimen-
sion.

1 Introduction.

Throughout this paper, X and Y will stand for compact Hausdorff spaces,
and E and F' for Banach spaces over the field K of real or complex num-
bers. C(X, E) and C(Y, F') will be the Banach spaces of continuous E-valued
and F-valued functions defined on X and Y, respectively, endowed with the
supremum norm ||-|| . If E = F =K, then we will write C'(X) and C(Y)
instead of C'(X, E) and C(Y, F).

The classical Banach-Stone theorem states that if there exists a linear
isometry T of C'(X) onto C(Y), then there are a homeomorphism 1 of Y
onto X and a continuous map a : Y — K |a| = 1, such that T can be
written as a weighted composition map, that is,

(T'f)(y) = ay)f(¢(y)) forally € Y and all f € C(X).
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An important generalization of the Banach-Stone theorem was given by W.
Holsztynski in [13] (see also [3]) by considering non-surjective isometries.
Namely, he proved that, in this case, there is a closed subset Y of Y where
the isometry can still be represented as a weighted composition map.

This result of Holsztyriski was used in [11] (see also [2, 4, 9, 10, 12, 14,
16]) to classify linear isometries on C'(X) whose range has codimension 1 as
follows: Let T': C'(X) — C(X) be a codimension 1 linear isometry. Then
there exists a closed subset X, of X such that either

(1) Xo =X\ {p}
where p is an isolated point of X, or

(2) Xo =X,
and such that there exists a continuous map h of Xy onto X and a function
a € C(Xp), |a| = 1, such that (Tf)(x) = a(z) - f(h(x)) for all z € X, and all
feC(X).

In the context of continuous vector-valued functions, M. Jerison ([18])
investigated the vector analogue of the Banach-Stone theorem: If X and Y
are compact Hausdorff spaces and E is a strictly convex Banach space, then
every linear isometry 7" of C'(X, E') onto C(Y, F) can be written as a weighted
composition map; namely, (7'f)(y) = w(y)(f(¢¥(y))), for all f € C(X, E) and
all y € Y, where w is a continuous map from Y into the space of continu-
ous linear operators from F to E (taking values in the subset of surjective
isometries) endowed with the strong operator topology. Furthermore, v is a
homeomorphism of Y onto X. As in the scalar-valued case, Jerison’s results
have been extended in many directions (see e.g., [5], [1], [15] or [6]). In parti-
cular, M. Cambern obtained in [8] the following formulation of Holsztynski’s
theorem for spaces of continuous vector-valued functions.

Theorem 1.1 If F' is a strictly convex Banach space, then every linear isom-
etry T of C(X, E) into C(Y, F) can be written as a weighted composition map;
namely,

(T1)(y) = Iy (f(~(y))),

forall f € C(X,E) and ally € Yy C Y, where J is a continuous map from
Y into the space L(E, F) of bounded operators from E into F endowed with
the strong operator topology, with ||J,|| < 1 for ally € Y and ||J,|| = 1
fory € Yy. Furthermore, h is a continuous function of Yo onto X. If E is
finite-dimensional, then Yy is a closed subset of Y.



Let us recall that there are counter-examples (see [7] or [18]) which show
that all the above results may not hold if the assumption of strict convexity
is not observed.

In this paper we provide, based on this theorem of Cambern, a complete
description of the linear isometries of C(X, E) into C(Y, F'), E and F strictly
convex, whose range has finite codimension ny.

2 Preliminaries and main results.

Given a continuous linear operator T': C(X, E) — C(Y, F'), the map

J:Y — L(E,F)
y = Jy

given by J,(e) := (T°€)(y) for all e € E (being € the function constantly equal
to e) is well defined and continuous when, as usual, L(E, F') is endowed with
the strong operator topology. Furthermore, ||J,|| < ||T|| for all y € Y.

On the other hand, we can define three subsets of Y as follows:

Vi = {yeY:(Tf)(y)=0 VfeCX E)}
i = {yeY\Ys:3z, € X such that (Tf)(y) =0if f(z,) =0,f € C(X,E)};
Y = Y\(MiuYs).

It is easy to see that the point z, € X corresponding to each y € Y7 is
uniquely determined, so if we define h : Y7 — X by h(y) := z,, then

(Th)y) = Iy (f (h ()

for every f € C(X, E) and y € Y;. Summing up, Y; coincides with the subset
of Y where T' can be written as a (nontrivial) weighted composition map.
This implies that, given any 7, € Y} and a neighborhood U of h(y,) in X,
there exists f € C(X, E) such that f = 0 outside U and (T'f)(yo) # 0, so
the set V of all y € Y7 with (T'f)(y) # 0 is an open neighborhood of y, in
Yi. Now it is clear that (Vi) C U, and the fact that h is continuous follows
easily.

Recall that a Banach space E is said to be strictly convex if every element
of its unit sphere is an extreme point of the closed unit ball of E. It is well-
known that if E is strictly convex and ej,e; € E \ {0}, then |je; + eq] =
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lle1|| + ||ez|| implies e; = req for some positive real r (see [19, pp. 332-336]).
From this, it is straightforward to see that

leal] s lez[] < max {[ler + e, [er — e[}
whenever e, e, € £\ {0}.

From now on, £ and F' will be strictly convex normed spaces (see Remark
2.1 below). Also, T will be a linear isometry of C'(X, F) into C(Y, F') whose
range has finite codimension ng > 1.

For a function f € C(X, F), we will write ¢(f) to denote the cozero set
of f, that is, ¢(f) := {x € X : f(x) # 0}. If V is a subset of X, we will write
cl V' to denote its closure in X.

We rephrase the formulation of Holsztynski’s theorem for spaces of con-
tinuous vector-valued functions obtained by M. Cambern in [8].

Theorem 2.1 (Cambern) The restriction of h to Yy := {y € Y : ||J,|| = 1}
is a continuous function onto X. Also, if E is finite-dimensional, then Yy is
a closed subset of Y.

We denote by h the restriction of & to Y. We then have that h: Yy — X
is continuous and surjective, and that for y € Y7\ Yy, the mapping J, : £ —
F' defined by

Jy(e) == (Te) (y)
is linear and continuous and its norm is less than 1.
Points in Y can be classified into two disjoint categories:

Yio = {y€Y;:J,isanisometry};
Yii = {y€Y;:J,isnotanisometry}.

We shall see that Y7, UY5 U Y3 consists of finitely many isolated points of
Y. Indeed, if F is assumed to be infinite-dimensional, then it will be proved
that Y7, U Y5 U Ys is empty, that is, Y = Y, = Y.

Related to the subsets Y, and Y; and the corresponding maps h and h,
we consider, for each x € X, the sets

Fy={y €Yy:h(y) =}



and

G, ={yeY,:h(y) =z}
It will turn out that G, (and consequently F,) is finite for every z € X.
Prior to providing the description of 7', we still need to classify the points
of X into three not necessarily disjoint classes that will be widely used in the
paper:

Ay = {x e X :3ye F, with J, not a surjective isometry };
Ay = {zeX iz ¢ Ay, cardG, = 1};
Ay = {reX:cardG, > 2}.

We shall prove that Ay and A, are finite.

Summarizing, there exists J : Y — L(FE, F') continuous with respect to
the strong operator topology and h : ¥; — X continuous and surjective
such that (Tf)(y) = J, (f (h(y))) for all f € C(X,E) and y € Y;. We next
state (in full) the main results, where we keep the notation above.

Theorem 2.2 Let X, Y be compact Hausdorff spaces, E, F be strictly con-
vex Banach spaces, and T : C(X,E) — C(Y,F) be a linear isometry.
Suppose that the range of T has finite codimension ng > 1.

If F is infinite-dimensional, then there exist a finite subset Yy of Y and
a surjective homeomorphism h Y — X such that

(Th)(y) = Jy(f(h(y))),

forall f € C(X,E) and ally € Y. Here, J, : E — F is an isometry for
ally €Y, and it is surjective whenever y ¢ Y.
Moreover,

Z codim (ran J,) = ng.

YyeEYN

The finite-dimensional case turns out to be more intricate. First it is
apparent that, since h is surjective, if Y is finite, then X is also finite. Con-
sequently, it is clear that ng = (dim F)(card Y') — (dim £)(card X'). Next we
study the case when Y is infinite.

Theorem 2.3 Let X, Y be compact Hausdorff spaces, E, F be strictly con-
vex Banach spaces, and T : C(X,E) — C(Y,F) be a linear isometry.
Suppose that the range of T has finite codimension ng > 1.
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If F is finite-dimensional and Y s infinite, then there exists a cofinite
subset Y1 of Y and a continuous surjection h : Y7 — X such that

(Tf)(y) = Jy (f (h(v)))

forall f € C(X,F) andy € V).
Furthermore, the set of ally € Y for which J, : E — F is a surjective
isometry is clopen, its complement is finite and

no = (dim F) (card(Y \Yq) + cardﬁ_l(AQ) — card A2> :

where Ay = {z € X : card b (z) > 2}.

Remark 2.1 Theorem 2.3 does not hold in general if £ (or F') is not strictly
convex. For instance, suppose that, for ' = K and E = K? endowed with the
sup norm, and Y being the topological sum of two copies X x {1}, X x {2} of
X and nyg isolated points p;. It is easy to see that the map T': C(X, E) —
C(Y, F) defined, for each f € C(X,E), by (Tf)(z,i) := (f(z),e;) (where
{e1, €2} is the canonical basis in K?), and (T'f)(p;) := 0 for all j, is a linear
isometry with codimension ng. As in [17], it can be checked that T is not a
weighted composition map.

3 Some technical lemmas.
Lemma 3.1 The set Ag is finite.

Proof. Suppose, contrary to what we claim, that Ag is infinite. Then we
can find pairwise distinct z1,za,...,Zpo41 € Ao. For i =1,2,... ng+ 1, we
choose y; € F,, with J,, not a surjective isometry. Next we divide the set
{1,2,...,n0 + 1} into three mutually disjoint subsets. Namely,

L = {ie{l,2,...,n0+1}: J, isometry};
I, = {ie{l,2,...,n9+ 1} : J, not injective};
I; = {ie{l,2,...,n0+ 1} : J,, injective but not isometry}.

Let ¢ € I,. Then there is e; € E with ||e;|| = 1 and J,(e;) = 0. Take
fi € C(X) such that 0 < f; <1, fi(x;) =1, and f;(z;) = 0 for j # 4. It is



clear that, if we put k; :== fie; € C(X, E), then ||k;|| = 1 and (Tk;)(y;) = 0.
Furthermore, for j #1, 1 < j < ng+ 1, we have that

kz(%) = kz(h(y])) =0.

Hence, (Tk;)(y;) = 0.
Consequently, for each ¢ € I, the set

1
Vi {ye v TRl < 5
is open in Y and contains y; for all j. For the same reason, if we define
V=Y if [, =0 and
V.= m \Z

i€l

otherwise, then V' is an open neighborhood of y; for all j € {1,2,...,no+1}.
Next we consider pairwise disjoint open neighborhoods V; of y; in Y for
all i € {1,2,...,n9+ 1}, and define

W;=V/nV.

It is clear that W; N W, = 0 if i # j and that y; € W; for all i.

Next we consider, for each i € {1,2,...,n9 + 1}, a function g; € C(Y)
such that 0 < ¢g; <1, ¢(g;) € W; and g¢;(y;) = 1, and a vector f; € F given as
follows:

1. If i € I1, then we choose f; ¢ ran J,, with ||f;|] = 1.

2. If i € I, U I3, then we take a norm-one €, € E with 0 < ||.J,,(e})| < 1,
and define f; := J,, (e).

As the codimension of the range of 7' is ng, there exist ay,...,a,,41 € K
such that g := E?ZOILI a;g:f; # 0 belongs to the range of T'. Let us choose i
such that ||g|| . = |ai,| ||fi||. We claim that ig € I (so I, # 0).

Let f € C(X,FE) with T'f = g. If we fix i € I, then

aif; = (Tf)(yi) = Jy, (f (h(y:))-

This is to say that a;f; belongs to the range of J,, and, since ¢ € I;, we get
a; = 0. Hence iy ¢ I;. Next, if i € I3, then g(y;) = J,,(f(z;)), and also



9(y:) = aifi = a;Jy,(€;), implying that a;] = |ai| [le]| = [|f(z:)ll < llgll-
Hence |a;| ||£|| < ||lgl|, and ig ¢ I3, as we wanted to prove.

Since |19l = [, 1l = [[ 7y, (F(:0))], we dedtuce that £(x;,) # 0 and,
since F is strictly convex, it is now clear that either

|’ki0(xio) + f(xlo)” > 1
or
||k:10('rlo) - f(xzo)|| > ]-7
that is, either ||k;, + f||., > 1 or ||k, — fll, > 1.
1

With no loss of generality, we shall assume that ||g||, = 3.

We claim that ||T'k; + ¢|| < 1for all i. To thisend, fix y € Y and assume
first that y € ¢(g), so y € V. Hence ||(Tk;)(y)|| < 1/2 and, consequently,
I(Tk; £ g)(y)|| < 1. Assume next that y ¢ c(g), which is to say that g(y) = 0.
Then, since || k||, =1, |[(Tk; £ g)(y)|| < 1. Hence

1Tk + gl < 1.

This contradicts the isometric property of T', and we are done. 0

The proof of the following lemma is immediate.

Lemma 3.2 Letz € X and let y1,y, € G, with Jy, injective. If g € C(Y, F')
satisfies g(y1) = 0 and g(y2) # 0, then g ¢ ranT.

Lemma 3.3 The set A, is finite.

Proof. Suppose, contrary to what we claim, that As is infinite. Then,
since Ay is finite by Lemma 3.1, we can find pairwise distinct 1, o, .. ., Tpg41
in Ay \ Ap. For each i = 1,2,...,n9 + 1, we choose two distinct elements
y},y? in G,,. Since h is onto, we can assume that y € F,, for all 7.

Also for each i, we can choose a function g; € C(Y, F') such that

* gi(y7) # 0 and gi(y?)) = 0 for j # .
e gi(yj) =0forall j =1,2,...,m0 + 1.

By Lemma 3.2, no nonzero linear combination of the g; belongs to ranT’,
which is impossible. O

Lemma 3.4 For each x € X, the set G, is finite.
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Proof. Suppose, contrary to what we claim, that there is zy € X such
that G, is infinite.

First, if there exists yo € G, such that J,, is injective, then we take
Y1, Y2y - s Yng+1 € Gay pairwise distinct and different from yy. For each
ie{l,2,,...,n9+ 1} we choose a function g; € C(Y, F') such that g;(y;) # 0
and g;(y;) = 0 = g;(yo) for j # i. Using Lemma 3.2, no nontrivial linear
combination of the g; belongs to ran7. We conclude that, for all y € G,,,
Jy is not injective.

We shall prove that this is also impossible. To this end, let us first see
that

G Nel (h_1 (X\ AO)) = (.

If y € G4, then there exists e, € E, |le,|| = 1, such that J,(e,) = 0. On
the other hand, given v’ € h=*(X \ Ap), J,/ is an isometry and, consequently,
|Jy(e,)|| = 1. In other words, we have that (T'€,)(y) = 0 and, for all
y' € hH X\ Ag), [[(T€,)(y)]| = 1. This yields y ¢ cl (h™" (X \ Ao)).

Since we are assuming that G, is infinite, we can now consider two
subsets of Gy, {uyi,...,yp,41} and {v?,... 92 .1}, consisting of 2ng + 2
pairwise distinct elements.

Let us also consider, for each ¢ € {1,2,...,no+1} and each j € {1,2}, an
open neighborhood U7 of 4/ such that U7 Nh=1(X \ Ag) = 0. Clearly, we can
assume that these 2ng + 2 sets are pairwise disjoint, and then take functions
gl € C(Y,F) such that c(g]) C U] and ||g](y))|| = 1 = ||g/||_, for all 4,;.
Then we have two nonzero functions g, := 377" a;g! and gy := 3217 Big?
in the range of T', that is, T'f; = g1 and T'fy = g5 for some fi, fo € C(X, E).
Assume, without loss of generality, that ||g1]|,, = [|g2]|, = 1.

Since g; = 0 on h™1(X \ Ap) (i = 1,2), we infer that f; = 0 on X \ Ay.
However, if f;(z¢) = 0, then g;(y) = 0 for all y € G,,. Consequently,
filzg) # 0 for i = 1,2. As Ay is finite and zy € Ay, we deduce that {zo} is
an open set. Then we can write the functions f; as

fi = fiXgwor + fiXao\{ao}-
As fiXao\tao} (€0) = 0, then (T fix ag\(z}) (y) = Oforally € Gy, 50 (T fixqao})(y) =
(Tfi)(y) for all y € G,.

Hence, since each [|T'f;(y)|| = ||g:(y)|| attains its maximum in G,

T fixtaoy |, = 1T filloo = 1,



implying that HTfiX{xo}Hoo = 1. This yields ||fi(xzo)|| = 1,7 = 1,2. As a
consequence, either || fi(xg) + fa(xo)|| > 1 or || fi(zo) — fo(xo)|| > 1, which
implies that either

||Tf1 + Tf2Hoo >1

or
\Tfi —=Tfa > 1.

These inequalities contradict the fact that

191 £ g2l = max ([lg1/lc » l92/l0) = 1.

Lemma 3.5 The set Y3 is finite.

Proof. Suppose that there exist ng + 1 distinct points y1, ..., Yno+1 in Y3.
Let us choose ng + 1 functions gy, ..., gny+1 in C(Y, F') such that g;(y;) =0
ifi # 5 and ¢;(y;) # 0 fori € {1,...,no+ 1}. It is apparent that no nonzero
linear combination of {gi,...,gn,+1} belongs to the range of T, which is
impossible. 0

Lemma 3.6 The set Ys is finite and each point of Y is isolated in'Y .

Proof. We first check that Y3 NeclY; = (). Obviously, Yo NY; = 0.

First, by Lemmas 3.1, 3.3 and 3.4, E_l(AO U Ay) is finite. Since X =
Ag U Ay U Ay, in order to prove that Y5 NeclY; = 0, it suffices to check that

Yo Nl (Ay)) =0,

which, by the definition of A, is the same as proving Yo Ncl(h=(A;)) = 0.
Let yo € cl(h™(A;)) and consider, for f € C(X, E) and € > 0, the set

K(f,€) :=A{z e X |Ilf @) = [(TH)wo)lll < €}

Each of these is a closed subset of X, which is also nonempty as a consequence
of the fact that, for each y € h™'(Ay), ||[f(R(y)|| = I(Tf)(y)||. We are
going to check that the family of all these sets satisfies the finite intersection
property. Indeed, we shall prove that if fi,..., f, € C(X, E) and €y, ..., €, >
0, then

n

ﬂK(fi,Ei) 7é 0.

i=1
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The set .
U= ﬂ {yeY [(Tfi)(y) — (Tfi) ()l < e}

is an open neighborhood of yy and, by assumption, there exists y; € h™'(A4;)N
U. Then

T F) Ol = T Fa) wollll < e

for i =1,2,...,n. On the other hand, for each i, (T'f;)(y1) = Jy, (fi(h(v1)))
and, as Jy, is a surjective isometry, we have that ||[(7'f;)(v1)|| = || fi(h(v1))]]-
Consequently,

Lfi(hCy I = T fo) (o)l < e,
which implies that, as was to be proved,

n

h(y:) € ﬂ K(fi, )

i=1

Hence, since X is compact, there exists

xo € ﬂ K(fe).

e>0
feC(X,E)

By definition, we deduce that, for every f € C(X, E), ||f(xo)|| = [|(Tf)(vo)||-
In particular, if f(zq) = 0, then (T'f)(yo) = 0, and consequently yo ¢ Y.
This contradiction yields
Y,NelY; = 0.

Now, as Yo =Y \ (Yz3UclY)) and Y3 is a finite set, we infer that Y, is open.

Next, suppose that Y5 contains infinitely many elements. Then there
exist ng + 1 pairwise disjoint open subsets Vi,...,V, 41 contained in Y5.
For each i € {1,2,...,n9 + 1}, we can take g; € C(Y,F), g; # 0, with
¢(g;) C V;. From the finite codimensionality of the range of T', we infer that
there exists a nonzero linear combination g := Z?:"fl «;g; in the range of T',
that is, there exists f € C'(X, E) such that Tf = g. Then, it is apparent
that g(h~'(X)) = 0 and, in order to get a contradiction, it suffices to check
that f(X) = 0. To this end, note that, by definition, if z ¢ A, then,
given y € F,, J, is an isometry. Hence, 0 = (T'f)(y) = J,(f(z)) yields
f(x) = 0, which is to say that f = 0 on X except perhaps on a finite set
{z1,...,2,} C Ap. Then we can write [ = fx) + ... + [X{an}. Also
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for each y € Y, there exists at most one ¢ such that (Tfx(}) (v) # O
because in that case, necessarily, h(y) = ;. We then infer that T fx(,,; = 0
on Y; for all i. Hence there exists y; € Y3 such that H(TfX{ri}) (yl)H =
HTfX{:vi} . # 0 for some i € {1,...,n}. Since y; € Y5, we can find k €
C(X, E) such that k(x;) = 0 and (Tk)(y1) # 0. If we suppose, with no loss
of generality, that [|k| = HfX{xi} . = 1, then Hkifx{xi}Hoo = 1, but
cither [[(Tfxgey) (1) + (TR > 1 or (T Fxges) (o) — TR > 1
which is impossible. 0

Lemma 3.7 The set Y11 UYs U Y3 is finite, and all of its points are isolated
mY.

Proof. We already know, by Lemma 3.6, that the result is true for Y5.
On the other hand, it is apparent that

yvac |J (G\E)u G

ZT)EX\A() €AY

Since Ay, Ay and G, are finite sets (see Lemmas 3.1, 3.3 and 3.4), then
we deduce that Y3, is finite. Also, for any e € F, |le| = 1, the open set
Co :={y €Y :|(Te)(y)| < 1} is contained in the finite set Y;; U Y5 U Y3,
which implies that C, consists of isolated points. If yy € Yi;, then there
exists e € E such that |le|| =1 and [[(T°€)(yo)|| = ||y, (€)|| < 1, which is to
say that yy € Ce, that is, it is isolated.

A similar reasoning shows that every element of Y3 is isolated in Y. [

Corollary 3.1 Y; is a clopen subset of Y.

4 The infinite-dimensional case

In this section we shall assume that F' is infinite-dimensional. Our first result
shows that J, is an isometry for all y € Y.

Lemma 4.1 Y;; UY, UY5; = 0.

Proof. Suppose that yy € Y1;UY>UY3 and consider ng+1 linearly indepen-
dent vectors gi,...,8n,4+1 € F. Since {yo} is a clopen subset (Lemma 3.7),
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then x(y181, - - - X{yo}8no+1 belong to C'(Y, F) and are linearly independent.
Then, there exists a nonzero linear combination

no+1

g = Z Qi X {yo}8i
i=1
in the range of T'.

It is apparent that g(h (X \ Ag)) = 0. Hence, f := T g satisfies
f(X\ Ap) = 0 and, if we write Ay = {x1,...,2x} (see Lemma 3.1), then
[ =Xy + -+ [Xqey- As g(yo) # 0, we infer that yo ¢ Y5. Hence we
only have two possible cases:

L. yo €Ys
2. yo €Y1
Before studying these cases, we need some preparation. With no loss of
generality, we can assume that ||g|lc = ||fl]l« = 1. Hence, there exists
j€A{l,...,k}, say j = 1, such that ||f(z1)|| = 1. Let us now check that
f(zg) =+ = f(xx) = 0. To this end, we define
fl = fX{m}

f2 = fX{a:g ..... Tk}
Claim 4.1 Tf, = g.

As || f(z1)]] = 1, there is y; € Y with |[(T'f1)(y1)|| = 1. Besides, as f; =0
on X\ {z1}, ;1 ¢ G, for any = # x;, which is to say that y; € G, U Y.
Therefore, if y; # 1o, then we have

IT(fr = f2) )l = (T f1)(wr) = () () + (T ) )l =

— 20T (w) — 9(u) | = 12T F)(w)]| = 2
but
11 = felloo = lf1(z0)]| = 1.

This contradiction yields y; = yo and, consequently, ||(7'f1)(yo)|| = 1.

On the other hand, let us check that (T'f3)(yo) = 0. If this is not the
case, then ||fi + faollo = 1 = || f1 — falls, but as F'is strictly convex, then
either

(T f1)(yo) + (T'f2)(yo) || > 1
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(T f1) (o) — (T'f2) (o)l > 1,

which is impossible since 7" is an isometry.
Consequently, for yo € Y\ {yo} with ||(T'f2)(y2)|| = [|T f2||, < 1, we have
(Tf1)(y2) = —(T'f2)(y2). Also, if T'f5 # 0, then either

(T'f2)(y2)

CDIBES e b
" (T 1) (30)
2)\Y2
'(Tf1>(y2) T TR ‘ > 1,
contrary to the fact that
i B
N

This contradiction yields fo = 0, which is to say that T'f; = g. The proof
of the claim is done.

Case 1 If we suppose that yo € Y3, then there exists f3 € C(X, E) such
that || f3]lee = 1, f3(x1) = 0 and (T'f3)(yo) # 0. It is clear that || f3 + file =
1 =|f3 — fille but either

I(T'fs + T f1)(wo) || > 1

or
(T fs = T fi)(yo)ll > 1.
This contradiction shows that yo ¢ Y5.

Case 2 Assume finally that yo € Y1, that is, J,, is not an isometry.
Hence we know that there exists e € E, |le|| = 1, such that ||J,,(e)| < 1.
Let us define

a=1—|Jy(e
and
fo = Yiae:
It is clear that ||f3|l = 1 and |[(T'f3)(yo)|| = ||y (€)]| < 1. On the other
hand
(T (afi = f3))(yo)ll < al[(Tf)(yo)ll + I(Tf3)(yo) || = 1.

14



Also if y # yo, (Tfi)(y) = 0 and [[(T'fs)(y)]| < [ITfsllc = 1. Conse-
quently

I(T(afi = f3))llo < 1.
However, either

lecfi(@r) + fa(z1)]| > 1
or

lafi(w1) — fa(zy)|| > 1

which contradicts the isometric condition of T'. The lemma is proved. 0

Lemma 4.2 Y = Yy and h : Y — X is a surjective homeomorphism.
Moreover J, is an isometry for every y € Y. Furthermore, the set Yy C Y
of all y such that J, is not surjective is finite.

Proof. By Lemma 4.1, Y = Y}, so every J, is an isometry and ¥ =Y.

Suppose next that there exists g € X with card G,, > 2, and take
Y1, Y2 € Gy, Y1 # yo. Pick g =T f € C(Y, F) with g(y;) = 0. By Lemma 3.2,
g(y2) = 0, which is impossible because codim (ranT’) is finite. We deduce
that, for all x € X, card G, = 1, and consequently F, = G,. We infer that
h is injective and, since it is a continuous surjection and Y is compact, then
h is a surjective homeomorphism.

Finally, let us note that, if h(y) ¢ Ao, then J, is a surjective isometry.
Consequently, as Ay is finite, so is Y. 0

Proposition 4.1 Let g € C(Y, F) be such that g(y) € ranJ, for ally € Y.
Then g € ranT'.

Proof. By Lemma 4.2, given x € X,
Jh—l(x) E— F

is a linear isometry which is also surjective except for finitely many x € h(Yy),
being Yy := {y1,..., ¥}

Fix any 7o € X and take an open neighborhood V' of h™1(xq) such that
VNYy C {h7'(x0)}. Hence, for all y € V' \ {h™!(x¢)}, we have that J, is a
surjective isometry.

Claim 4.2 Let f € ran Jy-1(,,) and let € > 0. There exists an open neigh-
borhood U. of xy such that, if v € Ue, then f € ran Jy-1(,y and

1(h-10)) (£) = (n1w)) (B < e.
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As f € ranJj-1(g,), there exists e € E with J,-14,,)(e) = f. Hence
(T€)(h™ (o)) = Jh-1(z0)(€) = f and there exists an open neighborhood V; of
h=(xq) such that V. C V and

I(T€)(y) — (Te) (" (o))l < €
for all y € V,, that is,
[Jy(e) —f|| <e
On the other hand, as f € ran J, for all y € V¢, there exists e}, € £ such
that f = Jy(e’y). Hence, if y € V,, then ||.J,(e) — Jy(e;)H < ¢, that is,
1, (e el <.

and, since J, is an isometry, ||e — €| || < e. Summarizing, if z € U, := h(V,),
then
1(Th-120) ' (£) = (Jnm1) T (E)]| <€
and the proof of the claim is done.
Next, define the function f: X — E by

f@) = (Jp1) " (9(h7 (@)

for all z € X. Hence, if we prove that f is continuous, then for y = h~!(z),
we have

(1)) = Jy(f(h(y)) = Jy((Jy) " (9())) = 9()

Thus, it only remains to check the continuity of f at zy. To this end, fix
any € > 0. Since ¢ is continuous, there exists an open neighborhood W of
h~'(xg) in Y such that, if y € W, then

lg(y) = g(h™"(x0))|| < %

Let us define U := h(W) N U/, where U, /5 is given by the claim above for
f := g(h™'(x)). Then, by definition, if z € U,
1f(z0) = F@) = [|(Jn1(z0)) " (g(h ™ (0))) = (Jn-1w) " (g(h™" (2)))]]
| (Tn=1(20)) " (E) = (Jn-1(0)) " (E)|
| (Tn1@) ) = (Jn1()) " (g(h ™ (@) |

% + ||(Jh*1(a:)>_1 (f - g(h_l(ff))) H

S+ [lE—g(n 7 @)
3

VAN e VAN

+5=6

2
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and the continuity of f is proved. U
We can now prove the main result in this section.
Proof of Theorem 2.2. Taking into account the previous lemmas, it only
remains to check that Zle codim (ran Jy,) = ng, where Yy = {y1,...,yx} is

the subset introduced in Lemma 4.2.
Notice first that, due to the representation of T,

codim (ran Jy,) < codim(ranT’)
for each 7. Then there exist k sets formed by linearly independent vectors

F1 = {f(l,l),,f(l,nl)},
F, = {f(2,1),...,f(2,n)},

F, = {f(k,1),...,f(k,ny)}

such that
ran J,, +spanF; = I’

and
ran J,, Nspan F; = {0} (1)
for each i € {1,2,...,k}.

Contrary to what we claim, suppose first that

k k

Z n; = Z codim (ran Jy,) > ny.

=1 1=1

Let us consider, for each i € {1,2,...,k}, an open neighborhood V; of y;
such that V; N V; = 0 if i # j. Let g; € C(Y) be such that ¢(¢g;) C V; and
g:(y;) = 1. Define also, for each i € {1,2,... k} and each j € {1,2,...,n;},
a function g(i,7) = g;£(i,j). Hence we have 3¢ n; linearly independent
functions in C(Y, F'), so there exists a linear combination

Jo ‘= Z O‘(i7j)g(iaj)

i?j
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in the range of T', with some a(ig, jo) # 0. Let f € C(X, F) satisfy T'f = go.
Then
Nig

0# Z a(io, j)E(io, 1) = 90(Wio) = (TF)(Wio) = Sy, (f (h(Yio)))-

We deduce that ran J,, Nspan F;, # {0}, which contradicts (1) above. Hence
S _ codim (ran J,, ) < nq.

Suppose now that S°*_ codim (ran., ) < ng. We shall check that,
given ny linearly independent functions gy, ..., g,, in C(Y, F), there exists
a nonzero linear combination in the range of T". This fact implies that the
codimension of the range of T is strictly less than ng, which is impossible.

Let us define the linear mappings

A K — Span{gla s 7gn0}

by Av1s -y Mm) = D252 95 for all (v, ) € K. Next, for i €
{1,2,...,k}, consider

w;: C(Y,F) — F/ran J,
where y;(g) :== g(y;) +ran J,, for all g € C(Y, F'), and finally let
p:CY,F)— (F/ranJ,,) x --- x (F/ran J,,),

where p(g) := (111(9), - - -, t(g)) for all g. As a consequence, po turns out to
be a linear mapping from a ng-dimensional space to a space whose dimension
is Zle n; < ng. It is apparent that p o A is not injective. Thus there exists
(V15 sne) € K™\ {(0,...,0)} such that (o A)(71,...,7Vn,) = 0. This
means that (u;0\)(71,...,7,) = 0+ran J, for each i € {1,...,k}, which is
to say that 7%, v;g;(y:) € ran J, for all i € {1,..., k}. Taking into account
the definition of Yy, we see by Proposition 4.1 that Y "%, v;¢; € ranT, as

j
was to be proved. O

Contrary to what could be expected in principle, the points of Yy need
not be isolated, as the following example shows.

Example 4.1 Let X =Y :={1/n:n € N} U{0} and let h : Y — X be
the identity map. Given f € C(X,¢?), we define

1 n n n n n
(Tf) (E) = (AL NS, AT A ),

18



where f(1/n) == (A7, AL, ..., AP, A AR L), Also, if

» Mn—10 My Mn+10

FO) = (AL NS, . A2 A0 N0 ),

y ‘n—17 *ny n+4-1

then define
(TF)0) == (0,009, ..., A% A2 N0 o),

» Mn—19 ‘ny nt+10
so that T'f belongs to C(Y, ¢?).

It is clear that T is a linear isometry where Ji : > — (2 turns out
£0 e 1 (A Ao+ s Aty Ams At - ) = Ay Ay A2+ o3 Aty Ansts - - ). On
the other hand Jo(e,) = e,qq for all n € N; and Jj is a codimension 1 linear
isometry on 2. Consequently T is a codimension 1 linear isometry, where

the constant function €; does not belong to the range of T'. In this case,
Yy = {0} € Y, which is not isolated.

5 The finite-dimensional case.

From now on, we shall assume that m := dim F' < oc.

Lemma 5.1 Suppose thatx € X and G, = {y1,...,Yn, }. Then the mapping
Q. : E — F" defined by

Qz(e) == ((Te)(m), -, (Te)(yn,))

for all e € E, is a linear isometry if F™* is endowed with the sup norm
(£ £)) oo = maxi<icn, [IF]]-

Proof. Fix e € E with |le|]| = 1. Since 7' is an isometry, ||Q.(e)|| < 1, so
we must see that there exists i € {1,...,n,} with ||J,,(e)|| = 1. Obviously,
if some y; belongs to Y7o, then J,, is an isometry and we are done.

Consequently, we suppose that G, MY}y = (). This implies that z ¢ k(Y1)
and, since Y is compact, z is isolated in X. Hence the characteristic function
[ = X{zy€ is continuous. As f =0 on X \ {z}, it is clear that Tf = 0 on
7' (X)\ h '(z), which is to say that there must exist y € G, U Y, such
that [|[(Tf) ()|l = ||Tf|l = 1. If we suppose that y € Y,, then there
exists f* € C(X,FE) with f'(x) = 0 and (Tf')(y) # 0. Without loss of
generality, we shall assume that ||f'[|.c = 1. Hence ||f + f'|lc =1 = ||f —
f'llse. However, as F is strictly convex, we have |[(T'f)(y) + (Tf")(y)| > 1
or [(Tf)(y) — (Tf)(y)|l > 1, which contradicts the isometric property of 7'
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As a consequence, T'f attains its maximum in G, which is to say that there
exists i € {1,...,n,} with ||J,.(e)]| = [[(Tf)(y:)|| = 1, as we wanted to see.
O

Next we deduce the relationship between the sets Ag and Ay introduced
in Section 2.

Corollary 5.1 A is contained in A,.

Proof. Let zy € Ag and yy € Fy, with J,, not a surjective isometry, which,
in this finite-dimensional case, means that it is not an isometry. If zy ¢ As,
then G, = F,, = {yo}, and Lemma 5.1 easily leads to a contradiction. [

Proposition 5.1 Let Y be infinite. Suppose that g € C(Y,F) satisfies

g(ﬁ_l(Ag)) = 0. Then there exists a unique f € C(X,E) such that Tf =g
on Y.

Proof. Define the function f € C(X, E) as follows:
o f(x):=0 forz e A,.
_71 .
o f(x):= (Jﬁ_l(x))_l(g(h (x))) if © ¢ As.
We first check that f is well-defined outside Aj, that is, Jz-1 (=) is a sur-
jective isometry. Let x ¢ As. Then E_l(x) = h~!(z) because G, = F,. Also,
by Corollary 5.1, z ¢ Ay, s0 Jy-1(y) : £ — F is a surjective isometry.

Next we study the continuity of f. Let zp € X \ As and ¢ > 0. We
consider an open neighborhood V; of h™!(x¢) in Y such that, for all y € Vi,

lg(y) — g(h™ (z0))| < %

With no loss of generality, we can assume that V; C Yi because h™*(zg) €
Yio \E_l(Ag) and this set is open being Y}, clopen by Lemma 3.7. Also, since
7 '(A,) is finite, Vi can be taken such that cl(Vi) Nk (Ay) = 0.

We can rewrite the above inequality as

€
19y (F(h(9))) = Jn=1a) (f (o)) ] < 5
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for all y € V4.

On the other hand, since Yjyp C Yp is clopen and J : Yy — L(E, F) is
continuous with respect to the strong operator topology, we can take an open
neighborhood Vs of h=1(xq) with V4 C Y such that

€

| Jy(f(20)) = Jn-1(a0) (f (20))]| < 5

for all y € V5. We thus deduce that if y € V; N V5, then

17y(f(h(y))) = Jy(f(x0))I| <€

that is,
1 Jy[f (h(y)) = flzo)]ll <e.

But as y € Yj9, J, is an isometry, and consequently,

1 (h(y)) = fzo)|| <€ (2)

for all y € ViNV4,. Hence, in order to obtain the continuity of f at xo € X'\ As,
it suffices to notice that sets of the form h(V; NV;) are open neighborhoods
of Xo.

Let us now study the continuity of f on As. To this end, fix zy € As.
Since A, is a finite set, there exists an open neighborhood U of x such that
UnN A2 == {ZEQ}

Suppose that f is not continuous at xy. Then there exist ¢ > 0 and a net
(z4) in U which converges to xy such that || f (z,)]| > € for all a. Since each
element of the net z,, belongs to X \ As, we infer that nt (z4) is a singleton in
Yio. Furthermore, as Y, is compact, there exists a subnet Eil(xﬁ) convergent
to a certain yo € Yjo. Since h is continuous, we deduce that () converges to
h(yo) and, as a consequence, that h(yg) = zo. This fact yields y, € Eil(AQ).
By hypothesis, g(yo) = 0. However, each Jﬁfl(xﬁ) is an isometry and, by the

definition of f,
1

g () = Jor,, (£ (25).

Hence || g(ﬁ_l(xg))ﬂ > € for all 5. This implies that g is not continuous at
Yo, a contradiction, which completes the proof of the continuity of f. The
rest of the proof is apparent. O
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Proof of Theorem 2.3. Put Ay = {x1,xs,...,x;} and, for each x; € A
(see Lemmas 3.3 and 3.4), let

Gl‘i = {y<xi> 1)7 s 7y(xi7 n1>}

By Corollary 3.1, for each i € {1,2,...,k} and each j € {1,2,...,n;} we can
consider an open neighborhood U(i, j) of y(z;, j) such that U(i,j) C Y7 and
Ui, )NU(#, ") = 0if (i,7) # (i, 7'). For each pair (i, 7) we choose a function
94) € C(Y) such that gg 5 (y(zi, 7)) = 1 = [|gallo and c(gi,5) € U(4, 5)-

Note that, since Y is infinite, the set Y \ Eil(Ao) is nonempty, which
easily leads to dim £ = dim F'. Now, by Lemma 5.1, each mapping @), :
E — F™ is an isometry, so m := dim F' = dim Q,,(E). Hence we can find
m(n; — 1) linearly independent vectors in F™ of the form

(i, 1) == (£(i,1,1),£(4,1,2),...,£(,1,n;))
for i =1,...,m(n; — 1) such that

F" =ran Q,, GB span{<¥ (i, 1),...,(4, m(n; — 1)) }. (3)

Next we define, for each i € {1,2,...,k}, m(n; — 1) functions in C(Y, F)
related to (7, 7) and g ) of the form

N = Z 96.5E(@, 1, 7)
j=1

foril=1,...,m(n; — 1).

Note that, fori € {1,2,...,k} and each [ € {1,2,...,m(n; —1)}, we have
N (Y2UYs) =0, and if i' # 4, 4" € {1,2,...,k}, then R}; 1(G,,) = 0, and,
for j € {1,2,...,n;},

Now assume that Y5 := {z1,...,2} and Y3 := {wy, ..., ws} (see Lemmas
3.5, 3.6 and 3.7). For every i € {1,2,...,t} and every [ € {1,2,...,m} we
can consider Zy = xgybi € C(Y,F) where B := {by,by,...,b,} is a
basis of F'. In like manner, we can define, for every i € {1,2,...,s} and
every [ € {1,2,....,m}, Ty = Xqwabi € C(Y, F).

We now claim that the functions we have just introduced are linearly
independent. To this end, suppose that

> ali, g+ Y B Dy + Y (i, D)y =0 € C(Y, F).
i i

il
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If we evaluate this sum at the point z; € Y5, then we get

> B, =0€F.

=1

As {by,...,b,,} is a basis of F', we infer that each 5(i,1) = 0. Similarly, by
evaluating the above sum at each point of Y3, we conclude that ~(i,l) = 0
foreach i € {1,2,...,s} and l € {1,2,...,m}.

On G,, the above sum turns out to be

m(n;—1)

D ali )R =0€ CY, F).

=1
Taking into account equality (4), this means that for each y(z;,7), 1 < j < n,,

m(n;—1)
oli, DEG,1, ) = 0, (5)

=1

so S (i 1)S(i, 1) = 0 € F™. As a consequence, all the a(i, 1) are zero
because all vectors (i, () are linearly independent.

Claim 5.1 The function
g = Z (i, DR + Z B, DEpiq + Z v(@, )iy
il il il
does not belong to the range of T', except when g = 0.

Suppose that there exists f € C(X, F) with T'f = g. This yields, by the
definition of Y3, that each (i,[) is zero. We shall check that all «(i,[) are
zero. Fix i € {1,...,k}. Given j € {1,2,...,n;}, we have

On the other hand, by equality (4),

g g) = > ali,DRy(y(xi, 5))



which implies that

m(n;—1)

Qu, (f(z;) Z ai, 1) e .

=1
Since
ran Q,, Nspan{<(i, 1),...,(, m(n; — 1))} = {0},

we have Q.,(f(z;)) = 0 € F™, and consequently «(i,l) is zero for all [.
Summarizing, g = 0 on Y7, implying that g = 0 on Y5. This completes the
proof of the claim.

Gathering the information obtained so far, we deduce that the vectors
Nijg+ranT, = +ranT, T +ran T,

are linearly independent in the space C(Y,F)/ranT. In order to finish
the proof, it suffices to check that, given g € C(Y, F), there exist scalars

OZ(Z,]), ﬁ(zv ])7 ’y(’L, ]) such that

9= ali,DNay+ > B DZ+ > (1) Ty
il il il

belongs to the range of T
For each i € {1,2,...,k} we consider the vector

Ni = (9(y(zi, 1)), 9(y(2i,2)), ..., 9y (@i, ) € F™.

Then, by equality (3), there exist e; € F and constants (i, 1), ..., a(i, m(n;,—
1)) such that
m(n;—1)

No=Qule)+ S ali)S0,0).

=1
Hence, if we fix j € {1,2,...,n;}, then, by equality (4),

m(n;—1)

ol ) = (Te)ulri)+ 3 aGDHL)

m(m—l

= (sz xl?] + Z CY ll] (xiaj))€F7
=1
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where f; € C(X, E) with f;(x;) = e; and fij(zy) = 0 for ¢ # ¢'. If we do so
for each i € {1,2,...,k} and each j € {1,2,...,n;}, we obtain k functions
fi € C(X, E) such that, for ig € {1,2,...,k} and jo € {1,2,...,n;},

k

9(W(ig, 4o) = > (T f)(y(wsy, o)) + Z a(i, DN}y (y(3,, Jo))-

i=1
Therefore, the function
k
g=g-—> Tfi—Y ali,)Ryy
i=1 il

vanishes on each y(x;,j), which is to say, on E_I(A2>. By Proposition 5.1,
there exists fy € C'(X, E) such that T'fo = go on Y;. Hence there exist certain
constants [(i,1) and (i,1) such that

go— T fo— Zﬂ(i, D=y — ZW(Z} DY =0
i i

on Y5 U Y3 and, consequently, on Y. That is,

2
9=Y _Tfi=Tfo—> ali, )Ny —=>_ B DZpg— > (1) =0
=1 il il 3,1

on Y. We now easily complete the proof of the theorem. O

Acknowledgements. The authors wish to thank the referee for his/her
remarks, which improved this paper.

References

[1] J. Araujo, The noncompact Banach-Stone theorem. J. Operator Theory 55 (2006),
285-294.

[2] J. Araujo, On the separability problem for isometric shifts on C(X). J. Funct.
Anal. 256 (2009), 1106-1117.

[3] J. Araujo and J.J. Font, Linear isometries between subspaces of continuous func-
tions. Trans. Amer. Math. Soc. 349 (1997), 413-428.

25



[4] J. Araujo and J.J. Font, Codimension 1 linear isometries on function algebras.

Proc. Amer. Math. Soc. 127 (1999), 2273-2281.

[5] E. Behrends, M -structure and the Banach-Stone theorem. Lecture Notes in Math-
ematics, 736, Springer-Verlag, Berlin, 1979.

[6] M. Cambern, Isomorphisms of spaces of continuous vector-valued functions, Illinois
J. Math. 20 (1976), 1-11.

[7] M. Cambern, The Banach-Stone property and the weak Banach-Stone property in
three-dimensional spaces, Proc. Amer. Math. Soc. 67 (1977), 55-61.

[8] M. Cambern, A Holsztynski theorem for spaces of vector-valued continuous func-
tions. Studia Math. 63 (1978), 213-217.

[9] R.M. Crownover, Commutants of shifts on Banach spaces. Michigan Math. J. 19
(1972), 233-247.

[10] F.O. Farid and K. Varadajaran, Isometric shift operators on C(X). Can. J. Math.
46 (1994), 532-542.

[11] A. Gutek, D. Hart, J. Jamison and M. Rajagopalan, Shift Operators on Banach
Spaces. J. Funct. Anal. 101 (1991), 97-119.

[12] R. Haydon, Isometric shifts on C(K). J. Funct. Anal. 135 (1996), 157-162.

[13] H. Holsztyniski, Continuous mappings induced by isometries of spaces of continuous

functions. Studia Math. 26 (1966), 133-136.
[14] J.R. Holub, On Shift Operators. Canad. Math. Bull. 31 (1988), 85-94.

[15] J. Jeang and N. Wong, Into isometries of Co(X, E)’s. J. Math. Anal. Appl. 207
(1997), 286-290.

[16] J. Jeang and N. Wong, Isometric shifts on Co(X). J. Math. Anal. Appl. 274 (2002),
T72-787.

[17] J. Jeang and N. Wong, On the Banach-Stone problem. Studia Math. 155 (2003),
95-105.

[18] M. Jerison, The space of bounded maps into a Banach space, Ann. of Math. 52
(1950), 309-327.

[19] E. Kreyszig, Introductory functional analysis with applications. Wiley Classics Li-
brary. John Wiley & Sons, Inc., New York, 1989.

DEPARTAMENTO DE MATEMATICAS, ESTADISTICA Y COMPUTACION, FACULTAD DE
CIENCIAS, UNIVERSIDAD DE CANTABRIA, AVDA. DE LOS CASTROS S/N E-39071, SAN-
TANDER, SPAIN.

E-mail address: jesus.araujo@unican.es

26



DEPARTAMENTO DE MATEMATICAS, UNIVERSITAT JAUME I, CaAMPUS RIU SEC, E-
12071, CASTELLON, SPAIN.

E-mail address: font@Qmat.uji.es

27



